D P rqwh Fduor Frp sdulvrq ri WhvwviruFrlqwhjudwlrq lq Sdqho Gdwd

Vx}dqqh P fFrvnh| Xqlwhg Vwdwhv QdydoDfdghp |

Fklkz d Ndr^W V| udfxvh Xqlyhuvlw| I luvwGudiw=Dxj xvw4/ 4<<:

Wklv Gudiw=Ghfhp ehu 53/ 4<<:

Devwudfw Wklv sds hu vxuyh| v uhfhqwghyhorsp hqwv dqg surylghv P rqwh Fduor frp sdulvrq rq ydulrxv whvwv sur0 srvhg iru frlqwhj udwlrq lq sdqhogdwd1 Lq sduwlfxodu/ whvwv iru wz r sdqhop r ghov/ ydu| lqj lqwhufhswv dqg ydu| lqj vors hv dqg ydu| lqj lqwhufhswv dqg frp p rq vors hv/ duh suhvhqwhg iurp wkh olwhudwxuh z lwk d wrwdo ri �yh whvwv ehlqj vlp xodwhg1 Lq doofdvhv/ uhvxowv rq hp slulfdovl}h dqg vl}h0dgmxvwhg s rz hu duh j lyhq1 Nh| Z rugv dqg Skudvhv=SdqhoFrlqwhjudwlrq1 MHO fodvvlfflfdwlrqv=F56/ F551

4 Lqwur gxfwlr q

Hydoxdwlqj wkh vwdwlvwlfdosurshuwlhv ri gdwd dorqj wkh wlp h glp hqvlrq kdv suryhq wr eh yhu| gl�huhqwiurp dqdo| vlvlq wkh furvv0vhfwlrq glp hqvlrq1 Dvhfrqrp lvwvkdyh j dlqhg dffhvvwr ehwwhugdwd z lwk p ruh revhuyd0 wlrqv dfurvv wlp h/ xqghuvwdqglqj wkhvh surshuwlhv kdv j urz q lqfuhdvlqj o| lp sruwdqw1 Dq duhd ri sduwlfxodu frqfhuq lq wlp h vhulhvhfrqrp hwulfv lv wkh xvh ri qrq0vwdwlrqdu| gdwd1 Z lwk wkh ghvluh wr vwxg| wkh ehkdylru ri d furvv0vhfwlrq ri revhuydwlrqv ryhu wlp h dqg wkh lqfuhdvhg xvh ri sdqhogdwd/ rqh qhz uhvhdufk duhd lv h{dp lqlqj wkh surshuwlhv ri qrq0vwdwlrqdu| wlp h vhulhv gdwd lq sdqhoirup 1 Lwlv dq lqwulj xlqj t xhvwlrq wr dvn=krz h{dfwo| grhvwklvk| eulg vw| oh ri gdwd frp elqh wkh vwdwlvwlfdohohp hqwvri wudglwlrqdofurvv0vhfwlrqdo dqdo| vlv dqg wlp h vhulhv dqdo| vlvB Lq sduwlfxodu/ z kdwlv wkh fruuhfwz d| wr dqdo| }h qrq0vwdwlrqdulw| / wkh vsxulrxv uhj uhvvlrq sureohp / dqg frlqwhj udwlrq lq sdqhogdwdB

Wz r frp suhkhqvlyh ryhuylhz v ri wkh hfrqrp hwulfv ri sdqhogdwd kdyh ehhq sxeolvkhg/ Kvldr +4<; 9, dqg Edowdj l +4<<8,/ | hwqhlwkhu ri wkhvh errnv ghdoz lwk wkh lvvxhv ri qrq0vwdwlrqdulw| dqg frlqwhj udwlrq z lwklq sdqhogdwd1 Dgglqj wkh furvv0vhfwlrq glp hqvlrq wr wkh wlp h g| qdp lfv r�huv d uhdodgydqwdj h lq wkh whvwlqj

WDq hohfwurqlf yhuvlrq ri wkh sds hu lq s r vwvfuls wirup dwfdq eh uhwulhyhg iurp kwws=22z he1v| u1hgx2�fgndr1 Dgguhvv fruuh0 vs rqghqfh wr= F klkz d Ndr/ F hqwhu iru Srolf| Uhvhdufk/ 759 Hj j huv/ V| udfxvh Xqlyhuvlw| / V| udfxvh/ Q\ 4657704353>h0p dlo= fgndrCp d{z hoo1v| u1hgx1

iru qrq0vwdwlrqdulw| dqg frlqwhj udwlrq1 Wkh krsh ri wkh hfrqrp hwulfv ri qrq0vwdwlrqdu| sdqho gdwd lv wr frp elqh wkh ehvwri erwk z ruogv=wkh p hwkrg ri ghdolqj z lwk qrq0vwdwlrqdu| gdwd iurp wkh wlp h vhulhv dqg wkh lqfuhdvhg gdwd dqg srz hu iurp wkh furvv0vhfwlrq1 Wkh dgglwlrq ri wkh furvv0vhfwlrq glp hqvlrq/ xqghu fhuwdlq dvvxp swlrqv/ fdq dfwdv uhshdwhg gudz v iurp wkh vdp h glvwulexwlrq1 Wkxv dv wkh wlp h dqg furvv0 vhfwlrq glp hqvlrq lqfuhdvh/ h1j 1/ xvlqj wkh vht xhqwldoolp lwwkhru| ri Skloolsv dqg P rrq +4<<: ,/ sdqhowhvw vwdwlvwlfv fdq eh ghulyhg z klfk frqyhuj h lq glvwulexwlrq wr qrup doo| glvwulexwhg udqgrp yduldeohv1 Dovr z lwklq wkh whvwlqj iudp hz run/ wkh dgglwlrq ri wkh furvv0vhfwlrq glp hqvlrq vhhp lqj o| dggvsrz huwr wkh whvwv1

Wkh fkdoohqj h lq wdnlqj dgydqwdj h ri wkhvh surshuwlhv lv wkh gl! fxow| lq ghulylqj wkh p rp hqwv ri wkh frp soh{ frp elqdwlrqv ri Eurz qldq eulgj hv dqg ixqfwlrqdov ri Eurz qldq p rwlrq z klfk riwhq dulvh iurp wkh dv| p swrwlfv lq wkh wlp h vhulhv olwhudwxuh1 Vhyhudori wkh whvwv glvfxvvhg lq wklv sdshu xvh P rqwh Fduor vlp x0 odwlrqv/ dv lq wkh sxuh wlp h vhulhv olwhudwxuh/ wr slq grz q wkhvh p rp hqwv1 Dqrwkhu gl! fxow| z klfk grhv qrw glvdsshdu lq wkh sdqhovhwwlqj lv wkh gl! fxow| lq rewdlqlqj frqvlvwhqwhvwlp dwhv ri orqj 0uxq dxwrfryduldqfhv1

I lqdoo| / wkh sdqhovhwwlqj r�huv d ydulhw| ri p rghov=frp p rq lqwhufhswv/ frp p rq vorshv/ frp p rq lqwhufhswv dqg frp p rq vorshv/ gl�hulqj lqwhufhswv dqg gl�hulqj vorshv>z klfk kdyh vwurqj frqvht xhqfhv iru wkh hvwl0 p dwlrq1 Lq sduwlfxodu/ dv| p swrwlfv dqg hvwlp dwlrq ri frp p rq vorshv lv gl! fxow1 Dovr/ wkh krp rj hqhlw| ru khwhurj hqhlw| ri wkh ghwhup lqlvwlf wlp h vwuxfwxuh ri wkh furvv0vhfwlrqdorevhuydwlrqv qhhgv wr eh frqvlghuhg1

Xqlwurrwwhvwv lq wkh olwhudwxuh whvwwkh vwdwlrqdulw| ri d j lyhq vhulhv1 Wkhvh whvwv fdq eh dgdswhg iru uhvlgxdo0edvhg frlqwhj udwlrq whvwve| whvwlqj wkh vhulhvri hvwlp dwhg uhvlgxdoviruvwdwlrqdulw| 1 Wkhuh duh xqlw urrwwhvwvirusdqhogdwd douhdg| lq wkh olwhudwxuh vxfk dvOhylq dqg Olq +4<<6,/ Lp / Shvdudq dqg Vklq +4<<8, dqg P dggdod dqg Z x +4<<9,1 Rqfh dj dlq/ dv lq wkh wlp h vhulhv fdvh/ p rylqj iurp wkh xqlwurrwwhvwv wr frlqwhj udwlrq whvwv lv frp solfdwhg e| wkh hvwlp dwlrq1 Wkh frlqwhj udwlrq whvwv z klfk whvwwkh qxook| srwkhvlv ri qr frlqwhj udwlrq p xvwwdnh lqwr frqvlghudwlrq wkh vr0fdoohg �vsxulrxv uhj uhvvlrq� sureohp 1 Whvwv edvhg rq wkh qxook| srwkhvlv ri frlqwhj udwlrq p xvwwdnh lqwr frqvlghudwlrq h! flhqwhvwlp dwlrq ri d frlqwhj udwhg uhodwlrqvkls1 I xuwkhu/ wkh frqfhswri �srrohg� hvwlp dwlrq lv gl�huhqwiurp srrolqj wkh furvv0vhfwlrq whvwlqj uhvxowv1 Lq wkh fdvh ri xqlwurrwwhvwlqj / p rvwwhvwv wuhdwhdfk lqglylgxdofurvv0vhfwlrq lqghshqghqwo| 1 Lq wkh fdvh ri frlqwhj udwlrq/ wuhdwlqj hdfk furvv0vhfwlrq lqghshqghqwo| p d| wudqvodwh lqwr doorz lqj iru ydu| lqj vorshv dqg ydu| lqj lqwhufhswv1 Wklv kdv vwurqj lp solfdwlrqv iru wkh p rgho1

Wklv sdshu rxwolqhv dqg frp sduhv wkuhh uhfhqwvwxglhv z klfk suhvhqwsdqhogdwd whvwv iru frlqwhj udwlrq=

Ndr +4<<: ,/ Shgurql +4<<8, dqg P fFrvnh| dqg Ndr +4<<: ,1 Wkh �uvwwz r duwlfohv suhvhqwwhvwv ri wkh qxoo ri qr frlqwhj udwlrq dqg wkh odvwd whvwri wkh qxoori frlqwhj udwlrq1

Dwohdvwd eulhi p hqwlrq vkrxog eh j lyhq wr wkh g| qdp lfv ri wkh uhodwlrqvkls ehwz hhq wlp h vhulhv hfrqr0 p hwulfv dqg hfrqrp lf wkhru| 1 P rvwghyhorsp hqwv z lwklq wkh wlp h vhulhv olwhudwxuh kdyh ehhq fulwlfl}hg dv

kdylqj p ruh wr gr z lwk d sduwlfxodu gdwd vhwwkdq hfrqrp lf wkhru| lq j hqhudo1 Wr eh vxuh/ wkhuh lv qr hfrqrp lf wkhru| ehklqg wkh whfkqlt xhv xvhg wr hvwlp dwh odj rughuv iru dxwruhj uhvvlyh uhsuhvhqwdwlrqv/ iru h{dp soh1 \ hwwkh frlqwhj udwlrq olwhudwxuh r�huv d surp lvlqj furvv0ryhu ehwz hhq hfrqrp lf wkhru| dqg hfrqr0 p hwulf whfkqlt xhv1 Wkh huuru0fruuhfwlrq irup / iru h{dp soh/ fdswxuhv vkruwuxq ghyldwlrqv iurp wkh orqj uxq uhodwlrqvkls ehwz hhq qrq0vwdwlrqdu| yduldeohv1 Z kloh wklv wkhru| kdv qrwehhq wrwdoo| uhvroyhg/ lwdwohdvw j lyhv d sudfwlfdop rwlydwlrq iru wkhrulvwv lq doo�hogv wr idp loldul}h wkhp vhoyhv z lwk dssolhg wlp h vhulhv whfk0 qlt xhv1 Wkh Hfrqrp lf Mrxuqdo +Mdq 4<<: , lqfoxghv d glvfxvvlrq ri wkh sklorvrsk| ri p rghoolqj wkh orqj uxq xvlqj wlp h vhulhv dqg frlqwhj udwlrq uhvxowv1 Lqfoxghg lq wkh mrxuqdoduh duwlfohv e| Wd| oru dqg Gl{rq/ J udqj hu/ Shvdudq/ dqg Kduyh| 1 Wkh p dmru lvvxh p hqwlrqhg iru sdqhogdwd lq wklv glvfxvvlrq lv wkh lvvxh ri krz vlp lodu duh wkh furvv0vhfwlrqv lq wkh sdqhodqg wkh gl! fxowlhv ri srrolqj khwhurj hqhrxv furvv0vhfwlrqv1 Wkh sdshulv rxwolqhg dviroorz v=Vhfwlrq 5 lqwurgxfhv wkh whvwvri wkh qxook| srwkhvlvri qr frlqwhj udwlrq lq sdqhogdwd erwk fxuuhqwo| lq wkh olwhudwxuh dqg sursrvhg iru wkh �uvwwlp h khuh>Vhfwlrq 6 vxp p dul}hv wkh whvwri wkh qxook| srwkhvlv ri frlqwhj udwlrq lq sdqhogdwd ghvfulehg lq ghwdlolq Fkdswhu 5 ri wkh sdshu> Vhfwlrq 7 h{sodlqv wkh P rqwh Fduor ghvlj q iru wkh frp sdulvrq ri wkh whvwv>Vhfwlrq 8 vxp p dul}hv wkh uhvxowv ri wkh P rqwh Fduor h{shulp hqw>Vhfwlrq 8 lv wkh frqfoxvlrq ri wkh fkdswhu1

D z rug rq qrwdwlrq xvhg wkurxj krxwwkh sdshu=lqwhj udov olnh

⊎_4 3 Z +v,gv dv ⊎ Z duh xvhg z khq wkhuh lv qr dp elj xlw| ryhu olp lwv/ fl^{4∂5} lv gh�qhg dv dq| p dwul{ vxfk wkdwfl @ ] fl^{4∂5} ⌊] fl^{4∂5} ⌊^∋ >^s↔ lv xvhg wr ghqrwh frqyhuj hqfh lq suredelolw| / ⇔ wr ghqrwh z hdn frqyhuj hqfh/ L+4, wr vlj qli| d wlp h vhulhv wkdwlv lqwhj udwhg ri rughu rqh/ dqg EP +fl, wr ghqrwh Eurz qldq p rwlrq z lwk fryduldqfh p dwul{ fl1 Dooolp lwv lq wklv sdshu duh wdnhq dv W↔ △ dqg iroorz hg e| Q ↔ △ vht xhqwldoo| ri Skloolsv dqg P rrq +4<<: ,>h{fhswz khuh rwkhuz lvh qrwhg1

5 Whvwlqj ir u F r lqwhj udwlr q lq Sdqhov z lwk wkh QxooK| s r wkhvlv r i Qr F r lqwhj udwlr q

Wkh �uvwuhvlgxdo0edvhg whvwv ri frlqwhj udwlrq lq erwk wkh wlp hv vhulhv dqg sdqhogdwd olwhudwxuh z huh edvhg rq wkh qxook| srwkhvlvri qr frlqwhj udwlrq1 Wkhvh whvwvduh edvhg rq wkh sulqflsoh ri ghflglqj z khwkhuruqrw wkh huuru surfhvv ri wkh uhj uhvvlrq ht xdwlrq lv vwdwlrqdu| 1 Wklv vhfwlrq suhvhqwv whvwv ri wkh qxook| srwkhvlv ri qr frlqwhj udwlrq iru sdqhogdwd fxuuhqwo| dydlodeoh lq wkh olwhudwxuh1 Ehfdxvh wkh whvwv duh uhvlgxdo0edvhg whvwv/ rewdlqlqj j rrg hvwlp dwhvri wkh uhvlgxdov lv wkh �uvwqhfhvvdu| vwhs lq rewdlqlqj d j rrg uhvlgxdo0edvhg whvw1 Wkh dv| p swrwlf surshuwlhvri wkh uhvlgxdo0edvhg whvwvz looghshqg rq wkh dv| p swrwlfvri wkh hvwlp dwruv1 Wkh whvwv duh ghulyhg xqghu wkh dvvxp swlrq ri d vsxulrxv uhj uhvvlrq dqg duh edvhg rq ROVhvwlp dwlrq1

514 Ndr +4<<: ,

D z hoonqrz q uhvxowiurp wkh wlp h vhulhv olwhudwxuh lv wkdwuhj uhvvlqj d qrq0vwdwlrqdu| yduldeoh rq d yhfwru ri qrq0vwdwlrqdu| yduldeohv p d| ohdg wr vsxulrxv uhj uhvvlrq uhvxowv1 Lq Ndr +4<<: , uhvxowv duh r�huhg iru wkh dv| p swrwlfv ri vsxulrxv uhj uhvvlrq z lwklq d sdqhogdwd vhwwlqj 1 Wkh vshfl�fdwlrq ri wkh sdqhop rghodoorz v iru gl�hulqj lqwhufhswv dfurvv furvv0vhfwlrqv dqg frp p rq vorshv1 I xuwkhu/ wkh orqj 0uxq yduldqfh fryduldqfh p dwul{ lv dvvxp hg wkh vdp h iru doofurvv0vhfwlrq revhuydwlrqv1

Z lwklq wkh wlp h vhulhv olwhudwxuh +h1j 1/ Skloolsv/ 4<; 9, lwkdv ehhq vkrz q wkdwz lwk d vsxulrxv uhj uhvvlrq=

