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1. INTRODUCTION

Suppose G;; and B, are estimators for some parameter vector 8 and we want to determine their relative
asymptotic efficiency. A procedure discussed by White [1994, p. 136] is to first find two sequences of matrices,

V* and V,,, such that both Vrffl/z\/ﬁ(ﬂ; — /) and ‘7{1/2\/5(/6“ — [3) converge in distribution to standard
normals. White [1984, p. 66; 1994, p. 91] calls such sequences asymptotic variances, or avars. Next these
sequences are used to show liminf,, . 0’(Vn — V)0 > 0V 6, whence we conclude, for example, that 5} is
asymptotically efficient relative to (,. This procedure has an advantage over the traditional (Fisher [1925])
approach of comparing the covariances of the asymptotic distributions, in that V,; and V,, need not have
limits (White [1982]). But there is a potential disadvantage as well because in all interesting cases there will
be other avar sequences, say V,,, such that V{l/ 2\/7_1(5;; —f3) converges in distribution to a standard normal.
Thus, one must inquire whether liminf,, ., 0’(Vn — V)0 > 0V 6 implies liminf,_, « 9’(‘7n -V, >0Vve
for any such V;,, that is, whether statements about asymptotic efficiency are invariant to the avar sequences
examined. By Fatou’s Lemma, this implication holds if lim,_,«(V,, — V;*) = 0, and the converse holds as
well provided the two liminfs are both nonnegative for the same set of V,, sequences (that is, for the same
rival estimators (,). But without lim,_,(V;, — V.*) = 0 anything is possible, including a reversal of the
original conclusion, in which case the relative efficiency comparison based on V,’ would appear definitive
when it is in fact ambiguous. Alternatively, V,* may yield no conclusion when a conclusion is obtainable
using Vj,, and the same comments apply to all possible substitutes for V,* and V,,. Thus, at this level of
generality, lim,,_, o (V,, — V;¥) = 0 for all relevant sequences V¥ and V,, is sufficient for meaningful efficiency
conclusions. The converse is also of interest, namely, whether two sequences that satisfy this condition are

both avars given that one of them is.

More formally, we must investigate whether the relation R defined by

has an equivalence class consisting of all sequences that produce the desired asymptotic normal distribution.
In this paper we first show this is the appropriate relation for studying relative asymptotic efficiency, in
that efficiency conclusions are unambiguous if and only if all pairs of candidate sequences have the relation

R. We then show that an avar collection is not always an equivalence class with respect to R, but some
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mild conditions on the underlying random vector are sufficient to ensure that an avar collection is indeed an
equivalence class with respect to R. Hence, when these conditions hold asymptotic efficiency can be studied

without ambiguity using the full generality of the avar concept.

We demonstrate that the sufficient conditions are equivalent to boundedness of all avar sequences and
the corresponding sequences of inverses. When avar sequences, but not their inverses, are bounded the avar
collection is a (perhaps proper) subset of an equivalence class with respect to R. This is sufficient for the
sign of liminf,, . 6'(V,, — V)8 to be invariant across all V* sequences that are avars of v/n(85 — 3), and
hence for unambiguous efficiency conclusions by this criterion. However, White [1984, pp. 78-9] provides
another definition of efficiency based on the avar concept that does not always yield the same efficiency
conclusions as this liminf criterion. We show the two definitions are equivalent if avar sequences and their
corresponding sequences of inverses are bounded. Hence, for consistency across definitions avar must be an
equivalence class with respect to R. This rules out both divergences to infinity and approaches to singularity

in the collection.

Under these conditions the generalization accomplished by the avar concept over the traditional approach
is that avar accommodates nonconvergent but bounded oscillations in the sequences forming the avar class,
and their corresponding sequences of inverses. The avar concept does not directly deliver assuredly unam-
biguous efficiency comparisons when there are divergences to infinity or approaches to singularity in the
collection. Bounding these sequences is a mild restriction, however, because the random vector can usually
be normalized to eliminate such problems before forming the avar class, as is customary through multiplica-
tion by v/n. In general, an element of 8} can be normalized by any nonstochastic sequence in order to obtain
bounded awvars and inverse avars, and the normalizing sequence can differ across elements of 3;. Once all
estimators under consideration are so normalized, our results show that their relative asymptotic efficiencies
can be unambiguously compared irrespective of convergence of the avar sequences, the particular sequences
examined, or the efficiency definition used. There are two caveats here. First, a multiple correlation between
normalized elements of 8 might tend to one, in which case some asymptotically redundant element(s) should
be dropped before asymptotic efficiency is studied, since this situation would lead to avar sequences that

approach singularity. Second, because relative efficiency conclusions can be affected if different normaliza-
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tions are used for 3} and Bn, one should only compare estimators via avars of normalized deviations when
corresponding elements are normalized with the same sequence.

Bounds on avar sequences and their sequences of inverses are usually (White [1982; 1984, p. 66; 1994, pp.
130-136]) although not always (Bates and White [1993]) imposed, but even when they are imposed they are
somewhat unsatisfactory as primitive assumptions because they utilize the avar class to restrict itself rather
than placing restrictions on the underlying random vector. In contrast, our conditions are imposed directly
on the random vector and thus illuminate exactly what is being assumed when bounds are placed on avar
sequences. To accomplish this we introduce a new order in probability concept, which we call asymptotic
linear independence in probability, or alip.

