Rq wkh Hvwlp dwlrq ri d OlqhduWlp h Wuhqg Uhjuhvvlrq z lwk d Rqh0Z d| HuuruFrp srqhqwP rgholq wkh Suhvhqfh ri Vhuldoo| Fruuhodwhg Huuruv

Fklkz d Ndr^Wdqg Mdp lh Hp huvrq V| udfxvh Xqlyhuvlw|

I luvwGudiw=P d| 58/ 4<<; Wklv Gudiw=Mxo| 5/ 4<<;

Devwudfw Lq wklv sds hu/ z h vwxg| wkh olp lwlqj glvwulexwlrqv iru wkh ruglqdu| ohdvwvt xduhv +ROV,/ wkh �{hg h�hfwv +I H,/ �uvwgl�huhqfh +I G,/ dqg wkh j hqhudol}hg ohdvwvt xduhv +J OV, hvwlp dwruv lq d olqhdu wlp h wuhqg uhj uhvvlrq z lwk d rqh0z d| huuru frp s rqhqwp r gholq wkh suhvhqfh ri vhuldoo| fruuhodwhg huuruv1 Z h vkrz wkdwz khq wkh huuru whup lv UEfø/ wkh I H lv dv| p swrwlfdoo| ht xlydohqwwr J OV1Krz hyhu/ z khq wkh huuru whup lv L+4,/ wkh J OVfrxog eh ohvv h! flhqwwkdq I G ru I H hvwlp dwruv dqg I G lv wkh p rvwh! flhqw hvwlp dwru1 Krz hyhu/ z khq wkh lqwhufhswlv lqfoxghg lq wkh p r ghodqg wkh huuru whup lv UEfø/ wkh ROV/ I H/ dqg J OVduh dv| p swrwlfdoo| ht xlydohqw1 Wkh olp lwlqj glvwulexwlrq ri wkh J OVghs hqgv rq wkh lqlwldo frqglwlrq vlj ql�fdqwo| z khq wkh huuru whup lv L+4, dqg dq lqwhufhswlv lqfoxghg lq wkh uhj uhvvlrq1 P rqwh Fduor h{s hulp hqwv duh hp sor| hg wr frp sduh wkh s huirup dqfh ri wkhvh hvwlp dwruv lq �qlwh vdp sohv1 Wkh p dlq �qglqj v duh=+4, wkh wz r0vwhsv J OVhvwlp dwruv s huirup z hooli wkh yduldqfh frp srqhqw/ – clv vp doo dqg forvh wr }hur z khq 4 Ψ �c +5, wkh I G hvwlp dwru grp lqdwhv wkh rwkhu hvwlp dwruv z khq 4 ’ � iru doo ydoxhv ri – c dqg +6, wkh I H hvwlp dwru lv uhfrp p hqghg lq sudfwlfh vlqfh lwshuirup v suhww| z hooiru doo ydoxhv ri 4 dqg – 1

4 Lqwur gxfwlr q

Lq wklvsdshuz h vwxg| wkh olp lwlqj glvwulexwlrqviruwkh ruglqdu| ohdvwvt xduhv+ROV,/ wkh �{hg h�hfwv+I H,/

�uvwgl�huhqfh +I G,/ dqg wkh j hqhudol}hg ohdvwvt xduhv +J OV, hvwlp dwruv lq d olqhdu wlp h wuhqg uhj uhvvlrq

z lwk d rqh0z d| huuru frp srqhqwp rgholq wkh suhvhqfh ri vhuldoo| fruuhodwhg huuruv1 Wkhuh duh wz r srsxodu

z d| v ri hvwlp dwlqj d uhj uhvvlrq z lwk huuru frp srqhqwv/ l1h1/ wkh I H p rghodqg wkh udqgrp 0h�hfwp rgho1

D I H p rghofdq eh hvwlp dwhg e| ROV e| frqglwlrqlqj rq wkh huuru frp srqhqwv/ z kloh wkh udqgrp 0h�hfw

p rgholv xvxdoo| hvwlp dwhg e| J OV xqfrqglwlrqdoo| 1 Rqh dgydqwdj h ri xvlqj wkh I H hvwlp dwru lv wkdwz h

gr qrwqhhg wr lqyhuwwkh yduldqfh0fryduldqfh p dwul{ z klfk frxog eh frp sxwdwlrqdoo| lqyroyhg hvshfldoo|

WDq hohfwurqlf yhuvlrq ri wkh sds hu lq s r vwvfuls wirup dwfdq eh uhwulhyhg iurp kwws=22z he1v| u1hgx2�fgndr1 Dgguhvv fruuh0 vs rqghqfh wr= F klkz d Ndr/ F hqwhu iru Srolf| Uhvhdufk/ 759 Hj j huv/ V| udfxvh Xqlyhuvlw| / V| udfxvh/ Q\ 4657704353>h0p dlo= fgndrCp d{z hoo1v| u1hgx1

z khq wkh huuru whup v duh vhuldoo| fruuhodwhg +h1j 1/ Edowdj l dqg Ol/ 4<<4,1 Krz hyhu/ dv z h z loovkrz odwhu lq Wkhruhp v 407/ wkh J OV z looeh wkh dv| p swrwlfdoo| h! flhqwhvwlp dwru z khq wkh huuru whup lv L+3, dqg dop rvwdv| p swrwlfdoo| h! flhqwz khq wkh huuru whup lv L+4,1 Rq wkh rwkhu kdqg/ hfrqrp hwulfldqv kdyh ehhq frqfhuqhg z lwk frqglwlrqv iru ruglqdu| ohdvwvt xduhv +ROV, hvwlp dwru wr eh dv| p swrwlfdoo| h! flhqw/ h1j 1/

J uhqdqghudqg Urvhqeodww+4<8: ,/ Nuxvndo+4<9; ,/ Fklsp dq +4<: <,/ Nu�p hu+4<; 5,/ Edowdj l +4<; <,/ Skloolsv dqg Sdun +4<; ; ,/ Fdqmhov dqg Z dwvrq +4<<: ,/ dqg Yrj hovdqj +4<<; ,1

Lq wklv sdshu z h vkrz wkdwz khq wkh huuru whup lv L+3,/ wkh I H lv dv| p swrwlfdoo| ht xlydohqwwr J OVdqg wkh ROV lv ohvv h! flhqwwkdq wkh J OV1Krz hyhu/ z khq wkh huuru whup lv L+4,/ J OV frxog eh ohvv h! flhqw wkdq wkh I H dqg I G/ dqg I G lv wkh p rvwh! flhqwhvwlp dwru1 Z khq wkh huuru whup lv L+3,/ wkh ROV/ I H/ dqg J OVduh doodv| p swrwlfdoo| ht xlydohqwli wkh lqwhufhswlv lqfoxghg lq wkh p rgho1 Rq wkh rwkhu kdqg/ wkh olp lwlqj glvwulexwlrq ri wkh J OV ghshqgv rq wkh lqlwldofrqglwlrq vlj ql�fdqwo| z khq wkh huuru whup lv L+4, dqg dq lqwhufhswlv lqfoxghg lq wkh uhj uhvvlrq1

Vhfwlrq 5 ghyhorsv wkh dv| p swrwlf wkhru| iru ROV/ I H/ I G/ dqg J OV hvwlp dwruv z lwk L+3, huuru whup 1

Vhfwlrq 6 j lyhvwkh olp lwlqj glvwulexwlrqvri ROV/ I H/ I G/ dqg J OVhvwlp dwruvz lwk L+4, huuruwhup 1 Vhfwlrq

7 glvfxvvhv wkh h�hfwv ri d �wwhg lqwhufhsw1 Vhfwlrq 8 glvfxvvhv wkh ihdvleoh J OV hvwlp dwruv1 Vhfwlrq 9 suhvhqwv P rqwh Fduor uhvxowv wr hydoxdwh wkh �qlwh vdp soh surshuwlhv ri wkh sursrvhg hvwlp dwruv1 Vhfwlrq 9 vxp p dul}hv wkh �qglqj v1 Doosurriv duh lq wkh Dsshqgl{1

D z rug rq qrwdwlrq1 Z h xvh_g↔ wr ghqrwh frqyhuj hqfh lq glvwulexwlrq/_s↔ wr ghqrwh frqyhuj hqfh lq suredelolw| / î‘ wr ghqrwh wkh oduj hvwlqwhj hu⪰ ı/ dqg L+3, dqg L+4, wr vlj qli| d wlp h vhulhvwkdwlvlqwhj udwhg ri rughu }hur dqg rqh/ uhvshfwlyho| 1

5 ROV/ I H/ I G/ dqg J OV Hvwlp dwr uv

Frqvlghu wkh iroorz lqj vlp soh olqhdu wuhqg z lwk rqh z d| huuru frp srqhqwp rgho ȷ^{lw}@π^l . ϵw. y^{lw}> +4, l @4>///>Q>w@4>///W>z khuh ⟩ ȷ^{lw}| duh 4⋄ 4>ϵ lvwkh vorsh sdudp hwhuv/ ⟩ π^l| duh wkh xqrevhuydeoh lqglylgxdo h�hfwv z lwk π^l ⊃ llg ] 3>ϕ_5^π ⌊ / dqg ⟩ y^{lw}| duh DU+4, vwdwlrqdu| glvwxuedqfh whup v z lwk y^{lw}@υy^{lw∗ 4} . ϱ^{lw}>⇕υ⇕⋆ 4> +5, z khuh ϱ^{lw} ⊃ llg ] 3>ϕ_5^ϱ ⌊ 1 Wkh π^l duh dvvxp hg wr eh lqghshqghqwri y^{lw} dqg y^{lw} ⊃ ] 3>ϕ_5^y ⌊ >z khuh ϕ_5^y @_{ϕ 5ϱ}^{4∗ υ5} /

Ohwx^{lw}@π^l . y^{lw}/Z h iroorz Fdqmhov dqg Z dwvrq +4<<: , wr dvvxp h wkh iroorz lqj lqlwldofrqglwlrqv=

Dvvxp s wlr q 4 y_{l4} @ ⋃_{ν̂W‘} m@3 υ^mϱ_{l4∗ m/}/ zkhuh ν lv d sdudp hwhu wkdwjryhuqv wkh yduldqfh ri wkh lqlwldofrqgl0 wlrq1

Uhp dun 4 Z khq ν @3>y_{l4} lv R_s +4,/Z khq ν A 3>y_{l4} lv R_s +4, zkhq y_{lw} lv L+3, exwlv R_s +W^{4∂5}, zkhq y_{lw} lv L+4,1

Uhp dun 5 P rgho+4, fdq eh vhhq dv d sdqhouhjuhvvlrq zlwk d qrq0}hur guliwL+4, uhjuhvvru1

Uhp dun 6 P dq| gdwd vhwvkdyh erwk d odujh wlp h0vhulhvdqg d odujh furvv0vhfwlrq glp hqvlrq/ h1j1/ Vxp p huv dqg Khvwrq +4<<4, gdwd1

Rxu lqwhuhvwlv rq wkh hvwlp dwhv ri wkh wuhqg frh! flhqw/ ϵ>dqg wkh hvwlp dwruv wr eh frqvlghuhg duh wkh ROV hvwlp dwru/ wkh I H hvwlp dwru/ wkh I G hvwlp dwru/ dqg wkh J OV hvwlp dwru1 Wkh ROV/ ~ϵ_{ROV}>I H/ ~ϵ_{I H}> dqg I G/ ~ϵ_{I G} >duh= ~ϵ_{ROV} @ ⋃_Q l@4 ⋃_W w@4 wȷ_{lw} ⋃_Q l@4 ⋃_W w@4 w^5

> +6,

~ϵ_{I H} @ ⋃_Q l@4 ⋃_W w@4+w∗ w,ȷ_{lw} ⋃_Q l@4 ⋃_W w@4+w∗ w,^5 > +7, dqg ~ϵ_{I G} @ ⋃_Q l@4 +ȷ_{lW} ∗ ȷ_{l4}, Q +W∗ 4, / +8, z khuh w@ 4 W W⋃ w@4 w@ W. 4 5 / Qh{wz h frqvlghu wkh J OV/ ~ϵ_{J OV}/ +4, fdq eh z ulwwhq lq yhfwru irup

ȷ @ϵ♭ . x +9,

z khuh ȷ lv QW⋄ 4>♭ lv d yhfwru ri ı^∋ @+4>5>///>W, ri glp hqvlrq QW⋄ 4>dqg x lv QW⋄ 4/Lq rughu wr rewdlq wkh J OVhvwlp dwru z h qhhg wr nqrz wkh yduldqfh0fryduldqfh p dwul{ ri x/ fl/Lwlv nqrz q wkdw

fl @ H ) xx^∋ [ @ L_Q ◯ Ψ>

z khuh Ψ @ ) ϕ^5_yD . ϕ^5_π μ_Wμ^∋_W [ >

D @ 4 υ ÷÷÷ υ_{W∗ 4} υ 4 111 1 1 υ_{W∗ 4} ÷÷÷ ÷÷÷ 4 > μ^W lv d W⋄ 4 rqhv/ L^Q lv dq lghqwlw| p dwul{ dqg ◯ ghqrwhv Nurqhfnhu surgxfw1 Wkhq wkh J OVhvwlp dwru lv ~ϵ^{J OV} @ ) ♭_∋fl_{∗ 4}♭ [^{∗ 4} ♭_∋fl_{∗ 4}ȷ / +: ,