+d, wkh ROVhvwlp dwrufrqyhuj hvwr d udqgrp yduldeoh>z klfk lp solhv+e, wkh ROVhvwlp dwrulvqrwfrqvlvwhqw> dqg +f, wkh w0vwdwlvwlf glyhuj hv1 Wkh frqvht xhqfh ri wkhvh surshuwlhvlvwkdwd vsxulrxvuhj uhvvlrq z rxog whqg wr vkrz dq dssduhqwo| vlj ql�fdqwuhodwlrqvkls hyhq li wkh yduldeohvduh j hqhudwhg lqghshqghqwo| 1 Wkh uhvxowv iru ohdvwvt xduh gxp p | yduldeoh +OVGY, hvwlp dwlrq ri sdqhogdwd duh vrp hz kdwp ruh hqfrxudj lqj 1 Ndr vkrz hg wkdw+d, wkh dgglwlrq ri wkh furvv0vhfwlrq glp hqvlrq doorz v wkdwdq dssursuldwh qrup dol}dwlrq ri wkh hvwlp dwhg sdudp hwhufrqyhuj hvlq glvwulexwlrq wr d qrup do/ p hdq }hur/ udqgrp yduldeoh>+e, hyhq wkrxj k wkh p rgholv p lvvshfl�hg wkh OVGY hvwlp dwru lv frqvlvwhqw>dqg +f, wkh w0vwdwlvwlf vwlooglyhuj hv1

Wkhvhdv| p swrwlfvrq wkhvsxulrxvuhj uhvvlrq duhfuxfldoiruwhvwlqj wkhqxoori qr frlqwhj udwlrq1Xqghuwkh qxook| srwkhvlv ri qr frlqwhj udwlrq wkh uhvlgxdov uht xluhg iru wkh whvwqhhg wr eh hvwlp dwhg/ e| frqvwuxfwlrq/ iurp d vsxulrxv uhj uhvvlrq1 Wkh uhvlgxdoedvhg whvwlv ht xlydohqwwr whvwlqj iru d xqlwurrwlq wkh OVGY hvwlp dwhg uhvlgxdov1 Xvlqj wkh sdqhop rgho/ wkh Glfnh| 0I xoohu +GI , dqg Dxj p hqwhg Glfnh| I xoohu +DGI , whvwvwdwlvwlfv/ diwhudssursuldwhqrup dol}dwlrqvz loofrqyhuj h lq glvwulexwlrq wr udqgrp yduldeohvz lwk qrup do glvwulexwlrqv1

Ndr suhvhqwv wz r vhwv ri vshfl�fdwlrqv iru wkh GI whvwvwdwlvwlfv1 Wkh �uvwvhwri whvwvwdwlvwlfv ghshqgv gluhfwo| rq h! flhqwhvwlp dwlrq ri orqj uxq sdudp hwhuv1 Wkh vhfrqg vhwri whvwvwdwlvwlfv grhv qrw1

Wkh GI w| sh whvwiurp Ndr iroorz v wkh iroorz lqj p rgho= ȷ^{lw}@δ^l . ϵı^{lw}. h^{lw}>l @4>///>Q>w@4>///>W +4, ȷ^{lw}@ȷ^{lw∗ 4} . x^{lw} +5, ı^{lw}@ı^{lw∗ 4} . ϱ^{lw}/ +6, Dv erwk ȷ^{lw} dqg ı^{lw} duh udqgrp z donv/ lwiroorz v wkdwxqghu wkh qxoo k| srwkhvlv ri qr frlqwhj udwlrq/ wkh uhvlgxdovhulhv/ h^{lw} vkrxog eh qrq0vwdwlrqdu| 1 Wkh p rghokdv ydu| lqj lqwhufhswv dfurvv wkh furvv0vhfwlrq

revhuydwlrqv/ wkh �{hg h�hfwv vshfl�fdwlrq/ dqg frp p rq vorshv dfurvv l1 Z lwk wklv p rgho/ wkh GI whvwfdq eh fdofxodwhg iurp wkh hvwlp dwhg uhvlgxdov dv=

ah_{lw}@υah_{lw∗ 4} . ρ_{lw}> +7, z khuh ah_{lw} lv wkh hvwlp dwhg uhvlgxdori +4,1

Wr whvwwkh qxook| srwkhvlvri d qrq0vwdwlrqdulw| / wkh qxoofdq eh z ulwwhq dvK_3 =υ @41 Wkh ROVhvwlp dwh ri υ lv j lyhq e| =

aυ @ ⋃_Q l@4 ⋃_W w@5 ah_{lw}ah_{lw∗ 4} ⋃_Q l@4 ⋃_W w@5 ah^5_{lw}

/ +8,

Ndr surylghv wkh iroorz lqj dv| p swrwlf uhvxowv= ∫ QW+aυ ∗ 4, ∗ ∫ Q π_{8W} π_{9W} ⇔ Q+3>6. : /5ϕ^7_y ϕ^7_{r y} ,> dqg w_υ ∗ ∫ Qπ_{8W} v∫ π_{9W} ⇔ Q+3> ϕ^5_{r y} 5ϕ^5_y . 6ϕ^5_y 43ϕ^5_{r y} ,> z khuh π_{8W} @H^ 4 W Ψ^W_{w@5}ah_{lw∗ 4Ξ} ah_{lw∗ 4}‘>

π_{9W} @H^ 4 W^5

Ψ^W_{w@5}ah^5_{lw∗ 4}‘>

ϕ^5_{3y} @ϕ^5_{3x} ∗ ϕ^5_{3xϱ} ϕ^5_{3ϱ} dqg ϕ^5_y @ϕ^5_x ∗ ϕ^5_{xϱ} ϕ^5_ϱ / Wkholp lwlqj glvwulexwlrqvkdyhwz r yhu| qlfhihdwxuhv=wkh| duherwk dv| p swrwlfdoo| / qrup doo| glvwulexwhg dwp hdq }hur1Krz hyhu/ wkh| dovr frqwdlq qxlvdqfh sdudp hwhuvlq wkh glvwulexwlrqvz klfk duh suhvhqwehfdxvh ri srvvleoh orqj uxq z hdn h{rj hqhlw| dqg vhuldo fruuhodwlrq lq wkh huuruv1 Dv lq p rvwri wkh wlp h vhulhv olwhudwxuh/ j rrg hvwlp dwhv ri wkhvh orqj uxq sdudp hwhuv duh qhfhvvdu| 1 Li z_{lw}@+x_{lw}>ϱ_{lw},^∋/ hvwlp dwhv ri wkhvh qxlvdqfh sdudp hwhuv z rxog eh edvhg rq wkh orqj 0uxq yduldqfh fryduldqfh p dwul{ ri z_{lw}1 Qrwh wkdwlq wkh vshfldofdvh z lwk rqh uhj uhvvru/ fl z looeh d 5 ⋄ 5 p dwul{/ z lwk ♭_{lw}dvd W⋄ n p dwul{/ fl z rxog eh d +n. 4,⋄ +n . 4, glp hqvlrq p dwul{ z lwk z_{lw}@+x_{lw}>ϱ_{lw},^∋1

Gh�qh

fl @ olp^{W↔ △} 4 W H+ W⋃ w@4 z^{lw},+ W⋃ w@4 z^{lw},_∋ @Ψ . Λ . Λ_∋ @ ϕ_{5r x} ϕ_{r xϱ} ϕ^{r xϱ} ϕ_5^{r ϱ} > +9,

Λ @ olp^{W↔ △} 4 W W∗ 4⋃ n@4 W⋃ w@n. 4 H+z^{lw}z_∋^{lw∗ n}, @ Λ_x Λ_{xϱ} Λ^{xϱ} Λ^ϱ > +: , dqg

Ψ @ olp^{W↔ △} 4 W W⋃ w@4 H+z^{lw}z_∋^{lw}, @ ϕ_{5x} ϕ_{xϱ} ϕ^{xϱ} ϕ_5^ϱ / +; , Lq wklv iudp hz run/ Ψ/ fdq eh wkrxj kwri dv wkh frqwhp srudqhrxv fruuhodwlrq dqg Λ dv wkh fruuhodwlrq dfurvv wlp h1 D vshfldofdvh ri wklv orqj uxq uhodwlrqvkls lv z khq wkhuh lv vwurqj h{rj hqhlw| dqg qr vhuldo fruuhodwlrq1 Lq wkdwfdvh/ Λ @ 3/ dqg ϕ_5^x @ ϕ_5^{r x} @ ϕ_5^y @ ϕ_5^{r y}1 Wklv gh�qlwlrq ri wkh orqj uxq yduldqfh fryduldqfh p dwul{ lv xvhg wkurxj krxwwkh wlp h vhulhv olwhudwxuh dqg lv dvvxp hg iru wkh hqwluhw| ri wkh sdshu1

Wkh vhfrqg whvwiurp Ndr lv wkh DGI w| sh ri wkh uhj uhvvlrq= ah^{lw}@υah^{lw∗ 4} . s⋃ m@4 ς^mΞ ah^{lw∗ m}. y^{lws} / +<, Wkh odj v duh dgghg lq wkh DGI vshfl�fdwlrq wr wdnh fduh ri srvvleoh dxwrfruuhodwlrq dqg wkh qxp ehu ri odj v/ s>vkrxog eh fkrvhq vxfk wkdwwkh uhvlgxdovhulhv/ y^{lws} >lvqrwvhuldoo| fruuhodwhg z lwk sdvwhuuruv1 Lq wklv fdvh/ wkh whvwvwdwlvwlf iruwkh qxook| srwkhvlvri qr frlqwhj udwlrq vkrxog eh edvhg rq wkh w0vwdwlvwlf iruυ @41 w^{DGI} @+aυ ∗ 4, ⌋ Ψ_Q^{l@4}+h_∋^lT^lh^l, ⌈4^5 v^y > +43, dqg T^l @L∗ ♭^{ls} +♭_∋^{ls} ♭^{ls} ,_{∗ 4}♭_∋^{ls} > z khuh ♭^{ls} lv wkh p dwul{ ri revhuydwlrqv rq s uhj uhvvruv +Ξ ah^{lw∗ 4}>Ξ ah^{lw∗ 5} >1111>Ξ ah^{lw∗ s} ,/ v_5^y @ 4 QW Ψ_Q^{l@4}Ψ_W^{w@4}ay_5^{lws} > dqg h^l lv d yhfwru ri ah^{lw∗ 4}/

Ndr j lyhv wkh dv| p swrwlf uhvxowv iru wkh DGI w| sh whvw= w^υ ∗ ∫ Qπ^{: W} v∫ π^{9W} ⇔ Q+3> ϕ_5^{r y} 5ϕ_5^y . 6ϕ_5^y

43ϕ_5^{r y} ,>

z khuh π_{: W} @Hĥ^∋_lT_ly_l‘ dqg π_{; W} @H^ 4 W^5 h^∋_lT_lh_l‘/ Wkh fruuhfwhg w0vwdwlvwlf kdv wkh vdp h dv| p swrwlf glvwulexwlrq dv wkh GI w| sh whvw1 Dj dlq/ wkh olp lwlqj glvwulexwlrq lv edvhg rq qxlvdqfh sdudp hwhuv1 Wr vxp p dul}h/ Ndr frp sduhv wkh iroorz lqj �yh whvwv wkurxj k P rqwh Fduor vlp xodwlrq= GI_υ @ ∫ QW+aυ ∗ 4, . 6 ∫ 6 ∫ 43/5 > GI_w@ ∫ 4/58w_υ . ∫ 4/; :8Q> GI^±_υ @ ∫ QW+aυ ∗ 4, .^6 ∫ Q aϕ^5_y ϕ^5_{r y}

6.^{: /5aϕ 7y}_{aϕ 7r y} >

GI^±_w @ w_υ .^{∫ 9Q aϕ y}_{5aϕ r y} a_{ϕ 5r y} 5aϕ^5_y .

6aϕ^5_y 43aϕ^5_{r y} > dqg DGI @ w_{DGI} .^{∫ 9Q aϕ y}_{5aϕ r y} a_{ϕ 5r y} 5aϕ^5_y .

6aϕ^5_y 43aϕ^5_{r y} / Z h h{shfwwkdwGI^±_υ >GI^±_w dqg DGI z loofrqyhuj h wr Q+3>4, lq glvwulexwlrq1 GI_υ dqg GI_w duh edvhg rq wkh uhvxowv ri dvvxp lqj vwurqj h{rj hqhlw| ri wkh uhj uhvvru dqg huuru dqg qr dxwrfruuhodwlrq1 Wkhvh whvwv gr qrwuht xluh hvwlp dwhv ri wkh orqj 0uxq yduldqfh0fryduldqfh p dwul{ dv wkh rwkhuv gr1

Wkhvh vwdwlvwlfv duh ghulyhg iurp wkh dv| p swrwlf uhvxowv ri wkh sdshu dqg duh edvhg rq frqyhuj hqfh dv W ↔ △ = π_{8W}^s↔ ∗^{ϕ 5y}_5 > π_{: W}^s↔ ∗^{ϕ 5r y}_5 π_{9W}^s↔^{ϕ 5r y}_9 > π_{; W}^s↔^{ϕ 5r y}_9 / Wkhlp sruwdqwhp slulfdovl}huhvxowvri wkhP rqwhFduor whvwviruwkhvhuhvlgxdoedvhg whvwvxvlqj rqh0vlghg vwdqgdug qrup dofulwlfdoydoxhv duh wkh iroorz lqj =doori wkh whvwv vkrz vl}h glvwruwlrqv z khq Wlv vp doo>wkh GI whvwvwdwlvwlfvz klfk xwlol}hh! flhqwhvwlp dwlrq ri orqj 0uxq sdudp hwhuvrxwshuirup wkhrwkhuwhvwvlq whup v ri vl}h glvwruwlrq1 Wkh uhvxowviruxqdgmxvwhg srz huduh=doowhvwvkdyh vp doosrz huz lwk vp dooWdqg Q>z lwk Wlqfuhdvhg wr dwohdvw58/ wkh GI vwdwlvwlfvz klfk xvh wkh orqj uxq hvwlp dwhvgrp lqdwh hyhq wkh DGI 1Z khq orrnlqj dwwkh urexvwqhvv ri wkh whvwv dfurvv vshfl�fdwlrqv iru d p rylqj dyhudj h frp srqhqw/ yduldqfh dqg furvv0fruuhodwlrqv/ wkh glvwulexwlrqviruwkh DGI dqg GI vwdwlvwlfvz lwk dssursuldwh orqj uxq qrup dol}dwlrqv fdq eh idu iurp wkh vwdqgdug qrup doglvwulexwlrqv suhglfwhg e| wkhru| 1 Wkhuhiruh dq lp sruwdqwfrqfoxvlrq :

ri wkh sdshu lv wkdwwkh GI vwdwlvwlfv z klfk gr qrwghshqg rq wkh hvwlp dwlrq ri orqj 0uxq sdudp hwhuv duh p xfk p ruh urexvwwr gl�huhqwvshfl�fdwlrqv lq wkh gdwd1 Wklv uhvxowlv gxh wr wkh gl! fxow| ri rewdlqlqj j rrg uhvxowviruwkhvh orqj uxq hvwlp dwhvxqghugl�huhqwvshfl�fdwlrqvlq wkh vdp soh vl}hvihdvleoh irudssolhg uhvhdufk z run1

Wkhuhvlgxdo0edvhg whvwvsuhvhqwhg lq Ndr ghshqg rq hvwlp dwhvri wkhorqj uxq yduldqfh0fryduldqfh p dwul{ wr fruuhfwiru qxlvdqfh sdudp hwhuv rqfh wkh olp lwlqj glvwulexwlrqv kdyh ehhq irxqg1 Dqrwkhu dssurdfk wr whvwlqj kdv ehhq wr dgdswdq dssurdfk z khuh wkh yduldeohv duh fruuhfwhg iru wkh orqj 0uxq h�hfwv ehiruh wkh whvwvwdwlvwlfv duh fdofxodwhg1 Wkhvh whvwvwdwlvwlfv kdyh wkh dgydqwdj h wkdwwkhlu olp lwlqj glvwulexwlrqv duh iuhh ri qxlvdqfh sdudp hwhuv1 Vxfk whvwvwdwlvwlfv duh glvfxvvhg lq Shgurql +4<<8,1

515 Shgur ql +4<<8,

Dqrwkhu sdshu ghdolqj z lwk uhvlgxdoedvhg whvwv lq wkh suhvhqfh ri wkh vsxulrxv uhj uhvvlrq sureohp lv wkh sdshu e| Shgurql +4<<8,1 Wkh uhvxowv ri wkh sdshu duh yhu| vlp lodu wr wkh sdshu e| Ndr +4<<: , z lwk wz r lp sruwdqwgl�huhqfhv= +d, Shgurql edvhv klv uhvlgxdowhvwv qrwrq wkh sdudp hwulf GI dqg DGI whvwv/ exw udwkhurq wkh qrq0sdudp hwulf Skloolsv0Shuurq whvwiruqrq0vwdwlrqdulw| >dqg +e, Shgurql lqyhvwlj dwhvd ydulhw| ri gl�huhqwp rghov z lwk gl�huhqwsdqhovshfl�fdwlrqv1

Lq klv sdshu/ Shgurql doorz v gl�huhqwdvvxp swlrqv rq wkh krp rj hqhlw| dqg khwhurj hqhlw| ri wkh sdqho gdwd1 Lq sduwlfxodu/ Shgurql lqwurgxfhv d p rghoz klfk doorz v iru gl�hulqj lqwhufhswv dqg gl�hulqj vorshv dqg khwhurj hqrxv orqj 0uxq yduldqfh fryduldqfh p dwulfhv1 Wkh t xhvwlrq ri frp p rq ru gl�hulqj vorshv lv dq lp sruwdqwrqh1 Li vorshv duh doorz hg wr gl�hu dfurvv wkh furvv0vhfwlrqv wkdq hvwlp dwlrq ri wkh vorshv z looeh ht xlydohqwwr hvwlp dwlrq lq wkh vwulfwwlp h vhulhv fdvh1 Li wkh vorshv duh uhvwulfwhg wr d frp p rq ydoxh wkhq wkh hvwlp dwlrq z loouht xluh p ruh frp soh{/ srrohg whfkqlt xhv1