Finally, since nonconvergent oscillations are permitted in an awvar class it is possible to have “one-sided”
relative efficiency that is not addressed by either of White’s definitions, in the form of either a smaller
minimal limiting variance (minimin efficiency) or a smaller maximal limiting variance (minimax efficiency).
We introduce new definitions to address these possibilities. Naturally, the new definitions are weaker than
White’s definitions, so all known avar efficiency conclusions automatically hold for minimin and minimax

efficiency.

2. THE EQUIVALENCE RELATION R FOR STUDYING RELATIVE ASYMPTOTIC EFFICIENCY

Let Q7 denote the set of all sequences {V,,}52; of real symmetric positive definite nonstochastic (¢ x q)
matrices V,,. For such V,,, denote by Vi /% the unique real symmetric positive definite matrix satisfying

Vi / Vi - V.. In essence, White’s definition of asymptotic covariance is the following.

Definition 1 [White 1984, p. 66; White 1994, p. 91]*. Let {z,,}5°; be a sequence of g-dimensional random

vectors (¢ < 00). The asymptotic covariance of {x,}22,, denoted avar ({z,}32,), is
avar ({Tp}oeq) = {{Vn};o:l €Q: Vv, Vg, 4 2~ N(O,Iq)} .

For brevity, we drop the indexes and write V,, € avar(z,) to denote that the sequence {V;,}22 ; is an element
of avar ({z,}52,).

L White [1984] actually only requires positive definiteness of V;, for large n. Since only the tail of the sequence is important
in the definition, there is no consequential loss of generality from assuming the entire sequence is positive definite.
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We say Definition 1 is White’s definition “in essence” because neither White [1984] nor White [1994] ac-
knowledge that avar is a class. Bates and White [1993] explicitly discuss that the avar of their RCASOI
class of estimators is a class, but attribute this to the flexibility of RCASOI classes. In fact, in all interesting
cases the avar of any single random vector is a class because, if there exists one sequence V,, satisfying
Definition 1, then Ananl/Z:vn 2 5 for any {Ap}22, satisfying lim,_,. A, = I,. Hence, if V,, € avar(z,)
then A1V, At € avar(z,) V {A4,}2, satisfying A Vii? e Q7 and lim,,_,o, A, = I,. In other words, a
great profusion of avar sequences exists whenever a single avar sequence exists.

This observation brings to the forefront the issue of whether conclusions about relative asymptotic effi-
ciency are invariant to which element of an avar class is examined. What is needed is an equivalence relation
in Q7 whose equivalence classes are precisely those collections of sequences for which conclusions about rela-
tive asymptotic efficiency are identical. Given this, if avar (z,,) is an equivalence class of the relation, or even
a subset of an equivalence class, then efficiency conclusions are unambiguous. To construct the equivalence

relation we first need a formal definition of efficiency. We start with:

Definition 2 [White 1994, p. 136)%. Let 3} and £, be consistent estimators of a nonstochastic g-dimensional
vector 3. Then (% is asymptotically efficient relative to B, if there exists V. € avar(yv/n(B: — B3)) and

Vi, € avar (v/n(B, — B)) such that

liminf 6'(V;, — V,*)8 > 0

n—o0

for all 8 € R? (0 # 0). An estimator is asymptotically efficient within a class if it is asymptotically efficient

relative to every other estimator in the class.

Notice that one consistent estimator can be asymptotically efficient relative to another only if the avar’s of
both normalized estimators are nonempty.
According to this definition the relation R in @7 that yields unambiguous efficiency conclusions within
an equivalence class is {V,*}22 R{V,,}52, if and only if
(V V) lim inf 0V, —V)E>0V 0 e 1Lrg{£f0'(vn ~V,)0>0V6. (2)

?Definitions 2 and 6 (below) are rephrased from White’s original statements to reflect the fact that avar(z,) is a class. We
use the same terminology to accomplish this that Bates and White [1993, Definition 2.5] use for a RCASOI class.
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It is trivial to verify that R is an equivalence relation (satisfying reflexivity, symmetry, and transitivity). More
interesting is the fact that this relation is identical to the relation defined in equation (1). That (1) implies (2)
is an application of Fatou’s Lemma. For the converse, V,, = V¥ in (2) implies liminf,, o, 6" (Vy=V,)8 > 0V 0,
while V,, = V,, in (2) implies limsup,,_, ., 8' (V) — V)0 < 0V 6. We utilize (1) henceforth since it is more

convenient, and henceforth denote the equivalence class of V.* with respect to R by Er(V,¥) = {V,, €

Q7: im0 (V¥ — V,,) = 0}.

3. SUFFICIENT CONDITIONS FOR avar(z,) TO BE AN EQUIVALENCE CLASS WITH RESPECT TO R

In general avar(z,) is not an equivalence class with respect to R, so some restrictions are needed in the
form of regularity conditions on the underlying random vector z,,. These restrictions include the following

notion of asymptotic linear independence in probability.

