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Abstract

In this paper we apply compactly supported wavelets to the ARFIMA(p,d,q) long-
memory process to develop an alternative maximum likelihood estimate of the differ-
encing parameter, d, that is invariant to the unknown mean and model specification,
and to the level of contamination. We show that this class of time series have wavelet
transforms who’s covariance matrix is sparse when the wavelet is compactly supported.
It is shown that the sparse covariance matrix can be approximated to a high level of
precision by a matrix equal to the covariance matrix except with the off-diagonal el-
ements set to zero. This diagonal matrix is shown to reduce the order of calculating
the likelihood function to an order smaller than those associated with the exact MLE
method. We test the robustness of the wavelet MLE of the fractional differencing pa-
rameter to a variety of compactly supported wavelets, series length, and contamination
by generating ARFIMA (p,d,q) processes for different values of p, d and ¢, and calculat-
ing the wavelet MLE estimate using only the main diagonal elements of its covariance
matrix. In our simulations we find the wavelet MLE to be superior to the approximate
frequency MLE when estimating contaminated ARFIMA(0,d,0), and uncontaminated
ARFIMA(1,d,0) and ARFIMA(0,d,1) processes except when the MA parameter is close
to one. We also find the wavelet MLE to be robust to model specification and as such
is an attractive alternative semiparameter estimator to the Geweke-Hudak estimator.
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JEL Classification: C15; C22



1 Introduction

WAVELET ANALYSIS IS A NEW DEVELOPMENT IN THE AREA OF APPLIED MATHEMATICS. THEY WERE |RST
INTRODUCED IN SEISMOLOGY [MORLET (1983)] TO PROVIDE A TIME DIMENSION TO SEISMIC ANALYSIS
THAT FOURIER ANALYSIS LACKED. THE WAVELET’S GENERALITY AND STRONG RESULTS QUICKLY MADE THEM
USEFUL IN OTHER DISCIPLINES, RANGING FROM SIGNAL [KRONLAND-MARTINET, MORLET AND GROSSMAN
(1987)] TO NUMERICAL ANALYSIS [BEYLKIN, COIFMAN, AND ROKHLIN (1991)].

BY DESIGN THE WAVELET’S USEFULNESS IS ITS ABILITY TO LOCALIZE A PROCESS IN TIME-SCALE SPACE.
AT HIGH SCALES, THE WAVELET HAS A SMALL TIME SUPPORT AND IS THUS, BETTER ABLE TO FOCUS ON
SHORT LIVED PHENOMENA LIKE SINGULARITY POINTS. AT LOW SCALES, THE WAVELET’S TIME SUPPORT
IS LARGE, MAKING IT SUITED FOR IDENTIFYING LONG PERIODIC PROCESSES. BY MOVING FROM HIGH TO
LOW SCALES THE WAVELET ZOOMS IN ON THE PROCESS’S BEHAVIOR AT A POINT IN TIME, IDENTIFYING
EITHER SINGULARITIES OR DEGREES OF SMOOTHNESS. FURTHERMORE, THE WAVELET’S ABILITY TO LOCALIZE
A SERIES IN THE TIME-SCALE SPACE DIRECTLY LEADS TO THE COMPUTATIONAL E{CIENCY OF THE WAVELET
REPRESENTATION OF A N X N MATRIX OPERATOR BY ALLOWING THE [N LARGEST WAVELET COEjCIENTS
TO ADEQUATELY REPRESENT THE MATRIX [DEVORE, ET. AL. (1992A) AND DEVORE, ET. AL. (1992B)].

IN THIS PAPER WE APPLY THE CLASS OF WAVELETS WITH COMPACT SUPPORT TO ARFIMA PROCESSES
TO PRODUCE A SEMIPARAMETRIC MAXIMUM LIKELIHOOD ESTIMATOR (MLE) OF THE FRACTIONAL DITER-
ENCING PARAMETER. UNLIKE THE SEMIPARAMETRIC GEWEKE AND PORTER-HUDAK (1983) ESTIMATOR
(GPH), WHICH UTILIZES THE PERIODOGRAM OF THE SERIES TO APPROXIMATE THE POWER SPECTRUM,
WE DRAW ON THE STATIONARITY AND SELF-SIMILARITY OF THE WAVELET TRANSFORM’S SECOND-ORDER MO-
MENTS AND THE SPARSITY OF THE WAVELET REPRESENTATION OF THE ARFIMA’S COVARIANCE MATRIX
TO ESTIMATE THE FRACTIONAL DITERENCING PARAMETER.

THE WAVELET MLE ENJOYS THE ADVANTAGE OF HAVING BOTH THE STRENGTHS OF A MLE AND
A SEMIPARAMETRIC ESTIMATOR, WHILE NOT SUTERING THEIR KNOWN DRAWBACKS. BOES, DAVIS AND
GUPTA (1989) HAVE SHOWN THAT SEMIPARAMETRIC METHODS PERFORM MORE SATISFACTORILY THAN
THE MLE METHODS WHEN THE MODEL IS MISSPECIJED. ON THE OTHER HAND, CHEUNG (1993) HAS
FOUND THAT UNDER CORRECT MODEL SPECI/CATION THE VARIOUS MLE METHODS ARE SUPERIOR TO THE
SEMIPARAMETRIC ESTIMATORS. LIKE THE GPH ESTIMATOR AND TIESLAU ET. AL. (1996) NONPARA-

METRIC MINIMUM DISTANCE ESTIMATOR (MDE), BUT UNLIKE SOWELL’S (1992) ExacT MLE or Fox



AND TAQQU’s (1986) APPROXIMATE MLE, THE WAVELET MLE’S PERFORMANCE DOES NOT DEPEND
ON CORRECTLY SPECIFYING THE ARFIMA MODEL. NOR DOES THE WAVELET MLE SUTER THE LOSS IN
E{CIENCY NOR THE INCREASE IN BIAS THE MDE EXHIBITS UNDER SHORT-MEMORY DYNAMICS. HENCE,
THE WAVELET MLE ENJOYS THE SUPERIORITY OF BEING AN EjCIENT MAXIMUM LIKELIHOOD ESTIMATOR
AND PROVIDES A ESTIMATOR OF THE DITERENCING PARAMETER THAT CAN BE CALCULATED SEPARATELY
FROM THE SHORT-RUN PARAMETERS.

ANOTHER OF THE WAVELET MLE’S MANY STRENGTHS IS THAT IT SIGNIJCANTLY REDUCES THE ORDER
OF CALCULATING THE LIKELIHOOD FUNCTION. OF THE MANY EMPIRICAL STUDIES TESTING FOR LONG-
MEMORY, FEW HAVE OPTED TO USE THE MORE EjCIENT, BUT COMPUTATIONALLY DI;CULT EXACT MLE.
INSTEAD OPTING FOR THE EASY TO USE GPH APPROACH. THE REASONING, LONG-MEMORY CAUSES
THE COVARIANCE MATRIX OF A ARFIMA PROCESS TO BE EXTREMELY DENSE AND HENCE, DI;CULT
TO INVERT. IN ORDER TO CALCULATE SOWELL’S (1992) EXACT MLE, THE LIKELIHOOD FUNCTION MUST
BE MAXIMIZED NUMERICALLY. AT EACH ITERATION OF THE OPTIMIZATION PROCEDURE THE LIKELIHOOD
FUNCTION IS CALCULATED, ALONG WITH THE INVERSE OF THE COVARIANCE MATRIX, A NUMBER OF TIMES.
SUCH CALCULATIONS ARE A MOUNTING TASK EVEN FOR TODAY’S FASTEST WORKSTATIONS, AND A JUSTI/ABLE
REASON FOR NOT USING SOWELL’S EXACT MAXIMUM LIKELIHOOD ON LARGE |NANCIAL TIME SERTES DATA.

WE SHOW THAT THE SPARSITY OF THE WAVELET TRANSFORM’S COVARIANCE MATRIX LOWERS THE COM-
PLEXITY OF COMPUTING THE WAVELET TRANSFORM’S LIKELIHOOD FUNCTION BELOW THAT OF SOWELL’S MLE
ESTIMATORS TO AN ORDER SIMILAR TO THE APPROXIMATE FREQUENCY DOMAIN MLE oF Fox AND TAQQU
(1986). MORE SPECL|CALLY, WE |ND THAT THE RAPID DECAY IN THE ELEMENTS OF THE WAVELET REP-
RESENTATION OF THE ARFIMA COVARIANCE MATRIX ENABLES US TO AVOID THE TAXING CALCULATION OF
INVERTING THE COVARIANCE MATRIX.

THIS SPARCITY ALSO ALLOWS THE WAVELET MLE TO BE ROBUST TO WHITE NOISE THAT MAY HAVE
CONTAMINATED THE TRUE TIME SERIES. BY ITS CONSTRUCTION THE WAVELET TRANSFORM CAPTURES THE
IMPORTANT FEATURES OF THE LONG-MEMORY PROCESS IN THE FEW NON-ZERO ELEMENTS OF ITS WAVELET

TRANFORM’S COVARIANCE MATRIX. SINCE WHITE NOISE WILL BE WHITE NOISE IN ANY ORTHOGONAL BASIS,

1Although we do not attempt to estimate the ARMA parameters with the wavelet MLE, it is not beyond
the scope of the wavelet MLE. Estimating the short-run parameters along with the fractional differencing
parameter in a correctly identified model is a topic of future research.

