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ABSTRACT. In this paper, we examine the robust Wald test statis-
tic for SUR systems with adding up restrictions where the same
explanatory variables are present in all equations and where het-
eroskedasticity and/or autocorrelation of unknown forms may be
present. For this case, the coefficients are usually estimated by
least squares, equation by equation. For testing the typical hy-
potheses of interest, we show that the robust Wald statistic, i.e.,
the statistic based on the heteroskedasticity and autocorrelation
consistent covariance matrix estimator, is invariant to the equa-
tion deleted. Our proof of invariance is algebraic and does not rely
on parametric assumptions or on the knowledge of the covariance
matrix of disturbances. Furthermore, the adding-up restrictions
we consider are of a general form: the weighted sum of the de-
pendent variables adds up to one of the explanatory variables, not
necessarily a constant. We illustrate our results using the Capital
Asset Pricing Model.

1. INTRODUCTION

For SUR systems with adding-up restrictions, it is well known that
the covariance matrix of disturbances is singular. The usual approach
to hypothesis testing in such cases is to construct the relevant test
statistics after deleting an equation. A common application of this ap-
proach is in the context of complete demand systems where the sum
of expenditure shares must equal one. Barten (1969) considered the
maximum likelihood estimation of such a system of equations with in-
dependent and identical normal disturbance vectors. He proved that
the value of the likelihood function and, hence, the maximum likeli-
hood estimates of the parameters are invariant to the equation deleted.
This, in turn, implies that the value of the likelihood ratio statistic for
testing linear restrictions on the coefficients is invariant to the equa-
tion deleted. Similarly, McGuire, Farley, Lucas and Ring (1969), Pow-
ell (1969) and Theil (1971) considered the Generalized Least Squares
(GLS) estimation of a system of demand equations. Under the as-
sumption that the covariance matrix of the stacked disturbance vector
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is known, they showed that the GLS estimator and the corresponding
quadratic form are invariant to the equation deleted. Estimation and
testing have been extended to SUR systems with specific forms of het-
eroskedasticity and/or autocorrelations; see, for instance, Mandy and
Martins-Filho (1993) and Berndt and Savin (1975).

In practice, the likelihood function and/or the covariance matrix of
the stacked disturbance vector are usually unknown. Similarly, the
functional form of heteroskedasticity and/or autocorrelations is also
unknown. In this paper, we consider SUR systems with adding-up
restrictions where the same explanatory variables are present in all
equations and where heteroskedasticity and/or autocorrelation of un-
known forms may be present. For this case, the coefficients are usually
estimated by least squares, equation by equation. For testing the typ-
ical hypotheses of interest, we show that the robust Wald statistic,
i.e., the statistic based on the heteroskedasticity and autocorrelation
consistent (HAC) covariance matrix estimator, is invariant to the equa-
tion deleted. Our proof of invariance is algebraic and does not rely on
parametric assumptions as in Barten (1969) or on the knowledge of
covariance matrix as in Powell (1969). Furthermore, the adding-up re-
strictions we consider are more general than Barten’s. As in Powell,
the weighted sum of the dependent variables in this paper adds up to
one of the explanatory variables, not necessarily a constant.

We illustrate our results using the Sharpe-Lintner Capital Asset Pric-
ing Model (CAPM). In the CAPM, the return on the market portfolio
is a weighted sum of returns on the individual assets. Thus, one can
think of the CAPM as a SUR system with an adding-up restriction. In
conventional tests of the CAPM, the null hypothesis is that the vector
of intercepts is zero; see Campbell, Lo and MacKinlay (1997). The
singularity problem (associated with the covariance matrix of distur-
bances) is usually ignored in testing this hypothesis. In our illustration,
we use the HAC Wald statistic after deleting an equation.

The organization of the paper is as follows. In section 2, we de-
velop our results for the Classical SUR system. In the process, we
provide an alternative proof of Barten’s result that does not rely on
normal distributions. In section 3, we consider a SUR system with
heteroskedastic disturbances of an unknown form. We construct the
Wald test statistic for this case using the White (1980) heteroskedas-
ticity consistent (HC) covariance matrix estimator and show that the
HC Wald statistic is invariant to the equation deleted. In section 4,
we consider SUR systems with heteroskedastic and autocorrelated dis-
trubances. The CAPM example is in section 5 and the concluding
remarks are contained in section 6.
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2. CLASSICAL SUR SYSTEM

Consider the following system of equations:

yi = PBuxy+ Biovo + -+ BikTr + 1t
(2.1) Yoo = Lo+ Poator + - -+ PokTir + €2t
Unt = BniTi + BnaTor + v+ + BukTre + €nt

Define €, = (14,9, ...,6m) , an (n x 1) vector of disturbances at

time period ¢. Assume that the disturbances vector are i.i.d. and
satisfy the following:

E(Sit) =0 }
2.2 , Vt.
(2.2) Eleuey) = oy
The assumptions in (2.2) can also be written as
E(€ t) =0
2.3 N Vi
( ) E(g.tg,t) — E* } ?

where ¥* = {0y}, 4,7 =1,2,...,n, is a (n X n) contemporaneous co-
variance matrix. The classical SUR system where the same explanatory
variables appear in all the equations is specified by (2.1) and (2.3). See
Greene (section 15.4, (1997)), for details.