Definition 3. Let {z,}22, be a sequence of g-dimensional random vectors (¢ < oo) and {y,}52, be a
sequence of strictly positive nonstochastic real numbers. {z,}52, is asymptotically linearly independent
in probability of order {y,}5, if for every sequence {c,,}52, of real nonstochastic g-dimensional vectors

satisfying ||c,|| = 1 V n; there exists a triple (N, ¢€,d), where N is a natural number, € > 0, and ¢ > 0; such

)=

that

!
n

Yn

C T

nZN:>P<e<

For brevity, this is denoted x,, = alip(y,).>

It is clear that z, = alip(yn) = =n # 0p(yn). The converse fails because z, # o0p(y,) still permits
subsequences of % that converge in probability to zero, and also linear combinations of z—: that converge

in probability to zero as long as individual components do not.

Definition 4. A sequence {z,}22, of g-dimensional random vectors (¢ < 00) is avar-regular if z,, = Op(1)
and z,, = alip(1).

3The alip concept is similar to Mann and Wald’s [1943] notion of wy, but these concepts differ in two ways that are important
in the present context. First, alip(yn) is weaker than wp(yn) in that wp(yn) requires the probability that a normalized random
variable is nonzero approach one, while alip(yn) merely requires that this probability not approach zero. Second, alip(y.) is
stronger than wp(yn) in that alip(y, ) places its condition on all bounded nondegenerate linear combinations of a random vector,
while wp(yn) merely places its condition on the individual components of a random vector. In general, wp(1) cannot replace
alip(1) in the results below.
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Avar-regularity places restrictions on the primitive of the problem, the underlying random vector x,.
Theorem 1 shows this is equivalent to White’s [1984, p. 66] approach of bounding the avar sequences and

the corresponding sequences of inverses.

Theorem 1. Let {z,}°2, be a sequence of g-dimensional random vectors (¢ < oco) for which avar(z,,) is
nonempty. Then

(i) x, = alip(1) if and only if V,7! is bounded ¥ V,, € avar (x,,).

(ii) x, = Op(1) if and only if V,, is bounded V' V,, € avar(zy).

1

Hence x,, is avar-regular if and only if both V,, and V, ' are bounded for every V,, € avar(zy,).

Proof. All proofs are in the Appendix.

The main result of this section is that avar-regularity is sufficient to ensure avar (x,) is an equivalence class
with respect to R. Bates and White [1993, Theorem 2.3] investigate whether V,, € avar(z,,) = avar(z,,) C

Ex(V,,), using the slightly different relation R in Q¢ defined by
Wl RATARE & Tim V20,02 = 1, 3)

As with R, it is straightforward to verify that R is an equivalence relation. However, R does not have the
same equivalence classes as R unless attention is restricted to sequences that are bounded and have bounded
inverses. Hence, from equation (2), R is not always the appropriate relation for studying relative asymptotic
efficiency. But Theorem 2 below shows that avar-regularity, which by Theorem 1 bounds the candidate
sequences and their inverses, implies avar (z,) is an equivalence class with respect to both R and R. The

proof of Theorem 2 relies on the following preliminary results.

Lemma 1. Let {x,}°2, be a sequence of g-dimensional random vectors (q < o). If 4 2 ~(0,%), where
¥, is positive definite, then z,, = alip(1).
Lemma 2. Let {z,}52, be a sequence of q-dimensional random vectors (q < o0). If Vi, Vi € avar ()

then ‘773/21/”_1/2 is bounded.

Theorem 2. Let {z,,}22, be a sequence of g-dimensional random vectors (g < c0), R be defined by equation

(1), R be defined by equation (3), and V,, € avar (x,). Then avar(z,) = Ex(Vy), and
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(i) z, = alip(1) = Ex(V,) 2 Er(Vy,).
(ii) zn = Op(1) = Er(Vy) C Er(Va).

Hence avar-regularity implies that avar(z,,) Is an equivalence class with respect to both R and R.

Theorem 2 shows that, for an avar-regular random vector z, and an avar sequence V,, € avar(z,),
avar (z,,) is precisely the set of sequences {V;,}°, of real symmetric positive definite matrices such that
lim,, o0 (Vi = Vy) = 04. And from equation (2), this is precisely the set of sequences that yield unambiguous
efficiency conclusions when Definition 2 is used to define relative efficiency.