Wkh olp lwlqj glvwulexwlrqvri ~ϵ^{ROV}>~ϵ^{I H}>~ϵ^{I G} >dqg ~ϵ^{J OV} duh vxp p dul}hg dviroorz v1 Dooolp lwvlq Wkhruhp v

4∗ 7 duh wdnhq dv W↔ △ iroorz hg e| Q ↔ △ vht xhqwldoo| 1

Wkhr uhp 4 Ohwȷ^{lw} eh jhqhudwhg iurp d vlp soh wlp h wuhqg p rgholq +4, z khuh y^{lw}@υy^{lw∗ 4} . ϱ^{lw}> zlwk ϱ^{lw}⊃ llg ] 3>ϕ_5^ϱ ⌊ dqg lqlwldofrqglwlrq lq Dvvxp swlrq 41 Wkhq +d, ∫ QW ) ~ϵ^{ROV} ∗ ϵ [^g ↔ Q ] 3>_¡^7 ϕ_5^π ⌊ > +e, ∫ QW_6 ) ~ϵ^{I H} ∗ ϵ [^g ↔ Q ) 3>_{45ϕ 5ϱ}

+4∗ υ,_5 [ > +f, ∫ QW ) ~ϵ^{I G} ∗ ϵ [^g ↔ Q ) 3>ϕ_5^ϱ_{5∗ υ5^ν W‘. 5}

4∗ υ_5 [ > +g, ∫ QW_6 ) ~ϵ^{J OV} ∗ ϵ [^g ↔ Q ) 3>_{45ϕ 5ϱ}

+4∗ υ,_5 [ / Uhp dun 7 Wkh uhvxowv lq Wkhruhp 4 vwlookrog li wkh huuru whup lv dvvxp hg wr eh d p duwlqjdoh glffihuhqfh vhtxhqfh dv lq Fdqmhov dqg Z dwvrq +4<<: ,1

Uhp dun 8 Z khq wkh huuru whup / y^{lw}>lv llg/ wkhq wkh htxlydohqfh ri wkh J OV dqg I H hvwlp dwruv fdq eh vkrzq hdvlo| 1 Wr vhh wklv/ qrwh wkdw+h1j1/ Edowdjl/ 4<<8/ s149, wkh J OVlvd zhljkwhg dyhudjh ri wkh ~ϵ^{I H} dqg wkh ehwzhhq hvwlp dwru/ ~ϵ^E = ~ϵ^{J OV} @Z ~ϵ^{I H} . +4∗ Z , ~ϵ^E > +; , zkhuh Z lv d zhljkw1 Qrwh wkdwZ @4 dqg ~ϵ^E @3 vlqfh wkh wlp h wuhqg/ w>lq +4, grhv qrwydu| dfurvv l/Lw lv fohdu wkdw~ϵ^{I H} dqg ~ϵ^{J OV} duh lghqwlfdo1

Uhp dun 9 Li ν̂W‘↔ △ >wkhq ∫ QW ) ~ϵ^{I G} ∗ ϵ [^g ↔ Q ) 3>_{5ϕ 5ϱ}^{4∗ υ5} [ /

Uhp dun : Z h h{shfwwkdwwkh htxlydohqfh uhvxowv lq Wkhruhp v 407 zloofrqwlqxh wr krog li zh uhsodfh wkh wlp h wuhqg e| wkh L+4, uhjuhvvru/ wkrxjk wkh vshhg ri frqyhujhqfh ri hvwlp dwruv zlooeh vorzhu1 Dovr d ixoo| p rglfflhg yhuvlrq ri wkh hvwlp dwruv p d| eh qhhghg li wkh uhjuhvvru lvfruuhodwhg wr wkh uhjuhvvlrq huuru zlwk wkh L+4, uhjuhvvru1 Wkh uhvxowv zlooeh uhsruwhg e| wkh dxwkruv lq glffihuhqwsdshuv1 D ixoo| p rglfflhg I H hvwlp dwru kdv ehhq vwxglhg e| Ndr dqg Fkldqj +4<<: ,1

Uhp dun ; Qrwh wkdw

fl^{∗ 4}♭ @ ⌋ L_Q ◯ Ψ^{∗ 4} ⌈ ♭ @ Ψ^{∗ 4}ı 1 1 Ψ^{∗ 4}ı >

zkhuh Ψ^{∗ 4} @ 4 ϕ^5_y ] D^{∗ 4} ∗ ϕ^5_π ϕ^5_y . λϕ^5_π d_Wd^∋_W ⌊ >

D^{∗ 4} @ 4 4∗ υ^5

4 ∗ υ 3 3 3 ÷÷÷ ÷÷÷ 3 ∗ υ 4. υ^5 ∗ υ 3 3 ÷÷÷ ÷÷÷ 3 3 ∗ υ 4. υ^5 ∗ υ 3 ÷÷÷ ÷÷÷ 3 1 1 3 3 3 3 ÷÷÷ ∗ υ 4. υ^5 ∗ υ 3 3 3 3 ÷÷÷ 3 ∗ υ 4

>

d_W @D^{∗ 4}μ_W @ 4 4. υ

4 4∗ υ 4∗ υ 1 1 4∗ υ 4

>

dqg λ @μ^∋_WD^{∗ 4}μ_W @ +4∗ υ, W. 5υ 4. υ /

Wkhq

D_{∗ 4}ı @ 4 4∗ υ_5

4 ∗ υ 3 3 3 ÷÷÷ ÷÷÷ 3 ∗ υ 4. υ_5 ∗ υ 3 3 ÷÷÷ ÷÷÷ 3 3 ∗ υ 4. υ_5 ∗ υ 3 ÷÷÷ ÷÷÷ 3 1 1 3 3 3 3 ÷÷÷ ∗ υ 4. υ_5 ∗ υ

3 3 3 3 ÷÷÷ 3 ∗ υ 4

4 5 6 1 1 W∗ 4 W

@ 4 4∗ υ_5

+4∗ υ,_5 ı .

υ_5 3 3 1 1 3 υ+W∗ Wυ . 4,

> dqg d^Wd_∋^Wı @ 4. +4∗ υ, )⋃^{W∗ 4} w@5 w [ . W +4. υ,_5

4 4∗ υ 4∗ υ 1 1 4∗ υ 4

/

Lwiroorzv wkdw

Ψ_{∗ 4}ı @ 4 ϕ_5^y ] D_{∗ 4} ∗

ϕ_5^π ϕ_5^y . λϕ_5^π d^Wd_∋^W ⌊ ı

@ 4 ϕ_5^ϱ

+4∗ υ,_5 ı .

υ_5 3 3 1 1 3 υ+W∗ Wυ . 4,

∗

4 ϕ^5_ϱ 4∗ υ 4. υ ϕ^5_π ϕ^5_y . λϕ^5_π ⌋ 4. +4∗ υ, ]_{W∗ 4} ⋃ w@5 w ⌊ . W ⌈ +4∗ υ,

4 4 4 1 1 4 4

. υ

4 3 3 1 1 3 4

/

Fohduo| U ] Ψ^{∗ 4}ı ⌊ ∃@U+ı, dqg khqfh U ] fl^{∗ 4}♭ ⌊ ∃@U+♭ ,/ z khuh U vljqlfflhv wkh udqjh vsdfh ri d p dwul{1 Lw

iroorzv e| Nuxvndo*v wkhruhp +4<9; , wkdwJ OVdqg ROVduh qrwhtxlydohqwhyhq dv| p swrwlfdoo| 1

Dvvxp s wlr q 5 ϱ_{lw}@g+O,θ_{lw}>z lwk g+O, @ ⋃_△ m@3 g_mO^m/ ⋃_△ m@3 m⇕g_m⇕⋆ △ dqg θ_{lw}⊃ llg ] 3>ϕ^5_θ ⌊ / Wkhq z h kdyh iroorz lqj Fruroodu| =

F r ur oodu| 4 Vxssrvh ϱ_{lw} iroorzv Dvvxp swlrq 5 dqg ohwȷ_{lw} eh jhqhudwhg iurp d vlp soh wlp h wuhqg p rgholq

+4, zkhuh y_{lw}@υy_{lw∗ 4} . ϱ_{lw} dqg lqlwldofrqglwlrq lq Dvvxp swlrq 41 Wkhq +d, ∫ QW ) ~ϵ_{ROV} ∗ ϵ [_g ↔ Q ] 3>^¡_7 ϕ^5_π ⌊ > +e, ∫ QW^6 ) ~ϵ_{I H} ∗ ϵ [_g ↔ Q ) 3>^{g5 +4,45ϕ 5θ}

+4∗ υ,^5 [ > +f, ∫ QW ) ~ϵ_{I G} ∗ ϵ [_g ↔ Q ) 3>g^5+4,ϕ^5_θ^{5∗ υ5^ν W‘. 5}_{4∗ υ5} [ > +g, ∫ QW^6 ) ~ϵ_{J OV} ∗ ϵ [_g ↔ Q ) 3>^{g5 +4,45ϕ 5θ}

+4∗ υ,^5 [ / Uhp dun < Wkh J OVhvwlp dwru lq Fruroodu| 4 ljqruhv wkh L+3, vhuldofruuhodwlrq dvvrfldwhg zlwk g+O,/ gxh

wr wkh uhvxowv lq J uhqdqghu dqg Urvhqeodww+4<8: ,1

6 Dv| p s wr wlfv r i ROV/ I H/ I G/ dqg J OV Hvwlp dwr uv z khq 4 ’ �

P rgho+5, lv uhvwulfwlyh ehfdxvh lwh{foxghv υ @4/Z h lqyhvwlj dwhg wkh dv| p swrwlf surshuwlhv ri wkh ROV/

I H/ I G dqg J OV hvwlp dwruv lq Vhfwlrq 5 dqg irxqg wkdwwkh I H lv dv| p swrwlfdoo| ht xlydohqwwr wkh J OV

hvwlp dwru z khq y_{lw} lv L+3,1 Lq wklv vhfwlrq/ z h dvvxp h υ @4 lq +5,/ l1h1/ y_{lw} lv L+4,1 Z h z loovkrz wkdwwkh

suhylrxv frqfoxvlrqv lq Vhfwlrq 5 duh vxevwdqwldoo| dowhuhg z khq υ @4/Qrwh wkdwy_{lw}@ ⋃_w m@3 ϱ_{lm} vr

fl @H ) xx^∋ [ @L_Q ◯ Ψ> :

z khuh Ψ @ ) ϕ_5^ϱD . ϕ_5^π μ^Wμ_∋^W [ dqg

D @

4 4 4 ÷÷÷ 4

4 5 5 ÷÷÷ 5

4 5 6 ÷÷÷ 6 1 1 1 1 1 1 111 1 1 4 5 6 ÷÷÷ W

/

Qrz

D_{∗ 4} @

5 ∗ 4 3 ÷÷÷ 3 ∗ 4 5 ∗ 4 ÷÷÷ 3 3 ∗ 4 5 ÷÷÷ 3 1 1 1 1 1 1 1 1 1 1 3 3 3 ∗ 4 4

> d^W @D_{∗ 4}μ^W @

4 3 3 1 1 3

> d^Wd_∋^W @

4 3 3 ÷÷÷ 3 3

3 3 3 3 3

3 3 3 3 3 1 1 ÷÷÷ 1 1 3 3 3 ÷÷÷ 3 3

3 3 3 ÷÷÷ 3 3

> dqg λ @μ_∋^WD_{∗ 4}μ^W @4/Wkhq

Ψ_{∗ 4} @ 4 ϕ_5^ϱ ] D_{∗ 4} ∗

ϕ_5^π ϕ_5^ϱ. λϕ_5^π d^Wd_∋^W ⌊

;

Qh{w/

♭_∋fl_{∗ 4}ȷ @ ♭_∋ ] L^Q ◯ Ψ_{∗ 4} ⌊ ♮

@ ⌋ ı_∋ ı_∋ ÷÷÷ ı_∋ ı_∋ ⌈ Ψ_{∗ 4} 3 3 ÷÷÷ 3

3 Ψ_{∗ 4} 3 ÷÷÷ 3

3 3 3 ÷÷÷ 3 1 1 1 1 1 1 111 1 1 3 3 3 ÷÷÷ Ψ_{∗ 4}

ȷ^4 ȷ^5 ȷ^6 1 1 ȷ^Q

@ ⌋ ı_∋Ψ_{∗ 4} ı_∋Ψ_{∗ 4} ÷÷÷ ı_∋Ψ_{∗ 4} ı_∋Ψ_{∗ 4} ⌈ ȷ^4 ȷ^5 ȷ^6 1 1 ȷ^Q

@ Q⋃ l@4 ı_∋Ψ_{∗ 4}ȷ^l> z khuh ı_∋Ψ_{∗ 4}ȷ^l @ 4 ϕ_5^ϱ ⌋ 4 5 6 ÷÷÷ W ⌈ 5∗ Ξ ∗ 4 3 ÷÷÷ 3 ∗ 4 5 ∗ 4 ÷÷÷ 3 3 ∗ 4 5 ÷÷÷ 3 1 1 1 1 1 1 1 1 1 1 3 3 3 ∗ 4 4