The above system of equations can be written in the following com-
pact form

yn = Xpi+er

= X[f@y+e
(2.4) Y2 ‘ B2 2

Yn = Xﬁn‘i‘gn

where y; is an (7" x 1) vector, X an (T x k) matrix of explanatory
variables, 3; = (81, Bia, - - ., Bi) an (k x 1) vector of parameters and
g; an (T x 1) vector of disturbances.

The system of equations in (2.4) can be stacked as

(2.5) y=2v+e¢
where y = (y1, 2, ..., yy) is an (nT'x1) column vector of the dependent
variables, v is an (nk x 1) vector of parameters, ¢ = (£1,¢€9,...,&,) is

a (nT x 1) column vector of disturbances and Z is an (k7 x kT) block
diagonal matrix,

X 0 ... 0
0 X ... 0
Z = : :
0 0 X
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where [, is an identity matrix of order n. The covariance matrix, X,

for the above SUR model is

Z:11 E12 s Eln
Z:nl En? s Enn
where the ijth block, ¥;;, is
Oij 0 ce 0
0 Oi5 - 0
(2.6) Eij == . . .

Hence, ¥;; = o0,;Ir, where Ir is a identity matrix of order 7. From
equations (2.3) and (2.6) the following holds for the above SUR model:

E() = 0,
E(s£) = 3,
(2.7) = QI
Define 3, = (81, Bajs - - - Bnj) > an (n x 1) column vector of parame-

ters corresponding to the jth explanatory variable. The null hypothesis
of interest is

(28) H()l ﬁ.j = 0,

or equivalently Hy: ry = 0, where r = [,, ® R;- is a selection matrix,
and R; is k dimensional column vector with 1 in the jth position and
zeros elsewhere. The alternative hypothesis is Hy: 8 # 0.

The OLS estimate of v and the variance of this estimate are given
by

o= (Z2)7' 7y,
V(§) = (Z2)'Z2'22(Z' 7).

Substituting Z = I, ® X and ¥ = ¥* ® Iy in the expression for the
variance of 4 and simplifying, we obtain

(2.10) V() =2 @ (X' X)

(2.9)

A well known procedure to test the above hypothesis (2.8) is to use a
Wald test statistic. Assuming that the covariance matrix ¥ is known,
the Wald statistic is given by

(2.11) n=8,[ver] s,

where BA,]- is the least-squares estimate of 3;. Substituting r = I,, ® R;-
and the expression for the variance from (2.10), the Wald statistic can
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be written as

Ji

N 1.

B | B)E e (X X)L o Ry)| 8,

~r x ’ I _ -1
=3, S e By(X'X) 'R)| B,
= B,] X' ® C]_l B-j

where ¢ is the jth diagonal element of (X X)~!. Hence, the Wald
statistic can be re-written as

(2.12) Ji =357 By
Under the null hypothesis, JJ; has an asymptotic chi-square distribution

with n degrees of freedom. In general ¥* is unknown and in practice a
consistent estimator for ¥* is used in (2.12) for testing Hy.

Adding up

Now assume that the above system satisfies the adding up condition.
(2.13) wys =z, Vi,
where w = (w1, wy, ..., wy,) is a weight vector such that Y7 w; = 1.

We have assumed without loss of generality that w'y, adds up to the
first variable z1;. Equation (2.13) implies the following restrictions on
the parameters and disturbances:

W’5.1 =1,
(2.14) wph;=0, j=2,3,....k,
and,
(2.15) we; =0 Vit

Equation (2.15) implies that the £;’s, i = 1,2,...,n, are linearly de-
pendent at each period t.

The statistical implication of the adding up condition is as follows:
post multiplying by ¢, in equation (2.15) and taking expectations, we
obtain

E [(w,at)eit] =0,

w S = 0.
This implies that the covariance of the disturbances is singular, that is,
Y* is not invertible. Note that w is the eigenvector of ¥*. Thus, given
the adding up condition (2.13) the Wald statistic (2.12) for testing the

hypothesis (2.8) is not defined. One possible solution to this problem
is to delete an equation. This conjecture is based on Barten (1969).