It is worth remarking on the role of normality in obtaining this conclusion. None of the proofs given in the
Appendix rely on normality of the limiting random vector z, except for the use of the normal characteristic
function in establishing avar(z,,) = Exr(V;,) in Theorem 2. Moreover, a proof of x,, = alip(1) = avar(z,) D
Er(V,,) that does not rely on normality is available from the authors on request. Hence most results given
here hold even if Definition 1 is relaxed to permit convergence to any common random vector z that has zero
mean and identity covariance, as in the RCASOI class of estimators discussed by Bates and White [1993].
However, for the purpose of obtaining definitive efficiency comparisons within the avar class, avar(z,) C
Egr(Vy) is the crucial property. This relies on both normality and x, = Op(1) in our proof, and Example 2
below shows that ,, = Op(1) cannot be discarded. Whether normality is necessary for avar (z,,) C Er(V;) or
avar (z,) C Er(V,,) is an open question, as we have no counter-examples to these when the limit distribution
is non-normal. Bates and White [1993, p. 648] propose a proof of avar(z,) C Er(V,) that does not rely
on normality, but an important and questionable step therein is that lim,,_, Vn_l/ Vi /2 = I, is implied by
both y,, and (Vn_l/ 2yl *)y, converging in distribution to the same (potentially non-normal) (0, I,) random
vector, for some sequence of (0, ;) random vectors y,,. This is not obvious. Indeed, our proof resorts to an
application of the Mean Value Theorem on the normal characteristic function to make the transformation
from convergence in distribution to convergence of sequences of matrix products, and it is not clear how this

step might be accomplished for an arbitrary characteristic function.

The following example shows that z,, = alip(1) is needed in Theorems 1 and 2 and cannot be replaced by

Tn 7 0p(1) (or by @n = wp(1)).

Example 1: The role of z,, = alip(1) in making avar(z,) an equivalence class with respect to
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R. Let
21 0 2 % _ |l w_1/2 _ |n+1 —n
2] (L g]) - [RE] v [P0 T]
_ n?+1 —n?
Vn1/2:|:_n2 n2
Then

- 9,z _9
Vn 1/2:1/'71, = |:Zl =2 n:| £> |:Z1 2 Z2:| NN(O;[2)7

so V¥ € avar(z,), while

z y 1 1 B 1
e [ H e () [ ),
2 n—mn 1 n

so V,, ¢ avar(x,). But

o]t
"Tles s ey

50 lim,, 00 (Vi — V,¥) = 02, while

VL2yy -2 [n2—2n+2 n(l—n)} R [ 00 —oo}'

n(l —mn) n? —00 00

Note that z,, # o0,(1) here, but z,, # alip(1) since ¢/, = [-2-1/2 2-1/2] V¥ n in Definition 3 yields c/,z, =
%ﬁ % 0. Hence when z,, # alip(1) elements of avar(z,) can have unbounded inverses, and Ex (V") and
avar (xz,) can both be smaller than Egr(V,’), even when x,, # op(1). Thus alip is strictly stronger than

op. U
The next example shows that z,, = O,(1) is needed in Theorems 1 and 2 as well.

Example 2: The role of z, = O,(1l) in making avaer(z,) an equivalence class with respect to
R. Let z ~ N(0,1), z, = nz, V¥ =n? and V,, = (n + 1)%. Clearly V,*,V,, € avar(z,) and V,}RV,,. But
Vo=Vi=(Mm+1)?-n>=2n+1- oo, s0 V,} and V,, are not in the same equivalence class with respect
to R. The problem is &, # Op(1), in which case elements of avar(x,) can be unbounded, and Er(V;) and

avar (z,) can both be larger than Er(V;,). O
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4. OTHER DEFINITIONS OF ASYMPTOTIC EFFICIENCY FOR avar EQUIVALENCE CLASSES

White offers another definition of relative asymptotic efficiency based on the avar concept. This is the

definition used by Bates and White as well.

Definition 6 [White 1984, pp. 78-79]. Let 3} and B, be consistent estimators of a nonstochastic vector
B. Then B} is asymptotically efficient relative to 3, if there exists V¥ € avar(y/n(B% — B) and V, €
avar (v/n(B, — B)), and an integer N, such that V,, — V¥ is positive semidefinite for all n > N. An estimator
is asymptotically efficient within a class if it is asymptotically efficient relative to every other estimator in

the class.

It is clear that if 3;; is asymptotically efficient relative to $3,, according to Definition 6 then By is asymptot-
ically efficient relative to (3, according to Definition 2 as well. So, those estimators identified as efficient using
Definition 6 (for example, those studied by White [1984 and 1994]) are unambiguously efficient by Definition
2, provided we impose avar-regularity (or at least Op(1)) to resolve ambiguity when using Definition 2. More
interesting is that the converse holds as well, as shown by Theorem 3, if the normalized deviation of Bn 18

avar-regular, but not without avar-regularity, as shown by Examples 3 and 4 below.

Theorem 3. Let 3 and Bn be consistent estimators of a nonstochastic q-dimensional vector 3 and assume

Vn(Bn — B) is avar-regular. If 8} is asymptotically efficient relative to B, according to Definition 2 then Jos

is asymptotically efficient relative to Bn according to Definition 6.