2Both Sowell (1992) and Deriche and Tewfik (1993) use the Levinson algorithm to reduce the order of
calculating a long-memory process’s likelihood function by decomposing the covariance matrix. But even

this leaves a daunting task for large data sets.



IN THE WAVELET BASIS THE ELEMENTS OF THE COVARIANCE MATRIX ASSOCIATE WITH THE STRUCTURE OF
LONG-MEMORY WILL ALWAYS STICK OUT IN THE PRESENCE OR NON-PRESENCE OF WHITE NOISE.

AN ADDITIONAL ARGUMENT FOR USING THE WAVELET MLE IS ITS INVARIANCE TO THE MEAN OF THE
ARFIMA PROCESS. WHEN THE FRACTIONAL DITERENCING PARAMETER IS EMPIRICALLY ESTIMATED THE
MEAN OF THE ARFIMA PROCESS IS UNKNOWN. IN THE PAST SUCH SITUATIONS REQUIRED A TRADEOT
BETWEEN THE MORE E{CIENT BUT COMPUTATIONALLY INTENSIVE FEASIBLE EXACT MLE (SoweLL’s MLE
EXCEPT WITH THE DATA DETRENDED BY THE SAMPLE MEAN, RATHER THAN BY THE TRUE MEAN) AND
THE LESS EjCIENT APPROXIMATE FREQUENCY DOMAIN MLE [CHEUNG AND DIEBOLD (1994)]. WE
ELIMINATE THIS TRADEOT BY SHOWING THAT THE WAVELET MLE, LIKE THE APPROXIMATE FREQUENCY
DOMAIN MLE, IS INVARIANT TO THE MEAN OF THE ARFIMA PROCESS AND IS AT LEAST AS EjCIENT
AS THE FEASIBLE EXACT MLE.

THE FACT THAT THE WAVELET MLE IS LESS INTENSIVE TO CALCULATE, ROBUST TO THE PROCESS’S
UNKNOWN MEAN AND POSSIBLE CONTAMINATION, AND DOES NOT REQUIRE THE USER TO IDENTIFY THE
MODEL MAKES IT AN APPEALING ALTERNATIVE TO THE CURRENTLY AVAILABLE FRACTIONAL DITERENCING
PARAMETER ESTIMATORS. THE PLAN OF THE PAPER IS AS FOLLOWS.

IN SECTION 2, WE PRESENT SOME BASIC WAVELET THEORY AS FOUND IN MULTIRESOLUTION ANALYSIS.
MULTIRESOLUTION ANALYSIS IS AN AREA OF COMPUTER DESIGN CONCERNED WITH GRAPHING CONTINUOUS
FUNCTIONS OR IMAGES IN THE DISCRETE SPACE OF COMPUTER PIXELS. SECTION 3 DE|NES THE CLASS OF
ARFIMA PROCESSES AND THEIR LONG-MEMORY BEHAVIOR. SECTION 4 CONTAINS THE SECOND-ORDER
PROPERTIES AND THE LIKELIHOOD FUNCTION OF THE WAVELET COE|CIENTS FROM A ARFIMA SERIES. IN
SECTION 5, AN EXTENSIVE ARRAY OF SIMULATIONS THAT ASCERTAINS THE ROBUSTNESS OF THE WAVELET
ESTIMATE TO SAMPLE SIZE, ZERO PADDING, DITERENCING PARAMETER, SHORT-RUN DYNAMICS, WAVELET

TYPE, AND CONTAMINATED DATA ARE PRESENTED. SECTION 6 SUMMARIZES OUR RESULTS.

2 Wavelet Theory
A WAVELET IS DE/NED AS

Ymn(t) = agl/zz/) (agl(t — nboao_m))

= agl/zz/)(aglt—nbo) (1)



WHERE @ > 0, by > 0, AND m AND 71 ARE ELEMENTS OF Z = {0,£1,+2,...} REPRESENTING THE
DILATION AND TRANSLATION OF %(t). AS IS COMMONLY DONE WE §EE ® AND ly = 1, L.E.,
Ymn(t) = 2" 2p(2" =) ?

THE FUNCTION () = to(f) IS THE ‘MOTHER’ WAVELET, WHICH SATIS|ES THE ADMISSIBILITY
CONDITION, [ 1(t)dt = 0, L.E., 1) OSCILLATES AND DECREASES RAPIDLY TO ZERO AS ¢t — *00. THE
REGULARITY OF THE WAVELET CAN ALSO BE INCREASED TO INCLUDE % ({) WITH HIGHER ORDER VANISHING
MOMENTS, LE., [ "t(t)dt = 0 WHERE 7 = 0,1,2,...,M — 1, AND/OR 9 (t) € €

THESE NECESSARY CONDITIONS INSURE THA# 4ft) IS SMOOTH AND WELL LOCALIZED IN FREQUENCY
AND TIME SPACE. IF THE FOURIER TRANSFORMw), HAS SUJCIENTLY FAST DECAY AS w — 0O,

1(t) CAN BE INTERPRETED AS A HIGH BANDPASS |LTER OVER THE FREQUENCIES |w| @ ]GVHERE
0 < C1 < Cy. Yy 1S THEN A HIGH BANDPASS |LTER OVER |w| € [(& n)/2™, (Cy +n)/2™].

BY INCREASING AND DECREASING 7 AND 1 THE WAVELET COVERS DITERENT FREQUENCIES AND
MOMENTS IN TIME. AT HIGH FREQUENCIES (LARGE ) THE TIME TRANSLATIORn,21S SMALL,
ENABLING THE WAVELET TO ZOOM IN ON JUMPS, CUSPS AND SINGULARITY POINTS. AT LOW FREQUENCIES
(SMALL m) THE TRANSLATIONS ARE LARGE, ALLOWINGT® ZOOM OUT ON THE SMOOTHNESS AND

PERIODICITY OF THE SERIES.

2.1 Multiresolution Analysis

USING MULTIRESOLUTION ANALYSIS, MALLAT (1989) SHOWED THAT A LINEAR COMBINATION OF THE DI-

LATED AND TRANSLATED ‘MOTHER’ WAVELET FORM AN ORTHOGONAL BASIS OF THE SET OF SQUARED INTE-
2 4

GRABLE FUNCTIONS, QR) MULTIRESOLUTION ANALYSIS DECOMPOS %) INTO A CHAIN OF CLOSED

SUBSPACES

WHERE % IS THE SET OF ﬂ?R) FUNCTIONS WITH RESOLUTIOW.ZVm CAN BE THOUGHT OF AS A SET OF

L?(R) CONTINUOUS TIME SERIES WHICH HAVE BEEN DISCRETELY AND UNIFORMLY SAMPEEITMZES.

3

In the harmonic analysis literature @ 0= 1/2. Using 2 or its inverse is only a matter of preference and
tradition.

4In this section we limit ourselves to signals in L 2(§R) However, wavelets span many function spaces.
For example, Sobolev, Lipschitz, Besov and Holder spaces are all spanned by wavelets [Meyer (1990) and
Mallat and Hwang (1991)].



Vin’S COMPOSITION PERMITS US TO GO UP AND DOWN THE CHAIN OF SUBSPACES BY RESCALINS& V'
FUNCTIONS, LE., z(t) € J{ IF AND ONLY IF (2 't) € V.

DE|NE ¢(t) TO BE THE SCALING FUNCTION SUCH THAM(t) dt = 1 1s IN C* WITH EVERY
DERIVATIVE UP TO ORDER k RAPIDLY DECREASING, AND {¢(t —n): n € Z} 1S A ORTHONORMAL BASIS

of 1§. BY THE DE/NITION OF,)/, IT FOLLOWS THAT

2M -1
p(t) = V2 Y hip(2t — k) (2)

k=0
DAUBECHIES (1988), PROVIDES A SUjCIENT SET OF NON-ZERO VALUES FOR THE COEjCIENT SEQUENCE
{hk}z%’l WHICH ENABLES ¢ TO BE AN ORTHOGONAL BASIS QFWFTH supP{¢} = [0,2M — 1].
FROM THE RESCALING PROPERTY QFIY FOLLOWS THAT j4dj () = 2m/2q§(2mt —n):ne€Z}isA
ORTHONORMAL BASIS OF,,V

PROJECTIONS OF %(t) €2[R) oNTO ¥, L.E., A 2" RESOLUTION APPROXIMATION OF Z(t), CAN BE

REPRESENTED AS

Proy, x(t) = Z < T, Pmn > Pman(t) (3)

n

WHERE THE SCALING COE{CIENTS, {< Zygh, >= [“o  2(t)pmn(t)dt : n € Z}, COMPLETELY
CHARACTERIZES THIS PROJECTION.
FROM THE DE|NITION OF ,}/ IT IS EASY TO SHOW THAT{R) = Umez Vm- AT [RST GLANCE IT
WOULD SEEM THAT A LINEAR COMBINATION OVER 7 AND 7. OF THE SCALING FUNCTIQNs), {$OULD
FORM A ORTHONORMAL BASIS OF (R). THIS THOUGHT, HOWEVER, IS INCORRECT. ALTHOUGH_V
Vint1, {¢mn} 1S NOT CONTAINED IN {ghi1,}, AND FURTHERMORE, {g,} CONTAINS ELEMENTS
THAT ARE NOT ORTHOGONAL TO THE BASIS ELEMENTS$.QF WORTUNATELY, OTHER MULTIRESOLUTION
ANALYSIS PROPERTIES SHOW #4/h, } TO BE AN ORTHONORMAL BASIS of(R).
LET W, BE THE ORTHOGONAL COMPLEMENT GF ™ Vi1, LE., Vi1 = Vi, @ W, Wy, CcAN
BE THOUGHT OF AS THE LEVEL OF INFORMATION LOST WHEN EVERY OTHER OBSERVATION OF A DISCRETE