Barten considered the case where ¢ is i.i.d. N(O, E*) V t. For this
case he proved that the value of the likelihood function is invariant
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to the equation deleted assuming that the weights are equal and that
'y, = 1Yt, where ¢ is an (n x 1) vector of ones. This, in turn, implies
that the value of the likelihood ratio (LR) statistic for testing (2.8) is
invariant to the equation deleted.

We present a simple algebraic proof that the value of the Wald test
statistic is invariant to the equation deleted. Our result is more general
than Barten’s: (i) we permit unequal weights, (ii) we let z1; to be any
explanatory variable instead of restricting to a constant, and (iii) we
do not assume that the distribution of £, is normal. Indeed, if £, is
N(O, E*) our proof implies that the value of the L R statistic is invariant
to the equation deleted.

Dropping the nth equation, the SUR system becomes

y™ =z~ 4 )
where a superscript “n” on the vectors denotes that the nth equation
is deleted and so the nth component is deleted from the corresponding
vector, and Z™ is equal to Z with the last row and column deleted.

The estimate of v and the variance of the estimate is given by

#(n) — (Z(n)’Z(n))—lz(n)’y(n),
V(@(n)) — (Z(n)’Z(n))—lz(n)’g(n)z(n)(Z(n)

’

ZmH)=1,

Since £ is unknown, we replace the £ by a consistent estimator,
(™) where

011 012 -eo Olp—1
. 091 O22 ... O2p-1
»m = . . _ B ® It
On—-1,1 On—-12 --- On—1k
— E*(n) ® -[Ta
~ 1 T A~ & .. . . . .
Oij = 7 241 Citcjt> 1, = 1,2,...,n—1, and Ip is an identity matrix

of order T'. Hence the estimated covariance matrix is

!

V(ﬁ(”)) - (Z(n)’Z(n))*lz(n)’g(n)z(n)(z(n) Z(n))*l_

Because of the property of least squares, the adding up restriction
(2.13) also holds for the least squares residuals:
Wy Wn Wn

(216) élt = ——&9p — — &3t — " — —&nt Vt.
w1 w1 w1
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Using (2.16), we obtain the following relation between é.(tn) and éF;):

(2.17)

1t —ﬁ —f,_? —WZ,II L:,_T ot
Eat 1 0 0 0 €3¢
€3t — 0 1 0 0 Eat YVt
En—1t 0 0 ... 1 0 Ent
This can be written compactly as
(2.18) em = 4tV
where the matrix A is defined as
_wr  _ws _Wno1l  _wa
w1 w1 e w1 w1
1 0o ... 0 0
(2.19) A= 0 1 ... 0 0
0 0o ... 1 0

Referring back to equations in (2.14) we obtain ng) = ABS), Jj =
2,3,...,k. In equation (2.18), postmultiplying by the transpose yields
My = A&V A" Since the matrix A is a constant, summing
over t and dividing both sides by (T — k) gives

(2.20) ) = AW A

Consider testing the null hypothesis H(g"): ﬁ.(;t)

HM: rmAm) = 0 where r® = I,_, ®R;. From (2.14), 3™ = 0 implies

-J

$; =0 and hence Hy (2.8). The Wald statistic for testing H(g”) is
n A(n n)Yr/s(n n)1-1 5(n

T = BT (5 )] 7 )

(2.21) — 35@' [r™M (20 W)= 70 (550 @ 1)
n n) 7(n)\—=1 _.(n)'1-1 Aln
VA )(Z( )" 7( )) 1( )] ﬁ(])

Using the fact that 2™ = Z() = I,_; ® X in (2.21) and simplifying,
we obtain

= 0 or equivalently

-J

~ RS ’ -1 n
J1(n) _ ﬁ(@) |:E*(n) ® R](X X)fle] ﬁ(')
1

From (2.20) it follows that
T = A A (2 0) At Al
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The result is summarized by the following theorem.

THEOREM 1: Consider the SUR system defined by (2.5) and (2.7).
Under the adding up restriction (2.13), the value of the Wald statistic
for testing hypothesis (2.8) is invariant to the equation deleted, that is,

JO =gV =23 ... n.

If e; is i.i.d. N(O, E*) with ¥* full rank, then we can use the like-
lihood ratio (LR) test to test the hypothesis (2.8). The likelihood
function for (2.1) is

T

f(y.l; Y2,--y y.T|5U.1; L2yen- ,ZU.T) = Hp(yt|xt)
t=1

(2.22) "
= H(Qﬂ)gm*ﬁ X exp _%(y.t - ﬂx.t),z*fl (y.t - ﬁ%ﬁ)]

where = {8;;},i=1,2,...,n,j=1,2,...,k, is an (n x k) matrix of
parameters.