Xvlqj d srrohg xqvwdqgdugl}hg yhuvlrq ri wkh Skloolsv dqg Shuurq vwdwlvwlf/ Shgurql �qgv wkdwp rghov z lwk frp p rq vorshv dqg krp rj hqhrxv huuruv surgxfh vwdwlvwlfv z klfk frqyhuj h lq glvwulexwlrq wr qrup do udqgrp yduldeohv1 Wklv uhvxowlv dqdorj rxv wr wkh uhvxowiurp Ndr +4<<: ,/ h{fhswwkdwShgurql*v uhvxowv +vhh klv Sursrvlwlrq 5, duh edvhg rq wkh ryhuo| uhvwulfwlyh dvvxp swlrq wkdwwkh uhj uhvvruv duh vwulfwo| h{rj hqrxv1

Z khq sdqhov duh doorz hg p ruh khwhurj hqhlw| / wkh vwdwlvwlfv duh p ruh frp soh{ dqg ghshqg rq yduldqfh udwlr vwdwlvwlfv dv z hoodv P rqwh Fduor j hqhudwhg hp slulfdop rp hqwv1 Krz hyhu/ z lwk wkh dssursuldwh lqirup dwlrq dqg qrup dol}dwlrq/ wkhvh vwdwlvwlfv/ wrr/ z loofrqyhuj h lq glvwulexwlrq wr qrup doudqgrp yduldeohv1

Wkh �uvwwhvwiurp Shgurql lvedvhg rq d srrohg Skloolsvdqg Shuurq w| sh whvw1 Wkh sdqhop rghodvvxp hv frp p rq vorshv dqg frp p rq lqwhufhswv1 Wklv krp rj hqhlw| kdv wkh lqwhusuhwdwlrq wkdwxqghu wkh dowhuqdwh k| srwkhvlv/ wkh frlqwhj udwlqj yhfwru iru hdfk furvv0vhfwlrq lv lghqwlfdo1 Wkh p rgholv dovr j hqhudohqrxj k wr

;

whup lq wkh vsxulrxv uhj uhvvlrq1 Wkxv z kloh aξ^l fruuhfwv iru fruuhodwlrq h�hfwv/ wkhuh duh qr fruuhfwlrqv p dgh iru srvvleoh z hdn h{rj hqhlw| 1

Wkh vhfrqg vhwri vwdwlvwlfv iurp wkh Shgurql sdshu duh edvhg rq d khwhurj hqhrxv sdqhop rghoz klfk doorz v wkh frlqwhj udwlqj yhfwruv xqghu wkh dowhuqdwlyh k| srwkhvlv wr ydu| dfurvv wkh furvv0vhfwlrq= ȷ^{lw}@δ^l . ϵ^lı^{lw}. h^{lw}>l @4>///>Q>w@4>///>W +48, z khuh ȷ^{lw} dqg ı^{lw} duh dj dlq udqgrp z donv1

Xvlqj frqvlvwhqwhvwlp dwhv ri fl/ wkh orqj 0uxq yduldqfh0fryduldqfh p dwul{ j lyhq lq wkh suhylrxv vhfwlrq/ gh�qh aO^l wr eh wkh orz hu wuldqj xodu Fkrohvn| frp srvlwlrq ri afl vxfk wkdwlq wkh vfdodu fdvh aO^{55l} @ aϕ^ϱ dqg aO^{44l} @aϕ_5^x ∗_{aϕ 5}x ϱ^{aϕ 5ϱ} / wkh orqj 0uxq frqglwlrqdoyduldqfh1

Shgurql gh�qhv wkh iroorz lqj dv sdqhoyduldqfh udwlr vwdwlvwlfv=

♯^{ayQ W} @_4

+Ψ_Q^{l @4} Ψ_W^{w@5} aO_{∗ 5}^{44l} ah_5^{l w∗ 4} , > ♯^{aυQ W} @_{Ψ Ql @4 Ψ Ww@5 aO∗ 544l +ahl w∗ 4 ahl w∗ aξ l ,} +Ψ_Q^{l @4} Ψ_W^{w@5} aO_{∗ 5}^{44l} ah_5^{l w∗ 4} , > dqg ♯^{waυ Q W} @_{Ψ Ql @4 Ψ Ww@5 aO∗ 544l +ahl w∗ 4Ξ ahl w∗ aξl ,} �ϕ_5^{Q W}+Ψ_Q^{l @4} Ψ_W^{w@5} aO_{∗ 5}^{44l} ah_5^{l w∗ 4} , >

z khuh

�ϕ^{Q W} @ 4 Q Q⋃ l@4 + aϕ^l aO^{44l} ,_5> aξ^l @4 5 +aϕ_5^l ∗ av_5^l ,> dqg av_5^l @ 4 W W⋃ w@4 ~θ_5^{lw}/ Wkhvh fruuhfwlrqvduh qrz �frp sohwh� lq wkh vhqvh wkdwaO^{44l} dqg aξ^l wdnh lqwr dffrxqwwkh ixoolqirup dwlrq iurp wkh orqj 0uxq yduldqfh0fryduldqfh p dwul{ dqg iru furvv0fruuhodwlrq1 Ohwλ dqg ϑ vlj qli| wkh p hdq dqg yduldqfh iru χ @+ ⊎ T_5> ⊎ TgT>�ϵ_5,/ d yhfwru ri ixqfwlrqdov ri Eurz qldq p rwlrq1

Gh�qh

�ϵ @ ⊎ YZ ⊎ Z_5 T @Y ∗ �ϵZ > dqg ϑ^{+l,} >l @4>5>6 uhihuv wr l { l xsshu vxe0p dwul{ ri ϑ/

Shgurql vxj j hvwhg wkh iroorz lqj uhvxowv=

WQ^{65} ♯_{ayQ W} ⇔ 4 4 Q Ψ^Q_{l@4}T^5_l >

W ∫ Q+♯_{aυQ W} ∗ 4, ⇔ 4∫ Q Ψ^Q_{l@4} ⊎ T_lgT_l 4 Q Ψ^Q_{l@4} ⊎ T^5_l > dqg

♯_{waυQ W} ⇔ 4∫ Q Ψ^Q_{l@4} ⊎ T_lgT_l +^4_Q Ψ^Q_{l@4} ⊎ T^5_l ,+4.^4_Q Ψ^Q_{l@4}�ϵ^5_l ,

> +49,

dv W↔ △ /Khqfh Shgurql fodlp hg wkdw=

WQ^{65} ♯_{ayQ W} ∗ ∫ Q λ_4

⇔ Q+3>ω^∋_{+4,} ϑ_{+4,} ω_{+4,} ,>

W ∫ Q+♯_{aυQ W} ∗ 4, ∗ ∫ Qλ_5 λ_4

⇔ Q+3>ω^∋_{+5,} ϑ_{+5,} ω_{+5,} ,> dqg ♯_{waυQ W} ∗ λ_5 ∫ Q √ λ_4+4. λ_6,

⇔ Q+3>ω^∋_{+6,} ϑ_{+6,} ω_{+6,} ,>

z khuh ω_{+4,} @∗ 4 λ^5_4 > ω^∋_{+5,} @+ 4 λ_4 > λ_5 λ^5_4 ,> dqg ω^∋_{+6,} @+ 4 √ λ_4+4. λ_6, >∗ 4 5 λ_5 λ^{65}_4 ∫ 4. λ_6 >∗ 4 5 λ_5 ∫ λ_4+4. λ_6,^65 ,/ Ehfdxvh wkh p rgholvedvhg rq ydu| lqj vorshvdqg lqwhufhswv/ hdfk furvv0vhfwlrq lvhvwlp dwhg lqglylgxdoo| 1 Lwlvfohduwkdwwkh dv| p swrwlf glvwulexwlrqv/ wkhq/ duh edvhg rq wkh p hdqvri ixqfwlrqdovri Eurz qldq p rwlrq dffrxqwlqj iruwkh lqghshqghqfhdfurvvwkh furvv0vhfwlrqdorevhuydwlrqv1Wkh olp lwlqj glvwulexwlrqvduh iuhh ri qxlvdqfh sdudp hwhuvdvwkh p rp hqwvri wkh ixqfwlrqdovri Eurz qldq p rwlrq duh lqghshqghqwri wkh gdwd dqg fdq eh irxqg e| P rqwh Fduor vlp xodwlrq1 Wkxv/ z lwk wkh P rqwh Fduor uhvxowv wkh dv| p swrwlf glvwulexwlrqv fdq eh z ulwwhq dv= WQ^{65} ♯_{ayQ W} ∗ ; /95 ∫ Q ⇔ Q+3>93/: 8,> W ∫ Q+♯_{aυQ W} ∗ 4, . 9/35 ⇔ Q+3>64/5: ,>

dqg ♯^{waυQ W} . 4/: 6 ∫ Q ⇔ Q+3>3/¡6,/ Qrwh wkdwwkhvh glvwulexwlrqv dsso| wr wkh p rgholqfoxglqj dq lqwhufhswdqg qrwlqfoxglqj d wlp h wuhqg1

Dv| p swrwlf uhvxowvirurwkhup rghovshfl�fdwlrqvfdq ehirxqg lq Shgurql +4<<8,1Wkhlqwxlwlrq rq wkhvhwhvwv z lwk ydu| lqj vorshvlvqrwvwudlj kwiruz dug1Wkhfrqyhuj hqfhlq glvwulexwlrq lvedvhg rq lqglylgxdofrqyhuj hqfh ri wkh qxp hudwru dqg ghqrp lqdwru whup v1 Z kdwlv wkh lqwxlwlrq ri uhmhfwlrq ri wkh qxook| srwkhvlvB D p ruh vwudlj kwiruz dug whvwfrxog ehedvhg rq wkh ryhudoodyhudj hdfurvvwkhfurvv0vhfwlrqdoxqlwvri d qrq0sdudp hwulf whvwvwdwlvwlf1 Xvlqj wkh dyhudj h ri wkh ryhudoowhvwvwdwlvwlf doorz v p ruh hdvh lq lqwhusuhwdwlrq= uhmhfwlrq ri wkh qxook| srwkhvlv p hdqv wkdwhqrxj k ri wkh lqglylgxdofurvv0vhfwlrqv kdyh vwdwlvwlfv �idu dz d| � iurp wkh p hdqv suhglfwhg e| wkhru| z huh wkh| wr eh j hqhudwhg xqghu wkh qxoo1

I lqdoo| / Shgurql glvfxvvhvdq dssolfdwlrq ri klvwhvw/ srrolqj furvv0frxqwu| uhvxowvrq wkhsxufkdvlqj srz hu sdulw| k| srwkhvlv1 Wkh p rgholv z ulwwhq dv wkh orj ri qrp lqdoelodwhudoXVgroodu h{fkdqj h udwh iru d j lyhq frxqwu| lq d j lyhq | hdu ht xdowr dq lqwhufhswwhup frqvwdqwdfurvv wlp h/ ydu| lqj dfurvv frxqwu| dgghg wr d frh! flhqwp xowlsolhg e| wkh orj sulfh gl�huhqwldoehwz hhq wkh j lyhq frxqwu| dqg wkh XViru d j lyhq | hdu dgghg wr dq huuru whup iru wkh j lyhq frxqwu| dqg j lyhq | hdu1 Lq whvwv rq lqglylgxdovhulhv/ wkh frlqwhj udwlrq whvwv ri wkh SSS k| srwkhvlv kdyh ehhq xqdeoh wr uhmhfwwkh qxoori qr SSS lq srvw4<: 6 gdwd1 Gdwd ryhu orqj shulrgv ri wlp h kdyh whqghg wr uhmhfwwkh uhvxow/ dowkrxj k p dq| hfrqrp lvwv duh sduwlfxoduo| lqwhuhvwhg lq srvw04<: 6/ Euhwwrq Z rrgv/ gdwd1 E| srrolqj wkh gdwd lq d sdqhop rghodoorz lqj iru gl�hulqj vorshv dqg lqwhufhswv/ Shgurql lv deoh wr uhmhfwwkh qxook| srwkhvlv iru d ydulhw| ri p rghov dwwkh 43( ohyhoru ehwwhu1

516 Dyhudj h Dxj p hqwhg Glfnh| 0I xoohu Whvwir u Ydu| lqj Vor s hv

Ndr +4<<: , sursrvhv dq DGI whvwiru frp p rq vorshv dqg ydu| lqj lqwhufhswv1 Khuh z h sursrvh dq DGI whvw iru ydu| lqj vorshv dqg ydu| lqj lqwhufhswv1 ȷ^{lw} @ δ^l . ı_∋^{lw}ϵ^l . h^{lw}>l @4>///>Q>w@4>///>W/ +4: , Hdfk furvv0vhfwlrq uhj uhvvlrq lv hvwlp dwhg lqglylgxdoo| dqg wkh srrolqj iurp wkh sdqho lv grqh lq wkh

�qdovwhs z khuh wkh sdqhowhvwvwdwlvwlf lv edvhg rq vrp h dyhudj h ri wkh lqglylgxdofurvv0vhfwlrq vwdwlvwlfv1

Hdfk furvv0vhfwlrq lv doorz hg lwv lqglylgxdo frlqwhj udwlqj yhfwru1 Hdfk whvwlv frqvwuxfwhg vxfk wkdwwkh furvv0vhfwlrqv duh dvvxp hg lqghshqghqwri hdfk rwkhu dqg khwhurvnhgdvwlflw| dfurvv wkh furvv0vhfwlrqv lv doorz hg1 Lp / Shvdudq dqg Vklq +4<<8, suhvhqwd sdqhogdwd xqlwurrwwhvwedvhg rq wkh dyhudj h ri wkh DGI vwdwlvwlf ri wkh furvv0vhfwlrqv1 Xvlqj dq dqdorj rxvdssurdfk wklvvw| oh ri whvwvwdwlvwlf fdq eh xvhg wr whvwiru

frlqwhj udwlrq1 Uhfdoowkdwwkh DGI whvwfdq eh frqvwuxfwhg dv=

ah_{lw}@υ_l ah_{lw∗ 4} . s⋃ m@4 ς_{lm}Ξ ah_{lw∗ m}. y_{lws} > +4; , z khuh ah_{lw} duh ROV uhvlgxdov iurp +4: ,1 Dq ht xlydohqwz d| wr z ulwh ht xdwlrq +4; , lv j lyhq lq Skloolsv dqg Rxoldulv +4<<3,=

Ξ ah_{lw}@υ_l ah_{lw∗ 4} . s⋃ m@4 ς_{lm}Ξ ah_{lw∗ m}. y_{lws} / Wkh qxook| srwkhvlv lv z ulwwhq dv K_3 =υ_l @3 dqg wkh w0vwdwlvwlf iru hdfk l frqvwuxfwhg= w_{lDGI} @ +x^∋_{∗ 4}T_{ıs} x_{∗ 4},^45 aυ_l v_y > z khuh♭_s lvwkhp dwul{ ri revhuydwlrqvrq wkhs uhj uhvvruv+Ξ ax_{w∗ 4}>///>Ξ ax_{w∗ s} ,/ ax_{∗ 4} lvwkhyhfwruri revhuydwlrqv ri ax_{w∗ 4}/ T_{♭ s} @L∗ ♭_s +♭^∋_s ♭_s ,^{∗ 4}♭^∋_s dqg v^5_y @^4_WΨ^W_{w@4}ay^5_{ws} 1

Skloolsv dqg Rxoldulv vkrz wkdwwkh DGI frqyhuj hv wr d ixqfwlrqdori Eurz qldq p rwlrq1 w_{lDGI} ⇔ ⊎ T_lgT_l + ⊎ T^5_l ,+↷^∋↷, @ ⊎ UgV

z khuh

U+u, @^4⊑_3 T+u, +⊑^4_3 T^5, g ] T+u, √ +↷^∋↷, ⌊ >

T+u, @ Z_4+u, ∗ + ⊎ Z_4Z^∋_5, ⊎ Z_5Z^∋_5

Z_5+u,>

⊎ Z Z^∋ @ i^{44} i^{∋54}

i_{54} I_{55} >

dqg ↷ @+4>4∗ i^∋_{54} I_{55} ,/ Frqvlghuht xdwlrq +49,/ Shgurql edvhvklvwhvwrq wkh dyhudj h rq wkh qxp hudwrudqg ghqrp lqdwruuhvshf0 wlyho| / udwkhu wkdq wkh dyhudj h iru wkh vwdwlvwlf dv d z kroh dqg wklv doorz v klp wr ghfrp srvh wkh olp lwlqj udwlr lqwr wkh vhsdudwh λv1 Wkh olp lwlqj glvwulexwlrq ri ßw_{DGI} >

ßw_{DGI} @ 4 Q Q⋃ l@4 w_{lDGI}

dv wkh Shgurql vwdwlvwlf/ lv iuhh ri qxlvdqfh sdudp hwhuv1

Gh�qh H^ ⊎ UgV‘ @π^{Dgi} > Ydu^ ⊎ UgV‘ @ϕ_5^{Dgi} > lwfdq eh vkrz q wkdw= ∫ Q+ßw^{DGI} ∗ π^{Dgi} , ⇔ Q+3>ϕ_5^{Dgi} ,/ Wkh p rp hqwv π^{Dgi} dqg ϕ_5^{Dgi} fdq eh irxqg wkurxj k vlp xodwlrq1 Xvlqj UGQV surfhgxuh lq J dxvv z lwk

83/333 uhsolfdwlrqv wkh p rp hqwv z huh irxqg wr eh π^{Dgi} @ ∗ 5/359 dqg ϕ^{Dgi} @ /; 533 lq wkh fdvh ri rqh uhj uhvvru/D ghvfulswlrq ri krz wkhvh p rp hqwv z huh vlp xodwhg dorqj z lwk dssursuldwh ydoxhv ri 5 wr 8 uhj uhvvruv lv surylghg lq wkh Dsshqgl{1

517 Dyhudj h Sklools v ⃗^ȷ Vwdwlvwlf ir u Ydu| lqj Vor s hv

Wkh whvwviurp Shgurql rxwolqhg deryh/ duh edvhg rq wkh lghd wkdwqrq0sdudp hwulf fruuhfwlrq lvghvludeoh iru uhvlgxdo0edvhg whvwv ri frlqwhj udwlrq1 Lq dffrugdqfh z lwk wklv lghd/ dqrwkhu whvwfdq eh frqvlghuhg z klfk lv edvhg rq wkh dyhudj h/ dfurvv wkh furvv0vhfwlrqv/ ri wkh Skloolsv ♯^w vwdwlvwlfv1 Wklv vwdwlvwlf lv e| gh�qlwlrq/ iru wkh ydu| lqj lqwhufhswv dqg ydu| lqj vorshv p rgho1

