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Abstract

During the last years a number of methodological papers on models with periodic discrete
parameter shifts have revived interest in these so-called regime switching models and have
inspired much applied work in various branches of economics. Different types of switching
models are in use, and in many cases the use of a particular model type is not justified on
statistical grounds. This paper suggests a new procedure to test between different types of
such models based on embedding these models within a more general one. First simulation
results of the quality of this test are presented, and finally directions for further research are
suggested.
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1 Regime Switching Models

Since the beginning of the 70’s econometricians have been interested in various types of
generalised regression models which admit different, discretely changing parameter values
at different time periods, so-called regime switching models. The basic types which are in
use where introduced by Goldfeld and Quandt (1973). They can roughly be categorised as
follows:

• Models where the change in regime is determined by an observed variable.
Among these the most important ones are threshold models, where the state changes
when an observed variable z passes a threshold c. The first economic application of this
model type is probably Fair and Jaffee (1972). Threshold models have received
renewed attention since the work of Tong and others about time series models which
incorporate the threshold principle, the so called (self-exciting) threshold
autoregressive ((SE)TAR) models, cf. Tong (1983) and (1990). Potter (1995) gives an
application on the US GNP time series (but Hansen (1996) doubts that the data actually
exhibit two distinct states).
• Models where the change in regime cannot be observed directly.
When the generating principle of the switching process is not known, it must be
modelled separately (i.e. usually: independently) from the observed variables. Two
specifications are prominent in the literature:

• Models where the current state is independent of the other states and the
probability of a certain state does not change over time („Bernoulli“, „simple
switching“ or „i.i.d. switching“ models; Goldfeld and Quandt call this
modelling strategy the „λ-method“, λ being the probability of one of the states).

• Models where the current state depends only on the previous state, i.e. the states
follow a Markov chain („τ-method“). Well-known econometric applications are
Goldfeld and Quandt (1973) or Cosslett and Lee (1985). Again, turning the
focus on time series models with an underlying Markov chain which determines
the sequence of states has inspired many economic applications since the late
80’s. For methodological considerations cf. Hamilton (1989 ff.). Among the
abundance of economic applications Engel and Hamilton (1990) and Cecchetti,
Lam and Mark (1990) are frequently cited.

• Hybrid models combining these mechanisms.
Goldfeld and Quandt (1973) already suggested Bernoulli and Markov models with the
probability of a certain state (λ) respectively the transition probability (τ) depending on
an observed variable z („λ(z)“, „ τ(z)“). These where re-introduced by Lee (1991),
Diebold, Lee and Weinbach (1994), Filardo (1994) and others. Usually the dependency
of the state probability λ on the observed variable z is parameterised by a logistic
function or the cumulative density function (c.d.f.) of a probability distribution.

Figure 1 gives a systematic overview of these model types (parameter restrictions are
marked by an arrow).
Before modelling data with a regime switching model, one should generally check whether
the existence of several states is really statistically significant, i.e. test the nested null
hypotheses of no change in state. In constructing such tests, one is always confronted with
the difficult problem that some of the parameters of the model are not identified under the
null hypotheses. A lot of research has been dedicated to this problem, mostly adopting the
approach of Davies (1977, 1987). For tests against threshold models cf. e.g. Tsay (1989),
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Chan (1990), Tong (1990), p. 233-251, and Hansen (1996). Hansen (1992) proposes a test

against Markov models which seems to be difficult to implement, cf. his Erratum (1995).
Garcia (1995) applies the procedure developed by Hansen (1995) for threshold models to
Markov models.
Instead of adding to the existing literature on this issue, this paper addresses the problem of
testing between different types of switching regression models. This is motivated primarily
by two observations:

• The problem of testing the null of a model without regime shift is far from being
settled and the tests proposed until now seem either not very powerful or difficult to
implement, so that many (in fact most) authors of applied papers decide to use a
model with several states on purely theoretical grounds. In most cases, the theory
does not point to a specific model and so one of the various model types is selected
ad hoc (a classical example are the competing models for the US housing market by
Fair and Jaffee (1972), Quandt (1972) and Goldfeld and Quandt (1973).

• When the null of a model without regime shift is tested, it does happen that
different types of models are significant, e.g. a Bernoulli model in Hansen (1992)
and a threshold model in Potter (1995), both for US GNP.

The existing literature on switching regression models does not pay attention to the fact
that the two hybrid model types („λ(z)“ and „τ(z)“) restrict to threshold models. In what
follows the author proposes to investigate and exploit this observation in the context of
testing between different types of regime switching models.