The LR test is based on the logarithm of the likelihood ratio, which
is the value of the constrained log-likelihood function minus the uncon-
strained log-likelihood function evaluated at the maximum likelihood
estimators. Denoting LR as the log-likelihood ratio, we have

LR=L°—L
2.23 T . .
22 = —5 |log|=*°] — log |2,

where L° represents the constrained likelihood function and where 35%0
and Y* are the constrained and unconstrained maximum likelihood
estimators of the covariance matrices respectively.

The LR test statistic is -2 times the logarithm of the likelihood ratio:
Jy = —=2LR
= T'[log 5| — log |ZA]*H

Under the null hypothesis, J, is asymptotically distributed as a chi-
square with n degrees of freedom.

(2.24)

To prove that the value of the L R statistic is invariant to the equation
deleted we use the fact that .J; is a monotonic transformation of Js.
The monotonic transformation is given by

(2.25) J = w (exp [%] - 1) .

Since Jl(i) = Jl(l),i = 2,3,...,n, it follows from (2.25) that JZ(i) =
JQ(I), 1 = 2,3,...,n. Thus the likelihood ratio test statistic for testing
H, is also invariant to the equation deleted.
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COROLLARY 1: Consider the SUR system defined by (2.5) and (2.7)
with &4 being i.i.d. N(0,5*). Under the adding up restriction (2.13),
the value of the LR statistic for testing hypothesis (2.8) is invariant to

the equation deleted, that is, JQ(i) = JQ(I), 1=2,3,...,n.

3. SUR SYSTEM WITH HETEROSKEDASTICITY

Consider the system of equations in (2.1) where the £,’s are inde-
pendent with zero mean and the covariance matrix is time varying:

(3.1) gg;g;) _ %2‘} vt

where ¥} = {04}, 4,7 =1,2,...,n, is an (n x n) time varying con-
temporaneous covariance matrix.

Here we assume that y;’s are independent across time, but have
time varying variances. In any period ¢, there is a non-zero correlation
between contemporaneous disturbances in the ith and jth equations,
but zero correlation between all lagged disturbances. The covariance
matrix for the SUR model in this case, X, is {¥;;},4,j = 1,2,...,n,
where Y;; is the ijth block defined by

O01,ij 0 C 0
0 0245 - 0
(3.2) Sy, = ,
0 0 cee O

Note that o,;; denotes the contemporaneous covariance between the
ith and jth equation at period ¢. Thus, in the heteroskedastic case ¥;;
in (2.6) is replaced by (3.2).

The null hypothesis to be tested is again (2.8). Following White
(1980), we use the heteroskedasticity consistent (HC) covariance matrix
estimator in the Wald statistic to test this hypothesis. The advantage
of this approach is that we do not have to specify the functional form
of heteroskedasticity, which is usually unknown. In this approach the
unknown Y;; is replaced by {f]ij}, i,7=1,2,...,n, where

encp 0 ... 0
(3.3) 5, = 0 Eafpp - 0
0 0 ... éingT
See also Hamilton (p. 218, (1994)).
Define

(3.4) M =€+ Q Ty,
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where 7, is an (nk x 1) column vector and z;, = (xy,, Zo, . .., Tx) , an
(k x 1) vector of explanatory variables at period ¢. Post-multiplying
both sides of equation (3.4) by its transpose we obtain

e, = (ce®@a)(e4® SU.t),

(35) ’ ’
- g.tg.t ® x.tx,t-

The estimator of ntn; is obtained by replacing the population variables
by the corresponding least-squares estimates:
G :é.tét ® SU.txt
(3.6) P , t
=37 @1,

Summing both sides of equation (3.6) over ¢, we obtain

T T

~ A ~ A !
E eny = E :(S.t?t ® x,tx.t)
t=1 t=1

T I A9 T N T PR

Do TaT Y D TaTE e e Dy Tl
T "' aoa T A2 T P

- Zt:1 T 4T 1E2t€1t Zt:l R Zt:1 LT €2tEnt
T A T A T e
Dol T Entfrr Dy TaTyEnilor - D oim1 T s

Recall that Zthl z,2, = X X, and hence, ZL x,txttéz-téjt = X’f]z-jX,

1,7 =1,2,...,n. Thus, the above expression can be written as
X'SpX X'SpX ... X'3,X
o, XSy X X'SpX ... X'5,,X
me = . . .
(3.7) 1 L o g o
XYnX XXX ... XXX
=757

Substituting Z = I, ® X, 257 = Zthl .7, and using (3.6), the HC
estimator of the variance of ¥ is

7(3) = (e X)) (ZWh) (e (x'x)™)

ET: L®(X'X)™) (i;‘®x.txft) (Il ® (X'X)™)

t=1

Z g (X X)T .

t=1
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Thus,
T

(38) V(E) =D (o)

t=1

where Q; = (X'X)_la:.ta:it (X'X)_1 is an (k x k) matrix which depends
on t.