Skloolsv dqg Rxoldulv +4<<3, surylgh h{dfwghwdlovrq krz wr fdofxodwh wkh Skloolsv♯^wwhvw1 Wkh �uvwvwhs/ dv lq wkh DGI whvw/ lv wr fdofxodwh wkh hvwlp dwhg uhvlgxdov iurp wkh rulj lqdouhj uhvvlrq ht xdwlrq xvlqj ROV1

Wkhq xvlqj wkh hvwlp dwhg uhvlgxdov/ ah^{lw}/ shuirup wkh iroorz lqj uhj uhvvlrq= ah^{lw}@δ^l ah^{lw∗ 4} . y^{lw}/ Qrwh wkdwwklvlvvlp loduwr wkh DGI whvw/ dowkrxj k khuh z lwkrxwwkh odj j hg whup v/ wkh y^{lw}p d| kdyh vrp h h�hfwv iurp wkhq furvv0fruuhodwlrq dqg dxwrfruuhodwlrq1

Gh�qh= v_5^{ly} @ 4 W W⋃ w@4 ~y_5^{lw} dqg v_5^{lWo} @ 4 W W⋃ l@4lw ~y_5^{lw}. 5 W o⋃ v@4 z^{vo} W⋃ w@v. 4 ~y^{lw}~y^{lw∗ v}/ Wkhvh whup v duh xvhg wr fdofxodwh wkh �qdovwdwlvwlf=

a♯_{lw}@+^W ⋃ w@5 ah^5_{lw∗ 4},^{45} +aδ ∗ 4,∂v_{lWo} ∗ 4 5 +v^5_{lWo} ∗ v^5_{ly}, 4 v_{lWo}+^4_{W5} ⋃_W w@5 ah^5_{lw∗ 4},^45

/ +4<,

Skloolsvdqg Rxoldulvvkrz wkdwwklvw0vwdwlvwlf frqyhuj hvlq glvwulexwlrq wr wkhvdp hixqfwlrqdori Eurz qldq p rwlrq dvwkh DGI w0vwdwlvwlf1 Wkxv/ iruwkh sxusrvhvkhuh/ lwlvfrqyhqlhqwwr qrwh wkdwd whvwedvhg rq wkh ♯_w whvwxvhv wkh vdp h vlp xodwhg p rp hqwv dv wkh DGI whvw0vwdwlvwlf j lyhq deryh1

Wkh dyhudj h ri wkh furvv0vhfwlrq a♯_{lw} vwdwlvwlfv fdq eh gh�qhg dv ß♯_w

ß♯_w@ 4 Q Q⋃ l@4 a♯_{lw}

dqg lwfdq eh vkrz q wkdw= ∫ Q+ß♯_w∗ π_{Dgi} , ⇔ Q+3>ϕ^5_{Dgi} ,/ +53, 518 F r uuhfwhg SdqhoDGI Hvwlp dwr u

Wkh frp p rq vorshv DGI whvwkdv ehhq vkrz q lq Ndr +4<<: , wr kdyh qxlvdqfh sdudp hwhuv lq wkh olp lwlqj glvwulexwlrq1 Khuh fruuhfwlrqv duh sursrvhg wr fruuhfwiru wklv sureohp 1 Xowlp dwho| / wkh fruuhfwlrqv z looeh vlp lodu wr wkrvh xvhg e| Shgurql +4<<8, lq klv khwhurj hqhrxv whvw1

Uhfdoowkh Ndr*v sdqhoDGI vwdwlvwlf kdv wkh iroorz lqj olp lwlqj glvwulexwlrq= w_{DG I} ∗ ∫ Qπ_{: W} v_y∫ π_{; W} ⇔ Q+3> ϕ^5_{r y} 5ϕ^5_y . 6ϕ^5_y 43ϕ^5_{r y} ,> z klfk frqwdlqv qxlvdqfh sdudp hwhuv1 Xvlqj wkh vlp lodu dssurfk iurp Ndr +4<<: ,/ vrp h dgmxvwp hqwv wr wkh whvwvwdwlvwlf fdq eh p dgh wr uhp ryh wkhvh qxlvdqfh sdudp hwhuv lq wkh olp lwlqj glvwulexwlrq1 Lq Ndr +4<<: , w_{DGI} fdq eh z ulwwhq dv w_{DGI} @ ∫ Qσ_{: W} v_y √ σ_{; W} > z khuh σ_{: W} dqg σ_{; W} duh gh�qhg lq Ndr +4<<: ,1 Wkh iroorz lqj dgmxvwp hqwv fdq eh p dgh ϕ_y v_y + ∫ Q+σ_{: W} ∗ ξ, ϕ_{r y} √ σ_{; W} . ∫ 9Q 5 , ⇔ Q+3> 7 8 , z klfk lv iuhh ri qxlvdqfh sdudp hwhuv/ z khuh ξ @ +ϕ^5_{r y} ∗ ϕ^5_y, 5 /

Wkh udwlrqdoh lv dv iroorz v1 Gh�qh σ_.^{: W} @_4^{ϕ 5r y} +σ^{: W} ∗ ξ,/Z khuhdv σ^{: W} ⇔ ∗ g+4, ϕ_5^{ry} 5 Ŷ_±^l +4,_5 ∗

ϕ_5^y ϕ_5^{r y} ‘. g+4,ϕ_5^{ry}Y_±^l +4,_4⊑^3 Y_±^l +u,gu>

Edqhumhh hw1 do1 vkrz wkdw ϕ_5^{r y} 5 Ŷ_±^l +4,_5 ∗

ϕ_5^y ϕ_5^{r y} ‘@ ϕ_5^{r y} 5 Ŷ_±^l +4,_5 ∗ 4‘. ξ¿ wkxvvxewudfwlqj ξ dqg qrup dol}lqj e| ϕ_5^{r y} uhvxowvlq Hσ̂_.^{: l}‘@∗ g+4,_4^5 @π_.^{: W} dqg Yduσ̂_.^{: l}‘@∗ g+4,_4^{45} @ϕ_{. 5}^{: W}/

Vlp loduo| / gh�qh σ_.^{; W} @_{σ; W}^{ϕ 5r y} vxfk wkdwHσ̂_.^{; W}‘@_4^9 @π_.^{; W} dqg Yduσ̂_.^{; W}‘ @_4^{78} @ϕ_{. 5}^{; W}1I lqdoo| / dvv^y ↔ g_5+4,ϕ_5> wkh odvwvwhs lv wr qrup dol}h v^y e| glylglqj lwe| aϕ^y/

Wkh whup g+4, lv lqwurgxfhg z lwk srvvleoh dxwrfruuhodwlrq doorz hg iru lq wkh DGI whvw1 I urp Skloolsv dqg Rxoldulv+4<<3, wklvfrqfhswlvh{sodlqhg z lwk wkh iroorz lqj dvvxp swlrqv1 Vxssrvh φ^{lw}>dq huurusurfhvv/ fdq eh uhsuhvhqwhg φ^{lw}@Ψ_{m@△}^{m@∗ △} g^mz^{w∗ m} z lwk wkh frqglwlrq wkdwΨ_{m@△}^{m@∗ △} \g^m\ ⋆ △ >wkhq g+4, @Ψ_{m@△}^{m@∗ △} g^m1

Xvlqj wkh orj lf iurp Dsshqgl{ H lq Ndr +4<<: ,/ wkh dgmxvwp hqwv kdyh wkh iroorz lqj h�hfwv= + ∫ Qσ_.^{: W} v^y ϕ^y ϕr y σ_.^{; W} ∗ ∫ Qπ_.^{: W} v^y ϕ^y π_.^{; W} , ⇔ Q+3> ϕ_{. 5}^{: W} π_.^{; W} . 4 7 π_{5.}^{: W}ϕ_{. 5}^{; W} π_{. 6}^{; W} , z klfk ehfrp hv ϕ^y v^y +w^{DGI} ∗ ∫ Qξ ϕ^{r y} √ σ^{; W} . ∫ 9Q 5 , ⇔ Q+3> 7 8 ,/ Wkhvh fruuhfwlrqv duh vlp lodu lq vslulwwr wkrvh xvhg e| Shgurql dowkrxj k khuh wkh fruuhfwlrqv duh grqh rq wkh DGI vwdwlvwlf1

519 F r p p hqwv

Wkhduwlfohve| Ndr dqg Shgurql suhvhqwwz r lp sruwdqwp hwkrgviruwhvwlqj frlqwhj udwlrq lq sdqhogdwd xqghu wkh qxoori qr frlqwhj udwlrq1 Wkh| p luuru wkh ghyhorsp hqwlq wkh wlp h vhulhv olwhudwxuh lq wkdwwkh| suhvhqw d sdudp hwulf dssurdfk/ vxfk dvwkh DGI dssurdfk/ dqg d qrq0sdudp hwulf dssurdfk/ vxfk dvwkh Skloolsvdqg

Shuurq whvw/ z klfk fruuhfwv wkh gdwd qrq0sdudp hwulfdoo| dv wkh whvwvwdwlvwlfv duh fdofxodwhg wkxv duulylqj dw glvwulexwlrqv iuhh ri qxlvdqfh sdudp hwhuv1 Wkh whvwv dv wkh| dsshdu lq wkh rulj lqdoduwlfohv fdq eh lp suryhg xsrq dqg wklv sdshu sursrvhv wkuhh dgglwlrqdo whvwv= wz r iru ydu| lqj vorshv dqg rqh iru frp p rq vorshv1

P rvwri wkh whvwv sursrvhg qhfhvvdulo| ghshqg rq frqvlvwhqwhvwlp dwhv ri wkh orqj 0uxq yduldqfh fryduldqfh p dwul{ ri wkh uhvlgxdovri wkh udqgrp z don surfhvvhv1 Wkh t xhvwlrq ehfrp hvz khq lvwkh ehvwwlp h wr fruuhfw iru wkh srvvleoh suhvhqfh ri dxwrfruuhodwlrq dqg z hdn h{rj hqhlw| ri wkh huuru whup v1

Wkh hvwlp dwlrq ri fl lvd frp solfdwhg d�dludqg wkh hvwlp dwlrq surfhgxuh uholhvrq qrq0sdudp hwulf nhuqho p hwkrgv1

fl fdq eh hvwlp dwhg e|

~fl @ ⟩ 4 W W⋃ w@4 aσ_l~σ^∋_l . 4 W o⋃ χ@4 φ_{χo} W⋃ w@χ. 4 ] ~σ_l~σ^∋_{lw∗ χ} . ~σ_{lw∗ χ}~σ^∋_{lw} ⌊ / > +54,

z khuh φ_{χo} lv d z hlj kwixqfwlrq ru d nhuqho/Xvxdonhuqhov duh wuxqfdwhg e| wkh edqgz lgwk sdudp hwhu ovr wkdwφ_{χo} @3 iru χ A o/

6 Whvwlqj ir u F r lqwhj udwlr q lq Sdqhov z lwk wkh QxooK| s r wkhvlv r i F r lqwhj udwlr q

614 P fF r vnh| dqg Ndr +4<<: ,

Lq wklvvhfwlrq/ d sdqhowhvwri wkh qxook| srwkhvlvri frlqwhj udwlrq lv suhvhqwhg1 Whvwvri wklv qxook| srwkhvlv z huh �uvwlqwurgxfhg lq wkh wlp hvvhulhvolwhudwxuh dvd uhvsrqvh wr vrp h fulwlt xhvri wkh qxook| srwkhvlvri qr frlqwhj udwlrq1 I ru h{dp soh/ whvwlqj wkh qxoori frlqwhj udwlrq udwkhu wkdq wkh qxoori qr frlqwhj udwlrq frxog eh yhu| dsshdolqj lq dssolfdwlrqv z khuh frlqwhj udwlrq lv suhglfwhg d sulrul e| hfrqrp lf wkhru| 1 Dovr/ idloxuh wr uhmhfwwkh qxoori qr frlqwhj udwlrq frxog eh fdxvhg/ lq p dq| fdvhv/ e| wkh orz srz hu ri wkh whvwdqg qrw e| wkh wuxh xqghuo| lqj qdwxuh ri wkh gdwd1

Wkh uhvlgxdo0edvhg whvwiru qxoo ri frlqwhj udwlrq lq sdqho gdwd sursrvhg e| P fFrvnh| dqg Ndr lv dq h{whqvlrq ri wkh Odj udqj h P xowlsolhu +OP , whvwdqg orfdoo| ehvwlqyduldqw+OEL, whvwiru dq P D xqlwurrw lq wkh wlp h vhulhv olwhudwxuh1 Wklv whvwlv dovr glvfxvvhg lq P fFrvnh| dqg Ndr +4<<: ,1 Frlqwhj udwlrq whvwv ri wkh qxoo ri frlqwhj udwlrq lq wkh wlp h vhulhv fdvh kdyh ehhq sursrvhg e| Kduulv dqg Lqghu +4<<7, dqg Vklq +4<<7,1 Xqghu wkh qxoo/ wkh dv| p swrwlfv qr orqj hu ghshqg rq wkh dv| p swrwlf surshuwlhv ri hvwlp dwlqj vsxulrxv uhj uhvvlrq/ udwkhu wkh dv| p swrwlfv ri wkh hvwlp dwlrq ri d frlqwhj udwhg uhodwlrqvkls duh qhhghg1 I ru p rghovz klfk doorz wkhfrlqwhj udwlqj yhfwruwr fkdqj hdfurvvwkhfurvv0vhfwlrqdorevhuydwlrqv/ wkhdv| p swrwlfv ghshqg p huho| rq wkh wlp h vhulhv uhvxowv dv hdfk furvv0vhfwlrq lv hvwlp dwhg lqghshqghqwo| 1 I ru p rghov z lwk frp p rq vorshv/ wkh hvwlp dwlrq lv grqh mrlqwo| dqg wkhuhiruh wkh dv| p swrwlf wkhru| lv edvhg rq wkh mrlqw hvwlp dwlrq ri d frlqwhj udwhg uhodwlrqvkls lq sdqhogdwd1

I ru wkh uhvlgxdo edvhg whvwri wkh qxoo ri frlqwhj udwlrq/ lwlv qhfhvvdu| wr xvh dq h! flhqwhvwlp dwlrq whfkqlt xh ri frlqwhj udwhg yduldeohv1 Lq wkh wlp h vhulhv olwhudwxuh d ydulhw| ri p hwkrgv kdyh ehhq vkrz q wr eh h! flhqwdv| p swrwlfdoo| 1 Wkhvh lqfoxgh wkh I xoo| P rgl�hg +I P , hvwlp dwru ri Skloolsv dqg Kdqvhq +4<<3,

4:

dqg wkh g| qdp lf ohdvwvt xduhv +GROV, hvwlp dwru dv sursrvhg e| Vdlnnrqhq +4<<4, dqg Vwrfn dqg Z dwvrq

+4<<6,1 I ru sdqhogdwd/ Ndr dqg Fkldqj +4<<: , vkrz wkdwerwk wkh I P dqg GROV p hwkrgv fdq surgxfh hvwlp dwruv z klfk duh dv| p swrwlfdoo| qrup doo| glvwulexwhg z lwk }hur p hdqv1

Wkh p rghosuhvhqwhg doorz v iru ydu| lqj vorshv dqg lqwhufhswv= ȷ^{lw} @ δ^l . ı_∋^{lw}ϵ^l . h^{lw}>l @4>///>Q>w@4>///>W> +55, ı^{lw}@ı^{lw∗ 4} . ϱ^{lw} +56, h^{lw}@ζ^{lw}. x^{lw}> +57, dqg ζ^{lw}@ζ^{lw∗ 4} . λx^{lw}/ +58, Wkh qxoori k| srwkhvlv ri frlqwhj udwlrq lv ht xlydohqwwr λ @31

Wkh whvwvwdwlvwlf sursrvhg e| P fFrvnh| dqg Ndr lv wkh iroorz lqj =

OP @ 4 Q Ψ_Q^{l@4}_4^{W5} Ψ_W^{w@4}V_{. 5}^{lw} v_{. 5}

> +59, z khuh V^{lw} lv sduwldovxp surfhvv ri wkh uhvlgxdov/

V_.^{lw} @ w⋃ m@4 ~h^{lm} z lwk v_{. 5} @ 4 QW Ψ_Q^{l@4}Ψ_W^{w@4}ah_{. 5}^{lw} /

+aφ_5^{4/5} lv gh�qhg dv d frqvlvwhqwhvwlp dwru ri ϕ_5^y>wkh orqj 0uxq frqglwlrqdoyduldqfh xqghu wkh K^3 dqg lv xvhg lq sodfh ri v_{. 5} li wkh uhvlgxdovduh hvwlp dwhg xvlqj wkh I P hvwlp dwru1, Wkh I P hvwlp dwruqrq0sdudp hwulfdoo| fruuhfwviruwkh srvvleoh vhuldofruuhodwlrq dqg z hdno| h{rj hqrxvuhj uhvvruvlq d frlqwhj udwhg uhj uhvvlrq1 Wkh

GROVhvwlp dwru xvhv odj j hg dqg ixwxuh gl�huhqfhv ri ı^{lw}wr fruuhfwiru wkhvh h�hfwv1

Wkh dv| p swrwlf uhvxowiru wkh wz r whvwlv= ∫ Q+OP ∗ π^y, ⇔ Q+3>ϕ_5^y,> +5: , z khuh π^y dqg ϕ_5^y duh gh�qhg lq P fFrvnh| dqg Ndr +4<<: ,1 Wkh frqvwdqwv π^y dqg ϕ_5^y duh p rp hqwv ri d frp soh{ ixqfwlrqdori Eurz qldq p rwlrq/ z klfk ghshqg rqo| rq wkh qxp ehu ri uhj uhvvruv dqg fdq eh irxqg wkurxj k P rqwh Fduor vlp xodwlrq1