Bernoulli models with constant
transition probabilities („λ“) [1]

threshold models [1]

Markov chain models with constant
transition probabilities („τ“) [2]

Markov chain models with transition
probabilities depending on an observed

variable z („τ(z)“) [4]

Bernoulli models with state probabilities
depending on z („λ(z)“) [2]

Figure 1: Systematic overview of switching regression model types. Parameter restrictions are marked by an
arrow. The number of free parameters of the state process when parameterised as in Diebold, Lee and
Weinbach (1994) is given in parentheses [].
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2 Threshold Models as Restrictions of λλ(z) and ττ(z) Models

The restriction τ(z) → λ(z) is analogous to the restriction τ → λ which is well-known in the
literature (cf. e.g. Cosslett and Lee (1985), p. 83 ff.). When testing this restriction, one
poses the question whether the data show a significant persistence of the states rather than
an independent pattern. The standard asymptotic tests (LQ, LM and Wald) are applicable
here in the sense that the corresponding test statistics are asymptotically distributed as χ2.
Hamilton (1996), p. 139 f., proposes a Newey-Tauchen-White test for this restriction.
The asymptotic theory applies equally well to the restrictions τ(z) → τ and λ(z) → λ. Here
the influence of z on the state respectively the transition probabilities is tested.
The situation is more intricate with the restriction τ(z) → [threshold models] and
λ(z) → [threshold models]. The latter case will be treated first. Here one asks whether the
threshold principle suffices to explain the changes in state or whether another, latent
mechanism seems to be significant in the data.
A generally accepted candidate for λ(z) is the c.d.f. of the normal distribution:
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In the limit case β → ∞ this becomes a (Heaviside) step function with a discontinuity at
z = c and the corresponding model is a threshold model. The regularity conditions for the
theorem about the asymptotic distribution of the usual test statistics (cf. e.g. Kendall and
Stuart (1973), p. 241) are not fulfilled in this case and the theorem is not directly
applicable. Nevertheless one would intuitively suspect that it applies here as well, but the
author does not know a proof.1

Whether or not a proof of this generalisation of the classical theorem is available, it would
be interesting to have an idea about the finite-sample distribution of the test statistics to
compare the nominal and the actual size of the test.
In the following, the first results of a limited Monte Carlo study are presented which give a
first idea of the outcomes of a large-scale simulation study which needs to be conducted.
To simulate the distribution of the test statistics under the null hypotheses, 250 samples
containing each 100 observations of a threshold model were generated and the LQ and the
Wald statistic were calculated. The true model was one without autoregressive dynamics,
without heteroscedasty or exogenous regressors:
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The variable z was simulated by independent realisations of a standard-normally distributed
variable.

                                                          
1 This problem is entirely analogous to the question of testing between a STAR model („Smooth Transition
Autoregression“, cf. Granger and Teräsvirta (1993) and Teräsvirta (1994)) and the nested null hypotheses of a threshold
(TAR) model. Teräsvirta supposes that the asymptotic test theory is valid in this case as well but he has no proof for this
either (private communication). A solution to this problem would make it possible to test Potter’s (1995) SETAR model
for US GNP against Granger’s and Teräsvirta’s (1993) STAR model.
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The values of the Wald statistic were extremely small for some of the parameter values. A
possible explanation for this phenomenon is a lack of accuracy in the numerical
computation of the matrix of derivatives of the log-likelihood function and its inversion. In
subsequent studies, it might be favourable to work with the analytical derivatives of Gable,
van Norden and Vigfusson (1995) and Hamilton (1996).
The results for the LQ statistic can be summarised as follows:

• When using a sample length of T = 100 its values tend to be slightly smaller than
the expected χ2(1). As yet it is an open question weather this indicates that the
above conjecture does not hold or whether this is rather due to the small sample
length or to the imperfectness in the search algorithm for the global maximum of
the log-likelihood function under the alternative (a non-linear gradient method
combined with a grid search for γ = 1/β ). Possibly different algorithms, e.g. the EM
algorithm of Dempster, Laird and Rubin (1977), Ruud (1991) and Hamilton (1990)
yield better results.

• The quality of the approximation seems to depend only on the ratio of the standard
deviation of the noise process to the difference between the means of the two
states.2

For a graphical display of the empirical distribution of the test statistics see Figure 2.

                                                          
2 This was tested numerically as suggested by Hendry (1984).
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Figure 2: Histogram of the simulated LQ and Wald statistics and a χ2(1) variable.
Parameter values: m0 = -1, m1 =  1, σ = 1.
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As for the power of this test, another simulation was conducted with the alternative as the
true model. Figure 3 gives the relative rejection frequencies at different parameter values.
According to the first study, the critical value of the test at a 5%-level is approximately 3.0
which was adopted for this simulation.
These first results can be summarised as follows: The simulations support the conjecture of
an asymptotic χ2(1)-distribution of the LQ statistic, and the test seems to have acceptable
power for moderate values of β3 and not too small differences in the two means (relative to
the standard deviation).
As far as the restriction τ(z) → [threshold models] is concerned, it should be noted that the
corresponding LQ statistic is the sum of that of the tests of the restrictions τ(z) → λ(z) and
λ(z) → [threshold models]. The test statistic for the first of these two restrictions is
definitively asymptotically distributed as χ2(2) (in the usual parameterisation), so if the
above conjecture for the second restriction holds, the sum will be asymptotically

distributed as χ2(3). The situation should be similar with the LM and the Wald statistic
since these are approximations of the LQ statistic.
There remain many open questions for future research:

• What happens when one uses more complicated data generating processes?
• For practical considerations, linear models with exogenous regressors and time

series models are most important.
• It would be interesting to include heteroscedastic models as it may well be the

case that a shift in variance is an important feature of the different states of the
economy. Here the work of Kiefer (1987, 1980) is relevant.