ȷ^{l4} ȷ^{l5} ȷ^{l6} 1 1 ȷ^{lW}

@ 4 ϕ_5^ϱ ⌋ ∗ Ξ 3 3 ÷÷÷ 4 ⌈ ȷ^{l4} ȷ^{l5} ȷ^{l6} 1 1 ȷ^{lW}

@ 4 ϕ_5^ϱ ĵ^{lW}∗ Ξ ȷ^{l4}‘/

Lwiroorz v wkdwJ OVfdq eh z ulwwhq dv ~ϵ^{J OV} @ ) ♭_∋fl_{∗ 4}♭ [^{∗ 4} ♭_∋fl_{∗ 4}ȷ @ ⌋^Q ⋃ l@4 ) ı_∋Ψ_{∗ 4}ı [⌈_{∗ 4 Q}⋃ l@4 ) ı_∋Ψ_{∗ 4}ȷ^l [

@ ⌋^Q ⋃ l@4 +W∗ Ξ ,

⌈^{∗ 4} ⌋^Q ⋃ l@4 +ȷ^{lW} ∗ Ξ ȷ^{l4}, ⌈ /

Uhp dun 43 Li Ξ @^{ϕ 5π}_{ϕ 5ϱ. ϕ 5π} @4>wkhq J OVlv uhgxfhg wr wkh I G hvwlp dwru1

Uhp dun 44 Vlqfh y_{lw} lv L+4,>wkhq iru dool/ 4 ∫ W y_{l4} @ 4 ∫ W ν̂W‘⋃

m@3 ϱ_{l4∗ m}^g↔ Q ] 3>νϕ^5_ϱ ⌊ /

Uhp dun 45 Wkh π_l fdq qrweh frqvlvwhqwo| hvwlp dwhg zkhq wkh huuru whup lv L+4,/

Wkh olp lwlqj glvwulexwlrqv ri ROV/ I H/ I G/ dqg J OVhvwlp dwruv duh j lyhq lq wkh qh{wWkhruhp 1

Wkhr uhp 5 Ohwȷ_{lw} eh jhqhudwhg iurp d vlp soh wlp h wuhqg p rgholq +4, z khuh y_{lw}@y_{lw∗ 4} . ϱ_{lw}> zlwk ϱ_{lw}⊃ llg ] 3>ϕ^5_ϱ ⌊ dqg y_{l4} @ ⋃_{ν̂W‘} m@3 ϱ_{4∗ m/}/Wkhq +d, ∫ QW ) ~ϵ_{ROV} ∗ ϵ [_g ↔ Q ) 3>^{6ϕ 5ϱ+; . 48ν,}_{53} [ > +e, ∫ QW ) ~ϵ_{I H} ∗ ϵ [_g ↔ Q ] 3>^9_8 ϕ^5_ϱ ⌊ > +f, ∫ QW ) ~ϵ_{I G} ∗ ϵ [_g ↔ Q ] 3>ϕ^5_ϱ ⌊ > +g, ∫ QW ) ~ϵ_{J OV} ∗ ϵ [_g ↔ Q ) 3> ⌋ 4. +4∗ Ξ ,^5 ν ⌈ ϕ^5_ϱ [ / Uhp dun 46 Wkh olp lwlqj glvwulexwlrq ri wkh J OVghshqgv rq wkh yduldqfh frp srqhqw/ Ξ @^{ϕ 5π}_{ϕ 5ϱ. ϕ 5π} dqg wkh

sdudp hwhu wkdwjryhuqv wkh yduldqfh ri wkh lqlwldohuuru/ ν/

Uhp dun 47 Li Ξ ⋆ 4 wkhq^4_8 .^8_7 ν . 5νΞ ∗ νΞ^5 A 3/Khqfh wkh J OVhvwlp dwru lv dovr p ruh h! flhqwwkdq

wkh ROV hvwlp dwru zlwk υ @41 Krzhyhu/ wkh J OV frxog eh ohvv h! flhqwwkdq I G ru I H hvwlp dwruv1 I ru

h{dp soh/ wkh J OVlv ohvv h! flhqwwkdq I G xqohvv ν @3 ru Ξ @41 Dovr wkh J OVlv p ruh h! flhqwwkdq wkh

I H rqo| li +4∗ Ξ ,^5 ν ⋆^4_8 /

Uhp dun 48 Wkhruhp 5 frqfflup v wkh uhvxowv ri Edowdjl dqg Fkdqj +4<<5,/ l1h1/ wkh uhodwlyh shuirup dqfh ri

wkh hvwlp dwruv ghshqgv rq wkh yduldqfh ri wkh lqlwldohuuru lq sdqhogdwd1

Uhp dun 49 Wkh I G hvwlp dwru lv wkh p rvwh! flhqwhvwlp dwru zlwk υ @4/

Uhp dun 4: Lq Dsshqgl{ H/ zh ghulyh wkh olp lwlqj glvwulexwlrq ri I H hvwlp dwru zkhq wkh huuru whup / y_{lw}>

lv qhduo| L+4,1

Uhp dun 4; Lwfdq eh vkrzq wkdw

Ψ_{∗ 4}ı @ 4 ϕ_5^ϱ

∗ Ξ 3 3 1 1 4 dqg wkhq U ] Ψ_{∗ 4}ı ⌊ ∃@U+ı, dqg U ] fl_{∗ 4}♭ ⌊ ∃@U+♭ , /Lwiroorzv wkdwe| Wkhruhp 4 lq Nuxvndo+4<9; , wkdw wkh ROVdqg J OVduh qrwhtxlydohqwhyhq dv| p swrwlfdoo| 1

Uhp dun 4< I urp Wkhruhp v 4 dqg 5 z h nqrz wkdwzkhq wkh huuru whup lv L+3, wkh I H hvwlp dwru lv dv| p s0 wrwlfdoo| h! flhqwdqg zkhq wkh huuru whup lv L+4,/ wkh I G hvwlp dwru lv dv| p swrwlfdoo| h! flhqw1 Khqfh wkh lqihuhqfh rq ϵ lq +4, fdq eh fduulhg rxwxvlqj wkh w0vwdwlvwlf iurp wkh I H zkhq wkh huuru whup lv L+3, dqg iurp wkh I G hvwlp dwru z khq wkh huuru whup lv L+4,1Wkh whvwv rq zkhwkhu wkh huuru whup lv L+3, ru L+4, lq

+5, fdq eh irxqg lq Ndr +4<<: , dqg P fFrvnh| dqg Ndr +4<<; ,1

7 Wkh Hffihfwv r i d I lwwhg Lqwhufhs w

Dq lqwhufhswlvqrwlqfoxghg lq +4, vlqfh wkh lqwhufhswfdq qrweh frqvlvwhqwo| hvwlp dwhg e| dq| p hwkrg z khq wkh huuru whup lv L+4,1 Krz hyhu/ lwlv xvxdolq hp slulfdoz run iru sdqhouhj uhvvlrq wr lqfoxgh dq lqwhufhsw

+h1j 1/ Edowdj l/ 4<<8,1 Frqvlghu wkh iroorz lqj p rgholq sodfh ri +4,= ȷ^{lw}@δ . ϵw. x^{lw}> +<, z khuh δ lv wkh lqwhufhsw/ x^{lw}@π^l . y^{lw} dqg y^{lw}@υy^{lw∗ 4} . ϱ^{lw}>⇕υ⇕⋆ 4/ Z h qrwh wkdw ~ϵ^{ROV} @~ϵ^{I H} @ ⋃^Q l@4 ⋃^W w@4+w∗ w,ȷ^{lw} ⋃^Q l@4 ⋃^W w@4+w∗ w,_5 / I urp wkh surri ri Wkhruhp 4 z h nqrz wkh lqfoxvlrq ri d �wwhg lqwhufhswlq +<, grhvqrwdowhuwkh dv| p swrwlf glvwulexwlrq ri ~ϵ^{I H} wkdwlv j lyhq lq Wkhruhp 41 Wkxv/ wkh I H hvwlp dwru kdv wkh vdp h olp lwlqj glvwulexwlrq z khwkhu ru qrwdq lqwhufhswlv lqfoxghg lq wkh uhj uhvvlrq1 Krz hyhu wkh olp lwlqj glvwulexwlrq ri ~ϵ^{ROV} z looeh

d�hfwhg e| d �wwhg lqwhufhsw1 Lq wklv fdvh/ wkh olp lwlqj glvwulexwlrq ri ~ϵ_{ROV} lv ∫ QW^6 ) ~ϵ_{ROV} ∗ ϵ [_g ↔ Q ] 3> 45ϕ^5_ϱ

+4∗ υ,^5 ⌊

vlqfh wkh ROVlv lghqwlfdowr wkh I H hvwlp dwru xqghu p rgho+<,1 Dovr iurp wkh surri ri Wkhruhp 4 z h qrwh

wkdwwkh suhvhqfh ri wkh lqwhufhswgrhv qrwlq xhqfh wkh olp lwlqj glvwulexwlrq ri wkh J OV hvwlp dwru1 Wkh

iroorz lqj wz r wkhruhp v surylgh wkh olp lwlqj glvwulexwlrqv ri wkh I H/ I G dqg J OVhvwlp dwruv xqghu p rgho

+<, z lwk vwdwlrqdu| huuru whup dqg qrqvwdwlrqdu| huuru whup 1

Wkhr uhp 6 Ohwȷ_{lw} eh jhqhudwhg iurp d vlp soh wlp h wuhqg p rgholq +<, z khuh y_{lw}@υy_{lw∗ 4} . ϱ_{lw}> zlwk ϱ_{lw}⊃ llg ] 3>ϕ^5_ϱ ⌊ dqg lqlwldofrqglwlrq lq Dvvxp swlrq 41 Wkhq +d, ∫ QW^6 ) ~ϵ_{I H} ∗ ϵ [_g ↔ Q ) 3>^{45ϕ 5ϱ}

+4∗ υ,^5 [ > +e, ∫ QW ) ~ϵ_{I G} ∗ ϵ [_g ↔ Q ) 3>ϕ^5_ϱ^{5∗ υ5^ν W‘. 5}

4∗ υ^5 [ > +f, ∫ QW^6 ) ~ϵ_{J OV} ∗ ϵ [_g ↔ Q ) 3>^{45ϕ 5ϱ}

+4∗ υ,^5 [ / Uhp dun 53 Wkhruhp 6 vkrzv wkdw/ zkhq wkh huuru whup lv L+3,/ wkh suhvhqfh ri wkh lqwhufhswgrhv qrw

fkdqjh wkh olp lwlqj glvwulexwlrq ri wkh J OVhvwlp dwru1

Wkhr uhp 7 Ohwȷ_{lw} eh jhqhudwhg iurp d vlp soh wlp h wuhqg p rgholq +<, z khuh y_{lw}@y_{lw∗ 4} . ϱ_{lw}> zlwk ϱ_{lw}⊃ llg ] 3>ϕ^5_ϱ ⌊ dqg lqlwldofrqglwlrq lq Dvvxp swlrq 41 Wkhq +d, ∫ QW ) ~ϵ_{I H} ∗ ϵ [_g ↔ Q ] 3>^9_8 ϕ^5_ϱ ⌊ > +e, ∫ QW ) ~ϵ_{I G} ∗ ϵ [_g ↔ Q ] 3>ϕ^5_ϱ ⌊ > +f, ∫ QW ) ~ϵ_{J OV} ∗ ϵ [_g ↔ Q ] 3>7νϕ^5_ϱ ⌊ li ν A 3> +g, ∫ QW ) ~ϵ_{J OV} ∗ ϵ [_g ↔ Q ] 3>7 ] ϕ^5_π . ϕ^5_ϱ ⌊⌊ li ν @3/

Uhp dun 54 Wkhruhp 7 vkrzv wkdwwkh olp lwlqj glvwulexwlrq ri wkh J OVhvwlp dwru ghshqgv rq wkh lqlwldol}d0

wlrq sdudp hwhu ν zkhq wkh huuru whup lv L+4, dqg wkh suhvhqfh ri wkh lqwhufhsw1 Wkh J OVhvwlp dwru lv wkh

p rvwh! flhqwhvwlp dwru vlqfh lwlv ∫ QWfrqvlvwhqwzkloh wkh rwkhu hvwlp dwruv duh ∫ QWfrqvlvwhqwli ν @3/

Krzhyhu/ wkh J OVhvwlp dwru frxog eh ohvv h! flhqwwkdq wkh I H dqg I G li ν A 3 dqg odujh1 I ru h{dp soh/ wkh

J OVlv ohvv h! flhqwwkdq wkh I G li ν A^4_7 dqg lv ohvv h! flhqwwkdq wkh I H li ν A^6_{43} /

Uhp dun 55 Li y^{lw} lv L+4,/ l1h1/ υ @4>wkhq wkh I H dqg I G hvwlp dwruv kdyh wkh vdp h olp lwlqj glvwulexwlrqv wkdwduh jlyhq lq Wkhruhp 51