Example 3: The role of z,, = alip(1) in Theorem 3. Let z ~ N(0,1), \/n(8;—f) = 2, and Vi(Bn—pB) =
2. Since -5 € avar(Vn(B;, — B)), = € avar(vn(Bn — B)), and liminf, oo (5 — %) = 0; B is efficient

relative to 3, according to Definition 2. For arbitrary V,* € avar (v/n(35 — ()) we have

2 4
Vit PN (o,v,:-ﬁ) 4 N(0,1),

s0 Vn*%z — 1. Similarly, for arbitrary V,, € avar(v/n(3, — 3)) we have V,n?> — 1. So, there exists N such

that
V> 2
n>N=¢{ "™
Vn<i

2n2?

implying V,, — | A —# for n > N. Hence 3} is not efficient relative to B, according to Definition 6, due

to the fact that /n(3, — 8) # alip(1). O
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Example 4: The role of z,, = 0,(1) in Theorem 3. The condition v/n(8, — 3) = O,(1) is only used in
the proof of Theorem 3 to establish equicontinuity of the sequence of quadratic forms f,,(8) = 6'(V,, —V,*)8 on
the unit sphere. Hence we construct an example in which a sequence of quadratic forms is not equicontinuous

on the unit sphere. Let z ~ N (0, I,), v/n(8: — ) = Viit/?2, and VB, — B) = Vin/? 2; where

2 -
Mj:[¢“b¢" ?], V=@, + V7

and ¢, and ®, are chosen to produce the desired quadratic form. Choosing ¢, € (0, %) such that ¢, — 0

and

1 { (cos? ¢, — sin® ¢,,)(cot? ¢, — sin® ¢,,)  sin ¢y, cos ¢y, (cot? ¢, — 2sin” ¢,,)
cos* ¢, — sin* ¢, sin ¢y, cos ¢y, (cot? ¢, — 2in® ¢y,) (cos? ¢, — sin? ¢y,) sin” ¢y,

makes f,(0) = 0'®,0 a saddle (indefinite) rotated ¢, from standard position that collapses around the

rotated 2 axis as n — oo but satisfies f,(8,) = —1 V n, where 8], = (—sin¢,, cos¢, ). Note that

S e " x 0
Q”_)[oo 0] and Vn—)[o 1],

s0 by Theorem 1(ii) we have \/n(8, — 8) # O,(1). It can be shown, however, that /n(3, — ) = alip(1) and
that V,, is positive definite for n large. Because the (1,1) element of ®,, is O(csc? ¢,,) while the off-diagonal
elements are O(csc ¢y, ), we have

liminf f,(0) =

n—o0

0 if6 =0,

so [y is efficient relative to B according to Definition 2. To show that 3} is not efficient relative to B
according to Definition 6, let W and W,, be arbitrary elements of avar (v/n (8% — ) and avar (v/n(3, —3)),
respectively. Then, by the same arguments used in Example 3 we have V;_1/2W; V;_1/2 and Vn_l/zwnvn_1/2

both converging to I>. Now write
0! (W, — W0, = 0L VY2V A2 W, V2 — LIVH20, + £.(0,)
+ O VAL — VTR 2 e 2, (4)
Since 8/, V*0,, = 1+cos? ¢, and 0!, V.0, = f(0,)+6!,V, 0, = cos® p,,, both 0;V;1/2 and 0;‘7711/2 are bounded.

Hence the first and last terms of (4) approach zero, leaving only f,,(6,,) = —1 for n large, so 3, is not efficient

relative to 3, according to Definition 6. O
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We have seen that if two estimators are avar-regular then Definition 2 can be used to make an unambiguous
efficiency comparison despite the fact that their avar’s are classes. In this case, any elements of the classes
are representative and so the researcher can just select a convenient element for each estimator to make
the efficiency comparison. This is not true of Definition 6, even though efficiency conclusions by the two
definitions are equivalent under avar-regularity. Definition 2, being a limit-based definition, has the advantage
that the avar comparisons it calls for always yield the same answer within an equivalence class with respect
to R, as noted in equation (2) above, and Theorem 2 shows that such an equivalence class is exactly the set

of sequences under consideration.

In contrast, the avar comparisons called for by Definition 6 are not limit-based and therefore do not
always yield the same answer within an equivalence class with respect to R. This can happen even when
avar sequences have traditional Fisherian limits if the estimators are equally efficient, and does not violate
Theorem 3 because Theorem 3 only promises one pair of avar sequences demonstrating the efficiency con-
clusion that prevails in the limit (i.e., in Definition 2). This ambiguity is noted by Bates and White [1993,
p. 639], who define the concept of a canonical avar sequence as a solution. No matter how it is solved,
the problem arises only because Definition 6 is not limit-based. Hence, Theorem 3 shows that the problem
can also be solved with no change in our concept of asymptotic efficiency by relying on Definition 2 rather
than Definition 6, provided we impose avar-regularity. Even though only x,, = O,(1) is really needed to get
unambiguous efficiency conclusions from Definition 2, if we do not impose z,, = alip(1) as well then the use
of Definition 2 in lieu of Definition 6 comes at the price of a slightly weaker efficiency concept, in that one
might conclude an estimator is efficient that would not be found efficient by Definition 6. Put another way,
although the two definitions may differ when x,, # alip(1), either definition can be used to unambiguously
study efficiency when x,, # alip(1), as in the RCANI class of Bates and White, but alip(1) is relaxed at the
expense of either a slightly weaker efficiency concept (if Definition 2 is used) or of having to find canonical
avar sequences to resolve ambiguity (if Definition 6 is used). With alip(1) in place these problems do not
arise, since use of Definition 2 is then unambiguous and equivalent to Definition 6, but of course alip(1)
is itself restrictive. Although the fact that avar is a class is not acknowledged in White [1984 and 1994],

and hence the potential ambiguity of the efficiency definition used (Definition 6) is also not mentioned, the
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efficiency proofs there rely on the use of canonical avar sequences.