SERIES IS DISCARDED. DE|/NE THE ‘MOTHER’ WAVELET AS
2M—1

() =vV2 > grp(2t — k) (4)
k=0

WHERE ¢ = (—1)*hoas_1_1. FROM THE DAUBECHIES SU{CIENT SET OF NON-ZERO COEJENTS, 1) HAS

THE SAME REGULARITY PROPERTIES AS ¢, {¢)(t —n): n € Z} 1S A ORTHONORMAL BASI§,Q¥NH/



{¥mn : n € Z} AN ORTHOGONAL BASIS OF,J¥/ SINCE Z®) = Umez Vi AND {0} =N, .c 7 Vin,
THE HILBERT SPACE DIRECT SUM OF,,JlEQUALS E(ER), L.E., L2(§R) = @meZWm' THUS, THE
ORTHOGONALITY OF,JJESTABLISHES {4}, : m,n € Z} AS AN ORTHOGONAL BASIS OF(R) AND ANY

z(t) € L*(R) CAN BE REPRESENTED AS
o) = DD <@ Ymn > Yma(t) (5)

WHERE THE EQUALITY OF EQ. (5) HOLDS IN THESHNSE.
DAUBECHIES (1988) CONSTRUCTED SCALING AND WAVELET FUNCTIONS FROM THE SU{CIENT NON-ZERO

SEQUENCES, {l;@}zfo_l, AND {gk}zfo_l, TO HAVE sUPP{¢} = [—(M — 1), M],
/a,”"v/)(t)dt, r=0,1,...,M — 1.

AND 9 € C*, wHERE k < 2M — 2.

THIS CLASS OF WAVELETS IS CALLED DAUBECHIES WAVELETS OF ORDER M. THE DAUBECHIES WAVELET
HAS MANY DESIRABLE PROPERTIES, BUT FOR OUR PURPOSE THEIR MOST USEFUL PROPERTY IS POSSESSING
THE SMALLEST SUPPORT FOR A GIVEN NUMBER OF VANISHING MOMENTS, M. EVEN THOUGH HIGHER
ORDERED DAUBECHIES WAVELETS HAVE A LARGER NUMBER OF NON-ZERO COEICIEN}[%‘%{&, AND
HENCE A LARGER SUPPORT, FOR A GIVEN M, THE DAUBECHIES WAVELET HAS THE FEWEST COE|CIENTS OF
ANY CLASS OF WAVELETS.

OBSERVED TIME SERIES ARE NOT CONTINUOUS FUNCTIONS, BUT ARE |NITE SEQUENCES DEPENDENT
ON HOW OFTEN « (%) IS SAMPLED. HENCE, WE CAN REMOVE THE COARSER AND |NER RESOLUTION SPACES
oF IZ(R) FrROM EQ. (5) FOR A OBSERVED SERIES. FOR EXAMPLE, SUPPOSE THAT (t) HAS ONLY BEEN
SAMPLED QUARTERLY AT ¢t = 0,1,..."%" — 1. IF THE COARSEST RESOLUTION DESIREH'{8 2WHERE
0 < min < maz, £(t) CAN BE PROJECTED ONTQ,};.> THE WAVELET REPRESENTATION OF x(t)
WOULD EQUAL

) = > < T, bminm > Pminn )+ D Y < T Pmn > Pma(t). (6)
n m>min N

SINCE z(t) HAS BEEN SAMPLED QUARTERLY% TIMES, THE MONTHLY, WEEKLY, AND DAILY VALUES

OF x(t) ARE UNKNOWN, AND BECAUSE < Zy#f, > MEASURES THE DEGREE OF INFORMATION LOST WHEN

[I)(t) IS SAMPLED LESS OFTEN (OR IN OTHER WORDS MEASURES THE DEGREE OF INFORMATION GAINED IN THE

5For example if the coarsest resolution were yearly then MiN = mar — 2.



TIME SERIES WHEN THE SERIES IS SAMPLED MORE OFTEN), THE WAVELET COE|CIENTS, {# &2}
m > maz}, ARE TRIVIALLY EQUAL TO ZERO. HENCE, fifl; BESOLUTION REPRESENTATION OF x(t)

FOUND IN EQ. (6) REDUCES TO

maz—1

:E(t) = Z <z, ¢min,n > ¢min,n (t) + Z Z < xawm,n > z,bm,n (t)

m=min N
Ym,n’S SUPPORT CAN BE THOUGHT OF AS [112, (n+1)27""] 0 BY NORMALIZING THE TIME INTER-
VAL OF z(t) TO THE UNIT INTERVAL, WHEN 72 = 0 THE TRANSLATION VALUE 7 = 0 CAUSES THE WAVELET
TO COVER THE ENTIRE UNIT INTERVAL TIME DOMAIN. IF m = maz — 1, n = 0,1,2,7%,3 — 1
IS REQUIRED. HENCE, FOR A GIVEN SCALE, m, THE TRANSLATION PARAMETER CAN ONLY TAKE ON THE
VALUES n = 0,1,2,...,2" — 1. THE WAVELET REPRESENTATION OF A TIMES SERIES z(t) With 2

OBSERVATIONS IS

mazr—12M—1

a(t) = <z, d>Pt)+ D Y. <z, mn > mn(t)

m=0 n=0

WITH THE WAVELET COE[CIENTS

{< T, Ymn(m) >:m € {0,1,...,max — 1}, n(m) € {0,1,2,...,2" — 1}} )
FOR FUTURE REFERENCE LET M = {0,1,2,...,maz — 1} axp N(m) = {0,1,2,".<2}.
2.2 Example

ONE OF THE SIMPLEST AND WELL KNOW WAVELETS IS THE HAAR FUNCTION

1, 0<t<1/2
Y(t)={ -1, 1/2<t<1 (7)
0, OTHERWISE.

THIS WAVELET IS THE DAUBECHIES WAVELET OF ORDER 1. THE SUBSPAGESAJSOCIATED WITH
THIS WAVELET ARE’[R) SIGNALS THAT ARE PIECEWISE CONSTANT FUNCTIONS WITH LENGTHIME

CORRESPONDING SCALING FUNCTION, ¢(1), IS THE INDICATOR FUNC[FIQN X

3 Long-Memory Processes

LET 2(t) BE THE ARFIMA((p,d,q) PROCESS DE/NED BY

®(L)(1 = LY (a(t) — p) = O(L)e(t) (8)

6This is actually the support of the Daubechies wavelet with one vanishing moments, i.e., M =1.



WHERE

By
B
I

L+ 1L+ ol? + -+ ¢pLP

o
>
I

14+ 601L 4 62L% + - + 0,19

ARE POLYNOMIALS OF DEGREES p AND ¢ RESPECTIVELY, AND WHOSE ROOTS LIE OUTSIDE THE UNIT CIR-
CLE. € ~ i.i.d.N(0,d), |d| < 0.5, j4 1S THE UNKNOWN MEAN, AND (1 — I} IS THE FRACTIONAL

DITERENCING OPERATOR DE/NED BY THE BINOMIAL EXPANSION

¥ = WML[
(1 ) jz_:o I'(j+1)I(—d)

IT 1S WELL KNOWN THAT AT LARGE LAGS Z(1)’S AUTOCOVARIANCE EQUALS

v(s) = Elz(t)z(t +3)]
~ C(d,®,0)|s/*! AS § — 00 (9)
WHERE
2 1e(1)[?
C(d,®,0) — %%m—zd)smwd

AND IS HENCE, NOT SUMMABLE WHEN d > 0. CORRESPONDINGLY, Z(t)’S SPECTRUM EQUALS
S(w) ~ 1/|w|* AS w — 0. (10)

AND IS UNBOUNDED AT THE ORIGIN FOR d > 0 [SEE GRANGER AND JOYEUX (1980), HosKING (1981),
BROCKWELL AND DAvIS (1993) AND BAILLIE (1996)]. THESE ASYMPTOTIC PROPERTIES SATISFY THE
MANY DITERENT DE|NITIONS OF LONG-MEMORY THAT EXIST. THE SLOW HYPERBOLIC DECAY EXHIBITED
BY 7¥(S) SATIS/ES THE LONG-MEMORY DEJ/NITION OF RESNICK (1987), AND THE UNBOUNDED SPECTRUM
AT THE ORIGIN SATIS|ES THE DE|NITION OF MCLEOD AND HIPEL (1978).

MANDELBROT AND VAN NESS’ (1968) STATISTICAL SELF-SIMILIARTY PROPERTY CAN ALSO BE SEEN IN
EQ. (9) AND (10). FOR ANY CONSTANT a, S(w) = 145 (aw) AND 7(s) = a_z(d_l/Q)fy(as), LE.,
THE STATISTICAL PROPERTIES OF % (t) REMAIN THE SAME REGARDLESS OF HOW RAPIDLY OR SLOWLY % (t) IS

SAMPLED.