8 I hdvleoh J OV Hvwlp dwr uv

I ru wkh ihdvleoh J OVhvwlp dwruv z h qhhg wkh hvwlp dwlrq ri wkh yduldqfh frp srqhqwv/ Ξ >dqg wkh dxwrfruuh0 odwlrq frh! flhqwυ1 Wkh sdudp hwhu υ fdq eh hvwlp dwhg hdvlo| / l1h1/ ~υ @ ⋃^Q l@4 ⋃^W w@5 ~x^{lw}~x^{lw∗ 4} ⋃^Q l@4 ⋃^W w@5 +~x^{lw∗ 4},_5 > +43, z khuh ~x^{lw}lv wkh hvwlp dwhg uhvlgxdo/ wdnhq iurp wkh I H hvwlp dwlrq ri wkh p rgholq +4,1 Lwfdq eh vkrz q wkdw

~υ lq +43, lvd frqvlvwhqwhvwlp dwruri υ e| xvlqj +e, lq Wkhruhp 41 Wkh yduldqfh frp srqhqwfdq eh hvwlp dwhg lq wkh vdp h z d| dv iru wkh p rghov z lwkrxwdxwrfruuhodwlrq e| xvlqj wkh yduldqfh ghfrp srvlwlrq dqg wkh

Sudlv0Z lqvwhq +SZ , wudqvirup dwlrq dv Edowdj l dqg Ol +4<<4, srlqwhg rxw1

Rq wkh rwkhu kdqg/ wkh h! flhqf| ri wkh J OV hvwlp dwru dovr uholhv rq ν dv z h nqrz iurp Wkhruhp

51 P dhvklur +4<: 9, srlqwhg rxwwkdwwkh Frfkudqh0Rufxww+FR, surfhgxuh/ z klfk lj qruhv wkh lqirup dwlrq frqwdlqhg lq wkh �uvwrevhuydwlrq/ shuirup v z ruvh wkdq ROV iru vp rrwko| wuhqghg uhj uhvvruv1 Ehdfk dqg

P dfNlqqrq +4<: ; , dqg Sdun dqg P lwfkhoo+4<; 3, vxj j hvwhg wkdwz khq wkh uhj uhvvruvduh wuhqghg/ hvwlp dwlrq xvlqj wkh SZ wudqvirup dwlrq lv p ruh h! flhqwwkdq xvlqj wkh FR surfhgxuh1 Wkh lp sruwdqfh ri wkh lqlwldo revhuydwlrq lq sdqhogdwd uhj uhvvlrq z lwk DU+4, huuruwhup vkdvehhq vwxglhg uhfhqwo| e| Edowdj l dqg Fkdqj

+4<<5,1 Krz hyhu/ z khq υ @4>π^l fdq qr orqj hueh frqvlvwhqwo| hvwlp dwhg e| dq| p hwkrg dqg khqfh ϕ_5^π lvqr orqj hu lghqwl�deoh1 Lwolp lwv wkh xvhixoqhvv ri wkh J OVhvwlp dwru z khq wkh huuru whup lv L+4,1

9 I lqlwh Vdp s oh Vlp xodwlr qv r i Hvwlp dwr uv

Lq wklv vhfwlrq z h z loohydoxdwh wkh �qlwh vdp soh surshuwlhv ri wkh ROV/ I H/ I G/ J OV0FR/ J OV0SZ dqg lqihdvleoh J OVhvwlp dwruv dqg dvn z khwkhu wkh L+3, dqg L+4, dv| p swrwlf yduldqfh surylgh d xvhixoj xlgh iru fkrrvlqj dp rqj wkh hvwlp dwruv lq vp doovdp sohv1 Wkh p rgholv vhwdv iroorz v= ȷ^{lw}@π^l . ϵw. x^{lw}>l @4>///>Q>w@4>///>W> z khuh ϵ @4 dqg z lwk π^l_{llg}⊃ Q ] 3>ϕ_5^π ⌊ dqg y^{lw} iroorz v dq DU+4, z lwk y^{lw}@υy^{lw∗ 4} . ϱ^{lw}>

ϱ_{lw}^{llg}⊃ Q ] 3>ϕ^5_ϱ ⌊ dqg y_{l4} @ ⋃_{ν̂W‘} m@3 υ^mϱ_{l4∗ m}>z khuhν @+3>3/4>3/58>4/3, dqg υ @+3>3/5>3/7>3/9>3/;>3/¡>3/¡8>4/3, / Z h �{ ϕ^5_π . ϕ^5_ϱ@43 dqg ohwΞ @^{ϕ 5π}_{ϕ 5ϱ. ϕ 5π} wdnh wkh ydoxhv +3>3/5>3/7>3/9>3/; , /Wkh iroorz lqj vdp soh vl}h frp 0 elqdwlrqv duh xvhg= Q @ 58>83 dqg W@ 58>83/Hdfk h{shulp hqwlqyroyhv 43>333 uhsolfdwlrqv1 I ru hdfk uhsolfdwlrq z h hvwlp dwhg wkh p rghoxvlqj ROV/ I H/ I G/ J OV0FR/ J OV0SZ dqg lqihdvleoh J OVhvwlp dwruv1 Wkh vlp xodwlrqvz huh shuirup hg e| d Xowud Hqwhusulvh 63331 J DXVV6/5/64 z dvxvhg wr shuirup wkh vlp xod0 wlrqv1Udqgrp qxp ehuviruπ_l dqg ϱ_{lw}z huhj hqhudwhg e| wkhJ DXVVsurfhgxuhUQGQV1Dwhdfk uhsolfdwlrq/ z h j hqhudwhg dq Q+W. 4333, ohqj wk ri udqgrp qxp ehuv dqg wkhq vsolwlwlqwr Q vhulhv vr wkdwhdfk vhulhv kdg wkh vdp h p hdq dqg yduldqfh1 Wkh �uvw4>333 revhuydwlrqv z huh glvfdughg iru hdfk vhulhv1 Wdeohv405 j lyh wkh p hdq vt xduh huuru+P VH, ri wkh ydulrxvhvwlp dwruvri ϵ uhodwlyh wr wkh lqihdvleoh J OV hvwlp dwru iru ydulrxv ydoxhv ri υ>Ξ >dqg ν z khq Q @W@581 Z h gr qrwuhsruwwkh fdvhv z khq Q dqg W duh p ruh wkhq 58 vlqfh wkh uhvxowv duh vlp lodu wr Wdeohv 4 dqg 51 Z h dovr gr qrwuhsruwwkh eldv z klfk z dv qhj olj leo| vp dooiru doowkh hvwlp dwruv1 Wkh I H/ J OV0FR dqg J OV0SZ hvwlp dwruv duh hvvhqwldoo| h! flhqw dqg duh suhihuuhg wr wkh I G dqg ROVhvwlp dwruv dv suhglfwhg iurp Wkhruhp 4 z lwk υ ⋆ 4 exwqrwwrr forvh wr 41 Krz hyhu/ z khq υ @4>wkh I G hvwlp dwru lv h! flhqwdqg lv suhihuuhg wr wkh ROVdqg I H hvwlp dwruv dv suhglfwhg iurp Wkhruhp 51 Wkh ROV/ J OV0FR dqg J OV0SZ hvwlp dwruv shuirup srruo| iru oduj h ydoxhv ri Ξ 1 Lqwhuhvwlqj o| / wkh I H dqg I G hvwlp dwruv shuirup z hooiru oduj h ydoxhv ri Ξ 1 Wklv revhuydwlrq z dv dovr qrwhg e| Edowdj l +4<; 4/ s1 76,1 Lq j hqhudo/ wkh I G hvwlp dwru lv ehwwhu wkdq wkh ROVz khq Ξ lv oduj h dqg lv ehwwhuwkdq wkh I H hvwlp dwruz khq υ lvforvhuwr 41 Krz hyhu/ wkh I G hvwlp dwrulv z ruvh wkdq wkh ROVz khq Ξ lv vp doodqg dovr z ruvh wkdq wkh I H z khq υ lv vp doo1 Wkh uhodwlyh shuirup dqfh ri wkh ROV/ I H dqg I G dovr ghshqgv fulwlfdoo| rq ν z khq υ @4/Z khq ν @3>wkh I G hvwlp dwru lv dv h! flhqwdv wkh lqihdvleoh J OV hvwlp dwru dqg grp lqdwhv wkh ROVdqg I H hvwlp dwruv1 Dv z h h{shfwhg iurp Wkhruhp 5/ wkh I G hvwlp dwru lv p ruh h! flhqwwkdq wkh lqihdvleoh J OVhvwlp dwru z khq ν A /4>wkrxj k wkh ehwwhu shuirup dqfh ri wkh I G hvwlp dwru ghfuhdvhv dv Ξ lqfuhdvhv1 Ryhudoo/ wkh I H hvwlp dwru shuirup v uhodwlyho| z hooz khq frp sduhg wr rwkhu p hwkrgv1

: F r qfoxvlr q

Wklv sdshu frqvlghuv d olqhdu wlp h wuhqg p rghoz lwk rqh0z d| huuru frp srqhqwz lwk vhuldoo| fruuhodwhg huuru whup dqg vwxglhv wkh olp lwlqj glvwulexwlrqv ri wkh ROV/ I H/ I G/ J OV0FR/ dqg J OV0SZ hvwlp dwruv1 Wkh uhvxowv duh frq�up hg e| p hdqv ri P rqwh Fduor h{shulp hqwv1 Wkh p dlq �qglqj v duh=

41 Wkh J OV0FR dqg J OV0SZ hvwlp dwruv shuirup z hooli wkh yduldqfh frp srqhqw/ Ξ >lv vp doodqg forvh wr }hur z khq υ ⋆ 4/

51 Wkh I G hvwlp dwru grp lqdwhv wkh rwkhu hvwlp dwruv z khq υ @4 iru dooydoxhv ri Ξ /

61 Wkh I H hvwlp dwru lv uhfrp p hqg lq sudfwlfh vlqfh lwshuirup v suhww| z hooiru dooydoxhv ri υ dqg Ξ /

Ds s hqgl{

D Sur r i r i Wkhr uhp 4

Sur r i1 +e, Ht xdwlrq +6, fdq eh h{suhvvhg dv ~ϵ^{I H} ∗ ϵ @ ⋃^Q l@4 ⋃^W w@4+w∗ w,x^{lw} ⋃^Q l@4 ⋃^W w@4+w∗ w,_5 / +44,

Z h p xowlso| +44, e| ∫ QW_6>uhvxowlqj lq ∫ QW_6 ) ~ϵ^{I H} ∗ ϵ [ @ 4 ∫ Q W_6 ⋃^Q l@4 ⋃^W w@4+w∗ w,x^{lw} 4 Q W_6 ⋃^Q l@4 ⋃^W w@4+w∗ w,_5 / +45,

Lwlv vwudlj kwiruz dug wr vkrz wkdw Q⋃ l@4 W⋃ w@4 +w∗ w,_5 @ QW ] W_5 ∗ 4 ⌊ 45 @ R ] Q_{∗ 4}W_6 ⌊ / +46,

Wkxv/ wkh ohdglqj whup lq ⋃^Q l@4 ⋃^W w@4+w∗ w,_5 lv_{Q W6}^{45} >wkdwlv 4 QW_6 Q⋃ l@4 W⋃ w@4 +w∗ w,_5 ↔ 4 45 / Z h wxuq qh{wwr wkh qxp hudwru lq +45,1 Lwfdq eh vkrz q wkdw+h1j 1/ Kdp lowrq/ 4<<7, li ϑ +O, lv d srvvleoh lq�qlwh sro| qrp ldolq wkh odj rshudwru O/ vxfk wkdwϑ +℘, kdv doori lwv urrwv rxwvlgh wkh xqlwflufoh wkhq W_{∗ 6∂5} W⋃ w@4 wϑ +O, ϱ^w_g↔ Q ] 3> ϕ_5^ϱϑ +4,_5 6 ⌊ dqg W_{∗ 6∂5} W⋃ w@4 +w∗ w,ϑ +O, ϱ^w_g↔ Q ] 3> ϕ_5^ϱϑ +4,_5 45 ⌊ / Qrwh wkdwy^{lw}@ ⋃^△ m@3 υ_mO_mϱ^w/Fkrrvh ϑ +O, @ ⋃^△ m@3 υ_mO_m dqg ϑ +4, @ ⋃^△ m@3 υ_m@_4^{4∗ υ} z h kdyh 4 ∫ Q Q⋃ l@4 W_{∗ 6∂5} W⋃ w@4 +w∗ w,x^{lw} @ 4 ∫ Q Q⋃ l@4 W_{∗ 6∂5} W⋃ w@4 +w∗ w, +π^l . y^{lw},