In some situations Definitions 2 and 6 are both too strong to detect some potentially informative relative
efficiencies, because they rely on liminf’s of differences, which are not the same as differences of liminf’s. In

these situations the following may prove useful.

Definition 7. Let 8 and f3,, be consistent estimators of a nonstochastic g-dimensional vector 3 and suppose

Vn(B: —B3) and /n(3 — B) are both avar-regular. Further assume avar (v/n(3: — 3)) and avar (v/n(3, — B))

are both nonempty. We say 3} possesses minimin asymptotic efficiency relative to Bn if

liminf 'V,,6 > liminf §'V,*0 for all V,, € avar (vn(Bn — B)), V,' € avar (v/n(B% — B)), and § € R? (6 £ 0).

n—o0 n—o0

We say 3 possesses minimaz asymptotic efficiency relative to B, if

lim sup 8'V,,0 > limsup 8'V,*8 for all V,, € avar (v/n(B, — B)), V¥ € avar (v/n(B; — B)), and 8 € R? (8 £ 0).

n
n—o0 n—o0

Minimin efficiency focuses on best asymptotic performance, by which is meant smallest limiting avar’s, while
minimax focuses on worst asymptotic performance, by which is meant largest limiting avar’s. Under avar-
regularity, efficiency by either Definition 2 or 6 implies both minimin and minimax efficiency. Examples can
be constructed using oscillations in which minimin and minimax efficiency of avar-regular sequences hold
but Definitions 2 and 6 do not, even though the estimators being compared are conceptually no different
from estimators that can be compared with Definitions 2 and 6. Because of Theorem 2, it is equivalent to
only require the defining minimin and minimax inequalities to hold for one pair of avars.

Note finally that if one avar sequence for each of two avar-regular estimators has a positive definite limit
then the Fisher definition of asymptotic efficiency is applicable to these limiting covariance matrices. In this
case all efficiency definitions involve these same limits and are therefore equivalent. That is, if there exist
positive definite matrices V* and V such that /n(8% — 3) 4 N(0,V*) and \/n(3, — B) 4 N(0,V) then 3%
is asymptotically efficient relative to 3, according to any of the definitions discussed herein if and only if

V — V™ is positive semidefinite.

APPENDIX

The proof of Theorem 1 uses the following fact.
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Fact. Let x be a random variable with E(x) = y and V (x) = 0 < co. Then P(o < |z — pu|) > 0

Proof. If P(0 > |z —p|) = 1 then o > 0, in which case 0 = flx—u|<a(w_'u) dF (z) < fx <o @ 2dF(z) = 02,

a contradiction. O

Proof of Theorem 1. Fix V,, € avar(zy), let (en1 ... enq) be an orthonormal linearly independent set
of eigenvectors for V,,, and (Ap1 ... Anq) be the corresponding real strictly positive eigenvalues (a full
set of real strictly positive eigenvalues and orthonormal linearly independent eigenvectors exists since V,, is
symmetric and positive definite).

(i) First assume ,, = alip(1) and suppose the elements of V,~! are not bounded. Then there is an unbounded

inverse eigenvalue sequence A~ ', in which case there is a subsequence { Ak, i 152 such that limy, o0 Ak, i = 0.

ni ’

. 1/2 . . . . /2 ,y. . 1. o 1/2 . 1/2
Since (/\n{ ,€ni) is an (eigenvalue eigenvector) pair for Vn/ , this implies lim,, o an/ €k, i = im0 )‘kiiekni

1/2 _

= 0 (using orthonormality of the eigenvectors to bound ey,;). That is, €}, ; V.’ o(1). But then e} ,x,

e;cninln/sz_lmxkn = 0(1)0,(1) = 0,(1), which contradicts zy, = alip(1). For the converse, assume V! is

n

bounded and suppose z,, # alip(1). Since (A, ... A;l) are the eigenvalues for V,;!, A, ! is bounded

ng

for i = 1,...,¢. That is, there exists M € (0, 00) such that A} < M, implying
Mg >M™L fori=1,...,q; V.

Also, since z,, # alip(1) there exists a sequence {c,}52; on the unit ball in ¢ with the following property:

—1/2

1
To each n there corresponds k,, > n such that P ( <|c mg, |> < -
* n

That is,
—1/2
lim P( < e, :ckn|> =0
n—oo "
Since (ep1 ... enq) is an orthonormal basis for R? we may write ¢,, as
q
Cn =Y _(Cheni)eni,
i=1
SO Zl (cheni)? = cen = 1V n, since ¢, is on the unit ball. Thus, by definition of e,; and A,;, and
orthonormality of (ep1 ... e€ng),

q 1/2 q 1/2
e Va2l = (¢, Vaen)? = (Z(C%em’)%\n) > (Ml Z(c;em-)Q) =M%V n,
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Now write
. o o V2
Ch, Thy = ||c;chk1/z||a;cn Ve Y2, . where a, = k"—kl"/Z,
) ! ¢k, Vi, "l
so that [|ag, || = 1V n. Then ag, has a convergent subsequence ay, — ao, where [|ao|| = 1, so aj, Vlll/zxgkn

4 apz ~ (0,apag) = (0,1).* By the Fact, P(1 < |ayz|) > 0. Moreover, since all distribution functions are

continuous off a countable set, there exists € € [3,1] at which the distribution function of |a}z| is continuous.