                                                          
3 Durland and McCurdy (1994) find values between 0.24 and 1.35 for β in an empirical investigation, Filardo (1994)
reports values between 0.14 and 1.8. These authors use logistic functions for λ(z), but the corresponding values for a
normal distribution have the same order of magnitude.
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Figure 3: Empirical rejection frequencies of the LQ test at a level of approx. 5% at different values of the
standard deviation σ of the noise process (left bottom axis) and the value of β (right bottom axis,
NB the reversed, logarithmic scaling). Other parameter values: m0  = -1, m1  = 1.
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• Phillips (1995) uses bivariate Markov models, Granger and Teräsvirta (1993)
bivariate STAR models to describe two economies jointly.

• The number of possible states need not be restricted to two. Garcia and Perron
(1996) argue that a model with three states be appropriate for US interest rates.

• Does the quality of the approximation improve when the maximum of the log-
likelihood function is calculated with the EM algorithm?

• In this situation the Lagrange multiplier statistic cannot be defined in the ordinary
way due to the above-mentioned discontinuity at β = ∞. Does its limit value for
β → ∞ exist and what can be said about its (asymptotic) distribution? Some results
in this direction would be very helpful from the practical point of view since the
LM statistic can be calculated without fitting the alternative model. Alternatively, is
it possible to construct „LM-type tests“ in the spirit of Luukkonen, Saikkonen and
Teräsvirta (1988)?

• Can the test be generalised to the case where the threshold parameter c has to be
estimated? A model which specialises to such a threshold model and a λ model is
one with λ β( ) ( ( ))z z c= −Φ  and a variable β and c.

• A number of variants of the basic models have been suggested to which the test
could possibly be applied:
• Lee (1991) also considers different functional forms of λ(z) which could prove

especially interesting when z = t and the corresponding threshold model is a
model of structural break. This should be seen in analogy to the test for
structural break which Lin and Teräsvirta developed using STAR models, cf.
Teräsvirta and Lin (1995).

• Durland and McCurdy (1994) propose a very interesting model where z
represents the time the system has remained in the actual state. This is designed
for situations in which a change in state becomes more and more likely the
more time has passed since the last switch.

3 Tests between nonnested regime switching models

The last paragraph exclusively dealt with the problem of testing between nested switching
regression models. The case of nonnested models is probably the more interesting one. The
most prominent model types in the existing applied literature are Markov and threshold
models, and the use of a certain model type is rarely justified statistically. This applies
especially to time series models.
A lot of research has been dedicated to the problem of testing between nonnested models
(for an overview cf. e.g. McAleer (1995)). To the author’s knowledge as yet only one paper
dealt with the special problem of testing between nonnested switching regression models,
namely the (unpublished) paper of M. Pesaran and Potter (1991) who used a rather
sophisticated simulation technique, developed by M. Pesaran and B. Pesaran (1993), to test
between Markov and threshold models.
The first strategy one would adopt in such a situation is probably that described in many
econometrics textbooks (cf. e.g. Harvey (1993), p.177 ff.), namely to look for a more
general model within which both competing models are embedded. One can then test the
two restrictions separately with conventional tests (if available). If one restriction is
rejected and the other one is not, one should clearly favour the second restricted model. If
none of the two tests reject the respective null hypotheses this means that the sample is too
small to allow a definite conclusion to be drawn. What distinguishes this testing procedure
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from other methods is the fact that if both separate tests reject the null a consistent and
interpretable alternative is at hand, namely the embedding model.
Figure 1 reveals that this procedure indeed offers a way to test between competing
nonnested regime switching models. In particular, one could test between Markov and
threshold models if the restriction λ(z) → [threshold models] was testable with
conventional tests as conjectured in chapter 2.
However, before this test can be used in practice, one should check out via simulations

• which levels for the separate conventional tests one should choose and how this
influences the various error probabilities

• how good the test is in detecting the correct model.
Another interesting field of application is that of business cycle analysis using SETAR- and
Markov-switching time series models. It would be interesting to use the test to compare
e.g. Hamilton’s (1989) and Potter’s (1995) models of US GNP. Another step in this
direction is the work by Clements and Krolzig (1996).
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