@ 4 ∫ Q Q⋃ l@4 W^{∗ 6∂5} ⟩ π_l W⋃ w@4 +w∗ w, . W⋃ w@4 +w∗ w,y_{lw} /

@ 4 ∫ Q Q⋃ l@4 W^{∗ 6∂5} W⋃ w@4 +w∗ w,y_{lw}

@ 4 ∫ Q Q⋃ l@4 W^{∗ 6∂5} W⋃ w@4 +w∗ w,ϑ +O, ϱ_w/ Qrz iru �{hg Q dv W↔ △ z h kdyh 4 ∫ Q Q⋃ l@4 W^{∗ 6∂5} W⋃ w@4 +w∗ w,ϑ +O, ϱ_w^g↔ 4 ∫ Q Q⋃ l@4 Q ] 3> ϕ^5_ϱ 45 4 +4∗ υ,^5 ⌊

dqg_{4∫} Q W^6 ⋃_Q l@4 ⋃_W w@4+w∗ w,x_{lw} 4 Q W^6 ⋃_Q l@4 ⋃_W w@4+w∗ w,^5 g↔ 4 ∫ Q Q⋃ l@4 Q ] 3> 45ϕ^5_ϱ +4∗ υ,^5 ⌊ / Reylrxvo| 4 ∫ Q Q⋃ l@4 Q ] 3> 45ϕ^5_ϱ +4∗ υ,^5 ⌊ g↔ Q ] 3> 45ϕ^5_ϱ +4∗ υ,^5 ⌊

dvQ ↔ △ +lq idfw/ lwlvwuxh irudooQ, surylqj +e,1 +d, fdq eh vkrz q vlp loduo| e| iroorz lqj wkh surri ri +e,1 Wr vhh wklv/ �uvwz h qrwh wkdw ~ϵ_{ROV} ∗ ϵ @ ⋃_Q l@4 ⋃_W w@4 wx_{lw} ⋃_Q l@4 ⋃_W w@4 w^5 / Wkhq iru d �{hg Q/ z h rewdlq Q⋃ l@4 W⋃ w@4 wx_{lw} @ Q⋃ l@4 W⋃ w@4 w+π_l . y_{lw},

@ Q⋃ l@4 π_l W⋃ w@4 w. Q⋃ l@4 W⋃ w@4 wy_{lw}

@ Q⋃ l@4 π_l 4 5 R+W^5, . R+W^{6∂5},/

Lwiroorz v wkdwiru d �{hg Q dv W↔ △ > 4 W^5 Q⋃ l@4 W⋃ w@4 wx_{lw}@ 4 5 Q⋃ l@4 π_l . r_s +4,/

Khqfh/ 4 ∫ Q 4 W^5 Q⋃ l@4 W⋃ w@4 wx_{lw}^g↔ Q ] 3> 4 7 ϕ^5_π ⌊

4:

dv Q ↔ △ /I lqdoo| / ∫ QW ) ~ϵ^{ROV} ∗ ϵ [ @ 4∫ Q 4 W_5 ⋃^Q l@4 ⋃^W w@4 wx^{lw} 4 Q 4 W_6 ⋃^Q l@4 ⋃^W w@4 w_5 @ 6 4 ∫ Q 4 W_5 Q⋃ l@4 W⋃ w@4 wx^{lw}. r+4,_g↔ Q ] 3> ¡ 7 ϕ_5^π ⌊ surylqj +d,1 Qrwh wkdw ı_∋D_{∗ 4}ı @ 4 4∗ υ_5 ı_∋ +4∗ υ,_5 ı .

υ_5 3 3 1 1 3 υ+W∗ Wυ . 4, @ +4∗ υ,_5

4∗ υ_5 W⋃ w@4 w_5 . 4 4∗ υ_5 ] υ_5 . Wυ+W∗ Wυ . 4, ⌊ > ı_∋d^Wd_∋^Wı @ 4. +4∗ υ, )⋃^{W∗ 4} w@5 w [ . W +4. υ,_5 ı_∋

4 4∗ υ 4∗ υ 1 1 4∗ υ 4 @ 4 +4. υ,_5 ⌋ 4. +4∗ υ, ]^{W∗ 4} ⋃ w@5 w ⌊ . W ⌈^5 > ı_∋D_{∗ 4}ȷ^l @ 4 4∗ υ_5 ı_∋

4 ∗ υ 3 3 3 ÷÷÷ ÷÷÷ 3 ∗ υ 4. υ_5 ∗ υ 3 3 ÷÷÷ ÷÷÷ 3 3 ∗ υ 4. υ_5 ∗ υ 3 ÷÷÷ ÷÷÷ 3 1 1 3 3 3 3 ÷÷÷ ∗ υ 4. υ_5 ∗ υ

3 3 3 3 ÷÷÷ 3 ∗ υ 4

ȷ^{l4} ȷ^{l5} ȷ^{l6} 1 1 ȷ^{lW∗ 4} ȷ^{lW}

4;

@ 4 45 +4∗ υ,_5 ϕ_5^ϱ

. r+4,> ı_∋Ψ_{∗ 4}ȷ^l @ 4 ϕ_5^y ı_∋ ] D_{∗ 4} ∗ ϕ_5^π ϕ_5^y . λϕ_5^π d^Wd_∋^W ⌊ ȷ^l

@ 4 ϕ_5^y

ı_∋D_{∗ 4}ȷ^l ∗ 4 ϕ_5^y

ϕ_5^π ϕ_5^y . λϕ_5^π ı_∋d^Wd_∋^Wȷ^l @ 4 ϕ_5^y 4 4∗ υ_5 ⟩ ȷ^{l4} +4∗ 5υ, . +4∗ υ,_5 ⋃ w@5 wȷ^{lw}. ȷ^{lW}Ŵ∗ +W∗ 4, υ‘ /

∗ 4 ϕ_5^y

ϕ_5^π ϕ_5^y . λϕ_5^π ] 4 4. υ

⌊^5 ⌋

4. W. +4∗ υ, W∗ 4⋃ w@5 w ⌈⌋ ȷ^{l4} . +4∗ υ, W∗ 4⋃ w@5 ȷ^{lw}. ȷ^{lW} ⌈ > ı_∋Ψ_{∗ 4}x^l @ 4 ϕ_5^y ı_∋ ] D_{∗ 4} ∗ ϕ_5^π ϕ_5^y . λϕ_5^π d^Wd_∋^W ⌊ x^l

@ 4 ϕ_5^ϱ ⟩ x^{l4} +4∗ 5υ, . +4∗ υ,_5 W∗ 4⋃ w@5 wx^{lw}. x^{lW}Ŵ∗ +W∗ 4, υ‘ /

∗ 4 ϕ_5^y

ϕ_5^π ϕ_5^y . λϕ_5^π ] 4 4. υ

⌊^5 ⌋

4. W. +4∗ υ, W∗ 4⋃ w@5 w ⌈⌋ x^{l4} . +4∗ υ, W∗ 4⋃ w@5 x^{lw}. x^{lW} ⌈

@ 4 ϕ_5^ϱ ⟩ +π^l . y^{l4}, +4∗ 5υ, . +4∗ υ,_5 W∗ 4⋃ w@5 w+π^l . y^{lw}, . +π^l . y^{lW}, Ŵ∗ +W∗ 4, υ‘ /

∗ 4 ϕ_5^y

ϕ_5^π ϕ_5^y . λϕ_5^π ] 4 4. υ

⌊^5 ⌋ 4. W. +4∗ υ, W∗ 4⋃ w@5 w ⌈⌋ +π^l . y^{l4}, . +4∗ υ, W∗ 4⋃ w@5 +π^l . y^{lw}, . +π^l . y^{lW}, ⌈ > +47, dqg 4 W_{6∂5} ı_∋Ψ_{∗ 4}x^l @ +4∗ υ,_5 ϕ_5^ϱ 4 W_{6∂5} ] π^l W∗ 4⋃ w@5 w. W∗ 4⋃ w@5 wy^{lw} ⌊

∗ 4 ϕ_5^ϱ ] 4∗ υ 4. υ ⌊ +4∗ υ,_5 ⌋ ϕ_5^π ϕ_5^y . λϕ_5^π +W∗ 5, ⌈ 4 W_{6∂5} π^l W∗ 4⋃ w@5 w

∗ 4 ϕ_5^ϱ ] 4∗ υ 4. υ ⌊ +4∗ υ,_5 ⌋ 4 W ϕ_5^π ϕ_5^y . λϕ_5^π ]^{W∗ 4} ⋃ w@5 w ⌊ ⌈ 4 W_{4∂5} W∗ 4⋃ w@5 y^{lw}

. 4 ϕ_5^ϱ ] 4∗ υ 4. υ ⌊ +4∗ υ, ⌋ 4 W ϕ_5^π ϕ_5^y . λϕ_5^π ]^{W∗ 4} ⋃ w@5 w ⌊ ⌈⌋ 4 W_{4∂5} +π^l . y^{lW},, ⌈ . r^s +4,

@ +4∗ υ,_5 ϕ_5^ϱ 4 W_{6∂5} W∗ 4⋃ w@5 wy^{lw}. +4∗ υ,_5 ϕ_5^ϱ 4 W_{6∂5} π^l W∗ 4⋃ w@5 w

∗ +4∗ υ,^5 ϕ^5_ϱ 4 W^{6∂5} π_l W∗ 4⋃

w@5 w

∗ 4 ϕ^5_ϱ 4 5 ] 4∗ υ 4. υ ⌊ +4∗ υ,^5

4. υ 4∗ υ 4 W^{4∂5} W∗ 4⋃

w@5 y_{lw} ∗ 4 ϕ^5_ϱ 4 5 ] 4∗ υ 4. υ ⌊ +4∗ υ, 4. υ 4∗ υ ⌋ 4 W^{4∂5} +π_l . y_{lW},, ⌈ . r+4, @ +4∗ υ,^5 ϕ^5_ϱ 4 W^{6∂5} W∗ 4⋃

w@5 wy_{lw}∗ +4∗ υ,^5 ϕ^5_ϱ 4 5 4 W^{4∂5} W∗ 4⋃

w@5 y_{lw}. r_s +4,

@ +4∗ υ,^5 ϕ^5_ϱ ⌋ 4 W^{6∂5} W∗ 4⋃

w@5 wy_{lw}∗ 4 5 4 W^{4∂5} W∗ 4⋃

w@5 y_{lw} ⌈

vlqfh olp_{W↔ △} 4 W^6 ϕ^5_π ϕ^5_y . λϕ^5_π ]_{W∗ 4} ⋃ w@5 w ⌊_5 @ 4 7 4. υ 4∗ υ >

olp_{W↔ △} ϕ^5_π ϕ^5_y . λϕ^5_π

+W∗ 5, @

4. υ 4∗ υ > dqg olp_{W↔ △} 4 W ϕ^5_π ϕ^5_y . λϕ^5_π ]_{W∗ 4} ⋃ w@5 w ⌊ @ 4 5 4. υ 4∗ υ / Lwlv nqrz q wkdw W^{∗ 4∂5} ⋃_{W∗ 4} w@5 y_{lw} W^{∗ 6∂5} ⋃_{W∗ 4} w@5 wy_{lw} g↔ Q 3 3 > ϕ^{5ϱ} +4∗ υ,^5

4^{45}_4 5 4 6 ⟨ dqg wkhq 4 W^{6∂5} ı^∋Ψ^{∗ 4}x_l^g↔

+4∗ υ,^5 ϕ^5_ϱ Q ] 3> ϕ^5_ϱ 45+4∗ υ,^5 ⌊ / Lwiroorz v wkdwiru d �{hg Q dv W↔ △ > 4 Q 4 W^6

♭ fl^{∗ 4}♭ @ 4 Q 4 W^6 Q⋃ l@4 ı^∋Ψ^{∗ 4}ı

@ 4 45 +4∗ υ,^5 ϕ^5_ϱ

. r+4, dqg 4 ∫ Q 4 W^{6∂5} ♭^∋fl^{∗ 4}x_l @ 4 ∫ Q 4 W^{6∂5} Q⋃ l@4 ı^∋Ψ^{∗ 4}x_l

g↔ +4∗ υ,^5

ϕ^5_ϱ Q ] 3> 4ϕ^5_ϱ 45+4∗ υ,^5 ⌊ /

Wkhq ∫ QW_6 ) ~ϵ^{J OV} ∗ ϵ [ @ 4∫ Q 4 W_{6∂5} ⋃^Q l@4 ı_∋Ψ_{∗ 4}x^l 4 Q 4 W_6 ⋃^Q l@4 ı_∋Ψ_{∗ 4}ı

@ 45 ϕ_5^ϱ

+4∗ υ,_5 4 ∫ Q 4 W_{6∂5} Q⋃ l@4 ı_∋Ψ_{∗ 4}x^l . r^s +4, g↔ Q ] 3> 45ϕ_5^ϱ

+4∗ υ,_5 ⌊ surylqj +g,1 I lqdoo| / z h vkrz wkh olp lwlqj glvwulexwlrq ri wkh I G hvwlp dwru1 ∫ QW ) ~ϵ^{I G} ∗ ϵ [ @ 4∫ Q ⋃^Q l@4 +x^{lW} ∗ y^{l4}, 4 Q WQ +W∗ 4, @ 4∫ Q ⋃^Q l@4 +y^{lW} ∗ y^{l4}, 4 Q WQ +W∗ 4, / Xvlqj y^{lW} ∗ y^{l4} @ △⋃ m@3 υ_mϱ^{W∗ m}∗ ν̂W‘⋃ m@3 υ_mϱ^{4∗ m} dqg Ydu+y^{lW} ∗ y^{l4}, @ Ydu △⋃ m@3 υ_mϱ^{W∗ m} ⟨ . Ydu ν̂W‘⋃ m@3 υ_mϱ^{4∗ m} ⟨

@ ϕ_5^ϱ

4∗ υ_5 . ϕ_5^ϱ4∗ υ_{5W. 5}

4∗ υ_5 @ ϕ_5^ϱ

4∗ υ_5 ) 5∗ υ_{5ν̂W‘. 5} [ / Wkhq 4 ∫ Q Q⋃ l@4 +y^{lW} ∗ y^{l4},_g↔ Q ] 3>ϕ_5^ϱ 5∗ υ_{5ν̂W‘. 5}