The Wald statistic for testing the hypothesis (2.8) is then given by
1 NN -1
(3.9) J3 =03 [TV(“Y)T ] Bj-

Substituting r = ]n®R;~ and the expression for V(&), the Wald statistic

can be written as
-1

B T
Js =0, | (I.® R;) (Z(it ® QJ) (l.oR)| B,
: . t=1 B
=0, |2 CieRQR)| B,
:t;I »
= A,,j Z(i: ®aq)| By
Lt=1

where ¢; is the jth diagonal element of ();. Hence,
-1

T
(3.10) Js =B, [Z @S| By
t=1

Under the null hypothesis, .J3 has an asymptotic chi-square distribution
with n degrees of freedom under some regularity assumptions. See for
example, Hamilton (Assumption 8.6, (1994)).

Adding Up

Suppose we now impose the adding up restriction (2.13). The adding
up condition implies the following restriction on the covariance mat-
rices:

(3.11) w¥i=0 VYt

Hence, the covariance matrix X} is singular for all £. Because of the
property of least squares, the above condition (3.11) also holds for
the corresponding samples; that is, w'f];‘ = (0 V ¢t. Since w is a non-
zero constant, the adding up condition would imply o’ Zthl qtfl,’; =0
for some non-zero scalars ¢; such that not all ¢;’s are equal to zero.
The implication of the above condition is that the weighted sum of
the covariance matrices in (3.10) is not invertible, and thus, the Wald
statistic (3.10) for testing the hypothesis (2.8) is not defined. Again we
resort to the same technique of dropping an equation as a solution to
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the problem. We present an algebraic proof that the value of the HC
Wald test statistic is invariant to the equation deleted.

The adding up restriction implies (from equation (2.18)) that
D) = A,
Multiplying the above equation by its transpose we get
ey = 4V A
)
The HC Wald statistic (with the nth equation dropped) is given by

(3.12)

-1 .

o -1 .

= g [r(m(Z(")’Z(”))‘l(i:(")®x,txft)(Z(”>’Z(”>)‘1r<n>’] B,

-J -J

Substituting r = I,_; ® R; and 2 = Z) = I,_; ® X in the above
expression and simplifying, we obtain

T
K =B (o B) (51 0 Q) (i 0 By) | AT
-7 - -1
=50 (" o RiQuR) | A
:t? -1
=3I ew)| Y
:t? -1
~ i [Sas|
:t? -1
=55 Do a(as )| B
Lt=1 ; .
=3 A A[Z qtijg(”]A' ABY
t:lT .
= AAA Y| A
= J. h

This proves the following theorem on the invariance property for the
heteroskedastic case.
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THEOREM 2: Consider a SUR system defined by (2.5) and (3.2).
Under the adding up restriction (2.13), the value of the HC Wald statis-
tic for testing the hypothesis (2.8) is invariant to the equation deleted,

that is, JS = JV i=2,3,... n.

4. SUR SYSTEM WITH HETEROSKEDASTICITY AND
AUTOCORRELATION

Consider the system of equations in (2.1) where the €,’s are serially
correlated up to a order of lag one and have time varying covariance
matrices:

E(S.t) =0 V t,

i ift =s,

(4.1) , ¥, ift—s=1,
ACTENER S

Yigy ifs—t=1,

0 if [t —s| > 2
where 3}, = {044}, 4,5 = 1,2,..., n, is a (n x n) time depen-
dent contemporaneous covariance matrix and X7, | = {0y 14}, 4,] =
1,2, ...,n,is a (n x n) time dependent lag-1 covariance matrix.

This is the general setup where the disturbances have variances which
vary with time and are serially correlated. The above setup gives a
simple auto-correlation structure to the disturbances: in any period ¢
the errors are serially correlated with each other up to a maximum
lag of length one. We have assumed a lag of length one purely for
expositional convenience. Our method is applicable for any number of
finite lags. The covariance matrix for the SUR model in this case, X,
is {¥i;}, 4,7,1,2,...,n, where ¥;; is the ijth block is defined as