Then, by convergence in distribution there exists /N such that

—-1/2

ke kn

M~L/2 . iy
n>N=P < < |c’lkn Ty, |> =P < 5 < Hcllkn Vélizlﬂa;fknvé 1/zmkn |>

a contradiction.

(ii) First assume x, = Op(1l) and suppose the elements of V, are not bounded. Then, as in (i), there

is an eigenvalue subsequence {\,;}72; such that lim, Vk_nl/2ekni = lim, /\1;1,-/2%”1' = 0. That is,

—1/2 . . . . .
e /2 = o(1). Since eg,; is on the unit ball in R there is a convergent subsequence ey, ; — €o, Where

—1/2
leoll = 1, s0 €, Vi,

Ty, 4 ehz ~ (0,epeg) = (0,1), implying e}kni‘/e;jﬂwgkn # 0,(1) by the Fact. But

. —1/2
since , = Op(1) we have e}V, /

T, = 0(1)0,(1) = 0p(1), a contradiction. For the converse, just note

that V;1/? is bounded whenever V,, is bounded, so @, = Vi/*V, /2a, = O(1)0p(1) = 0,(1). O

Proof of Lemma 1. Since ¢'XYc is a continuous function of ¢, there exists ¢ € 9B1(0) (the boundary of the
unit ball in #?) such that

0<dXe< dEeV ee dB(0).

Now suppose z,, # alip(1). Then as in Theorem 1(i) there exists a sequence {c,}52, on the unit ball with

the following property:

c¥e
To each n there corresponds k,, > n such that P <T < |k, Tk, |> <

S|

4In Definition 1, z is a standard normal random variable. Theorem 1 actually holds for any limiting random vector z with
0 mean and identity covariance, irrespective of normality. To demonstrate this, we avoid use of normality in the present proof.
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That is, lim,, o P (5’225 < |c;cn Tk, |) = 0. Since ¢, is on the unit ball there exists a convergent subsequence

¢, = co € 0B1(0). Hence ¢ w,, 4 chz ~ (0,¢)Xc). By the Fact, P(cjXco < |cjz|) > 0. Moreover,

since 5’225 < @¥e < ¢)Xcp, and since all distribution functions are continuous off a countable set, there
exists € € [F'X¢/2, ¢yXcp| at which the distribution function of |¢{z| is continuous. Thus, by convergence in

distribution there exists N such that

e
2

Ple <lepzl) o PlapZeo < |cpz|)
2 = 2

>0,

nZN:P( ’n%l) > Ple < [, 4, ]) >

a contradiction. 0O

Proof of Lemma 2. Suppose not. Then (anmVn_lﬂ)’(anmVn_lm) is an unbounded, symmetric, positive
definite matrix. Hence it can be represented as E,A,E!, where E, is orthogonal. As in Theorem 1, by
unboundedness there exists an eigenvalue subsequence )\,:nli — 0. Denote by f; the unit vector in direction

1, and let
fE" 1/2V 1/2
IFLEL V2V 2|

s~

so that ||¢,]| =1V n. Note that
IF BV PV = (FE (VP V Va ) B fi)' 2
= ([iE,En, B, fi))?
= (FIAG R =0,
Hence
VA g, = VY2 2y
_ Aif[flE' V1/2V 1/2V 1/zV1/2]V 1/2,, T,
= N B BV,
NN B,
= N e Vi Pan,

where ey,; is column i of E,. Since ey, ; is on the unit ball in $?, there is a convergent subsequence

1/2 d _ 5 -1/2 —1/2 P
et i — €o € 0B1(0), so elk lek wp,, — epz ~ (0,epe0) = (0,1).° Hence Alkni e’lkni‘/lkn rg,, — 0. But,

by Lemma 1, ‘7(;1/2:%% = alip(1), a contradiction. O

5As in Theorem 1, normality of z is not needed here.
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Proof of Theorem 2. Suppose first that V, € Ex (V). Then lim,, 711/2‘7,:1Vn1/2 =1y, so V;”Vn‘m =
O(1). Denote the characteristic function of a random vector y by f,. By the continuity theorem [Lukacs

1970, p. 48], fi,-1/2, () = f.(#) pointwise. Hence, by White [1984, p. 66] Lemma 4.23,
fomm, (0) = F(VPV,120) = Fmirayarzy -z, (6) = F- (V2 =1/26) — 0 pointwise in 6.