4∗ υ_5 ⌊ dqg khqfh ∫ QW ) ~ϵ^{I G} ∗ ϵ [^g ↔ Q ] 3>ϕ_5^ϱ 5∗ υ_{5ν̂W‘. 5}

4∗ υ_5 ⌊ surylqj +f,1

E Sur r i r i Wkhr uhp 5

I roorz lqj Fdqmhov dqg Z dwvrq +4<<: , z h qrwh wkdwz khq υ @4 4 ∫ W y^{l4} @ Ŵν‘⋃ m@4 ϱ^{l4∗ m}_g↔ ϕ^ϱ]Z +ν,

dqg 4 ∫ W y_{lw}@ 4 ∫ W Ŵu‘⋃

m@4 ϱ_{lm}^g↔ ϕ_ϱ ⌋ Z +u, . ]Z +ν, ⌈

iru dool/ z khuh Z +u, dqg ]Z +ν, duh lqghshqghqwvwdqgdug Eurz qldq p rwlrq1 Z h z ulwh wkh I H dv ∫ QW ) ~ϵ_{I H} ∗ ϵ [ @ 4∫ Q ⋃_Q l@4 4∫ W^8 ⋃_W w@4+w∗ w,x_{lw} 4 Q ⋃_Q l@4 4 W^6 ⋃_W w@4+w∗ w,^5 @ 4∫ Q ⋃_Q l@4 4∫ W^8 ⋃_W w@4+w∗ w,y_{lw} 4 Q ⋃_Q l@4 4 W^6 ⋃_W w@4+w∗ w,^5 / +48,

Ohwxv ehj lq z lwk wkh qxp hudwru lq +48,1 Xvlqj Sursrvlwlrq 4: 14 lq Kdp lowrq +4<<7,/ z h vhh wkdwiru d �{hg Q dv W↔ △ W^{∗ 8∂5} W⋃ w@4 +w∗ w,y_{lw}^g↔ ϕ_ϱ ⊎_4 3 +u∗ 4 5 , ⌋ Z +u, . ]Z +ν, ⌈ gu ⊃ Q ] 3> ϕ^5_ϱ 453 ⌊ / Wkhq 4 ∫ Q Q⋃ l@4 4 ∫ W^8 W⋃ w@4 +w∗ w,y_{lw}^g↔ Q ] 3> ϕ^5_ϱ 453 ⌊

dv Q ↔ △ /Wkxv ∫ QW ) ~ϵ_{I H} ∗ ϵ [_g ↔ Q ] 3> 9 8 ϕ^5_ϱ ⌊

surylqj +e,1 Vlp loduo| / 4 ∫ Q Q⋃ l@4 4 ∫ W^8 W⋃ w@4 wx_{lw} @ 4 ∫ Q Q⋃ l@4 4 ∫ W^8 W⋃ w@4 w+π_l . y_{lw},

@ 4 ∫ Q Q⋃ l@4 4 ∫ W^8 ⌋ π_l W⋃ w@4 w. W⋃ w@4 wy_{lw} ⌈

@ 4 ∫ Q Q⋃ l@4 4 ∫ W^8 ⌋_W ⋃ w@4 wy_{lw} ⌈ . r+4,/

Lwiroorz v wkdw 4 ∫ Q Q⋃ l@4 4 ∫ W^8 W⋃ w@4 wx_{lw}^g↔ ϕ_ϱ ⊎_4 3 u ⌋ Z +u, . ]Z +ν, ⌈ gu ⊃ Q ] 3> 5ϕ^5_ϱ 48 . νϕ^5_ϱ 7 ⌊

dv W↔ △ dqg wkhq Q ↔ △ 1 ∫ QW ) ~ϵ_{ROV} ∗ ϵ [ @ 6 4 ∫ Q Q⋃ l@4 4 ∫ W^8 W⋃ w@4 wy_{lw}. r_s +4, g↔ Q ] 3> 6ϕ^5_ϱ+; . 48ν, 53 ⌊

dv W↔ △ dqg wkhq Q ↔ △ surylqj +d,1 Qh{wz h suryh +f,1 ∫ QW ) ~ϵ^{J OV} ∗ ϵ [ @ ⌋ 4 Q Q⋃ l@4 4 W +W∗ Ξ , ⌈∗ 4 ⌋ 4 ∫ Q Q⋃ l@4 4 ∫ W +x^{lW} ∗ Ξ x^{l4}, ⌈ / Lwlv hdv| wr vhh wkdwiru d �{hg Q dv W↔ △ wkdw 4 W +W∗ Ξ , ↔ 4 dqg 4 ∫ W +x^{lW} ∗ Ξ x^{l4}, @ 4 ∫ W x^{lW} ∗ Ξ 4 ∫ W x^{l4} @ 4 ∫ W +π^l . y^{lW}, ∗ Ξ 4 ∫ W +π^l . y^{l4}, @ 4 ∫ W y^{lW} ∗ Ξ 4 ∫ W y^{l4} . 4 ∫ W +π^l ∗ Ξ π^l, @ 4 ∫ W [y^{lW} . 4 ∫ W y^{l4} ∗ Ξ 4 ∫ W y^{l4} . r^s +4, @ 4 ∫ W [y^{lW} . +4∗ Ξ , 4 ∫ W y^{l4} @ ϕ^ϱ ) Z +4, . +4∗ Ξ ,_5 ]Z +ν, [^g ↔ Q ) 3>ϕ_5^ϱ ⌋ 4. +4∗ Ξ ,_5 ν ⌈[ > z khuh [y^{lW} @y^{lW} ∗ y^{l4}/Wkhq ∫ QW ) ~ϵ^{J OV} ∗ ϵ [^g ↔ Q ) 3>ϕ_5^ϱ ⌋ 4. +4∗ Ξ ,_5 ν ⌈[ dv Q↔ △ surylqj +g,1 Lwfdq eh vkrz q hdvlo| wkdwwkh I G hvwlp dwru kdv wkh iroorz lqj olp lwlqj glvwulexwlrq= ∫ QW ) ~ϵ^{I G} ∗ ϵ [^g ↔ Q ] 3>ϕ_5^ϱ ⌊ surylqj +f,1

F Sur r i r i Wkhr uhp 6

Sur r i1 Lwz looeh frqyhqlhqwwr fhqwhu wkh revhuydwlrq vr wkdw℘ @w∗ w/ I urp wkh surri ri Wkhruhp 4 z h nqrz

℘_∋D_{∗ 4}℘ @ 4 4∗ υ_5 ℘_∋

4 ∗ υ 3 3 3 ÷÷÷ ÷÷÷ 3 ∗ υ 4. υ_5 ∗ υ 3 3 ÷÷÷ ÷÷÷ 3 3 ∗ υ 4. υ_5 ∗ υ 3 ÷÷÷ ÷÷÷ 3 1 1 3 3 3 3 ÷÷÷ ∗ υ 4. υ_5 ∗ υ

3 3 3 3 ÷÷÷ 3 ∗ υ 4

℘

@ ℘^∋ ] 4∗ υ 4. υ ⌊ ℘ . ℘^∋ υ 5+4∗ υ^5,

^+W∗ 4, ∗ +W∗ 4, υ‘

4 3 3 3 1 1 ∗ 4 @ +4∗ υ,^5 4∗ υ^5 W⋃ w@4 ] w∗ w ⌊_5 . υ 5+4∗ υ^5, ^+W∗ 4, ∗ +W∗ 4, υ‘^4∗ W‘>

℘^∋d_Wd^∋_W℘ @ ℘^∋

4 4∗ υ 1 1 4∗ υ 4

⌋ 4 4∗ υ ÷÷÷ 4∗ υ 4 ⌈ ℘

@ ] 4∗ w>5∗ w>÷÷÷>W∗ 4∗ w>W∗ w ⌊ 4 4∗ υ 1 1 4∗ υ 4

⌋ 4 4∗ υ ÷÷÷ 4∗ υ 4 ⌈ 4∗ w 5∗ w 1 1 W∗ 4∗ w W∗ w @ ⌋ 4∗ w. W∗ w. +4∗ υ, W∗ 4⋃

w@5 ] w∗ w ⌊ ⌈_5 @3>

℘^∋d_Wd^∋_Wȷ_l @ ℘^∋

4 4∗ υ 1 1 4∗ υ 4

⌋ 4 4∗ υ ÷÷÷ 4∗ υ 4 ⌈ ȷ_l

@ ⌋ 4∗ w. W∗ w. +4∗ υ, W∗ 4⋃

w@5 ] w∗ w ⌊ ⌈⌋ ȷ_{l4} . ȷ_{lW} . +4∗ υ, W∗ 4⋃

w@5 ȷ_{lw} ⌈

@ 3>

℘^∋D^{∗ 4}x_l @ 4 4∗ υ^5 ⟩ x_{l4} ]] 4∗ w ⌊ ∗ ] 5∗ w ⌊ υ ⌊ . +4∗ υ,^5 W∗ 4⋃

w@5 ] w∗ w ⌊ x_{lw}. x_{lW} ⌋] W∗ w ⌊ ∗ ] W∗ 4∗ w ⌊ υ ⌈ /

@ 4 4∗ υ_5 ⟩ +π^l . y^{l4}, ] ∗ W. 4 5 ∗ ∗ W. 6 5 υ ⌊ . +4∗ υ,_5 W∗ 4⋃ w@5 ] w∗ w ⌊ y^{lw}. +π^l . y^{lW}, ⌋ W∗ 4 5 ∗ W∗ 6 5 υ ⌈/ > dqg +4∗ υ,_5

4∗ υ_5 W⋃ w@4 ] w∗ w ⌊^5 ↔ 4 45 +4∗ υ,_5

4∗ υ_5 / Lwiroorz v wkdw

℘_∋Ψ_{∗ 4}℘ @ 4 ϕ_5^y ℘_∋ ] D_{∗ 4} ∗

ϕ_5^π ϕ_5^y . λϕ_5^π d^Wd_∋^W ⌊ ℘

@ 4 ϕ_5^y ℘_∋D_{∗ 4}℘ ∗ 4 ϕ_5^y

ϕ_5^π ϕ_5^y . λϕ_5^π ℘d^Wd_∋^W℘

@ 4 ϕ_5^y

+4∗ υ,_5

4∗ υ_5 W⋃ w@4 ] w∗ w ⌊^5 . υ 5+4∗ υ_5,

^+W∗ 4, ∗ +W∗ 4, υ‘^4∗ W‘

@ +4∗ υ,_5 ϕ_5^ϱ W⋃ w@4 ] w∗ w ⌊^5 . υ 5+4∗ υ_5, ^+W∗ 4, ∗ +W∗ 4, υ‘^4∗ W‘> 4 W_6

℘_∋Ψ_{∗ 4}℘ @ 4 45 +4∗ υ,_5 ϕ_5^ϱ

. r+4,>

℘_∋Ψ_{∗ 4}ȷ^l @ 4 ϕ_5^y ℘_∋ ] D_{∗ 4} ∗

ϕ_5^π ϕ_5^y . λϕ_5^π d^Wd_∋^W ⌊ ȷ^l

@ 4 ϕ_5^y

℘_∋D_{∗ 4}ȷ^l ∗ 4 ϕ_5^y

ϕ_5^π ϕ_5^y . λϕ_5^π ℘_∋d^Wd_∋^Wȷ^l

@ 4 ϕ_5^y 4 4∗ υ_5 ⟩ ȷ^{l4} ]] 4∗ w ⌊ ∗ ] 5∗ w ⌊ υ ⌊ . +4∗ υ,_5 W∗ 4⋃ w@5 ] w∗ w ⌊ ȷ^{lw}. ȷ^{lW} ⌋] W∗ w ⌊ ∗ ] W∗ 4∗ w ⌊ υ ⌈ / >

℘_∋Ψ_{∗ 4}x^l @ 4 ϕ_5^y ı_∋ ] D_{∗ 4} ∗

ϕ_5^π ϕ_5^y . λϕ_5^π d^Wd_∋^W ⌊ x^l

@ 4 ϕ_5^y 4 4∗ υ_5 ⟩ x^{l4} ]] 4∗ w ⌊ ∗ ] 5∗ w ⌊ υ ⌊ . +4∗ υ,_5 W∗ 4⋃ w@5 ] w∗ w ⌊ x^{lw}. x^{lW} ⌋] W∗ w ⌊ ∗ ] W∗ 4∗ w ⌊ υ ⌈ /

@ 4 ϕ_5^y 4 4∗ υ_5 ⟩ +π^l . y^{l4}, ] ∗ W. 4 5 ∗ ∗ W. 6 5 υ ⌊ . +4∗ υ,_5 W∗ 4⋃ w@5 ] w∗ w ⌊ y^{lw}. +π^l . y^{lW}, ⌋ W∗ 4 5 ∗ W∗ 6 5 υ ⌈/ dqg 4 W_{6∂5} ı_∋Ψ_{∗ 4}x^l @ 4 W_{6∂5} 4 ϕ_5^y 4 4∗ υ_5