4 Wavelet Analysis and Estimation of ARFIMA (p,d,q)

FROM OUR DISCUSSION ON MULTIRESOLUTION ANALYSIS, WAVELETS DISPLAY A FORM OF SELF-SIMILARITY
WHERE AT DITERENT VALUES OF 17}, #) HAS THE SAME PROPERTIES AS 1) BUT OVER SMALLER OR LARGER
TIME INTERVALS. IN THIS SECTION WE SHOW HOW THE WAVELET’S SELF-SIMILARITY CAUSES A ARFIMA
PROCESS’S WAVELET COE[CIENTS TO BE STATIONARY AND SELF-SIMILAR IN TIME SPACE AND STATIONARY
IN SCALE SPACE. WE |[ND THE WAVELET COE|CIENT’S SECOND-ORDER MOMENTS TO BE LESS CORRELATED
AT AND BETWEEN SCALES WHEN THE WAVELET IS COMPACTLY SUPPORTEBE AUTOCOVARIANCE
FUNCTION OF THE WAVELET COE[CIENTS EXHIBITS EXPONENTIAL DECAY LIKE THAT OF A ARMA PROCESS
BUT BETWEEN BOTH TIME AND SCALE. THIS DAMPING BEHAVIOR LEADS TO A SPARSE COVARIANCE
MATRIX THAT AIDS IN REDUCING THE ORDER OF COMPUTING THE MLE OF d.

BECAUSE THE FREQUENCY DOMAIN APPROXIMATE MLE IS INVARIANT TO THE UNKNOWN MEAN
[PRIESTLEY (1992, P. 417)], AND SINCE THE SAMPLE MEAN IS AN IMPRECISE ESTIMATOR WHEN LONG-
MEMORY IS PRESENT [BERAN (1994, P. 7)], CHEUNG AND DIEBOLD (1994) FOUND THE APPROXIMATE
MLE TO BE AN E|{CIENT AND ATTRACTIVE ALTERNATIVE TO THE EXACT MLE WHEN p IS UNKNOWN.
LIKE THE FREQUENCY DOMAIN APPROXIMATE MLE, THE WAVELET MLE OF d WILL BE UNATECTED BY
THE UNKNOWN [ SINCE THE WAVELET COE{CIENTS AUTOCOVARIANCE FUNCTION IS INVARIANT TO f (SEE

LEMMA 1).
4.1 Covariance Structure of ARFIMA'’s Wavelet Coefficients

LET "ty oy>(m,gin, k) = BE[< 2,Ynn >< T,%;) >] REPRESENT THE WAVELET TRANSFORM’S AUTO-
COVARIANCE FUNCTION. USING ONLY THE ADMISSIBILITY CONDITIgh{t) dt, AND z(t)’S ASYMPTOTIC

AUTOCOVARIANCE FUNCTION, WE DERIVE THE FOLLOWING RESULT.

Theorem 1 As 277k — 27n| — oo, the normalized wavelet coefficients, om(d+1/2) <
z(t), Ymm >, associated with a ARFIMA (p,d,q) process with unknown mean p and |d| < 0.5

are

i) self similar for any scale m and stationary time sequences, i.e., for any scale m the

autocovariance function, y<z > (m, m;n, k), is a unique function of the time interval

7Tewﬁk and Kim (1992) and Flandrin (1991) have derived similar properties for fractional Brownian

motion.



k—mn,

i) stationary scale sequences, i.e., for any time interval associated with n and k, the auto-

covariance function, Y<g > (m,j;n, k), is a unique function of m — j.

Proof: SEE APPENDIX A.

LIKE THE ORIGINAL TIME SERIES, < %4 > IS STATIONARY AND SELF-SIMILAR FOR |XED M.
THIS PROPERTY IS IMPORTANT SINCE THE TOOL CHOSEN FOR ANALYSIS SHOULD PRESERVE THE IMPORTANT
STATISTICAL PROPERTIES OF THE ORIGINAL SIGNAL. BUT BY THEMSELVES THE RESULTS OF THEOREM 1
PROVIDE US WITH LITTLE IF ANYTHING IN MAKING THE CALCULATION OF d’S MLE ANY EASIER OR BETTER.
BY CHOOSING 1 (t) TO HAVE M VANISHING MOMENTS AND A COMPACT SUPPORT, WE |[ND THAT
< &, %¥m.n > HAS SHORT-MEMORY OR WEAK DEPENDENCE OVER TIME AND SCALE. THIS SHORT-MEMORY
CAUSES THE WAVELET TRANSFORM’S COVARIANCE MATRIX TO BE SPARSE. BOTH OF THESE PROPERTIES ARE

THE RESULTS OF THE FOLLOWING THEOREM.

Theorem 2 If ¢(t) has M > 1 vanishing moments with support [—Ki, Ko] where K1 > 0
and Ko > 0 and z(t) is a ARFIMA(p,d,q) process with unknown mean p and |d| < 0.5
then for fized scales m > j the autocovariance, Y<py>(m,j;n,k), decays as O(|277k —
2= |2=M)=1Y for all k and n such that 277k —27™n| > maz (277 K| +2 ™ K9,27 " K| +

277 K>).

Proof: SEE ApPENDIX B
THEOREM 2 CAN ALSO BE PROVEN BY TAKING THE TAYLOR-SERIES EXPANSION OF {#4-2n |41
AROUND THE CENTER OF S, THE SUPPORT ¢s)1)(2™ !5 — t)ds, AND ELIMINATING THE [RST 2M

TERMS, TO OBTAIN

2M

. oMz
|7<I,7/)> (man;]7k)| < C|S|M+1 iggd atZM |)

WHERE C' IS DEPENDENT ON 1. CLEARLY, THE MAGNITUDE QFy% (1M, j; N, k) IS SMALL IF EITHER
THE INTERVAL S OR THE 2M TH ORDER DERIVATIVE OF & IS SMALL.

FrROM THEOREM 2 IF |d| < 0.5 ANY POSITIVE INTEGER M INSURES THAZ % (1, j;n, k) WILL
DECAY EXPONENTIALLY AT AND BETWEEN SCALES. ONLY WHEN d > 0.5 DOES THE NUMBER OF VANISHING

MOMENTS OF 1,0 BECOME CRITICAL TO THE DECAY OFy¥ .
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ALTHOUGH A LARGER M INCREASES THE RATE OF DECAY, IT COMES AT THE COST OF DECREASING THE
SET {(m,j;n,k) : |27k —27™n| > mar(2 7K + 27" K»,2 K] + 277 K3)}. As STATED IN
SECTION 2, IF 9 HAS M VANISHING MOMENTS THE SMALLEST ITS SUPPORT WIDTH CAN BE 18 2M — 1,
LE., |K; — K| = 2M — 1. FORTUNATELY, DAUBECHIES (1988) AND TEW/K AND Kim (1992) HAVE
FOUND THAT THE “ETECTIVE” SUPPORT OF THE DAUBECHIES CLASS OF WAVELET IS SMALLER THAN ITS

THEORETICAL SUPPORT, AND THAT ITS “ETECTIVE” SUPPORT GROWS AT A SLOWER RATE THAN 2M — 1.

4.2 Sparsity of the Wavelet Coefficient’s Covariance Matrix

LET

<X, > = [<a(t), oo >, < z(t),Pro >, < z(t), Y11 >, < z(t), oo >,...

ey < :E(t), wmax71,2m”—172 >, < :E(t), wmax71,2m”—1fl >]

AND Xy = E[< X,9 >< X,¢ >'] BE THE 2"¥ — 1 x 2% — 1 COVARIANCE MATRIX
CONTAINING THE ELEMENTS.3 > (™, j; 1, k), WHERE m,j € M, n € N (m) anp k € N (j).

UNLIKE THE TOEPLITZ FORM OF THE TIME DOMAIN’S COVARIANCE MATRIX, THE COVARIANCE MATRIX
OF THE WAVELET TRANSFORM IS AN ASSEMBLY OF TOEPLITZ MATRICES AT DITERENT SCALES. FIG. 1 SHOWS
HOW X, 4~ FOR max = 4 IS COMPRISED OF THE AUTOCOVARIANCE FUNCTIONy<(m, 7; 1, k),

WHERE G, IS A ZERO-OTSET "2 X 2"" TOEPLITZ MATRIX OF THE FORM

Gm = [y<ap>(m,m; i — j|)]

wITH m € M, i,5 € N(m), AND G" 18 THE 2" X 2) MATRIX

Y<z, > (m3j; 07 0) V<zb> (m3j; 07 1) e V<zahp> (ma j; 07 2J - 1)
V< ah> (maj; 17 0) V<z,p> (maj; 17 1) T V<zahp> (maj; 17 2 — 1)
7<I,¢>(maj;2m _170) ’Y<I,¢>(maj;2m _171) ’Y<I,1/J>(maj;2m_172j _1)

WHERE m,j € M AND %4> (m,j;n,k) 18 THE n + 1,k + 1 ELEMENT OF {% IN ADDITION
GI' = G,

By THEOREM 2, 3, 4~ IS A SPARSE MATRIX WHOSE ELEMENTS DECAY EXPONENTIALLY AS ONE
MOVES AWAY FROM THE THE DIAGONAL ELEMENTS @F A®D G}'. THIS DECAY CREATES |NGER-LIKE

BANDS THAT EMINATE FROM THE |RST ROW AND COLUMN QE-7@ BOTH THE |NGER-LIKE BANDS

11
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FIGURE 1: WAVELET COVARIANCE MATRIX; 3~
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FIGURE 2: X, 4~ OF ARFIMA(1,0.35,1), ¢ = 6y = 0.8, USING THE HAAR WAVELET

AND DECAY OF 2w7¢> ARE EVIDENT IN FIG. 2 WHERE THE WAVELET TRANSFORM’S AUTOCOVARIANCE

MATRIX FOR AN ARFIMA(1,0.35,1) PROCESS WITH @ #1 = 0.8 IS PLOTTED.