01145 012,ij 0 0 N 0 0

021,45 022,i5 023,ij 0 N 0 0

(4.2) Sy=| 0 034 0334 03445 --- 0 0
0 0 0 0 -e. OTT—-1,45 OTT,ij

Note that o4,; denotes the contemporaneous covariance between the
ith and jth equation at period ¢ and oy_;,; denotes the one period
lagged covariance between the ¢th and jth equation across periods ¢ and
t — 1. Hence, in the case with heteroskedasticity and autocorrelation,
¥i; in equation (2.6) is replaced by (4.2). The hypothesis to be tested,
(2.8), remains the same. We shall use the Wald statistic based on
the heteroskedaticity and autocorrelation consistent (HAC) covariance

matrix to test this hypothesis. The unknown X;; is replaced by f]z-j
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where
Bty Eudy 0 0 ... 0 0
éZiéIj éziégj égiégj 0 0 0
(43) Eij — 0 €3;€25 £3i€35 €3i€45 .- 0 0
0 0 0 0 ce ém‘éTfl,j éTiéTj

in the HAC Wald statistic.
The HAC estimator of variance of ¥4 is given by

V()= (22)7'2%2(7 7)

-1

where 3 is defined above. From the definition of 7, in (3.6) it follows
that

T T
(44)  ZS7=Y i+ Z(l - ﬁ) S i, + i
t=1 =v+1

where the weights are the same as in Newey and West (1987), and p is
a lag length beyond which we are willing to assume that the correlation
between 1, and 7,_, is essentially equal to zero. See Hamilton (p. 317,
1994). In our case the maximum lag length is one, that is, p = 1. Thus,
(4.4) reduces to

T T T

1A N 1 ~ A 1 ~ N

(45) 7 X7 = Z’I]t?]t + 5 Zntnt—l + 5 Z Me—17)-
t=1 t=2 t=2

Defining i, = i, ® w40, iy 1 = Sjy 1 @ vy, and i), =
Y ® T, 17, in (4.5) and substituting, we obtain

T

T
I & 2 l 1 ~ ’
Z Xz = Z(Et,t ® xix.t) + B Z(E:,tq ® x.tx.t—1)

t=1 t=2

T

Z(E:—l,t ® xiflx.t)'

t=2

Hence, the HAC estimator of the variance of 7 is given by

V() = (e (X)) [232] (e (X'X)™).

_|_

DO | =

Substituting the expression for Z’f]Z, we obtain

T T
7 (A VK ! — — 1 Ck
V() =2 [She (X X) e (X 0+ 53 S e
t=1 t=2

(X' X) ez, (X' X)™'+ E;‘_l,t ® (X' X) oz (X X)™
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Define the following (k x k) matrix:
(4.6) Qus = (X'X) 22 (X'X)
Finally, using (4.6)

1 1

T

. . 1T ,e,
V(3) = Z(Et,t ® Qi) + 3 Z [ Et,tq ® Qui1)
(4-7) t=1 t=2

+(25,,® Qt—l,t)] :
The HAC Wald statistic for testing the hypotheis (2.8) is given by
~1 N l -1,
(4.8) Ji=A; [rV )] B
Substituting r = I,, ® R;- and the expression for variance (4.7), the
Wald statistic can be written as
T L T
Z(Ezt ® R; QttR + 3 Z[ E:,t—l ® Rth,tfle)

t=1

Jy = /B,]

+ (f];f,m ® Rthq,tRj)] B-j

T T

N 1 R
Z(Ezt ® qht) + 2 Z [(E:,tq ® Qt,t—l)

t=1 t=2

=0

-1
+ (ifq,t ® Qt—l,t)]] 3,

where ¢, is the jth diagonal element of @ s in (4.6). Hence, the Wald
statistic can be re-written as

-1
(49) =S 3 Sl S S| A

t=1

Under the null hypothesis, J, will have an asymptotic chi-square dis-
tribution with n degrees of freedom under some regularity conditions.
See, for example, Hamilton (p. 225, (1994)).

Adding Up
Suppose now we impose the adding up condition (2.13). The adding

up condition would imply the following restriction on the covariance
matrices:

(4.10) wS;, =0, ts=12,...,Tand|t—s| <1
Equation (4.10) implies that the covariance matrix X} is singular for

t,s = 1,2,...,T, and |t — s| < 1. The least squares property im-
plies that the above condition is also true in the sample: w’EZS =
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0,t,s=1,2,...,n, and |t—s| < 1. Since w is a non-zero weight vector
the adding up condition implies w' ZtT:l Qt,tizt = 0 for some scalars
¢t such that not all ¢ ,’s are zeros. Condition (4.10) also implies
W' 23:2 Qt,t—lizt_1 = 0 for some non-zero scalars ¢;;—; and similarly
W' Z?:Q qt,lytflj_l,t = 0 for some non-zero scalars ¢;_; ;. Thus, the HAC
Wald statistic in (4.9) is not defined because the expression in paren-
thesis in (4.9) is not invertible. Again, we resort to the same technique
of dropping an equation as a solution to the problem. We present an
algebraic proof that the value of the HAC Wald statistic is invariant
to the equation dropped.