+4∗ υ,_5 W∗ 4⋃ w@5 ] w∗ w ⌊ y^{lw}. r^s +4,

@ 4 W_{6∂5} +4∗ υ,_5 ϕ_5^ϱ W∗ 4⋃ w@5 ] w∗ w ⌊ y^{lw}. r^s +4,/

Khqfh/ ∫ QW^6 ) ~ϵ_{J OV} ∗ ϵ [ @ 4∫ Q 4 W^{6∂5} ⋃_Q l@4 ℘^∋Ψ^{∗ 4}x_l 4 Q 4 W^6 ⋃_Q l@4 ℘^∋Ψ^{∗ 4}℘ @ 4∫ Q 4 W^{6∂5} ⋃_Q l@4 +4∗ υ,^5

ϕ^5_ϱ ⋃_{W∗ 4} w@5 ] w∗ w ⌊ y_{lw} 4 Q ⋃_Q l@4 4 45 +4∗ υ,^5

ϕ^5_ϱ

. r+4,

@ 45 4 ∫ Q Q⋃ l@4 4 W^{6∂5} W∗ 4⋃

w@5 ] w∗ w ⌊ y_{lw}. r+4,^g↔ Q ] 3> 45ϕ^5_ϱ

+4∗ υ,^5 ⌊

vlqfh 4 W^{6∂5} W∗ 4⋃

w@5 ] w∗ w ⌊ y_{lw}^g↔ Q ] 3> ϕ^5_ϱ

45+4∗ υ,^5 ⌊

surylqj +f,1

G Sur r i r i Wkhr uhp 7

Sur r i1 Li υ @4>wkhq iurp Vhfwlrq 5 wkh J OVfdq eh z ulwwhq dv ~ϵ_{J OV} @ ⋃_Q l@4 ℘^∋Ψ^{∗ 4}ȷ_l ⋃_Q l@4 ℘^∋Ψ^{∗ 4}℘ > z khuh

℘^∋Ψ^{∗ 4}℘ @ 4 ϕ^5_ϱ ⌋ 4∗ w 5∗ w 6∗ w ÷÷÷ W∗ w ⌈ 5∗ Ξ ∗ 4 3 ÷÷÷ 3 ∗ 4 5 ∗ 4 ÷÷÷ 3 3 ∗ 4 5 ÷÷÷ 3 1 1 1 1 1 1 1 1 1 1 3 3 3 ∗ 4 4

4∗ w 5∗ w 6∗ w 1 1 W∗ w

@ 4 ϕ^5_ϱ ⌋ ∗ w∗ ] 4∗ w ⌊ Ξ 3 3 ÷÷÷ 4 ⌈ 4∗ w 5∗ w 6∗ w 1 1 W∗ w @ 4 ϕ^5_ϱ ⌋ ∗ w ] 4∗ w ⌊ ∗ ] 4∗ w ⌊_5 Ξ . W∗ w ⌈

@ 4 ϕ^5_ϱ ⌋ W^5 ∗ 4 7 ∗ +W∗ 4,^5 7 Ξ . W∗ 4 5 ⌈

5:

dqg

℘_∋Ψ_{∗ 4}ȷ^l @ 4 ϕ_5^ϱ ⌋ 4∗ w 5∗ w 6∗ w ÷÷÷ W∗ w ⌈ 5∗ Ξ ∗ 4 3 ÷÷÷ 3 ∗ 4 5 ∗ 4 ÷÷÷ 3 3 ∗ 4 5 ÷÷÷ 3 1 1 1 1 1 1 1 1 1 1 3 3 3 ∗ 4 4

ȷ^{l4} ȷ^{l5} ȷ^{l6} 1 1 ȷ^{lW}

@ 4 ϕ_5^ϱ ⌋ ∗ w∗ ] 4∗ w ⌊ Ξ 3 3 ÷÷÷ 4 ⌈ ȷ^{l4} ȷ^{l5} ȷ^{l6} 1 1 ȷ^{lW} @ 4 ϕ_5^ϱ ⌋ ȷ^{lW} ∗ ] w. ] 4∗ w ⌊ Ξ ⌊ ȷ^{l4} ⌈

@ 4 ϕ_5^ϱ ⌋ ȷ^{lW} ∗ ] W. 4 5 . ] ∗ W. 4 5 ⌊ Ξ ⌊ ȷ^{l4} ⌈ / Wkhq iru ν A 3> ∫ QW ) ~ϵ^{J OV} ∗ ϵ [ @ 4∫ Q 4 W_{6∂5} ⋃^Q l@4 ℘_∋Ψ_{∗ 4}x^l 4 Q 4 W_5 ⋃^Q l@4 ℘_∋Ψ_{∗ 4}℘ @ 4∫ Q 4 W_{6∂5} ⋃^Q l@4 4 ϕ_5^ϱ ⌋ x^{lW} ∗ ]^{W. 4} 5 . ]^{∗ W. 4} 5 ⌊ Ξ ⌊ x^{l4} ⌈ 4 Q 4 W_5 ⋃^Q l@4 4 ϕ_5^ϱ ⌋^{W5 ∗ 4} 7 ∗_{+W∗ 4, 5}^7 Ξ ._{W∗ 4}^5 ⌈

@ 4∫ Q 4 W 4∫ W ⋃^Q l@4 ⌋ +π^l . y^{lW}, ∗ ]^{W. 4} 5 . ]^{∗ W. 4} 5 ⌊ Ξ ⌊ +π^l . y^{l4}, ⌈ 4 Q ⋃^Q l@4 4 W_5 ⌋^{W5 ∗ 4} 7 ∗_{+W∗ 4, 5}^7 Ξ ._{W∗ 4}^5 ⌈

@ ] 4 7 ∗ 4 7 Ξ ⌊^{∗ 4} 4 ∫ Q 4 W 4 ∫ W Q⋃ l@4 ⌋ +π^l . y^{lW}, ∗ ] W. 4 5 . ] ∗ W. 4 5 ⌊ Ξ ⌊ +π^l . y^{l4}, ⌈ . r+4,

@ ] 4 7 ∗ 4 7 Ξ ⌊^{∗ 4} 4 ∫ Q 4 W ⌋ ∗ W. 4 5 ∗ ] ∗ W. 4 5 ⌊ Ξ ⌈⌋ 4 ∫ W Q⋃ l@4 +π^l . y^{l4}, ⌈ . r^s +4,

@ ] 4 7 ∗ 4 7 Ξ ⌊^{∗ 4} 4 ∫ Q ] ∗ 4 5 . 4 5 Ξ ⌊ 4 ∫ W Q⋃ l@4 +π^l . y^{l4}, . r+4,

@ ] 4 7 ∗ 4 7 Ξ ⌊^{∗ 4} 4 ∫ Q ] ∗ 4 5 . 4 5 Ξ ⌊ 4 ∫ W Q⋃ l@4 y^{l4} . r^s +4,/

Lwiroorz v wkdwiru d �{hg Q z h kdyh ] 4 7 ∗ 4 7 Ξ ⌊^{∗ 4} 4 ∫ Q ] ∗ 4 5 . 4 5 Ξ ⌊^Q⋃ l@4 4 ∫ W y^{l4}_g↔ ∗ 5 4 ∫ Q Q⋃ l@4 ϕ^ϱ]Z +ν,

5;

Qrz / iru d �{hg Q z h nqrz iurp Fdqmhov dqg Z dwvrq +4<<: , 4 ∫ W_8 W⋃ w@4 +w∗ w,y^{lw}_g↔ ⊎^4 3 +v∗ 4 5 ,Ẑ^f +v, . h_{vf} �Z^f +ν,‘gv dv W↔ △ >z khuh Z^f +u, dqg �Z^f +ν, vroyh gZ^f +u, @fZ^f +u,gu. gZ +u, dqg g �Z^f +ν, @f �Z^f +ν,gν . g �Z +ν,/ uhvshfwlyho| / z khuh Z +u, lv d vwdqgdug Eurz qldq P rwlrq dqg �Z +u, lv dqrwkhu vwdqgdug Eurz qldq P rwlrq lqghshqghqwri Z +u,1

Wkxv/ ∫ QW ) ~ϵ^{I H} ∗ ϵ [^g ↔ 4 ∫ Q Q⋃ l@4 ⟩ 45ϕ^ϱ ⊎^4 3 +v∗ 4 5 ,Ẑ^f +v, . h_{vf} �Z^f +ν,‘gv / / Krz hyhu/ ⟩ 45ϕ^ϱ ⊎^4 3 +v∗ 4 5 ,Ẑ^f +v, . h_{vf} �Z^f +ν,‘gv / ⊃ Q+3>U^4,> z khuh U^4 @D^4 . D^5 z lwk D^4 @ydu ⟩ 45ϕ^ϱ ⊎^4 3 +v∗ 4 5 ,Z^f +v,gv / dqg D^5 @ydu ⟩ 45ϕ^ϱ�Z^f +ν, ⊎^4 3 +v∗ 4 5 ,h_{vf} �Z^f +ν,gv / / Wr frp sxwh D^4/ qrwlfh wkdw

⊎^4 3 +v∗ 4 5 ,Ẑ^f +v,‘gv @ ⊎^4 3 +v∗ 4 5 , ⊎^V 3 h_{f+v∗ χ,} gZ +χ,gv @ ⊎^4 3 ⌋⊎^4 χ +v∗ 4 5 ,h_{fv}gv ⌈ h_{∗ fχ}gZ +χ, @ ⊎^4 3 e+χ,gZ +χ,/ Wkxv

D^4 @477ϕ_5^ϱ ⊎^4 3 e+v,_5gv @ϕ_5^ϱf_{∗ 8} ⌋ 4;+f ∗ 5,_5h_{5f} . :5f+f ∗ 5,h_f . 45f_6 . 87f_5 . :5f ∗ : 5 ⌈

D^5 @477ϕ_5^ϱV^f +ν, ⌋⊎^4 3 +v∗ 4 5 ,h_{fv}gv ⌈5 @477ϕ_5^ϱV^f +ν, ⌋ fh_f . f ∗ 5+h_f ∗ 4,

5f_5 ⌈ / Wkxv iru d �{hg Q dv W↔ △ / ∫ QW ) ~ϵ^{I H} ∗ ϵ [^g ↔ 4 ∫ Q Q⋃ l@4 Q+3>U^4,/ Qrz ohwQ ↔ △ > ∫ QW ) ~ϵ^{I H} ∗ ϵ [^g ↔ Q+3>U^4,/

Uhihuhqfhv

^4‘ Edowdj l/ E1K1+4<; 4,/ �Dq H{shulp hqwdoVwxg| ri Dowhuqdwlyh Whvwlqj dqg Hvwlp dwlrq Surfhgxuhv lq d Wz r0Z d| Huuru Frp srqhqwP rgho/� Mrxuqdori Hfrqrp hwulfv/ 4: / 5407<1 ^5‘ Edowdj l/ E1 K1 +4<; <,/ «Dssolfdwlrqv ri Qhfhvvdu| dqg Vx! flhqwFrqglwlrq iru ROV wr eh EOXH/� Vwdwlvwlfv ) Suredelolw| Ohwwhuv/ ; / 78: 07941 ^6‘ Edowdj l/ E1K1+4<<8,/ Hfrqrp hwulf Dqdo| vlv ri SdqhoGdwd/ Z loh| / Qhz \ run1 ^7‘ Edowdj l/ E1K1/ dqg Fkdqj / \ 10M1+4<<5,/ �P rqwh Fduor Hylghqfh rq SdqhoGdwd Uhj uhvvlrqvz lwk DU+4, Glvwxuedqfhv dqg Dq Duelwudu| Yduldqfh rq wkh Lqlwldo Revhuydwlrqv/� Mrxuqdori Hfrqrp hwulfv/ 85/ 6: 406; 31 ^8‘ Edowdj l/ E1K1/ dqg Ol/ T1+4<<4,/ �D Wudqvirup dwlrq WkdwZ looFlufxp yhqwwkh Sureohp ri Dxwrfruuh0 odwlrq lq dq Huuru Frp srqhqwP rgho/� Mrxuqdori Hfrqrp hwulfv/ 85/ 6: 406; 31 ^9‘ Ehdfk/ E1P 1/ dqg P dfNlqqrq/ M1J 1+4<: ; ,/ �D P d{lp xp Olnholkrrg Surfhgxuh iru Uhj uhvvlrq z lwk Dxwrfruuhodwlrq Huuruv/� Hfrqrp hwulfd/ 79/ 8408; 1 ^: ‘ Fdqmhov/ H1/ dqg Z dwvrq/ P 1P 1+4<<: ,/ �Hvwlp dwlqj Ghwhup lqlvwlf Wuhqgv lq wkh Suhvhqfh ri Vhuldoo| Fruuhodwhg Huuruv/� Wkh Uhylhz ri Hfrqrp lfv dqg Vwdwlvwlfv/ : </ 4; 705331 ^; ‘ Fklsp dq/ M1V1+4<: <,/ �H! flhqf| ri Ohdvw0Vt xduhv Hvwlp dwlrq ri Olqhdu Wuhqg Z khq Uhvlgxdov duh Dxwrfruuhodwhg/� Hfrqrp hwulfd/ 7: / 448045; 1 ^<‘ J uhqdqghu/ X1dqg Urvhqeodww/ P 1+4<8: ,/ VwdwlvwlfdoDqdo| vlv ri Vwdwlrqdu| Wlp h Vhulhv/ Z loh| / Qhz \ run1 ^43‘ Kdp lowrq/ M1+4<<7,/ Wlp h Vhulhv Dqdo| vlv/ Sulqfhwrq Xqlyhuvlw| Suhvv/ Sulqfhwrq1 ^44‘ Ndr/ F1 +4<<: ,/ �Vsxulrxv Uhj uhvvlrq dqg Uhvlgxdo0Edvhg Whvwv iru Frlqwhj udwlrq lq Sdqho Gdwd/� Mrxuqdori Hfrqrp hwulfv/ iruwkfrp lqj 1 ^45‘ Ndr/ F1/ dqg Fkldqj / P 0K1+4<<: ,/ �Rq wkh Hvwlp dwlrq dqg Lqihuhqfh ri d Frlqwhj udwhg Uhj uhvvlrq lq SdqhoGdwd/� Hfrqrp hwulf Wkhru| / xqghu uhylvlrq1 ^46‘ Nu�p hu/ Z 1+4<; 5,/ �Qrwh rq Hvwlp dwlqj Olqhdu Wuhqg Z khq Uhvlgxdov duh Dxwrfruuhodwhg/� Hfrqr0 p hwulfd/ 83/ 43980439: 1