DE|NE Z‘Em/» TO BE THE MATRIX EQUAL TO-y> EXCEPT WITH THE ELEMENTS,
{”y<x7¢>(m,j;n, E):1277k—2""n|>B>mazx(2 'K +2 ™Ky,2 ™K, + 27jK2)}

SET EQUAL TO ZERO. 1<§w>’s ONLY NONZERO ELEMENTS WOULD BE THE MAIN DIAGONAL ELEMENTS
OF X4 y~, LE., THE MAIN DIAGONAL OF /# FOR m = 0,1,...,max — 1, AND THE |NGER-LIKE
DIAGONAL ELEMENTS OF 34~ ASSOCIATED WITH THE MAIN DIAGONAL ELEMENTS d]"fi‘ GTHE

NONZERO ELEMENTS OF§2¢> FORM A BAND OF WIDTH B AROUND THE DIAGONALS Ql;%’@.

4.3 Maximum Likelihood Estimate of d

THE CALCULATION TIME REQUIRED TO COMPUTE THE COVARIANCE MATRIX AND ITS INVERSE IS SUBSTAN-
TIALLY REDUCED WHEN@ > IS USED TO APPROXIMATE X > . HENCE, THE SPARSITY OF 3y

PROVIDES A NUMERICAL BENE|T TO CALCULATING THE LIKELIHOOD FUNCTION. THE ORDER OF CALCULATING

13



(2<I7¢>)_1 pDROPS FROM O(N) TO NEARLY O(N) WHERE N =9 — 1.8 IT FOLLOWS THAT THE
ORDER OF CALCULATING THE LIKELIHOOD FUNCTION REDUCES TO O(N).

APPROXIMATE THE LIKELIHOOD FUNCTION

gmaz _q

Ly <X, >) = @r) 7 )20 (@)

1
BXP | =2 < X, ¢ > 27, e (d) < X,p > (11)

WITH THE FUNCTION% EQUAL TO K EXCEPT WITH X, ;> REPLACED BY 295 4>+ BECAUSE 1 IS
COMPACTLY SUPPORTED, THE ELEMENTS OF;3)~ WILL BE |NITE AND HENCE, BOTHNLAND Lﬁ,
ARE WELL BEHAVED AND BOUNDED FROM ABOVE.

THE LEVEL OF ACCURACY ACHIEVED WI'ﬁ-ILL

HL]%—LNH < Log N (12)

C
B2(M—d)
WHERE C' IS A CONSTANT DEPENDENT ON 7(S) AND’¢THE LEVEL OF ACCURACY ASSOCIATED WITH
L]E\;, IS DEPENDENT ON THE VALUE OF M. A 1) POSSESSING A LARGER M HAS FASTER DECAYN,Y
REDUCING THE APPROXIMATION ERROR (ﬁ“ L

DE|NE THE WAVELET MLE OF d AS

d = ARG MAX Ly(d)
|d|<0.5

AND THE APPROXIMATE WAVELET MLE AS

dp = ARG max L5 (d).
|d|<0.5

4.4 Banded MLE of d

IN THIS SECTION WE DRAW ON THE RESULTS FROM THE PREVIOUS SECTION, BUT RATHER THAN USING

259071/» TO APPROXIMATE g >, WE ONLY USE THE MAIN DIAGONAL ELEMENTS OE 3. TO

8The improvement from O(N log N) to O(N) is based on the decay in the wavelet coefficient’s second-
order moments as the difference in their dilation parameters increase and the factorization of the Fast
Wavelet Transform [Strang (1993)]. The covariance matrix then has closer to O(N log(log IN)) non-zero
elements, which is nearly O(N) In a extensive study Meyer (1989) provides the conditions in which the
wavelet representation of a matrix has O(N) non-zero elements.

9Beylkin, Coifman, and Rokhlin (1991) provide a similar result for the wavelet representation of linear

Calderon-Zygmund operators. The result comes from approximating the sum of a decreasing sequence

Z’?JOIB 1/’Um, where M > 1, by f;o d’l}/’Um, which equals I/B m—l.
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ESTIMATE d. TO DISTINGUISH THIS ESTIMATOR FRdB’[ WE DEJ/NE THIS ESTIMATOR AS THE BANDED
MLE oF d.

LET THE OBSERVED TIME SERIES BE

I(t) = z(t) + (1) (13)
FOR t=0,1,...,2%" — 1 WITH THE CORRESPONDING WAVELET TRANFORM VECTOR,
<X,y > = KB, oo > < E(), Y10 >, < (), L1 >, < E(H), 20 >,

» < j(t)a qzbmax—l,Qm‘“J*l—Q >, < j(t)a qzbmax—l,Qm‘“J*l—l >

WHERE z(t) 18 A ARFIMA(p,d,q) PROCESS WITH |d| < 0.5,"4" OBSERVATIONS AND 7)(t) ~
WN(0,0’%) AND IS INDEPENDENT OF %(t). Z(f) CAN BE THOUGHT OF AS A ARFIMA PROCESS

THAT HAS BEEN CONTAMINATED BY SOME TYPE OF MEASUREMENT OR AGGREGATION ERROR. ALTHOUGH
ESTIMATING d WITHOUT CONTAMINATION IS A SIMPLER PROBLEM, MOST ECONOMIC TIME SERIES SUTER
FROM EITHER AGGREGATION OR MEASUREMENT ERROR AND HENCE, REQUIRE A METHOD THAT ADDRESSES
SUCH PROBLEMS. SINCE WAVELETS MEASURE THE AVERAGE 'UCTUATION OF A SIGNAL AT A GIVEN SCALE,
WAVELET TRANSFORMS ARE LESS SENSITIVE TO THE PRESENCE OF NOISE. IT SEEMS ONLY LOGICAL TO MAKE
USE OF THIS ATTRIBUTE WHEN CONSTRUCTING AN ESTIMATOR OF d.

< X, >’S COVARIANCE MATRIX IS APPROXIMATED BY

3= DIAG((NX)70, 01,0,01,15- - 7&maxfl,2m“—1 -2 &maxfl,Zm“—l 71)
WHERE

~ 2 2

Ommn = E [< $,¢m,n > ] +F [< Uaz/)m,n > ]

= C(d,®,0)27"C=D""y,(d) + o2

glo~m2d 0727, (14)

= C(d, ®,0)Vy(d), Viy(d) = [ [t[24 1AL, ) dt, AND A(1,E) = [ ds p(s)p(s—t) FOR M € M

AND n € N(m) IF FOLLOWS THAT THE APPROXIMATE LIKELIHOOD FUNCTION IS

< &, Pmp >
L) = H H - BEXp|————— "
MEM neN (m \/27T0'm n 20m.n
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WHERE 8 = (d, 02, 072,), AND THE APPROXIMATE LOG-LIKELIHOOD IS

<z, >
L£LO) = —- Z Z L+LN2W%7H
me/\/l/\/' Im,n

OR AS THE CONCENTRATED APPROXIMATE LOG-LIKELIHOOD FUNCTION

~

Om,

L£O) = —= Z #N (m L LN 278 (15)

mGM Om,n
2 _ 1 2
WHEREGm.n = Zx7(my 2oneN(m) < & Ymp > AND #N (m) DENOTES THE NUMBER OF ELEMENTS
IN THE SET.

L(0) 1s BOUNDED FROM ABOVE AND HAS A MAXIMUM WHEN
0cO = {(d,02,0'727) )d] < 0.5,0° > 0,0,2, > 0}.

OCCASIONALLY, £(0) WILL HAVE MORE THAN ONE MAXIMUM. IF THIS OCCURS THE ADDITIONAL MAXI-
MUMS ARE FROM TRIVIAL BOUNDARY CASES WHERE=60 AND/OR cﬁ = 0. THUS, THE BEHAVIOR OF

EQ. (15) INSURES THAT A NUMERICAL ALGORITHM WILL CONVERGE TO THE BANDED MLE IF INITIALIZED
WITH VALUES FROM ®. WORNELL AND OPPENHEIMER (1992) HAVE PROVIDED AN EM-ALGORITHM
THAT MAXIMIZES £(6), IN WHICH < X, ) > IS THE COMPLETE DATA ANDJK, ) > THE CENSORED

paTAll

5 Simulation

SINCE THEOREM 1 AND 2 RELY ON T2 — 27| — 00 AND THE SHORT-RUN DYNAMICS PARAMETERS
OF ®(L) AND O(L) ARE NOT PARAMETERIZED IN THE WAVELET MLE OF d, WE CONDUCT MONTE
CARLO EXPERIMENTS AND ESTIMATE THE BANDED MLE OF @ FROM ARTI|CIALLY GENERATED ARFIMA
PROCESSES FOR DITERENT WAVELETS, SERIES LENGTH, AND CONTAMINATION LEVELS.