Wkh olp lwlqj glvwulexwlrq ri OP lvwkhq iuhh ri qxlvdqfh sdudp hwhuvdqg urexvwwr khwhurvnhgdvwlflw| dqg lv vxj j hvwhg iru xvh1 4;

Wkh UQGQVfrp p dqg z lwklq J DXVVxvhvwkh idvwdffhswdqfh0uhmhfwlrq doj rulwkp sursrvhg e| Nlqghu0 p dqg dqg Udp dj h +4<: 9, iru j hqhudwlqj vwdqgdug qrup doyduldeohv iurp xqlirup udqgrp qxp ehuv1 Wkh xqlirup udqgrp qxp ehuv duh j hqhudwhg dffruglqj wr wkh p xowlsolfdwlyh0frqj uxhqwldop hwkrg glvfxvvhg lq

Nhqqhg| dqg J hqwoh +4<; 3,1 Wklv p hwkrg fdq eh z ulwwhq lq wkh irup ı^l @+dı^{l∗ 4} . f,+p rgp ,1 Lq J DXVV wkh ghidxowydoxhv duh f @3¿p @5_{64} ∗ 4¿dqg d @6¡: 5373¡71 Wklv sduwlfxodu p hwkrg shuirup hg z hoolq vshfwudowhvwlqj dvgrqh e| Krdj olq +4<: 9, exwz dvrxwshuirup hg e| d qxp ehuri rwkhuj hqhudwlqj whfkqlt xhv z khq whvwhg e| Nduldq dqg Gxghz lf} +4<<4,1 Lq sduwlfxodu/ XUQ 55 rxwshuirup hg wklv urxwlqh1

715 H{s hulp hqwdoGhvlj q

71514 Ydu| lqj Vor s hv dqg Ydu| lqj Lqwhufhs wv ȷ^{lw} @ δ^l . ı_∋^{lw}ϵ^l . h^{lw}>l @4>///>Q>w@4>///>W/ +5; , Wkh wkuhh whvwvfrp sduhg duh wkh=ßw^{DG I} >ß♯^w>dqg OP 1 Wr frp sduh wkh whvwv z lwk ydu| lqj lqwhufhswv/ wkh vwxg| frqvlghuv wkh wz r gl�huhqwGdwd J hqhudwlqj Surfhvvhv +GJ S,=

GJ S0D/ Qxoori Qr Frlqwhj udwlrq= ȷ^{lw}@δ^l . ϵ^lı^{lw}. h^{lw}> dqg h^{lw}@υh^{lw∗ 4} . y^{lw}/ Xqghu wkh qxook| srwkhvlv ri qr frlqwhj udwlrq/ υ @41 Xqghu wkh qxoo/ wkh huuru whup lv d udqgrp z don1

Wkh vwxg| lqfoxghv wkh iroorz lqj srvvleoh ydoxhv iru υ = υ ▽ ⟩4>3/¡8>3/;8>3/: 8| / GJ S0E/ Qxoori Frlqwhj udwlrq= ȷ^{lw}@δ^l . ϵ^lı^{lw}. h^{lw}> dqg h^{lw}@λ w⋃ n@4 y^{ln} . y^{lw}/ Xqghu wkh qxook| srwkhvlv ri frlqwhj udwlrq λ @3/Xqghu wkh qxoowkh huuru whup grhv qrwuhp hp ehu sdvw huuruv dqg froodsvhv wr d vwdqgdug qrup doudqgrp yduldeoh1 Wkh vwxg| lqfoxghv wkh iroorz lqj ydoxhv iru λ =

λ ▽ ⟩ 3>3/38>3/48>3/58| Qrwhv iru erwk GJ S0D dqg GJ S0E z h dvvxp h wkdwy_{lw} lv glvwulexwhg Q+3>4, dqg ı_{lw}@ı_{lw∗ 4} . ϱ_{lw}> z khuh ϱ_{lw} lv glvwulexwhg Q+3>ϕ^5_l ,/

Lq wkh vwxg| / rwkhu sdudp hwhuv duh dovr frqvlghuhg wr whvwwkh h{lelolw| dfurvv GJ Sv1 Lq sduwlfxodu dqg lq dffrugdqfh z lwk Skloolsvdqg Oruhwdq +4<<4,/ wkh vwxg| orrnvdwsdudp hwhuvdoorz lqj irud p rylqj dyhudj h frp srqhqwlq wkh huuru whup dqg z hdn h{rj hqhlw| 1 Rqo| wkh vshfldofdvhv z khuh υ @3/:8 ru λ @/58 dqg Q @W@83 duh frqvlghuhg1

Gh�qh τ/ wkh p rylqj dyhudj h frp srqhqw+dxwrfruuhodwlrq, lq y_{lw}/ τ ▽ ⟩ ∗ 3/;>3>3/; | y_{lw}@y^±_{lw}. τy^±_{lw∗ 4} dqg η/ furvv0fruuhodwlrq lq y^±_{lw} dqg ϱ_{lw}>η ▽~0318/ 3/ 318�/ z lwk y^{±lw} ϱ_{lw} ⟨ ⊃ Q 3 3 > 4 ηϕ^l ηϕ_l ϕ^5_l ⟨ /

Xqohvvrwkhuz lvhvshfl�hg/ wkhvwxg| frqvlghuvwkhiroorz lqj glp hqvlrqviruQ dqg W=Q ▽ ⟩ 4>48>58>83>433| dqg W▽ ⟩ 48>58>83>433| dqg wkh qxp ehuri uhsolfdwlrqviruhdfk glp hqvlrq lv43>3331Wkh fkrlfh ri Q dqg W iruwklvh{shulp hqwxqghuolqhvdq lp sruwdqwsrlqw=wklvwhvwlvqrwuhdoo| dssursuldwhz lwk vhyhuho| xqedodqfhg gdwd vhwv/ iru h{dp soh h{wuhp ho| oduj h Q dqg vp dooW1

δ_l/ ϵ_l dqg ϕ_l duh j hqhudwhg xvlqj wkh ghidxowxqlirup udqgrp qxp ehu j hqhudwru lq J DXVV/ l1h/ δ_l ⊃ X^3>43‘>

ϵ_l ⊃ X^3>5‘> dqg ϕ_l ⊃ X^3/8>4/8‘/

71515 Wz r Vwdj hv r i wkh H{s hulp hqw

Ehfdxvh wkh whvwv duh qrwdooghulyhg xqghu wkh vdp h qxook| srwkhvlv/ lwlv gl! fxowwr frp sduh wkhlu shuiru0 p dqfh gluhfwo| 1 D wz r vwdj h surfhgxuh lvxvhg khuh wr p dnh vxuh wkh uhvxowvduh frp sdudeoh1 Wkh �uvwvwdj h lv wr frp sxwh 8( dqg ¡8( fulwlfdoydoxhv xqghu wkh qxoori hdfk GJ S/ D dqg E1Wkhvh fulwlfdoydoxhv duh xvhg wr vhwwkh suredelolw| ri uhmhfwlqj wkh qxoori wkh sduwlfxoduGJ S wr 3/38 irudoowkuhh whvwv1 I ruwkh whvwv ri wkh qxook| srwkhvlvri qr frlqwhj udwlrq/ z lwk GJ S0D/ wklv8( lvvlp so| wkh ydoxh z klfk ohdgvwr vl}h ht xdo wr 3/38/I ru wkh wklug whvwri wkh qxoori frlqwhj udwlrq/ wklv 8( fulwlfdoydoxh z lwk GJ S0D grhv qrw/ vwulfwo| vshdnlqj / uhodwh wr wkh vl}h ri wkh whvwexwudwkhulv vlp so| d suredelolw| ri uhmhfwlrq1 Z lwk GJ S0E wkh orj lf lv mxvwwkh uhyhuvh1 Wkh 8( fulwlfdoydoxh ri wkh whvwri wkh qxook| srwkhvlv lv wkh ydoxh z klfk ohdgv wr d vl}h ri 3/38 z khuhdviruwkh rwkhuwz r whvwv lwgrhvqrwkdyh wklv h{dfwlqwhusuhwdwlrq1 Wkh vl}h lvgluhfwo| uhodwhg wr wkh qxook| srwkhvlv ri wkh whvwqrwwkh GJ S ri wkh h{shulp hqw1 Wr vxp p dul}h=

GJ S0D +j hqhudwhg xqghu wkh qxoori qr frlqwhj udwlrq,/ fkrrvh fulwlfdoydoxhv vxfk wkdw

Whvw4 Whvw5 Whvw6

Su+uhmhfwqxoo, @ Su+uhmhfwqxoo, @ Su+uhmhfwqxoo, @ 3/38

Vl}h Vl}h /

GJ S0E +j hqhudwhg xqghu wkh qxoori frlqwhj udwlrq,/ fkrrvh fulwlfdoydoxhv vxfk wkdw

Whvw4 Whvw5 Whvw6

Su+uhmhfwqxoo, @ Su+uhmhfwqxoo, @ Su+uhmhfwqxoo, @ 3/38

Vl}h /

Wkh fulwlfdoydoxhv duh j lyhq Wdeohv 4 dqg 51 Wkh hp slulfdouhmhfwlrq udwhv/ xvlqj d rqh0vlghg Q+3>4, glvwulexwlrq duh j lyhq lq Wdeoh 61 Wkhvh fulwlfdoydoxhv duh frqvwuxfwhg wr lqvxuh wkh wdlov ri doowkuhh whvwv kdyh ht xlydohqwghqvlw| 1

Wkh vhfrqg vwdj h lv wr fdofxodwh uhmhfwlrq udwhv iru wkh dowhuqdwlyh ydoxhv ri wkh sdudp hwhuv iru GJ SVD dqg E1Lq rwkhu z rugv/ wkh vhfrqg vwhs lvxvhg wr fdofxodwh wkh delolw| ri wkh whvwv wr surshuo| uhmhfwwkh qxoo k| srwkhvlvri wkh GJ S edvhg rq fulwlfdoydoxhvirxqg lq wkh �uvwvwdj h/Wkh lqwxlwlrq ehklqg wkhvh wz r vwhsv lv dqdorj rxv wr �qglqj wkh srz hu ri d whvwdiwhu dgmxvwlqj wkh fulwlfdoydoxhv iru wkh vl}h ri wkh whvw1 Dj dlq/ wkh vwulfwfrqfhswv ri vl}h dqg srz hu p xvweh xvhg z lwk fdxwlrq lq wklv h{shulp hqwdv wkh qxook| srwkhvlv xvhg lq wkh GJ S lv qrwqhfhvvdulo| wkh qxook| srwkhvlv xvhg wr frqvwuxfwwkh whvw1

Ohwf_n^m+Q>W, eh wkh fulwlfdoydoxh fdofxodwhg lq Vwdj h 4 iru whvwm@4>5>6 dqg GJ S>n @D ru E iru d j lyhq Q dqg W1

GJ S0D j lyhq d vshfl�f υ ⋆ 4 +gdwd j hqhudwhg xqghu wkh dowhuqdwlyh ri frlqwhj udwlrq,=

Whvw4 Whvw5 Whvw6 Su+whvw4 ⋆ f^D_4 +Q>W,, Su+whvw5 ⋆ f^D_5 +Q>W,, Su+whvw6 ⋆ f^D_6 +Q>W,, Srz hu +Vl}h@3138, Srz hu +Vl}h@3138, /

Lq doofdvhv wklv lv wkh suredelolw| ri fruuhfwo| uhmhfwlqj wkh qxook| srwkhvlv ri qr frlqwhj udwlrq1 GJ S0E j lyhq d vshfl�f λ A 3 +gdwd j hqhudwhg xqghu wkh dowhuqdwlyh ri qr frlqwhj udwlrq,= Whvw4 Whvw5 Whvw6 Su+whvw4 A f^E_4 +Q>W,, Su+whvw5 A f^E_5 +Q>W,, Su+whvw6 A f^E_6 +Q>W,, Srz hu +Vl}h@3138, /

Wkhvh suredelolwlhv uhsuhvhqwwkh suredelolw| ri wkh whvwfruuhfwo| uhmhfwlqj wkh qxook| srwkhvlv ri frlqwh0 j udwlrq1 Wkhvh frp sdulvrqv ri wkh whvwv*delolw| wr surshuo| uhmhfwwkh qxook| srwkhvlv ri GJ Sv D dqg E duh j lyhq lq Wdeohv 7 dqg 81

71516 F r p p r q Vor s hv dqg Ydu| lqj Lqwhufhs wv ȷ_{lw} @ δ_l . ı^∋_{lw}ϵ_l . h_{lw}>l @4>///>Q>w@4>///>W / +5<, Lq wklv fdvh/ erwk whvwv duh ghulyhg xqghu wkh qxoori qr frlqwhj udwlrq vr wkh iroorz lqj vshfl�fdwlrq lv xvhg= ȷ_{lw}@δ_l . ϵı_{lw}. h_{lw}

h_{lw}@υh_{lw∗ 4} . y_{lw} Xqghu wkh qxook| srwkhvlv ri qr frlqwhj udwlrq/ υ @41 Wkh vwxg| lqfoxghv wkh iroorz lqj srvvleoh ydoxhv iru υ = υ ▽ ⟩4>3/¡8>3/;8>3/: 8| / δ_l dqg ϕ_l duh j hqhudwhg xvlqj wkh ghidxowxqlirup udqgrp qxp ehu j hqhudwru lq J DXVV= δ_l ⊃ X^3>43‘ dqg ϕ_l ⊃ X^3/8>4/8‘ Xqolnh lq wkh suhylrxv vhfwlrq/ ϵ lv dvvxp hg frqvwdqwdfurvv wkh furvv0vhfwlrqv dqg lv vhwht xdowr 5/Wkh rwkhu dvvxp swlrqv duh wkh vdp h dv lq wkh suhylrxv p rgho1

716 WhvwVwdwlvwlfv

Uhvxowv iurp wkh iroorz lqj irup v ri wkh whvwv duh uhsruwhg1 Gh�qh wkh iroorz lqj vwdqgdugl}hg vwdwlvwlfv iru ydu| lqj vorshv dqg ydu| lqj lqwhufhswv= DGI_± @ ∫ Q+ßw^{DGI} . 5/359,

/; 5 >

♯_± @ ∫ Q+ß♯^w. 5/359,

/; 5 > dqg OP_± @ ∫ Q+OP . 5/359,

/437736 / Gh�qh Ndr*v vwdqgdugl}hg DGI / DGI^N >dqg d eldvhg fruuhfwhg DGI / DGI^{VP} >iru frp p rq vorshv dqg ydu| lqj lqwhufhswv dv= DGI^N @ w^{DGI} ._{∫ 9Q aϕ y}^{5aϕ r y} a^{ϕ 5r y} 5aϕ_5^y .

6aϕ_5^y

43aϕ_5^{r y} dqg DGI^{VP} @ 8 7 + aϕ^y aϕ^{r y} +w^{DGI} ∗ ∫ Qξ v^y √ σ^{; W} , . ∫ 4/8Qaϕ^y v^y ,/ 717 Lqwhus uhwlqj wkh uhvxowv

Xowlp dwho| wkh j rdori vlp xodwlrqv z lwk ydu| lqj vorshv lv wr vhh krz z hoowkhvh wkuhh whvwv fdq glvwlqj xlvk ehwz hhq wkh wuxh fkdudfwhu ri wkh GJ S dqg lwv dowhuqdwlyh1 I ru hdfk ri wkhvh whvwv xqghu wkh wz r gl�huhqw

GJ SV/ wkh iroorz lqj suredelolw| lv ghvluhg= Su GJ S ∗ K^D +Uhmhfwlqj wkh GJ S⇕K^3,/ l1h1/ wkh suredelolw| ri uhmhfwlqj wkh qxoori wkh GJ S z khq wkh dowhuqdwlyh lv wuxh1

Fdoowklv suredelolw| uhm_n^m/ wkh uhmhfwlrq udwh ri whvwmxqghu GJ S n = uhm_D^m @uhm_D^m+Q>W>υ, dqg uhm_E^m @uhm_E^m +Q>W>λ,/

Hdfk ri wkhvh lqglylgxdoh{shulp hqwv fdq eh frqvlghuhg dv wkh vxp ri Ehuqrxool udqgrp yduldeohv z khuh

♭_l @

4 li uhmhfw 3 rwkhuz lvh dqg wkh sgi lv j lyhq=

s_♭ +♭ , @ s^ı+4∗ s,^{4∗ ı} ı @3>4>///

3 rwkhuz lvh z lwk H+♭ , @s dqg Ydu+♭ , @s+4∗ s,1

Lq wklvh{shulp hqw/ hdfk s^D_m dqg s^E_m lvhvwlp dwhg e| �qglqj wkh p hdq ri wkhvh Ehuqrxool udqgrp yduldeohv= uhm^D_m @ Ψ^{43>333} l@4 ♭^D_{ml} 43>333 J lyhq wkdwhdfk h{shulp hqwlv llg z h rewdlq=

H+uhm^D_m, @^4_{43>333} ±43>333±H+♭^D_{ml} , @ s^D_m dqg Ydu+uhm^D_m, @^4_{+43>333, 5} ±43>333±Ydu+♭^D_{ml} , @^{s Dm +4∗ s Dm ,}_{43>333} / Wkxv wkh vwdqgdug huuru iru hdfk uhmhfwlrq udwh lv ht xdowr s^D_m+4∗ s^D_m, ∫ 43>333 / Wkh vwdqgdug huuru uhdfkhv d p d{lp xp dwwkh uhmhfwlrq udwh ri 3/8 z lwk d vwdqgdug ghyldwlrq ri 3/3381 I ru d uhmhfwlrq udwh ri 3/¡¡/ wkh vwdqgdug ghyldwlrq z rxog eh 3/333¡¡81