From equation (2.18) we have
M _ A,
Multiplying the above expression by its transpose at period s, we obtain
(4.11) EPem = Ag e A
| S = as A

t,s =1,2,...,n, and |t — s| < 1. The Wald statistic in (4.9) with the
nth equation dropped is

n () ()
Ji): [ZQHEH + 5 Z[Qtt 1Ett Lt Gl 1t]

t=1

Using the transformation in (4.11) and substituting B.(f) = AB.(]-I), we
obtain

I =

T T
! 1 !
| a5 ) + 53 o (45524 +
t=1

t=2

-1

qi—1,t (Aif{(fi,tA' )] AB.(]‘I)

I
.\Q>
NSy
\/\

T T
SCOI| o)

Qt—1,ti:£11),t] ) A AB,(]'I)
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T T
A1) r_ s (1) 1 2 (1)
— /881) A A 1 th,tzt,t —|— 5 Z [qtyt,lzt,t_l +
t=1 t=2
-1
A~ *( ) - ~
Qtfl,tztfll,t] A 1145571)
_ 71
=Jg .

This proves the following theorem on the invariance property for the
heteroskedasticity and autocorrelation case.

THEOREM 3: Consider the SUR system defined by (2.5) and (4.2).
Under the adding up restriction (2.13), the value of the HAC Wald
statistic for testing hypothesis (2.8) is invariant to the equation deleted,

that is, J\" = JV, i=2,3,... n.

5. EXAMPLE

We consider the Sharpe-Lintner version of the Capital Asset Pricing
Model (CAPM), presented in Campbell, Lo and MacKinlay (1997), to
illustrate the testing methodology. Assume that investors can borrow
and lend at a risk free rate of return. Define Z; as an (n x 1) vector of
excess returns for n assets. For these n assets, the excess returns are
described by

(51) Z_t =+ ﬁth + Et

where « and [ are (n X 1) parameter vectors, Z,; is the period ¢
excess return on the market portfolio and £, is an (n x 1) vector of
disturbances.

In the CAPM, the return on the market portfolio is a weighted sum
of returns on the individual assets:

for example, see Jagannathan and McGrattan (1995). The above con-
dition implies that the covariance matrix of disturbances in model (5.1)
is singular.

We consider testing the null hypothesis Hy: o = 0. The rejection of
H, is usually interpreted as the rejection of CAPM. We test Hj using
three test statistics: J; from (2.12), J; from (3.10) and J; from (4.9).
The tests are conducted using a thirty-year sample for CRSP monthly
returns on ten size sorted portfolios (n = 10). The ten portfolios
include all stocks listed on the New York and on the American Stock
exchanges. The one-month US Treasury bill is used as the risk-free
asset. The sample extends from January 1965 through December 1994.
Tests are conducted for the overall period, three ten-year subperiods
and six five-year subperiods.
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We calculate the test statistics .Ji, J3 and J; in two sets of exper-
iments. In the spirit of Campbell et. al. (1997), in the first set of
experiments, the statistics are calculated for the full system (5.1) using
the CRSP value-weighted return (VWRETD) as the market portfolio.
This market portfolio does not satisfy the adding up condition (5.2).
In the second set of experiments the test statistics are calculated with
one equation deleted from (5.1) and a market portfolio satisfying (5.2).
Note that in the first set of experiments, the singularity problem is
circumvented by using the VWRETD index as a proxy for the market
portfolio instead of using (5.2) as suggested by the CAPM.

In practice, due to re-balancing, the portfolio weights in (5.2) may
change from period to period. In the second set of experiments, the
test statistics in each sample subperiod are calculated by fixing the
portfolio weights at mean of the sample subperiod.

The empirical results for the Classical SUR model are reported in
Table 1 and the results for SUR model with heteroskedasticity and
autocorrelation are reported in Table 2.

An inspection of Table 1 shows the values of the test statistics in
panel A and B look similar for the five-year subsamples; the exception
is 1/80-12/84. For the ten-year subsamples, the values are similar only
for the 1/65-12/74 period. Finally, the values differ substantially for
the thirty-year subsamples.

Focusing on the values of the test statistics can be misleading when
comparing panels A and B. In panel A, the J; statistic is distributed
asymtotically as chi-square with 10 degrees of freedom whereas it has
9 degrees of freedom in panel B. For this reason, it is more useful to
compare p-values across the two panels. At the 5% significance level,
the null hypothesis is rejected for 3 five-year periods in panel A and
2 five-year periods in panel B; the null is also rejected for 1 ten-year
period in panel A. Note that the p-values tend to be substantially
higher in panel B.