IN EACH EXPERIMENT THE WAVELET COE[CIENTS, < 3, >, WERE COMPUTED WITH THE COM-
PACT HAAR WAVELET (DAUBECHIES WITH M = 1) AND THE DAUBECHIES WAVELET WITH M = 10.
FROM A CALCULATION POINT OF VIEW WE PREFER THE HAAR WAVELET SINCE ITS COE|CIENTS CAN BE
CALCULATED EXACTLY AT EACH SCALE AND INCREASED REGULARITY IS NOT NEEDED IN ANALYSING LONG-

MEMORY PROCESS WITH WAVELETS. WITH |[NITE DATA IT IS NOT ALWAYS POSSIBLE TO EXACTLY CALCULATE

10McCoy and Walden (1996) have developed a estimator similar to the banded MLE, but include scaling

coefficients in the likelihood function, and do not take into consideration contaminated data.
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BANDED GPH APPROX. MLE
HAAR DAUB. M=10

d N MSE BIAS MSE BIAS MSE BIAS MSE BIAS
0.05 27 [ 0.0064 -0.0044 | 0.0060 0.0054| 0.0799  0.0007| 0.0029 -0.0033
0.15 27 || 0.0063 0.0058 | 0.0070 0.0253| 0.0789  0.0075| 0.0032  0.0137
0.25 27 | 0.0081 0.0163 | 0.0105 0.0473| 0.0708 -0.0067| 0.0044  0.0386
0.35 27 | 0.0217 0.0642 | 0.0243 0.1024| 0.0779  0.0095| 0.0063  0.0582
0.45 27 | 0.0229 0.1047 | 0.0285 0.1389| 0.0741  0.0246| 0.0086  0.0742
0.05 2% [[ 0.0031  0.0009 | 0.0032 0.0096| 0.0486 -0.0006| 0.0014  0.0026
0.15 2% | 0.0028  0.0089 | 0.0038 0.0295| 0.0404 0.0062| 0.0019  0.0250
0.25 2% | 0.0034 0.0213| 0.0054 0.0497| 0.0472  0.0014| 0.0035 0.0458
0.35 2% | 0.0077 0.0467 | 0.0110 0.0830| 0.0419  0.0010| 0.0056  0.0647
0.45 2% |/ 0.0126 0.0885| 0.0179 0.1168| 0.0468  0.0042| 0.0081  0.0822
0.05 27 [/ 0.0012 0.0022 | 0.0014 0.0099| 0.0270 -0.0050| 0.0007  0.0087
0.15 27 || 0.0015 0.0137 | 0.0023 0.0316| 0.0297 0.0091| 0.0016  0.0300
0.25 27 | 0.0021  0.0229 | 0.0040 0.0511| 0.0307  0.0045| 0.0032  0.0501
0.35 27 || 0.0039  0.0438 | 0.0079 0.0794| 0.0279  0.0115| 0.0051  0.0668
0.45 27 | 0.0082 0.0779 | 0.0129 0.1042| 0.0271 -0.0021| 0.0078  0.0846
0.05 29[ 0.0007 0.0045 | 0.0008 0.0102] 0.0177  0.0069| 0.0004 0.0088
0.15 2'9 ] 0.0008 0.0130 | 0.0016 0.0309| 0.0190  0.0030| 0.0013  0.0314
0.25 29 0.0011 0.0228 | 0.0031 0.0501| 0.0188  0.0070| 0.0029  0.0511
0.35 291 0.0025 0.0410 | 0.0065 0.0767| 0.0199  0.0032| 0.0050 0.0682
0.45 29 0.0063 0.0713| 0.0102 0.0944| 0.0178  0.0067| 0.0076  0.0854

TaBLE 1: ARFIMA(0,d,0), NO CONTAMINATION

ALL OF THE WAVELET COE|CIENTS. THE MORE REGULAR (LARGE M) A WAVELET IS, THE LARGER ITS SUPPORT.
HENCE, AT COARSER SCALES THE WAVELET STRADDLES THE DATA, RESULTING IN BOUNDARY ATECTS.

IN THE |RST EXPERIMENT WE GENERATED 1000 ARFIMA(0,d,0), FRACTIONALLY INTEGRATED WHITE
NOISE PROCESSES WITH AND WITHOUT CONTAMINATION FOR d = 0.05,0.15,0.25,0.35,0.45 AND N =
27, 28, 29, 210 OBSERVATIONS. SINCE WE FOUND NO ILL-ETECTS FROM ZERO-PADDING (WHEN N WAS AT
LEAST HALF WAY TO THE NEXT HIGHEST INTEGER POWER OF 2) OR TRUNCATING (WHEN [N WAS LESS THAN
HALF WAY TO THE NEXT HIGHEST POWER OF 2) FOR THIS SERIES OR ANY OF THE OTHERS GENERATED, WE
ONLY REPORT THE RESULTS FROM SERIES WITH INTEGER POWERS OF 2. IN EACH SIMULATION THE STARTING
VALUES FOR THE EM ALGORITHM VVElfu_?,:&(Loci(0.1)/27 0.1,0.1) AND THE CONVERGENCE CRITERION

wAS 0.001.
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BANDED GPH APPROX. MLE
HAAR DAUB. M=10

d N MSE BIAS MSE BIAS MSE BIAS MSE BIAS
0.05 27 | 0.0066 -0.0144 | 0.0061 -0.0093| 0.0799 -0.0074| 0.0030 0.0104
0.15 27 || 0.0068 -0.0220| 0.0064 -0.0066| 0.0788 -0.0101| 0.0058 0.0528
0.25 27 | 0.0082 -0.0351| 0.0070 -0.0119| 0.0713 -0.0315| 0.0160 0.1141
0.35 27 || 0.0187 -0.0328 | 0.0174 -0.0031| 0.0782 -0.0244| 0.0612 0.2407
0.45 27 | 0.0465 -0.0398 | 0.0392 -0.0090| 0.0758 -0.0452| 0.0141 0.1041
0.05 2% [ 0.0032 -0.0090 | 0.0031 -0.0015| 0.0487 -0.0085| 0.0016 0.0161
0.15 2% | 0.0031 -0.0188 | 0.0029 -0.0016| 0.0404 -0.0101| 0.0053 0.0632
0.25 2% | 0.0037 -0.0267 | 0.0029 -0.0049| 0.0476 -0.0191| 0.0158 0.1197
0.35 2% || 0.0080 -0.0389 | 0.0053 -0.0137| 0.0424 -0.0248| 0.0606 0.2491
0.45 2% | 0.0217 -0.0330 | 0.0175 -0.0164| 0.0485 -0.0455| 0.0154 0.1006
0.05 27 [ 0.0013 -0.0075| 0.0013 -0.0011| 0.0272 -0.0125| 0.0012 0.0220
0.15 27 || 0.0015 -0.0134| 0.0014 0.0012| 0.0296 -0.0050| 0.0053 0.0677
0.25 27 || 0.0021 -0.0239 | 0.0014 -0.0020| 0.3090 -0.0119| 0.0158 0.1230
0.35 27 | 0.0037 -0.0376 | 0.0022 -0.0132| 0.0278 -0.0077| 0.0599 0.2432
0.45 27 | 0.0118 -0.0343 | 0.0091 -0.0205| 0.0285 -0.0373| 0.0110 0.1017
0.05 29 ] 0.0007 -0.0023| 0.0007 -0.0007| 0.0177 -0.0012| 0.0008 0.0220
0.15 2'9 ] 0.0009 -0.0138 | 0.0007  0.0010| 0.0190 -0.0097| 0.0050 0.0688
0.25 29 0.0011 -0.0227| 0.0006 -0.0018| 0.0188 -0.0057| 0.0155 0.1233
0.35 29 ] 0.0023 -0.0378| 0.0010 -0.0143| 0.0201 -0.0116| 0.0599 0.2441
0.45 29| 0.0069 -0.0269| 0.0050 -0.0170| 0.0181 -0.0188| 0.0106 0.1011

TABLE 2: ARFIMA(0,d,0), CONTAMINATION

TABLES 1 AND 2 REPORT THE [NDINGS OF THE BANDED MLE’S MEAN SQUARED ERROR (MSE)
AND ITS LEVEL OF BIAS WITH AND WITHOUT CONTAMINATION USING THE HAAR, AND DAUBECHIES-10
WAVELET. FOR COMPARISON, THE GPH AND APPROXIMATE FREQUENCY DOMAIN MLE’s MSE AND
BIAS ARE ALSO REPORTED.

WITH OR WITHOUT CONTAMINATION, THERE WAS NO CONSIDERABLE DITERENCE BETWEEN THE MSE
OF THE HAAR AND DAUBECHIES-10 WAVELET BASED ESTIMATOR. HOWEVER, THERE WAS A SIZEABLE IM-
PROVEMENT IN THE ABSOLUTE VALUE OF THE ESTIMATOR’S BIAS WHEN THE DAUBECHIES-10 WAVELET WAS
USED WITH CONTAMINATED DATA. FOR THE NON-CONTAMINATED DATA THE BIAS OF THE DAUBECHIES-10
WAVELET ESTIMATOR WAS NOTICEABLY LARGER THAN WITH THE HAAR WAVELET.