Krz derxwfrp sdulqj uhm^D_4 dqg uhm^D_5 B Frp sdulqj wkh uhmhfwlrq udwhv dfurvv wz r whvwv iru wkh vdp h GJ S +l1h1 wr dqvz hu wkh t xhvwlrq= z klfk lv ehwwhu dwfruuhfwo| uhmhfwlqj B, lv ht xlydohqwwr hydoxdwlqj wkh vlj ql�fdqfh ri wkh gl�huhqfh ri wz r udqgrp yduldeohv= Ydu+uhm^D_4 ∗ uhm^D_5 , @Ydu+uhm^D_4 , . Ydu+uhm^D_5 , ∗ 5F ry+uhm^D_4 >uhm^D_5 , z khuh wkh fryduldqfh lv j lyhq e|

43>333⋃

l@4 +♭^D_{4l} ∗ uhm^D_4 ,+♮^D_{5l} ∗ uhm^D_5 ,

43>333 /

Wkh lqwxlwlrq khuh lv wkdwwkh fryduldqfh lv p hdvxulqj z khwkhu wkh whvwv z loouhmhfwiru wkh vdp h gdwd ru qrw1

Wkh vwdqgdug huuru ri frp sdulvrq lv j lyhq e| = Ydu+uhm_D^4 , . Ydu+uhm_D^5 , ∗ 5Fry+uhm_D^4 >uhm_D^5 ,/ Wklv uhdfkhv d p d{lp xp z khq wkh whvwv duh dvvxp hg lqghshqghqwdqg hdfk kdyh d uhmhfwlrq udwh ri 3181

Lq wkdwfdvh wkh vwdqgdug ghyldwlrq iru frp sdulvrq z rxog eh /33: 3: 41 Lq wkh uhvxowv/ d whvwlv frqvlghuhg

�vlj ql�fdqwo| ehwwhu� li wkh gl�huhqfh ehwz hhq wkh wz r uhmhfwlrq udwhv lv dwohdvwdv oduj h dv wz r wlp hv wkh vwdqgdug ghyldwlrq ri frp sdulvrq1

Wkh deryh glvfxvvlrq dovr dssolhvwr wkh vlp xodwlrqvz lwk frp p rq vorshvdowkrxj k wkh shuirup dqfh z lwk rqo| rqh GJ S lv frp sduhg1

8 Uhvxowv

814 Ydu| lqj Vor s hv dqg Ydu| lqj Lqwhufhs wv

Wkh �uvwfrqvlghudwlrq ri wkh wkuhh whvwv lv wkh hp slulfdovl}h1 Frqvlghulqj Wdeoh 4/ erwk whvwv DGI_± dqg

♯_± vkrxog eh dv| p swrwlfdoo| vwdqgdug qrup do+diwhuwkh dssursuldwh qrup dol}dwlrqvghulyhg lq wkh wh{w, dqg wkxv wkh p dvv ri wkhlu glvwulexwlrqv vkrxog eh v| p p hwulf/ fhqwhuhg rq }hur/ z lwk 8( ri wkh ghqvlw| hlwkhu ohvvwkdq 041978 ruj uhdwhuwkdq 419781 I urp wkh Wdeoh 4/ DGI_± dfwxdoo| vhhp vwr dssur{lp dwh wkh vwdqgdug qrup doglvwulexwlrq uhdvrqdeo| z hoo1 I ruvp dooW/ wkh glvwulexwlrq lvvkliwhg wr wkh ulj kwvrp hz kdw/ dowkrxj k dv Wj urz v wklv sureohp lv ohvv vhyhuh1 Frqvlghu wkh fkdqj h iurp W@48 dqg Q @433 z lwk 8( dqg <8( ydoxhv ri 0414; 83 dqg 51; 6; 6 uhvshfwlyho| wr W@ 433 dqg Q @ 433 z lwk ydoxhv 041975: dqg 41: 5761 I ru

♯_±/ krz hyhu wkh vwdqgdug qrup doglvwulexwlrq grhv qrwvhhp wr eh z hoodssur{lp dwhg1 I ru vp doo W/ wkh glvwulexwlrq lv khdylo| vnhz hg wrz dug wkh ohiwdqg iru oduj h Wwkh glvwulexwlrq lv khdylo| vnhz hg wr wkh ulj kw1

Dj dlq frqvlghu wkh fkdqj h iurp W@48 dqg Q @433 z lwk 8( dqg <8( ydoxhv ri 0<19; 8< dqg 051: 5<: wr

W@433 dqg Q @433 z lwk ydoxhv ri 517; 99 dqg 81; 3471

Wklv uhvxowlv vxssruwhg lq Wdeoh 6 z lwk wkh uhvxowv iru GJ S D1D uhmhfwlrq udwh ri 8( lv suhglfwhg e| wkhru| iruDGI_± dqg ♯_±1I ruDGI_± wkh dfwxdouhmhfwlrq udwh irudooWdqg Q lvfrqwdlqhg z lwklq wkh lqwhuydo

^/355¡>/3:; 5‘ z krvh erughu ydoxhv duh erwk uhdfkhg z khq W@481 I ru W∼ 83 doori wkh uhmhfwlrq udwhv idoo ehwz hhq ^/36:¡>/3853‘1Wkhuhvxowviru♯_± duhgudp dwlfdoo| gl�huhqw1I ruW⪰ 58/ wkh whvwryhuuhmhfwvwkh qxoo/ uhdfklqj d p d{lp xp uhmhfwlrq udwh ri 1<; : : z khq W@48 dqg Q @4331 I ru WA 58/ wkh whvwxqghuuhmhfwv iru doofdvhv h{fhswz khq W@83 dqg Q @4331

Wdeoh 5 vkrz v wkh glvwulexwlrq ri OP^± xqghu lwv qxook| srwkhvlv1 J lyhq wkh dssursuldwh qrup dol}dwlrq xvhg lq frqvwuxfwlqj OP^±/ wklv vwdwlvwlf vkrxog eh dv| p swrwlfdoo| vwdqgdug qrup doz lwk 8( ri lwv ghqvlw| ohvv wkdq 041978 dqg 8( j uhdwhu wkdq 419781 Rqfh dj dlq wkh uhvxowv vkrz wkdwwkh fulwlfdoydoxhv iru OP^± gr d idlu mre ri dssur{lp dwlqj wkh wkrvh ri wkh vwdqgdug qrup doglvwulexwlrq1 Dv Wlqfuhdvhv iurp 48 wr 433/ kroglqj Q @433/ wkh ohiwdqg ulj kw8( fulwlfdoydoxhv fkdqj h iurp 081<487 dqg 317664 wr 05169: : dqg 416: 63/ uhvshfwlyho| 1 Lq Wdeoh 6 iru OP^± dqg GJ S0E/ wklv uhvxowlv ixuwkhu vxssruwhg dv wkh uhmhfwlrq udwhv dooidooz lwklq wkh lqwhuydo^/348:>/3:73‘1 Ryhudoo/ lwvhhp v wkdwz kloh DGI^± shuirup v wkh ehvwz lwk uhj dug wr vl}h/ erwk DGI^± dqg OP^± gr d uhdvrqdeoh mre ri dssur{lp dwlqj vwdqgdug qrup doudqgrp yduldeohv iru oduj h Wdqg Q1Rq wkh rwkhukdqg/ ♯^± vkrz vkxj h vl}h glvwruwlrqvz klfk udqj h iurp ryhuuhmhfwlrq ri wkh qxoo k| srwkhvlv z lwk vp dooWwr xqghuuhmhfwlrq ri wkh qxook| srwkhvlv z lwk oduj h W1Lq doofdvhv/ z khq wkh whvwv duh xvhg rq wkh GJ S frqwudu| wr wkhlu rz q qxoo/ wkh| uhmhfwwkh qxoori wkh GJ S z lwk d uhmhfwlrq udwh forvh wr 41

Wdeoh 7 vkrz v d frp sdulvrq ri wkh wkuhh whvwv lq wkhlu delolw| wr fruuhfwo| uhmhfwwkh qxook| srwkhvlv ri GJ S0D1J lyhq wkh wz r vwhs surfhgxuh ri wkh h{shulp hqw/ wkh delolw| ri wkh whvwv wr fruuhfwo| uhmhfwwkh qxoo k| srwkhvlv vkrxog eh gluhfwo| frp sdudeoh1 Wkhru| vxj j hvwv wkdwwkh delolw| wr uhmhfwwkh qxoo k| srwkhvlv vkrxog lqfuhdvh z lwk oduj hu Wdqg Q dqg lqfuhdvh z lwk vp doohu υ1 Z khq d whvwkdv d vlj ql�fdqwo| j uhdwhu srz huwkdq wkh rwkhuwz r z khq frp sduhg sdlu0z lvh/ wkdwydoxh lvp dunhg z lwk d c-*1 Wkh �uvwreylrxvuhvxow lv wkdw♯^± shuirup v wkh ehvwlq dop rvwdoofdvhv z khuh d ehvwwhvwfdq eh lghqwl�hg1 Wklv vkrxog qrweh vr vxusulvlqj frqvlghulqj wkh vl}h glvwruwlrqv ri wklv whvw1 Lq rqo| wz r fdvhv OP^± grp lqdwhv dqg lq qr fdvhv grhv DGI^± grp lqdwh1 Dv DGI^± dqg ♯^± z huh ghulyhg xqghu wklv GJ S lwvkrxog qrweh vxusulvlqj wkdwrqh ri wkhvh whvwv lv wkh p rvwsrz huixo1 Krz hyhu/ z kdwlv lqwhuhvwlqj lv wkdwlq dop rvwdoofdvhv wkh vhfrqg p rvw srz huixowhvwlv qrwDGI^± exwudwkhuOP^±1 Doowhvwv kdyh d srz huz klfk dssurdfkhv4 dv Q dqg Wlqfuhdvh dqg lq wkrvh fdvhv z khuh W@433/ Q ∼ 48/ dqg υ ⪰ 3/;8 doori wkh whvwv duh vwdwlvwlfdoo| ht xlydohqw1 Wdeoh 8 frp sduhvwkh shuirup dqfh ri wkh whvwvz lwk GJ S0E1Lq wklvfdvh wkh delolw| wr uhmhfwvkrxog dj dlq lqfuhdvh z lwk oduj hu Wdqg Q dqg lqfuhdvh z lwk oduj hu λ1 I ru W⋆ 58/ ♯^± dj dlq grp lqdwhv dowkrxj k iru WA 58 OP^± lv ehvw/ z khq d ehvwwhvwfdq eh ghwhup lqhg1 Lq wklv fdvh/ rqo| OP^± lv ghulyhg xqghu wkh qxoo ri wklvGJ S dqg vr lwlvhqfrxudj lqj wkdwwkh whvwgrhv/ lq fhuwdlq fdvhv/ rxwshuirup wkh rwkhuwhvwvdowkrxj k ♯^± vwlooshuirup vz hooz lwk uhj dugvwr srz hu1 DGI^± dj dlq odj vehklqg lq lwvsrz hu/ lq sduwlfxoduiruvp dooλ1 Wdeoh 9 vkrz v wkh fulwlfdoydoxhv iru GJ S0E z khq dxwrfruuhodwlrq dqg z hdn h{rj hqhlw| ydoxhv duh vshfl0 �hg1 Wkhru| vkrz vwkdwwkhvh d�hfwvvkrxog eh fruuhfwhg irudv| p swrwlfdoo| 1 Xvlqj wkh fdvh z khuh η @3 dqg τ @3 dv d ehqfkp dun +uhsruwhg lq ghwdlolq Wdeoh 414,/ lwfdq eh vhhq doorz lqj wkhvh sdudp hwhuv wr eh ∃@3/ vhulrxvo| vnhz v wkh glvwulexwlrqv lq �qlwh vdp sohv1 I ru DGI^± dqg ♯^± doorz lqj d qhj dwlyh p rylqj dyhudj h/

5:

τ @∗ 3/; fdxvhv wkh p rvwvhulrxv fkdqj hv1 I ru DGI_± wkh fulwlfdoydoxhv p ryh iurp 041876: dqg 41; 9: ; wr

05315646 dqg 04915<: ; z khq doorz lqj τ @∗ 3/; dqg nhhslqj η @3/I ru♯_± wklvfkdqj h p ryhvwkh ydoxhviurp

31478< dqg 61: ; <; ; wr 0741<; 4; dqg 068155841 Wkh hp slulfdovl}h uhvxowviurp GJ S D lq Wdeoh ; vxssruwwklv revhuydwlrq1 Lq doofdvhv z khq wkhuh lv d qhj dwlyh p rylqj dyhudj h/ wkh hp slulfdovl}h iru DGI_± dqg ♯_± lv ht xdowr 1<<<< iduiurp wkh hp slulfdoydoxhv13753 dqg 13339 uhsruwhg lq Wdeoh 41 Lqfoxglqj d srvlwlyh p rylqj dyhudj h kdv d frqwudglfwru| h�hfwrq wkh whvwv1 I ru DGI_±/ d srvlwlyh p rylqj dyhudj h fdxvhv wkh hp slulfdo vl}h wr lqfuhdvh/ iru h{dp soh iurp 13753 wr 187: 3 z khq η @3¿iru ♯_± d srvlwlyh p rylqj dyhudj h fdxvhv wkh hp slulfdovl}h wr ghfuhdvh/ iru h{dp soh iurp 13339 wr 133331 Wkhvh sdwwhuqv duh revhuyhg dfurvv dooydoxhv iru η/Wdeoh : vkrz v wkh h�hfwri wkhvh sdudp hwhuv rq wkh glvwulexwlrq ri OP_± xqghu wkh qxoo1 Lq wklv fdvh/ d srvlwlyh p rylqj dyhudj h kdv wkh oduj hvwh�hfwrq wkh glvwulexwlrq/ khdylo| vnhz lqj wkh glvwulexwlrq wr wkh ulj kw1 I ruh{dp soh kroglqj η @3 dqg lqfuhdvlqj τ iurp 3 wr 31; fkdqj hvwkh fulwlfdoydoxhviurp 0519577 dqg

4169<6 wr 651356< dqg : 4144331 Lq Wdeoh ; wkh vl}h uhvxowviruOP_± dqg GJ S0E vkrz wkdwd srvlwlyh p rylqj dyhudj h/ irudooη>fdxvhvvhulrxvryhuuhmhfwlrq ri wkh qxooz kloh doorwkhufrp elqdwlrqvfdxvh dq hp slulfdovl}h forvh wr 31

Wkh vl}h0dgmxvwhg srz hu iru doowhvwv lv forvh wr 41 Wkhvh uhvxowv duh hqwluho| frqvlvwhqwz lwk wkh uhvxowv lq Wdeohv 7 dqg 81 Fkdqj lqj η dqg τ kdv qr vhulrxv lp sdfwrq wkh srz hu1

815 F r p p r q Vor s hv dqg Ydu| lqj Lqwhufhs wv

Uhvxowv iru wkh 8( shufhqwfulwlfdowdlov dqg hp slulfdovl}h iru wkh wz r whvwv z lwk frp p rq vorshv lv j lyhq lq

Wdeoh <1 Dj dlq/ wkhru| iru wkhvh wz r rqh0vlghg whvwv z rxog suhglfwydoxhv forvh wr 041978 iru d uhmhfwlrq udwh ri 8( 1I ruW⪰ 58>lq dop rvwdoofdvhv+z lwk wkh rqh h{fhswlrq ri W@58 dqg Q @48, wkh vl}h ri wkh DGI^{VP} whvwlv forvhu wr 3138 wkdq wkh vl}h ri wkh DGI^N whvw1 I ru WA 58>wkh uhvxowv duh qrwvr fohdu1 Z khq Q@48 ru 58/ wkh vl}h ri wkh DGI^N whvwlv forvhu wr 3138 wkdq wkh vl}h iru wkh DGI^{VP} 1 Lwlv lqwhuhvwlqj wr qrwh wkdwwkh DGI^N whvwvhhp v p ruh vhqvlwlyh wr t xhvwlrqv ri edodqfh lq wkh glp hqvlrqv ri Wdqg Q1I ru erwk

W@83 dqg W@433/ lqfuhdvlqj wkh Q glp hqvlrq iurp 83 wr 433 uhvxowv lq dq lqfuhdvh lq hp slulfdovl}h dz d| iurp wkh 8( ohyho1 I ru wkh DGI^{VP} whvw/ lq doofdvhv lqfuhdvlqj wkh Q glp hqvlrq uhvxowv lq vp doohu hp slulfdo vl}hv0p rylqj forvhu wr 31381

Wkh vl}h0dgmxvwhg srz huv iru erwk whvwv duh j lyhq lq Wdeoh 431 Wkhru| rqfh dj dlq suhglfwv wkdwsrz hu vkrxog lqfuhdvh dvWdqg Q lqfuhdvh dqg lqfuhdvh dv υ ghfuhdvhv1 Lq wklvfdvh wkh uhvxowvduh hqfrxudj lqj 0wkh dgmxvwp hqwvlqfuhdvhwkhsrz hugudp dwlfdoo| / sduwlfxoduo| iruvp dooW1Lq idfw/ z khq srvvleohwr ghwhup lqhwkh p ruh srz huixowhvw/ wkh DGI^N whvwrxwshuirup hg wkh DGI^{VP} whvwrqo| z khq wkh furvv0vhfwlrq glp hqvlrq lv olp lwhg wr 41 Erwk whvwv kdyh srz huv z klfk lqfuhdvh wrz dug 4 dvWdqg Q lqfuhdvh dqg iru WA 48>ghfuhdvhv

5;

frlqwhj udwlrq/ DGI_± dqg ♯_±1 Wkhvh whvwv duh edvhg rq wkh DGI whvwdqg ] 0whvw/ �uvwsursrvhg lq wkh wlp h vhulhv fdvh1 Wkh wklug whvwlv edvhg rq wkh qxook| srwkhvlv ri frlqwhj udwlrq z klfk lv edvhg rq wkh OP whvw iurp wkh wlp h vhulhv olwhudwxuh/ OP_±1 Ri wkhvh wkuhh whvwv iru ydu| lqj vorshv/ z klfk lv ehvwB