Recalling that f,(0) = exp (_9’_0)7

2

Tr—1/2v, 7r—1/2 '
fz(an/2‘7n71/29) = exp (—9 Vo VoV 9) — exp <_ﬂ> ,

2 2

80 fp-172, (0) = f:(#). Applying the continuity theorem again shows that Vi, € avar (z,).
Now consider the converse by supposing V;, € avar (). By Lemma 2, M > 1 can denote a common bound
for all elements of V,/*V,7 /2. Fix € > 0 and set r = ¢*M. Recalling that f,,—1/2  (0) = fmn(Vn_1/20), by

the second continuity theorem [Lukacs 1970, p. 53] there exists N, such that

fzn(V{%H) — exp (—%J)‘ < fexp (—’"2—2) V 6 € B.(0)

n> N, = fo (V) — eap (_tz_t)‘ < geap (-5) Vte B0,

where B,.(0) is the closed ball of radius r about 0 in R?. Since f/n% V{%Q € B,(0) for every n and 6 € 0B, (0),

L1 _1
setting t = V;2 Vi, 26 yields

()] <hen()

nzNe= ! by
oV ) = ap (520 )| < ey ()

for every 6 € 0B;(0). Hence

AR A TAN

By the Mean Value Theorem,

RAA KN I (-9)
“rp 2 CP\T )| TP T

for some ¢ between 6’ V{%VnV{%G and 0'6. Thus

n >N, =

OV TV 26— 00

n>N.= |0V i, vii— 66

(%)
< €eexp 5
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for every # € 0B;(0) and the corresponding ¢ (which also depends on n). Since 6’ V{%VnV{%H < r? for

every n and 6 € 9B;(0), and 6’6 = 1 < r? for such 6, we have ¢ < r?. Thus exp (0_2"2) <1 for every n and
0 € 0B1(0). That is,

n>N. = |0V, TV, Vi 26— 9'6] < € ¥ 6 € 9B, (0).

Since 6 can be any vector on the unit ball, this implies lim,,_, o, V{l/sznVnﬁl/Z = Iy, or V, € Er(Vy).
Next consider (i). Since V,~! is bounded by Theorem 1(i) and Vi YRV v R I, = V{lﬂ[f/n - Vn]V,{l/{
im0 [Vir 2V Vi /2 = 1,] = 0 when limy,_o0 (V, — V) = 0.

Finally, consider (ii). Since V}, is bounded by Theorem 1(ii) and V,, — V,, = V5/2[Vn_1/2‘7nVn_1/2 — Iq]an/2,
lim o0 (Vi = Vi) = 0 when limyoo[Vir V2V, Vi /2 = I,] =0. O

Proof of Theorem 3. Select V.* € avar(y/n(B; — 3)) and V,, € avar(y/n(B, — B)) such that f(f) =
liminf, oo fu(f) = lim, 0o gn(d) > 0V 8 € R (8 # 0), where f,,(8) = 6'(V,, — V)8 and g,(0) =
inf{fn(0): m > n}. We first establish uniform equicontinuity of the sequence f,,(¢) on the boundary of the
unit ball in R¢. By Theorem 1(ii), V,, is bounded. It is straightforward to use this along with f(§) >0V 6
to conclude that V, is bounded as well, so denote by M a common bound for all elements of V,, and Vr.

For any 60,6y € 0B;(0) we have

£ (8) = fa(B0)] <118 = ol {|(Vee = V)OIl + 1166(Vee = V| < (16 — 6o]14M .

Hence for every € > 0 there exists § = 37 such that [|§ — 6o|| <& = [fn(0) — fu(bo)| < €V n, or fn(f) is

uniformly equicontinuous on 8B (0). Now, by definition of g, (6) there exists a subsequence f;, (8) such that

gn(0) + £ > fi.(8) > gn(8). Thus f;, (6) converges pointwise to f(6), so by equicontinuity this convergence
1

is actually uniform on 0By (0). This implies lim,, fi,(#) — ;- = f(#) uniformly on 9B, (0). Hence, since

fn(8) > gn(0) by definition of g, (6), for every natural number k there exists a natural number Ny, such that

> Ni = fal0) > gu(8) > fu. (6) — % > (0) % V 6 € B, (0).

We may summarize this by saying that the convergence to the limit inferior is uniform on 0Bj (0) in the sense
that for every k there exists Ny such that n > Ny = f,(8)++ > 0V 8 € 9B1(0), and without loss of generality

we may assume 1 < N3 < Ny < ---. Let k, be the largest natural number k satisfying Ny < n for n > N;



18 DAVID M. MANDY AND CARLOS MARTINS-FILHO

and note that n > N, Vn > N; and lim,,_, ﬁ = 0. Thus V,, + ﬁIq € avar(v/n(B, — B)) by Theorem
2(i), so that 3% is asymptotically efficient relative to B, according to Definition 6 if (‘N/n + ﬁlq) —Vris

positive semidefinite for n large. For any n > N; and 6 # 0 we have

() ()] ()~ (-] () - 2
1 i)

50 ¢’ [(Vn + qu) - V;] 9>0Yn>N;andV 8 #0. That is, (Vn + ﬁlq) — V¥ is positive definite for

=
3
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