For |XED N THE BIAS OF BOTH WAVELET BASED ESTIMATORS INCREASED AS d MOVED AWAY FROM
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THE ORIGIN.' THIS BEHAVIOR WAS ALSO REPORTED BY CHEUNG AND DIEBOLD (1994) FOR THE FEASIBLE
EXACT MLE. BUT THE MOST NOTABLE FEATURE OF TABLE 1 AND 2 IS HOW MUCH LARGER THE MSE OF
THE GPH 1S THAN EITHER THE BANDED OR APPROXIMATE MLE. ALTHOUGH THE MSE FOR THE BANDED
MLE GROWS AS d INCREASES, FOR EVERY SAMPLE SIZE THE GPH ESTIMATE’S MSE IS AT LEAST TWICE
AS LARGE, AND IN SOME CASES TWELVE TIMES AS LARGE, AS THE BANDED MLE ESTIMATE'S?MSE.

IN COMPARISON WITH THE APPROXIMATE MLE, THE BANDED MLE WAS SUPERIOR IN REGARDS
TO ITS ABSOLUTE BIAS WITH AND WITHOUT CONTAMINATION. OUT OF THE TWENTY MONTE CARLO EX-
PERIMENTS WITHOUT (WITH) CONTAMINATION, THE APPROXIMATE MLE’S ABSOLUTE BIAS WAS SMALLER
THAN THE BANDED MLE IN ONLY FOUR (ONE) CASES (THREE OF WHICH OCCURRED WHEN JV = 2

DETERMINING THE “BETTER” ESTIMATOR FROM THE MSE IS NOT AS EASY, GIVEN THAT OUT OF
THE TWENTY CASES WITH UNCONTAMINATED DATA THE APPROXIMATE MLE PRODUCED THE SMALLEST
MSE IN TWELVE OF THEM. HOWEVER, THIS EDGE WAS REDUCED TO SIX CASES WHEN THE SERIES
WERE CONTAMINATED. EXCEPT FOR THE EXTREME CASES, d = 0.05,0.45, THE RELATIVE E|CIENCY,
M S Eyanded /M S Eapproz., FOR THE CONTAMINATED DATA WERE ALMOST ALL SUBSTANTIALLY LESS THAN
0.6. AND GIVEN THE SMALLER RELATIVE ABSOLUTE BIAS, | Bigsy/|Bias|qppros, AT THESE EXTREME
VALUES OF d, THE BANDED MLE APPEARS TO BE THE “BETTER” ESTIMATOR UNDER CONTAMINATION.
WHERE THE APPROXIMATE MLE’S LARGE BIAS WAS OTSET BY ITS SMALL MSE WHEN THE SERIES WERE
UNCONTAMINATED, THE INCREASE IN ITS BIAS FOR THE CONTAMINATED SERIES WAS NOT COUNTERED BY
A SMALLER MSE, INSTEAD IT WAS COMPOUNDED BY A LARGER MSE. IN CONTRAST, FOR THE FEW CASES
WHERE THE ABSOLUTE BIAS OF THE BANDED MLE INCREASED UNDER CONTAMINATION THE MSE waAs
EITHER THE SAME OR SMALLER.

COMPARING THE MSE OF THE BANDED MLE WHEN N :7,?28, 29 To THE MSE OF THE EXACT,
AND FEASIBLE EXACT FOUND IN CHEUNG AND DIEBOLD (1994), WE [ND THE BANDED MLE TO PERFORM
MARGINALLY BETTER THAN THE EXACT MLE AND SUBSTANTIALLY BETTER THAN THE FEASIBLE EXACT MLE
WITH RESPECT TO THE MSE AND LEVEL OF BIAS WHEN 0.05 < d < 0.25. HOWEVER, THE SAME CAN
NOT BE SAID FOR 0.35 < d < 0.5. FOR THESE PARAMETER VALUES THE MSE AND BIAS OF THE BANDED

MLE ARE SIGNIJCANTLY LARGER THAN THOSE FOR THE EXACT MLE, BUT ARE ONLY SLIGHTLY LARGER THAN

11Though not reported in Table 1 this behavior was also found for the banded MLE when d moved in the
negative direction away from zero.

12 Sowell (1992) found similar results for the exact maximum likelihood estimate of d.
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THOSE FOUND FOR THE FEASIBLE EXACT MLE. CHEUNG AND DIEBOLD’S (1994) SIMULATION RESULTS
ALSO SHOW THAT THE EXACT MLE’S LEVEL OF BIAS DECREASES AS N GROWS, WHEREAS FROM TABLE 1
THERE IS NO DISTINGUISHABLE PATTERN FOR THE BANDED MLE.

THE EMPIRICAL PROPERTIES OF THE BANDED MLE FoOR 0.35 < d < 0.5 ARE VERY SIMILAR TO
THOSE FOUND BY TIESLAU, SCHMIDT AND BAILLIE (1996) FOR THEIR MINIMUM DISTANCE ESTIMATOR
(MDE). SINCE THE SAMPLE AUTOCORRELATION OF A FRACTIONAL INTEGRATED WHITE NOISE PROCESS IS
NOoTv/N CONSISTENT FOR d > 0.25, TIESLAU, SCHMIDT AND BAILLIE (1996) FOUND THEIR MDE TO
HAVE ZERO ASYMPTOTIC E|CIENCY AGAINST THE MLE WHEN 0.25 < d < 0.5. THIS MIGHT SUGGEST
THAT THE SAMPLE AUTOCOVARIANCE OF THE WAVELET COE[CIENTS ARW2VOT/ONSISTENT WHEN
0.35 < d < 0.5.

THE RESULTS OF THE BANDED AND APPROXIMATE MLE FOrR THE ARFIMA(1,d,0) MODEL (1 +
$L)(1 — L)%z (t) = €(t) ARE PRESENTED IN TABLE 4 AND THE RESULTS FROM THE ARFIMA (0,d,1)
MODEL (1—LYx(t) = (140L)e(t) ARE PRESENTED IN TABLE 5. LIKE THOSE FROM THE ARFIMA (0,d,0)
PROCESSES, THE BANDED MLE’S LEVEL OF BIAS TENDED TO INCREASE UNDER BOTH MODELS AS d MOVED
AWAY FROM THE ORIGIN. UNLIKE THE [NDINGS OF SOWELL (1992) FOR THE EXACT MLE, THE BANDED
MLE’s LEVEL OF BIAS DID NOT INCREASE FOR NEGATIVE VALUES OF ¢, BUT THE BIAS DID INCREASE FOR
VALUES OF ) NEAR ONE. THE MSE oF THE BANDED MLE ror THE ARFIMA(1,d,0) MODEL AP-
PROACHED THE THEORETICAL VARIA;;J%@ AS N INCREASED AND REGARDLESS OF ¢ BEING POSITIVE OR
NEGATIVE ITS MSE STAYED THE SAME.

IN COMPARISON WITH THE APPROXIMATE MLE, THE BANDED MLE’S MEAN SQUARED ERROR AND
ABSOLUTE BIAS WERE ALMOST ALWAYS SMALLER FOR THE ARFIMA(1,d,0) PROCESSES AND WHEN THE
MA PARAMETER, 6, oF THE ARFIMA(0,d,1) PROCESS EQUALED —0.8. OUT OF THE 48 MONTE CARLO
EXPERIMENTS WITH ARFIMA (1,d,0) PROCESS IN ONLY TWO CASES (N 'L 2\p d = —0.25 FOR
¢ = 0.8,—0.7) WAS THE APPOXIMATE MLE’S MEAN SQUARE SMALLER THAN THE BANDED MLE’S
WITH A RELATIVE EjCIENCY CLOSE TO 1.1. IN ONLY 8 EXPERIMENTS WAS THE APPROXIMATE MLE’S
ABSOLUTE BIAS SMALLER THAN THE BANDED MLES. THESE CASES OCCURRED FOR LARGE N SHOWING THAT
THE DITERENCE BETWEEN THE BANDED AND APPROXIMATE MLE’S MSE AND BIAS DIMINISHED AS N
INCREASED. BUT FOR SMALL SAMPLE SIZES THE BANDED MLE CLEARLY DOMINATES THE APPROXIMATE

MLE ror ARFIMA(1,d,0) PROCESSES.
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BANDED APPROX. MLE BANDED APPROX. MLE
d N | ¢ MSE BIAS MSE BIAS ¢ MSE BIAS MSE BIAS