Wkh whvwri wkh qxook| srwkhvlv z dv rulj lqdoo| sursrvhg lq uhvsrqvh wr wkh orz srz hu ri wkh whvwv ri wkh qxoori qr frlqwhj udwlrq/ hvshfldoo| lq wkh wlp h vhulhv fdvh1 I xuwkhu/ lq wkrvh fdvhv z khuh hfrqrp lf wkhru| suhglfwhg d orqj uxq vwhdg| vwdwh uhodwlrqvkls/ lwvhhp hg wkdwd whvwri wkh qxoori frlqwhj udwlrq udwkhu wkdq wkh qxoori qr frlqwhj udwlrq z rxog eh dssursuldwh1 Wkh uhvxowv iurp wkh P rqwh Fduor vwxg| khuh vkrz v wkdw wklv whvw/ OP_±/ p d| lq idfweh wkh ehvwwr xvh1 Dowkrxj k rqh ri wkh whvwvri wkh qxoori qr frlqwhj udwlrq/ ♯_±/ rxwshuirup hg wklv whvwlq whup v ri srz hu/ lwkdg vhulrxv vl}h glvwruwlrqv1 Wkh rwkhu whvw/ DGI_±/ kdg volj kwo| ehwwhu vl}h uhvxowv exwz dv rxwshuirup hg e| wkh OP_± lq whup v ri srz hu1

Ri wkh wz r uhdvrqviruwkh lqwurgxfwlrq ri wkh whvwri wkh qxook| srwkhvlv ri frlqwhj udwlrq/ orz srz hudqg dwwudfwlyhqhvv ri wkh qxoo/ wkh lqwurgxfwlrq ri wkh furvv0vhfwlrq glp hqvlrq ri wkh sdqhovroyhv rqh=doori wkh whvwv vkrz ghfhqwsrz hu z khq xvhg z lwk sdqhogdwd1 I ru wkrvh dssolfdwlrqv z khuh wkh qxoori frlqwhj udwlrq lv p ruh orj lfdowkdq wkh qxoori qr frlqwhj udwlrq/ wklv vwxg| / dwd p lqlp xp / frqfoxghv wkdwxvlqj OP_± grhv qrwfrp surp lvh wkh delolw| ri wkh uhvhdufkhu ri ghwhup lqlqj wkh xqghuo| lqj qdwxuh ri wkh gdwd1

Li wkhwkhru| vxj j hvwvwkdwwkhfurvvvhfwlrqvvkrxog ehuhvwulfwhg wr d frp p rq vorsh/ wklvfkdswhusuhvhqwv wz r whvwv iurp z klfk wr fkrrvh/ dq DGI 0w| sh whvwdqg d whvwedvhg rq qrq0sdudp hwulf dgmxvwp hqwri wkh

DGI 0w| sh whvw1 Erwk ri wkhvh whvwv duh frqvwuxfwhg xqghu wkh qxook| srwkhvlv ri qr frlqwhj udwlrq1 Lq wklv fdvh/ xqohvv vshfl�f lqirup dwlrq lv nqrz q derxwwkh suhvhqfh ri d qhj dwlyh p rylqj dyhudj h lq wkh huuruv/ wkhq wkh whvwedvhg rq wkh qrq0sdudp hwulf dgmxvwp hqwvkrxog eh xvhg/ wkh DGI^{VP} whvw1

: Ds s hqgl{

Wkh iroorz lqj duh fulwlfdoydoxhv/ lqfoxglqj p hdq dqg vwdqgdug ghyldwlrq/ iruDGI dqg ]_wz klfk duh xvhg iru ßw_{DGI} dqg ß♯_w1 n p hdq vwg 43( 8( 4( 4 ∗ 5/3594 /;533 ∗ 6/36;6 ∗ 6/665¡ ∗ 6/¡4¡: 5 ∗ 5/79;: /;333 ∗ 6/79¡8 ∗ 6/: 8: 9 ∗ 7/65¡3 6 ∗ 5/;868 /:; 33 ∗ 6/;64¡ ∗ 7/4545 ∗ 7/9:83 7 ∗ 6/4: 8; /:99; ∗ 7/4833 ∗ 7/7677 ∗ 7/¡¡: ; 8 ∗ 6/7; 49 /:8;6 ∗ 7/78;7 ∗ 7/: 784 ∗ 8/5¡¡;

Wkh ydoxhv z huh fdofxodwhg lq J DXVV xvlqj 83/333 uhsolfdwlrqv1 Vlqfh dv| p swrwlf wkhru| whoov xv wkdw wkh DGI whvwvkrxog dv| p swrwlfdoo| eh lghqwlfdolq glvwulexwlrq wr d Glfnh| 0I xoohu whvwz lwk llg huuruv/ d Glfnh| 0I xoohu whvwrq qrq0vwdwlrqdu| uhvlgxdov z dv vlp xodwhg1

Ydoxhv iru wkh lqglylgxdo43( / 8( >dqg 4( ohyhov duh surylghg dv d frp sdulvrq wr wkh ydoxhv j lyhq lq Skloolsv dqg Rxoldulv +4<<3,1

Uhihuhqfhv

^4‘ Dqguhz v/ G1 Z 1 N1 +4<<4,/ �Khwhurvnhgdvwlflw| dqg Dxwrfruuhodwlrq FrqvlvwhqwFryduldqfh P dwul{ Hvwlp dwlrq/� Hfrqrp hwulfd/ 8</ ; 4: 0; 8; 1 ^5‘ Edowdj l/ E1K1+4<<8,/ Hfrqrp hwulf Dqdo| vlv ri SdqhoGdwd/ Mrkq Z loh| ) Vrqv/ Lqf1/ Qhz \ run1 ^6‘ Edqhumhh/ D1/ M1Grodgr/ M1Z 11J doeudlwk/ dqg Khqgu| / G1I 11+4<<7,/ Fr0Lqwhjudwlrq/ Huuru0Fruuhfwlrq/ dqg wkh Hfrqrp hwulf Dqdo| vlv ri Qrq0Vwdwlrqdu| Gdwd/ R{irug Xqlyhuvlw| Suhvv/ Qhz \ run1 ^7‘ J udqj hu/ F1Z 1M1+4<<: ,/ �Rq P rghoolqj wkh Orqj Uxq lq Dssolhg Hfrqrp lfv/� Wkh Hfrqrp lf Mrxuqdo/ 43: / 49<04: : 1 ^8‘ Kduulv/ G1dqg Lqghu/ E1+4<<7,/ �D Whvwri wkh QxooK| srwkhvlv ri Frlqwhj udwlrq/� lq Qrqvwdwlrqdu| Wlp h Vhulhv Dqdo| vlv dqg Frlqwhjudwlrq/ Kduj uhdyhv/ Frolq S1Hg1/ R{irug Xqlyhuvlw| Suhvv/ Qhz \ run1 ^9‘ Kduyh| / D1+4<<: ,/ �Wuhqgv/ F| fohv dqg Dxwruhj uhvvlrqv/� Wkh Hfrqrp lf Mrxuqdo/ 43: / 4<505341 ^: ‘ Krdj olq/ G1F1+4<: 9,/ �WkhruhwlfdoSurshuwlhv ri Frqj uxhqwldoUdqgrp 0Qxp ehu J hqhudwruv= dq Hp 0 slulfdoYlhz /� P hp rudqgxp QV0673/ Ghsduwp hqwri Vwdwlvwlfv/ Kduydug Xqlyhuvlw| / Fdp eulgj h P dv0 vdfkxvhwwv1

^; ‘ Kvldr/ F1+4<; 9,/ Dqdo| vlv ri SdqhoGdwd/ Fdp eulgj h Xqlyhuvlw| Suhvv/ Fdp eulgj h1

^<‘ Lp / N1/ Shvdudq/ P 1 K1 dqg Vklq \ 1 +4<<8,/ �Whvwlqj iru Xqlw Urrwv lq Khwhurj hqrxv Sdqhov/�

P dqxvfulsw/ Ghsduwp hqwri Dssolhg Hfrqrp lfv/ Xqlyhuvlw| ri Fdp eulgj h1

^43‘ Ndr/ F1 +4<<: ,/ �Vsxulrxv Uhj uhvvlrq dqg Uhvlgxdo0Edvhg Whvwv iru Frlqwhj udwlrq lq Sdqho Gdwd/�

Mrxuqdori Hfrqrp hwulfv/ iruwkfrp lqj 1

^44‘ Ndr/ F1dqg Fkldqj / P 0K1+4<<: ,/ �Rq wkh Hvwlp dwlrq dqg Lqihuhqfh ri d Frlqwhj udwhg Uhj uhvvlrq lq

SdqhoGdwd/� P dqxvfulsw/ Fhqwhu iru Srolf| Uhvhdufk/ V| udfxvh Xqlyhuvlw| 1

^45‘ Nduldq/ ] 1D1dqg Gxghz lf}/ H1 M1+4<<4,/ P rghuq Vwdwlvwlfdo/ V| vwhp v/ dqg J SVV Vlp xodwlrq= Wkh

I luvwFrxuvh/ Z 1K11I uhhp dq dqg Frp sdq| / Qhz \ run1

^46‘ Nhqqhg| / Z 1M11dqg J hqwoh/ M1H1+4<; 3,/ VwdwlvwlfdoFrp sxwlqj/ P dufhoGhnnhu/ Lqf1/ Qhz \ run1

^47‘ Nlqghup dq/ D1M11dqg Udp dj h/ M1J 1+4<: 9,/ �Frp sxwhu J hqhudwlrq ri Qrup doUdqgrp Qxp ehuv/�

Mrxuqdori wkh Dp hulfdq VwdwlvwlfdoDvvrfldwlrq/ Yro1: 4/ Qxp ehu 689/ ; <60; <91

^48‘ Ohylq/ D1/ dqg Olq/ F10I 1+4<<6,/ �XqlwUrrwWhvwv lq SdqhoGdwd= Qhz Uhvxowv/� Glvfxvvlrq Sdshu/

Ghsduwp hqwri Hfrqrp lfv/ XF0Vdq Glhj r1

^49‘ P dggdod/ J 1V1/ dqg Z x/ V1+4<<9,/ �D Frp sdudwlyh Vwxg| ri XqlwUrrwWhvwv z lwk SdqhoGdwd dqg d Qhz Vlp soh Whvw=Hylghqfh I urp Vlp xodwlrqv dqg wkh Errwvwuds/� P dqxvfulsw/ Ghsduwp hqwri Hfr0 qrp lfv/ Rklr Vwdwh Xqlyhuvlw| 1

^4: ‘ P fFrvnh| / V1dqg Ndr/ F1+4<<: ,/ �D Uhvlgxdo0Edvhg Whvwri wkh Qxoori Frlqwhj udwlrq lq SdqhoGdwd/�

Hfrqrp hwulf Uhylhzv/ iruwkfrp lqj 1

^4; ‘ Shgurql/ S1+4<<8,/ �SdqhoFrlqwhj udwlrq= Dv| p swrwlf dqg I lqlwh Vdp soh Surshuwlhv ri Srrohg Wlp h

Vhulhv Whvwv z lwk dq Dssolfdwlrq wr wkh SSS K| srwkhvlv/� P dqxvfulsw/ Ghsduwp hqwri Hfrqrp lfv/

Lqgldqd Xqlyhuvlw| 1

^4<‘ Shvdudq/ P 1K1+4<<: ,/ �Wkh Uroh ri Hfrqrp lf Wkhru| lq P rghoolqj wkh Orqj Uxq/� Wkh Hfrqrp lf

Mrxuqdo/ 43: / 4: ; 04<41

^53‘ Skloolsv/ S1F1E1+4<; 9,/ �Xqghuvwdqglqj VsxulrxvUhj uhvvlrqvlq Hfrqrp hwulfv/� Mrxuqdori Hfrqrp hw0 ulfv/ 66/ 64406731

^54‘ Skloolsv/ S1 F1 E1/ dqg Oruhwdq/ P 1 +4<<4,/ �Hvwlp dwlqj Orqj 0Uxq Hfrqrp lf Ht xloleuld/� Uhylhz ri Hfrqrp lf Vwxglhv/ 8; / 73: 07691

^55‘ Skloolsv/ S1 F1 E1/ dqg P rrq/ K1 +4<<: ,/ �Olqhdu Uhj uhvvlrq Olp lwWkhru| iru Qrqvwdwlrqdu| Sdqho Gdwd/� Frz ohv I rxqgdwlrq Glvfxvvlrq Sdshu1

^56‘ Skloolsv S1F1E11dqg Rxoldulv/ V1+4<<3,/ �Dv| p swrwlf Surshuwlhv ri UhvlgxdoEdvhg Whvwv iru Frlqwh0 j udwlrq/� Hfrqrp hwulfd/ 8; / 49804<61

^57‘ Skloolsv/ S1 F1 E11 dqg Shuurq/ S1 +4<; ; ,/ �Whvwlqj iru d XqlwUrrwlq Wlp h Vhulhv Uhj uhvvlrqv/� Elrp hwulnd/ : 8/ 66806791

^58‘ Vdlnnrqhq/ S1+4<<4,/ �Dv| p swrwlfdoo| H! flhqwHvwlp dwlrq ri Frlqwhj udwlrq Uhj uhvvlrqv/� Hfrqrp hwulf Wkhru| / : / 40541

^59‘ Vklq/ \ 1+4<<7,/ �D UhvlgxdoEdvhg Whvwri wkh Qxoori Frlqwhj udwlrq Dj dlqvwwkh Dowhuqdwlyh ri Qr Frlqwhj udwlrq/� Hfrqrp hwulf Wkhru| / 43/ <404481

^5: ‘ Vwrfn/ M1dqg Z dwvrq/ P 1+4<<6,/ �D Vlp soh Hvwlp dwru ri Frlqwhj udwlqj Yhfwruv lq Klj khu Rughu Lqwh0 j udwhg V| vwhp v/� Hfrqrp hwulfd/ 94/ : ; 60; 531

^5; ‘ Wd| oru/ D1 P 1 U1 dqg Gl{rq/ K1 G1 +4<<: ,/ �Frqwuryhuv| = Rq P rghoolqj wkh Orqj Uxq lq Dssolhg Hfrqrp lfv/� Wkh Hfrqrp lf Mrxuqdo/ 43: / 498049; 1

Wdeoh 4=FulwlfdoWdloYdoxhv iru GJ S0D DGI_± ♯_± OP_± 138 1<8 138 1<8 138 1<8

W@48

Q@4 041<<<7 41<<54 0718365 41; 384 04143<4 <619577

Q@48 041: 6: : 5163<: 091399: 31; 3; 5 19: 37 9<81: 993

Q@58 0418<46 516: << 091: 436 314987 91; ; 48 <5; 1785<

Q@83 041757< 5185<< 0: 1; : : < 04137; 3 5; 1; 643 4559169; <

Q@433 0414; 83 51; 6; 6 0<19; 8< 051: 5<: : : 15687 4768188; 9

W@58

Q@4 041; 36< 41; : : 7 051; 3; < 41; 835 031<936 53: 515596

Q@48 0419695 41<: ; 6 0519: : < 51454; 45616<; 4 448: 51975

Q@58 0418: 35 513: 9; 0519947 513; : ; 6341<576 4785816; 6

Q@83 0417<<6 514893 051: 4: 6 513; 57 ; 541874; 4: <651689

Q@433 0416896 51634< 051; 664 41<835 4<9<1; 993 5543; 1; 67

W@83

Q@4 0419956 41; 348 0419: 59 41; ; 84 71; 9; 5 999: 81; : ;

Q@48 0419653 41; 387 031; 356 51<353 75: 613<: 7 654749197

Q@58 0418<: 5 41; 77< 0317: 33 615347 <9<315577 6; ; 35; 1; 8

Q@83 041876: 41; 9: ; 31478< 61: <; ; 599<: 15: < 78<89; 176

Q@433 0418654 41<56< 31<: ; 4 719: 36 9466816; 9 89747818<

W@433

Q@4 0419498 41: 73; 04165: 7 41<348 45<1: 59: 476; ; 4813

Q@48 0419: 43 419<93 031375; 615335 <87341; 44 99989371;

Q@58 0419844 41: 4: : 176; 6 619: 9: 55546618 : <: : 4; 813

Q@83 0419659 41: 464 416659 718: 39 8; 96851<; <: <<3; <13

Q@433 041975: 41: 576 517; 99 81; 347 46494; <19 449: 63<7

Qrwhv=

+d, DGI_± dqg ♯_± duh ghulyhg xqghu wkh qxoori qr frlqwhj udwlrq1

+e, Wkhru| suhglfwv wkdwDGI_± dqg ♯_± vkrxog eh dv| p swrwlfdoo| vwdqgdug qrup do1

Wdeoh 5=FulwlfdoWdloYdoxhv iru GJ S0E DGI^± ♯^± OP^± 138 1<8 138 1<8 138 1<8

W@48

Q@4 06174<6 317358 0<16674 0414466 0414376 51599< Q@48 091; : 6; 051; 657 0541549< 045159; 4 06156; 5 5185: ; Q@58 0; 15; 3: 07156<4 0581<77< 04: 13<37 061; 548 513; 8; Q@83 0431: ; 53 091: 6<; 0671; 667 0581: 5; 9 071: 735 4183<8 Q@433 04717339 04316; 67 07: 14739 06; 133; < 081<487 317664

W@58

Q@4 071463: 03188; 9 0; 1; 43: 0515793 04138<9 513367 Q@48 0431458; 0917<33 0551; : 86 0481<388 05196: 3 513585 Q@58 0451844: 0; 1<7<9 05; 17: : 6 05417994 0613588 419<<4 Q@83 0491<: 65 04616657 06; 193; 5 064199<6 0619577 41578: Q@433 0561537< 04<189; 3 0861493< 0791383< 0717667 318434

W@83

Q@4 0819938 0515<<< 04314; 7; 07189<: 031<; 49 41<9; 3 Q@48 0491974: 04615684 06313; <4 057157; ; 0513: 89 41; : 9; Q@58 0531<785 04: 1894: 06; 1394: 06513: <: 0515<57 41: 68< Q@83 05; 1<774 058184; 7 08517965 07918563 0519577 4169<6 Q@433 07314: : 6 0691; 3<: 0: 51; 99; 0991<85: 06145; 8 41344:

W@433

Q@4 0; 13476 071: 958 04614; 56 0: 1; ; <7 031<535 41; <; : Q@48 05913988 0551; 3<6 07518746 06: 1546: 041: 9<< 41; 6; 8 Q@58 066153<3 05<1<754 087154; < 07; 1: 753 041<34; 41: 465 Q@83 0791598< 07613656 0: 816: : 6 0: 313689 051457: 418: 36 Q@433 0971: 755 09418334 043817: 97 043313; 38 05169: : 416: 63

Qrwhv= +d, ♯^± lv ghulyhg xqghu wkh qxoori frlqwhj udwlrq1 +e, Wkhru| suhglfwv wkdw♯^± vkrxog eh dv| p swrwlfdoo| vwdqgdug qrup do1

Wdeoh 6=Hp slulfdoUhmhfwlrq Udwhv DGI_± ♯_± OP_± GJ S0D GJ S0E GJ S0D GJ S0E GJ S0D GJ S0E

W@48

Q@4 13: ; 5 16499 1568; 1; ; 57 15; 44 13976

Q@48 138: : 1<<: ; 19374 1<<<< 1<654 13: 73

Q@58 13789 1<<<< 1: 6; 3 1<<<< 1<; 8< 1393<

Q@83 1367< 1<<<< 1<37; 1<<<< 1<<<: 1379<

Q@433 1355< 1<<<< 1<; : : 1<<<< 1<<<< 1356;

W@58

Q@4 13989 19878 145<9 1<; 95 19; 8< 1396;

Q@48 137<6 1<<<< 14869 1<<<< 1<<<< 13978

Q@58 13763 1<<<< 1485; 1<<<< 1<<<< 13854

Q@83 136<5 1<<<< 14974 1<<<< 1<<<< 13678

Q@433 135: 4 1<<<< 14; ; 4 1<<<< 1<<<< 1348:

W@83

Q@4 13853 1<<63 13858 1<<<< 1<: ; < 13969

Q@48 137<5 1<<<< 1343: 1<<<< 1<<<< 1395:

Q@58 1378: 1<<<< 13378 1<<<< 1<<<< 13883

Q@83 13753 1<<<< 13339 1<<<< 1<<<< 13694

Q@433 136: < 1<<<< 13335 1<<<< 1<<<< 13558

W@433

Q@4 137: 3 1<<<< 135; ; 1<<<< 1<<<; 13953

Q@48 1384; 1<<<< 1333; 1<<<< 1<<<< 1394<

Q@58 13838 1<<<< 13335 1<<<< 1<<<< 1386:

Q@83 137; 9 1<<<< 13333 1<<<< 1<<<< 13785

Q@433 137<< 1<<<< 13333 1<<<< 1<<<< 13679

Qrwhv=

+d, Hp slulfdofulwlfdoydoxh iru DGI_± dqg ♯_± lv 041978 dqg iru Whvw6/ 419781

Wdeoh 7=Srz hu wr Uhmhfw=GJ S0D DGI^± ♯^± OP^± υ 31<8 31; 8 31: 8 31<8 31; 8 31: 8 31<8 31; 8 31: 8 W@48

Q@4 13839 13898 13964 13897 13: 76- 13; <; - 13845 13789 1376: Q@48 13: 6; 1466: 15745 13<<9 15976- 17: 54- 13<5: 14935 15663 Q@58 13<67 1537; 16; 37 14676- 16<46- 19; <<- 1448: 1578: 16: : 4 Q@83 14497 1647< 19474 14<47- 197: 3- 1<6: 5- 14: 65 17555 197<8 Q@433 14: 79 18643 1; ; 8< 163: 4- 1<338- 1<<; 8- 15743 19689 1; 8<8

W@58

Q@4 13874 13: 79 14346 1395; - 13<98- 1475: - 138: : 139<8 13: <: Q@48 14373 163; < 19: 69 14<95 19885- 1<86; - 15398- 18988 1; 958 Q@58 1469: 17858 1; 999 15; 53 1; 93: - 1<<: 9- 15<: : - 1: 9: ; 1<9; 3 Q@83 14; <: 1: 59; 1<<46 1798< 1<<49- 1<<<< 17938 1<6<6 1<<9< Q@433 16486 1<7; 6 1<<<< 1: 63<- 1<<<<- 1<<<< 19; 8< 1<<53 1<<<;

W@83

Q@4 1393: 145: : 159: 4 13<78- 1565<- 178: 7- 13: ; 5 1498< 16466 Q@48 14<: 3 1; <78 1<<<; 18835 1<<; : - 1<<<< 18868 1<<4: 1<<<< Q@58 15: <: 1<; ; 4 1<<<< 1: 88; - 1<<<< 1<<<< 1: 5<3 1<<<6 1<<<< Q@83 17; ; 5 1<<<< 1<<<< 1<933- 1<<<< 1<<<< 1<5: 7 1<<<< 1<<<< Q@433 1: 89: 1<<<< 1<<<< 1<<<9 1<<<< 1<<<< 1<; << 1<<<< 1<<<<

W@433

Q@4 13<4; 16; 8: 1: ; <; 14: 38- 195; 9- 1<8; 3- 1479: 18584 1; : 94 Q@48 189<8 1<<<< 1<<<< 1<: : 9- 1<<<< 1<<<< 1<796 1<<<< 1<<<< Q@58 1; 34< 1<<<< 1<<<< 1<<<3- 1<<<< 1<<<< 1<; <5 1<<<< 1<<<< Q@83 1<: ; 5 1<<<< 1<<<< 1<<<< 1<<<< 1<<<< 1<<<8 1<<<< 1<<<< Q@433 1<<<< 1<<<< 1<<<< 1<<<< 1<<<< 1<<<< 1<<<< 1<<<< 1<<<<

Qrwhv= +d, - lqglfdwhvwkh uhmhfwlrq udwh lv%vlj ql�fdqwo| j uhdwhu%z khq frp sduhg z lwk hlwkhuri wkh rwkhuwz r whvwv1

6:

Wdeoh 8=Srz hu wr Uhmhfw=GJ S0E DGI_± ♯_± OP_± λ 3138 3148 3158 3138 3148 3158 3138 3148 3158

W@48

Q@4 13849 1396; 13; 87 13934 143<7 14<39- 13956 13<: 8 1485:

Q@48 1386< 13<66 14: ; : 13<64- 1647; - 199: ; - 13; 34 15757 18573

Q@58 13893 14459 156; 6 14444- 1768: - 1; 769- 13<7< 16576 1: 365

Q@83 138: 6 1469; 16843 1466<- 19779- 1<: 64- 14457 17: ; ; 1<39<

Q@433 1396; 15359 1885: 14: : 6- 1; 9; 3- 1<<<7- 14837 1: 68< 1<<79

W@58

Q@4 13886 13<93 14888 139<3 14: 38 16737- 13: 35 149: 8 16456

Q@48 1394< 1549; 18769 14595- 19675- 1<: 68- 144: 4 1935; 1<8; :

Q@58 13: 37 16386 1: 67< 14883- 1; 447- 1<<97 1475; 1: <39 1<<84

Q@83 13: <4 178<; 1<5: 3 155; ; - 1<99<- 1<<<< 15433 1<8: 5 1<<<<

Q@433 13; ; 9 19: ; 3 1<<97 16575- 1<<<6 1<<<< 16458 1<<<5 1<<<<

W@83

Q@4 139: 9 15483 17485 13<65 16: 67 19<6<- 143: <- 16; 6; - 198<9

Q@48 143; 4 1: <37 1<<8< 15793 1<; <9 1<<<< 1648<- 1<<73- 1<<<<

Q@58 14648 1<5<4 1<<<< 16649 1<<<: 1<<<< 17565- 1<<<< 1<<<<

Q@83 14; 96 1<<7; 1<<<< 184; 3 1<<<< 1<<<< 19896- 1<<<< 1<<<<

Q@433 15; 34 1<<<< 1<<<< 1: 9: < 1<<<< 1<<<< 1; ; 49- 1<<<< 1<<<<

W@433

Q@4 14375 18433 1; 365 147<< 1: 457 1<897- 1558<- 1: 537 1<5; ;

Q@48 165; 3 1<<<< 1<<<< 19543 1<<<< 1<<<< 1; 94: - 1<<<< 1<<<<

Q@58 17<85 1<<<< 1<<<< 1: ; 9: 1<<<< 1<<<< 1<979- 1<<<< 1<<<<

Q@83 1: 3<; 1<<<< 1<<<< 1<969 1<<<< 1<<<< 1<<; <- 1<<<< 1<<<<

Q@433 1<474 1<<<< 1<<<< 1<<<5 1<<<< 1<<<< 1<<<< 1<<<< 1<<<<

Qrwh=

+d, - lqglfdwhvwkh uhmhfwlrq udwh lv%vlj ql�fdqwo| j uhdwhu%z khq frp sduhg z lwk hlwkhuri wkh rwkhuwz r whvwv1

6;

Wdeoh : =FulwlfdoWdloYdoxhv iru GJ S0E z lwk Gl�huhqwSdudp hwhu Ydoxhv DGI_± ♯_± OP_± 138 1<8 138 1<8 138 1<8 η @∗ 3/8 τ @∗ 3/; 08719493 08315; 48 0; 517: <6 0: 713446 0819; 47 0717: <5 τ @3/3 05; 13337 05719756 08418; 48 0781; 543 0819: ; 4 061<7<:

τ @3/; 05; 19; 63 0571; 68: 04<17387 049169<6 ; 1; 859 5819967 η @3/3 τ @∗ 3/; 0881564: 0831: ; <3 0; 615<: 4 0: 719946 0519998 314; 93 τ @3/3 05; 1<774 058184; 7 08517965 07918563 0519577 4169<6 τ @3/; 05<1: 964 0581: <56 04<17: 78 04917: : < 651356< : 414433 η @3/8 τ @∗ 3/; 08718: : 6 08315798 0; 5185; ; 0: 713547 0819; 94 0717: : 3 τ @3/3 05: 1<; 78 05719668 0841935: 0781: <3< 0819; 5< 061<; : 7 τ @3/; 05<19965 0571; 6: ; 04<16; : 6 04916<78 ; 1; 5: : 5818685

Qrwhv=

+d, OP_± lv ghulyhg xqghu wkh qxoori qr frlqwhj udwlrq1

+e, Wkhru| suhglfwv wkdwOP_± vkrxog eh dv| p swrwlfdoo| vwdqgdug qrup do1

+f, Q@W@831

+g, λ @/581

+h, Wdeoh 5 fulwlfdoydoxhv duh wkh vshfldofdvh z khuh η @3 dqg τ @31

Wdeoh ; =Hp slulfdoVl}h dqg Srz hu z lwk Gl�huhqwSdudp hwhu Ydoxhv DGI^± ♯^± OP^± Vl}h Srz hu Vl}h Srz hu Vl}h Srz hu

GJ S0D η @∗ 3/8 τ @∗ 3/; 1<<<< 1<<<< 1<<<< 1<; 6; 1<89< 1<<<< τ @3/3 13773 1<<<< 14969 1<<<< 1<<<< 1<<<< τ @3/; 1697: 1<<<< 13333 1<<<< 1<<<< 1<<<< η @3/3 τ @∗ 3/; 1<<<< 1<<<< 1<<<< 1<<<< 1<<<< 1<<<< τ @3/3 13753 1<<<< 13339 1<<<< 1<<<< 1<<<< τ @3/; 187: 3 1<<<< 13333 1<<<< 1<<<< 1<<<< η @3/8 τ @∗ 3/; 1<<<< 1<<<< 1<<<< 1<; 63 1<97: 1<<<< τ @3/3 1373; 1<<<< 148; 6 1<<<< 1<<<< 1<<<< τ @3/; 16895 1<<<< 13333 1<<<< 1<<<< 1<<<<

GJ S0E η @∗ 3/8 τ @∗ 3/; 1<<<< 1; 835 1<<<< 1<<<< 13333 1<<<< τ @3/3 1<<<< 1<<<< 1<<<< 1<<<< 13333 1<<<< τ @3/; 1<<<< 1<<<< 1<<<< 1<<<< 1<<<< 1<<<< η @3/3 τ @∗ 3/; 1<<<< 1; 339 1<<<< 1<<<< 13353 1<<<< τ @3/3 1<<<< 1<<<< 1<<<< 1<<<< 13694 1<<<< τ @3/; 1<<<< 1<<<< 1<<<< 1<<<< 1<<<< 1<<<< η @3/8 τ @∗ 3/; 1<<<< 1; 776 1<<<< 1<<<< 13333 1<<<< τ @3/3 1<<<< 1<<<< 1<<<< 1<<<< 13333 1<<<< τ @3/; 1<<<< 1<<<< 1<<<< 1<<<< 1<<<< 1<<<<

Qrwhv= +d, OP^± lv ghulyhg xqghu wkh qxoori qr frlqwhj udwlrq1 +e, Wkhru| suhglfwv wkdwOP^± vkrxog eh dv| p swrwlfdoo| vwdqgdug qrup do1 +f, Q@W@831 +g, I ru GJ S0D/ υ @/: 8>iru GJ S0E λ @/581

Wdeoh <=8 ShufhqwWdlodqg Hp slulfdoVl}h iru Frp p rq Vorshv P rgho DGI^N DGI^{VP} Wdlo Vl}h Wdlo Vl}h

W@48

Q@4 0515584 1457< 041; 894 13: 53

Q@48 0515<57 14938 0515; : 5 144<5

Q@58 0517844 14<9: 0515563 14485

Q@83 051: 4; 7 15; 99 0514; 65 1438<

Q@433 0614378 176; 9 0513874 13<64

W@58

Q@4 0514: 84 14696 041<; 8: 13<; 9

Q@48 0513; 86 144: : 0515374 144; 7

Q@58 051456< 14533 05139<9 14344

Q@83 0515<96 14865 05135: ; 13<3:

Q@433 05178: 6 153<8 05135: ; 13; 6;

W@83

Q@4 0515755 14993 051568; 1488:

Q@48 041<999 13<: 4 0513<68 1438;

Q@58 041<; : < 13<: 8 0513356 13<38

Q@83 041<: 54 13<8; 041; ; 99 13: 93

Q@433 0514354 1448< 041; 6<6 13: 67

W@433

Q@4 0516383 14; 96 0516: 56 15384

Q@48 041; <; ; 13; 73 041<; 57 13<: 3

Q@58 041; <: 6 13; 3; 041<677 13; 76

Q@83 041; ; : 5 13: <: 041; 8<7 13: 66

Q@433 041; ; 7< 13; 44 041: ; 59 139; 8

Qrwhv=

+d, Vl}h edvhg rq rqh0vlghg whvwz lwk fulwlfdoydoxh ht xdowr 0419781

Wdeoh 43=Vl}h Dgmxvwhg Srz hu iru Frp p rq Vorshv P rgho DGI_N DGI_{VP} υ 31<8 31; 8 31: 8 31<8 31; 8 31: 8 W@48

Q@4 1383; - 1376<- 13694- 13686 13537 13457 Q@48 13<74 13: <9 1374; 157: <- 1: 537- 1<733- Q@58 14449 13<7: 13769 16: 9; - 1<49<- 1<<98- Q@83 147: : 145: ; 13748 1946: - 1<<96- 1<<<<- Q@433 1544: 14<46 1383; 1; ; : 7- 1<<<<- 1<<<<-

W@58

Q@4 137<: - 1378<- 13757- 136; 6 1356< 13468 Q@48 146; : 1539: 157: : 1664<- 1; <5; - 1<<; 5- Q@58 14: : 7 1633< 16; 37 184; 3- 1<; <9- 1<<<<- Q@83 15: ; 3 1845< 19696 1: <<8- 1<<<<- 1<<<<- Q@433 17; 57 1; 39; 1<475 1<: <8- 1<<<<- 1<<<<-

W@83

Q@4 1384; - 13: <: - 14349- 13647 13599 134; 8 Q@48 15<; ; 1; ; : < 1<<5< 188; 5- 1<<<<- 1<<<<- Q@58 177; 7 1<; 77 1<<<< 1: <: 4- 1<<<<- 1<<<< Q@83 1: 8; ; 1<<<; 1<<<< 1<<<<- 1<<<< 1<<<< Q@433 1<873 1<<<< 1<<<< 1<<<<- 1<<<< 1<<<<

W@433

Q@4 13; 74- 157; 3- 175; 8- 1375: 1396: 1379: Q@48 1; 6: 6 1<<<< 1<<<< 1<8<7- 1<<<< 1<<<< Q@58 1<9<: 1<<<< 1<<<< 1<<: ; - 1<<<< 1<<<< Q@83 1<<<< 1<<<< 1<<<< 1<<<< 1<<<< 1<<<< Q@433 1<<<< 1<<<< 1<<<< 1<<<< 1<<<< 1<<<<

Qrwhv= +d, - lqglfdwhv wkh srz hu lv %vlj ql�fdqwo| j uhdwhu%z khq frp sduhg z lwk hlwkhu ri wkh rwkhu wz r whvwv1

Wdeoh 44=Hp slulfdoVl}h dqg Srz hu z lwk Gl�huhqwSdudp hwhu Ydoxhv DGI^N DGI^{VP} Vl}h Srz hu Vl}h Srz hu η @∗ 3/8 τ @∗ 3/; 14<54 1<<<< 1<<<< 1<<<< τ @3/3 13<: 9 1<<<< 13; 4: 1<<<< τ @3/; 1974: 1<<<< 13334 1<<<< η @3/3 τ @∗ 3/; 133; 7 1<<<< 1<<<< 1<<<< τ @3/3 13<87 1<<<< 13: 96 1<<<< τ @3/; 173: 6 1<<<< 13333 1<<<< η @3/8 τ @∗ 3/; 14; 85 1<<<< 1<<<< 1<<<< τ @3/3 14343 1<<<< 13: <7 1<<<< τ @3/; 196<< 1<<<< 13333 1<<<<

Qrwhv=

+d, Q@W@831

+e, υ @/: 81