^47‘ Nuxvndo/ Z 1+4<9; ,/ �Z khq duh J dxvv0P dunry dqg OhdvwVt xduhv Hvwlp dwruv LghqwlfdoB D Frruglqdwh

I uhh Dssurdfk/� Dqqdov ri P dwkhp dwlfdoVwdwlvwlfv/ 6</ : 30: 81

^48‘ P dhvklur/ D1+4<: 9,/ �Dxwruhj uhvvlyh Wudqvirup dwlrq/ Wuhqghg LqghshqghqwYduldeohv dqg Dxwrfruuh0 odwhg Glvwxuedqfh Whup v/� Wkh Uhylhz ri Hfrqrp lfv dqg Vwdwlvwlfv/ 8; / 7<: 08331

^49‘ P fFrvnh| / V1/ dqg Ndr/ F1+4<<; ,/ �D Uhvlgxdo0Edvhg Whvwri wkh Qxoori Frlqwhj udwlrq lq SdqhoGdwd/�

Hfrqrp hwulf Uhylhzv/ 4: / 8: 0; 71

^4: ‘ Sdun/ V1 M1/ dqg P lwfkhoo/ E1P 1+4<; 3,/ �Hvwlp dwlqj wkh Dxwrfruuhodwhg Huuru P rgho z lwk Wuhqghg

Gdwd/� Mrxuqdori Hfrqrp hwulfv/ 46/ 4; 805341

^4; ‘ Skloolsv/ S1F1E1/ dqg Sdun/ M1\ 1+4<; ; ,/ �Dv| p swrwlf Ht xlydohqfh ri Ruglqdu| OhdvwVt xduhvdqg J hq0 hudol}hg OhdvwVt xduhv lq Uhj uhvvlrqv z lwk Lqwhj udwhg Uhj uhvvruv/� Mrxuqdori wkh Dp hulfdq Vwdwlvwlfdo

Dvvrfldwlrq/ ; 6/ 44404481

^4<‘ Vxp p huv/ U1/ dqg Khvwrq/ D1 +4<<4,/ �Wkh Shqq Z ruog Wdeoh> Dq H{sdqghg Vhwri Lqwhuqdwlrqdo

Frp sdulvrqv 4<8304<; ; /� Txduwhuo| Mrxuqdori Hfrqrp lfv/ 439/ 65: 069; 1

^53‘ Yrj hovdqj / W1M1+4<<; ,/ �Wuhqg I xqfwlrq K| srwkhvlv Whvwlqj lq wkh Suhvhqfh ri VhuldoFruuhodwlrq/�

Hfrqrp hwulfd/ 99/ 456047; 1

Wdeoh 4=Uhodwlyh H! flhqflhv ri Hvwlp dwruv

ν @3 ν @3/4

Ξ υ ROV I H I G J OV0FR J OV0SZ ROV I H I G J OV0FR J OV0SZ 3 3 4 1568 1387 1<4< 1<89 4 1568 1387 1<4< 1<89 315 1<<: 1574 13: < 1<57 1<94 1<<: 156< 13: ; 1<56 1<93 317 1<; 5 1583 1458 1<65 1<9< 1<; 5 1578 1449 1<5; 1<99 319 1<83 159< 154: 1<77 1<; 5 1<7< 1588 14; 7 1<68 1<: 7 31; 1; : 9 1676 1783 1<8: 1<<8 1; : 4 163; 1688 1<7< 1<; ; 31< 1; 46 17<6 1: 3< 1<94 1<<< 1: <4 1775 18<5 1<88 1<<7 31<8 1: << 1987 1; : 8 1<9< 4133: 1: 7< 194: 1; 39 1<86 1<<5 413 1; 86 1; 64 1<8: 1; 36 1; <9 41364 315 3 184; 19; 6 148: 1<4: 1<89 184; 19; 6 148: 1<4: 1<89 315 1956 193; 1534 1<58 1<97 1958 1939 14<; 1<59 1<98 317 1: 65 1849 158: 1<67 1<: 6 1: 6; 183< 1574 1<6: 1<: : 319 1; 4; 1758 1676 1<74 1<: < 1; 59 173: 15<6 1<79 1<; 8 31; 1; 5; 1738 1865 1<79 1<; 7 1; 58 1697 1753 1<7< 1<; ; 31< 1: ; 8 184< 1: 79 1<7; 1<; 8 1: 97 1798 1955 1<7< 1<; ; 31<8 1: : 9 1996 1; ; : 1<88 1<<6 1: 5< 1959 1; 4; 1<79 1<; 7 413 1; 78 1; 6; 1<97 1: : 9 1; : < 41346 317 3 159; 1; 6< 14<6 1: 7: 1: : < 159; 1; 6< 14<6 1: 7: 1: : < 315 1687 1: : < 158: 1: : < 1; 46 1688 1: : ; 1587 1: ; 4 1; 48 317 179< 19; 7 1674 1; 57 1; 93 17: : 19; 3 1655 1; 67 1; : 3 319 1944 188< 1783 1; : 5 1<3< 195< 1879 16<6 1; <7 1<65 31; 1: 64 17: ; 195: 1<47 1<85 1: 6; 1767 1834 1<67 1<: 5 31< 1: 6: 1885 1: << 1<5< 1<98 1: 54 17<; 199: 1<6< 1<<; 31<8 1: 74 19: ; 1<3: 1<6: 1<: 6 19<< 196< 1; 69 1<69 1<: 6 413 1; 5; 1; 78 1<: 5 1: 7: 1; 9< 41333 319 3 1469 1<4< 1544 1798 17; 8 1469 1<4< 1544 1798 17; 8 315 14; ; 1; : ; 15; < 1859 187< 14; < 1; : ; 15; : 185; 1884 317 159< 1: << 16<; 1947 1974 15: 9 1; 34 16: < 195: 1987 319 16<7 19: 7 1876 1: 56 1: 87 1749 19: 6 17; 8 1: 8< 1: <5 31; 18: 3 188< 1: 67 1; 74 1; : 9 18<5 1855 1936 1; ; 6 1<53 31< 197: 193: 1; : 6 1; <8 1<64 196< 187; 1: 67 1<4< 1<89 31<8 19: ; 1: 36 1<74 1<43 1<78 1976 1997 1; 9; 1<53 1<8: 413 1: <3 1; 85 1<; 4 1: 39 1; 96 1<<7 31; 3 1388 1<9: 1555 14<4 14<< 1388 1<9: 1555 14<4 14<< 315 13: ; 1<76 1644 1584 1594 13: < 1<76 163; 1585 1596 317 144; 1; ; 6 1773 1677 168< 1455 1; <4 1755 1687 16: 3 319 14; < 1: : 6 1955 17; : 183< 1537 1: <3 189< 1858 187< 31; 165; 1978 1; 7: 19<3 1: 4< 168< 1978 1: 67 1: 8< 1: <6 31< 1787 19: ; 1<: 8 1; 55 1; 89 1796 195: 1; 6< 1; 97 1<33 31<8 1868 1: 7< 41336 1; 9< 1<37 1848 1: 44 1<5< 1; <6 1<5< 413 19; 9 1; 8< 1<<3 1949 1; 96 1<<6 Qrwh= +d, Q @W@581 +e, Uhodwlyh h! flhqf| lv wkh udwlr ri wkh p hdq vt xduh huuru ri wkh lqihdvleoh J OV hvwlp dwru wr wkh p hdq vt xduh huuru ri wkh hvwlp dwru j lyhq lq urz 51 66

Wdeoh 5=Uhodwlyh H! flhqflhv ri Hvwlp dwruv ν @3/58 ν @4

Ξ υ ROV I H I G J OV0FR J OV0SZ ROV I H I G J OV0FR J OV0SZ

3 3 4 1568 1387 1<4< 1<89 4 1568 1387 1<4< 1<89

315 1<<: 1573 13: ; 1<56 1<93 1<<: 1573 13: ; 1<56 1<93

317 1<; 5 1578 1449 1<5; 1<99 1<; 5 1578 1449 1<5; 1<99

319 1<7< 1586 14: < 1<68 1<: 6 1<7< 1586 14: < 1<68 1<: 6

31; 1; 9< 15<4 1649 1<77 1<; 6 1; 9; 15; ; 1643 1<76 1<; 5

31< 1: 9< 16<; 1834 1<86 1<<5 1: 85 169< 1784 1<7: 1<; 9

31<8 19; < 189< 1: 54 1<85 1<<4 1: 35 17<< 1945 1<83 1<; <

413 1: 68 41354 414: 8 18<< 4198: 41<3:

315 3 184; 19; 6 148: 1<4: 1<89 184; 19; 6 148: 1<4: 1<89

315 1958 1939 14<; 1<59 1<98 1958 1939 14<; 1<59 1<98

317 1: 6; 183; 1573 1<6; 1<: : 1: 6; 183; 1573 1<6; 1<: :

319 1; 5; 1737 15; 9 1<7: 1<; 9 1; 5: 1737 15; 9 1<7: 1<; 9

31; 1; 58 1678 16: 7 1<7< 1<; ; 1; 57 1674 169: 1<7< 1<; :

31< 1: 78 174; 185: 1<84 1<; < 1: 5; 16; ; 17: 7 1<7; 1<; :

31<8 19: 7 18: : 1: 64 1<7; 1<; : 18; ; 1839 194< 1<83 1<; <

413 19; 6 1<8< 41438 17<5 416: 8 418; 6

317 3 159; 1; 6< 1456 1: 7: 1: : < 159; 1; 6< 14<6 1: 7: 1: : <

315 1688 1: : ; 1587 1: ; 4 1; 48 1688 1: : ; 1587 1: ; 4 1; 48

317 17: : 19; 3 1655 1; 67 1; : 3 17: : 19; 3 1655 1; 67 1; : 3

319 1966 1878 16; 9 1; <: 1<68 1966 1878 16; 9 1; <: 1<68

31; 1: 78 1748 1783 1<75 1<; 4 1: 77 1744 1775 1<76 1<; 5

31< 1: 3: 177< 1899 1<7< 1<; : 19<5 174: 1843 1<7< 1<; ;

31<8 197< 18<3 1: 7; 1<77 1<; 5 189< 184; 1967 1<84 1<; <

413 196: 1<47 41385 173: 41484 41658

319 3 1469 1<4< 1544 1798 17; 8 1469 1<4< 1544 1798 17; 8

315 14; < 1; : ; 15; : 185; 1884 14; < 1; : ; 15; : 185; 1884

317 15: 9 1; 34 16: < 195: 1988 15: 9 1; 34 16: < 195: 1988

319 1753 19: 7 17: : 1: 97 1: <: 174< 19: 7 17: : 1: 97 1: <:

31; 193: 183: 1884 1<38 1<76 193; 1836 1874 1<3; 1<79

31< 1969 17<< 195; 1<6< 1<: : 1959 1798 189: 1<7: 1<; 8

31<8 1937 1946 1: : : 1<6: 1<: 8 1869 186; 198< 1<84 1<; <

413 18<5 1; ; 6 41349 1675 1<; < 4146<

31; 3 13: < 1<76 163; 14<4 1596 1388 1<9: 1555 14<4 14<<

315 13: ; 1<76 1644 1585 1594 13: ; 1<76 163; 1585 1596

317 1455 1; <4 1754 1688 16: 4 1455 1; <4 1754 1688 16: 4

319 153: 1: <7 1896 1864 1887 153: 1: <7 1895 1864 1887

31; 16: < 1967 19; < 1: <: 1; 65 16; 5 1965 19: < 1; 37 1; 6;

31< 17: 9 18; 9 1: 6; 1<36 1<73 17: < 1889 19: : 1<59 1<97

31<8 17<9 1994 1; 6; 1<55 1<8< 1787 18; 8 1: 4: 1<7< 1<; :

413 1853 1; 9: 1<<; 15; < 1; <7 4135<

Qrwh=

+d, Q @W@581

+e, Uhodwlyh h! flhqf| lv wkh udwlr ri wkh p hdq vt xduh huuru ri wkh lqihdvleoh J OV hvwlp dwru wr wkh p hdq vt xduh huuru ri wkh hvwlp dwru j lyhq lq urz 51 67