In Table 2, the test statistics and, hence, the p-values for the het-
eroskedasticity case (lag-0) look similar to those in Table 1. This may
be evidence against heteroskedasticity. Again, using the HC Wald test,
the null hypothesis is rejected for 3 five-year periods in panel A and 2
five-year periods in panel B; the null is rejected for 1 ten-year period
and the thirty-year period in panel A.

For the HAC Wald tests (lag-1 and lag-4), the values of the test sta-
tistics are typically larger than those for the HC or i.i.d. case. Futher-
more, the higher the lag the larger the value of the test statistic. As
a consequence, the null is rejected for all subsamples in panel A when
lag equals 4; in panel B, the null is rejected in 7 out of 10 subsamples.
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6. CONCLUDING COMMENTS

We have established the invariance of the robust Wald statistic to
the equation deleted in SUR systems with adding up restrictions. We
introduced our method of proof using the classical SUR system. We
then proved the results for the SUR systems with heteroskedasticity
and autocorrelation of unknown form. The latter cases are clearly ex-
tensions of Barten (1969). Furthermore, the adding up restriction used
in this paper is also more general than the one considered by Barten.
Our proofs follow a straightforward algebraic approach. As a conse-
quence, unlike the previous literature, our proofs do not depend on
any distributional assumptions except the existence of first and second
moments.

DEPARTMENT OF EcoNoMICS, UNIVERSITY OF [owA, 108 PAP-
PAJOHN BUSINESS ADMN. BLDG., lowA CiTy, IA 52242-1000.
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TABLE 1. Classical SUR System

Time Ji p value

Panel A: VWRETD with no adding up restrictions

Five year period

1/65-12/69 23.47 0.009
1/70-12/74 10.46 0.401
1/75-12/79 25.78 0.004
1/80-12/84 20.20 0.027
1/85-12/89 15.65 0.110
1/90-12/94 8.07 0.621
Ten year period
1/65-12/74 15.01 0.132
1/75-12/84 22.63 0.012
1/84-12/94 15.15 0.127

Thirty year period
1/65-12/94 20.07 0.287

Panel B: Exact market portfolio with one equation deleted

Five year period

1/65-12/69 19.78 0.019
1/70-12/74 9.81 0.366
1/75-12/79 25.67 0.002
1/80-12/84 9.04 0.434
1/85-12/89 12.46 0.189
1/90-12/94 5.85 0.755
Ten year period
1/65-12/74 14.98 0.092
1/75-12/84 16.72 0.053
1/85-12/94 8.42 0.492

Thirty year period
1/65-12/94 14.94 0.093
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TABLE 2. SUR System with Heteroskedasticity and Autocorrelation

Jg J4
Time Lag 0 pvalue Lag 1l pvalue Lag4 p value

Panel A: VWRETD with no adding up restrictions
Five year period

1/65-12/69 24.02 0.007 33.78 0.000 45.24  0.000
1/70-12/74 10.31 0.410 10.66 0.384 19.67 0.032
1/75-12/79 33.03 0.000 41.89 0.000 49.08 0.000
1/80-12/84 21.02 0.021 22.48 0.013 25.02 0.005
1/85-12/89 17.89 0.057 22.46 0.013 37.59 0.000
1/90-12/94  8.63  0.567 8.99 0.532 19.72 0.032

Ten year period
1/65-12/74 15.39 0.118 17.44 0.065 19.73 0.032
1/75-12/84 26.49 0.003 26.30 0.003 25.52 0.004
1/85-12/94 15.78 0.106 16.37 0.089 22.91 0.011

Thirty year period
1/65-12/94 21.11 0.020 20.42 0.026 21.57 0.017

Panel B: Exact market portfolio with one equation deleted

Five year period
1/65-12/69 19.98 0.018 30.68 0.000 41.80 0.000
1/70-12/74  9.69 0.376 10.54 0.308 19.25 0.023
1/75-12/79 32.77 0.000 40.02 0.000 49.34 0.000
1/80-12/84  9.20 0419 11.29 0.257 14.13 0.118
1/85-12/89 14.77 0.098 17.39 0.043 34.82 0.000
1/90-12/94  6.20 0.719 5.37 0.801 6.64 0.675

Ten year period
1/65-12/74 15.37 0.081 17.43 0.042 19.49 0.021
1/75-12/84 16.84 0.051 17.12 0.047 18.25 0.032
1/85-12/94  9.42  0.399 9.60 0.383 11.80 0.225

Thirty year period
1/65-12/94 15.47 0.079 15.81 0.071 17.20 0.046