-0.25 27 [ 0.8 0.0099 0.0401| 0.1114 -0.1290| -0.7 0.0104 0.0376| 0.1405 -0.2001
-0.15 27 | 0.8 0.0086 0.0193 | 0.1338 -0.1816| -0.7 0.0087 0.0169| 0.1285 -0.1728
-0.05 27 | 0.8 0.0067 -0.0011| 0.1400 -0.2012| -0.7 0.0070 -0.0019] 0.1519 -0.2192
0.05 27 | 0.8 0.0064 -0.0148| 0.1374 -0.2142| -0.7 0.0066 -0.0154] 0.1440 -0.2183
0.15 27 [ 0.8 0.0071 -0.0301| 0.1645 -0.2480| -0.7 0.0071 -0.0296| 0.1566 -0.2256
0.25 27 | 0.8 0.0079 -0.0382| 0.1684 -0.2619| -0.7 0.0081 -0.0363| 0.1534 -0.2174
-0.25 2 1 0.8 0.0052 0.0402 | 0.0311 -0.0682| -0.7 0.0052 0.0394] 0.0299 -0.0679
-0.15  2° | 0.8 0.0036 0.0166 | 0.0320 -0.0760| -0.7 0.0037 0.0159 0.0315 -0.0742
-0.05 2% | 0.8 0.0032 0.0030 | 0.0365 -0.0864| -0.7 0.0032 0.0028] 0.0372 -0.0871
0.05 2° | 0.8 0.0031 -0.0122| 0.0221 -0.0762| -0.7 0.0030 -0.0118] 0.0282 -0.0811
0.15 2° | 0.8 0.0034 -0.0231| 0.0337 -0.0100| -0.7 0.0034 -0.0218] 0.0329 -0.0941
0.25 2% [ 0.8 0.0038 -0.0283| 0.0354 -0.0103| -0.7 0.0037 -0.0280| 0.0353 -0.0988
-0.25 27 1 0.8 0.0032 0.0384| 0.0062 -0.0257| -0.7 0.0032 0.0372| 0.0062 -0.0278
-0.15  2° | 0.8 0.0019 0.0180 | 0.0064 -0.0313| -0.7 0.0019 0.0178| 0.0057 -0.0308
-0.05 27 | 0.8 0.0015 0.0038 | 0.0062 -0.0298| -0.7 0.0016 0.0037| 0.0062 -0.0300
0.05 27 | 0.8 0.0015 -0.0103| 0.0068 -0.0315| -0.7 0.0015 -0.0102| 0.0068 -0.0313
0.15 27 | 0.8 0.0016 -0.0172| 0.0070 -0.0322| -0.7 0.0016 -0.0169] 0.0069 -0.0320
0.25 27 | 0.8 0.0019 -0.0237| 0.0060 -0.0308| -0.7 0.0018 -0.0230] 0.0061 -0.0308
-0.25 29 10.8 0.0022 0.0351| 0.0020 -0.0066| -0.7 0.0022 0.0346 0.0019 -0.0072
-0.15 2! 1 0.8 0.0011 0.0191 | 0.0021 -0.0100| -0.7 0.0011  0.0188| 0.0022 -0.0114
-0.05 2% 1 0.8 0.0007 0.0044 | 0.0021 -0.0106| -0.7 0.0007 0.0043| 0.0020 -0.0107
0.05 2% [ 0.8 0.0006 -0.0063| 0.0022 -0.0183| -0.7 0.0006 -0.0063| 0.0021 -0.0171
0.15 29| 0.8 0.0009 -0.0158| 0.0046 -0.0420| -0.7 0.0009 -0.0156/ 0.0044 -0.0408
0.25 29 |0.8 0.0011 -0.0216| 0.0084 -0.0515| -0.7 0.0011 -0.0214| 0.0075 -0.0486

TABLE 3: REsULTS FOR ARFIMA(1,d,0) PROCESS.

THE MOST NOTABLE STRENGTH OF THE BANDED MLE OVER THE APPROXIMATE WERE THE CASES
|d| = 0.05. REGARDLESS OF THE SAMPLE SIZE OR SHORT-MEMORY PARAMETER (EXCLUDING THE
ARFIMA(0,d,1) PROCESS WITH # = 0.9), THE BANDED MLE’S LEVEL OF BIAS AND MSE WERE
SIZEABLY SMALLER WHEN |d| = 0.05 THAN THOSE FOUND WITH THE APPROXIMATE MLE.

SOWELL (1992) FOUND THE EXACT MLE Bias AND MSE INCREASED FOR ARFIMA(1,d,0) PRro-
CESSES AS ¢ APPROACHED NEGATIVE ONE. IN TABLE 3, THE ABSOLUTE BIAS AND MSE OF THE BANDED
MLE REMAINS ESSENTIALLY CONSTANT FOR EITHER POSITIVE OR NEGATIVE VALUES OF ¢. FURTHERMORE,

THE ABSOLUTE BIAS AND MSE OF THE BANDED AND EXACT MLE ARE NEARLY IDENTICAL WHEN ¢ = 0.8.
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BANDED APPROX. MLE BANDED APPROX. MLE
d N 0 MSE BIAS MSE BIAS 0 MSE BIAS MSE BIAS
-0.25 27 1 0.9 0.0735 -0.1274| 0.0298 -0.0705| -0.8 0.0099  0.0544] 0.0298 -0.0705
-0.15 27 | 0.9 0.1191 -0.1464 | 0.0266 -0.0806| -0.8 0.0067  0.0267| 0.0266 -0.0806
-0.05 27 | 0.9 0.0981 -0.0998| 0.0260 -0.0898| -0.8 0.0058  0.0035| 0.0260 -0.0898
0.05 27 [ 0.9 0.0521 -0.0253| 0.0247 -0.0885| -0.8 0.0058 -0.0191] 0.0247 -0.0885
0.15 27 [ 0.9 0.0290 0.0395| 0.0262 -0.0882| -0.8 0.0071 -0.0379| 0.0262 -0.0882
0.25 27 [ 0.9 0.0328 0.0727 | 0.0248 -0.0828| -0.8 0.0081 -0.0489| 0.0248 -0.0828
-0.25 22 1 0.9 0.0310 -0.1022| 0.0094 -0.0412] -0.8 0.0058 0.0549 0.0094 -0.0412
-0.15 2 1 0.9 0.0452 -0.1080| 0.0104 -0.0460| -0.8 0.0034  0.0270| 0.0104 -0.0460
-0.05 2 1 0.9 0.0204 -0.0515| 0.0099 -0.0459| -0.8 0.0025 0.0071] 0.0099 -0.0459
0.05 2 (0.9 0.0115 -0.0064| 0.0103 -0.0485| -0.8 0.0029 -0.0139] 0.0103 -0.0485
0.15 2% | 0.9 0.0117 0.0474 | 0.0097 -0.0466| -0.8 0.0033 -0.0293| 0.0097 -0.0466
0.25 2 (0.9 0.0143 0.0751 | 0.0096 -0.0400| -0.8 0.0042 -0.0389| 0.0096 -0.0400
-0.25 2° 1 0.9 0.0115 -0.0850| 0.0040 -0.0216] -0.8 0.0045 0.0554| 0.0040 -0.0216
-0.15  2° 1 0.9 0.0130 -0.0821| 0.0042 -0.0232| -0.8 0.0021  0.0287| 0.0042 -0.0232
-0.05 2° | 0.9 0.0087 -0.0384| 0.0041 -0.0224| -0.8 0.0014 0.0085| 0.0041 -0.0224
0.05 27 | 0.9 0.0044 -0.0047| 0.0040 -0.0231| -0.8 0.0013 -0.0117| 0.0040 -0.0231
0.15 2° [ 0.9 0.0063 0.0518 | 0.0042 -0.0226| -0.8 0.0018 -0.0243| 0.0042 -0.0226
0.25 27 | 0.9 0.0081 0.0701| 0.0043 -0.0231| -0.8 0.0025 -0.0369| 0.0043 -0.0231
-0.25 29 10.9 0.0092 -0.0858| 0.0017 -0.0101] -0.8 0.0035 0.0536| 0.0017 -0.0101
-0.15 2% 1 0.9 0.0079 -0.0753| 0.0020 -0.0112| -0.8 0.0015 0.0301] 0.0020 -0.0112
-0.05 2 1 0.9 0.0034 -0.0322| 0.0018 -0.0117| -0.8 0.0006 0.0085| 0.0018 -0.0117
0.05 29 0.9 0.0029 -0.0080| 0.0018 -0.0113| -0.8 0.0006 -0.0091| 0.0018 -0.0113
0.15 2% [ 0.9 0.0039 0.0526 | 0.0019 -0.0131| -0.8 0.0011 -0.0238/ 0.0019 -0.0131
0.25 29109 0.0058 0.0688| 0.0019 -0.0124| -0.8 0.0018 -0.0344| 0.0019 -0.0124
TABLE 4: RESULTS FOR ARFIMA (0,d,1) PROCESSES.
HENCE, WHEN ¢ = —0.7 THE BANDED MLE’S MSE AND ABSOLUTE BIAS WAS SMALLER THAN THE EXACT

MLE.

IN TABLE 4, THE MSE OF THE BANDED MLE IS SMALLER THAN THOSE FOUND BY SOWELL (1992)

FOR THE EXACT MLE AND THE BIAS OF THE TWO ESTIMATORS ARE ALMOST THE SAME WHEI@ N =2

AND € = —0.8. BECAUSE OF THE BANDED MLE POOR PERFORMANCE FOR ARFIMA (0,d,1) PROCESSES

WITH 6 = 0.9, IT IS NOT SURPRISING THAT THE EXACT MLE’S BIAS AND MSE ARE SMALLER IN THIS

CASE.

ExCEPT FOR THE ARFIMA(0,d,1) PROCESSES WITH LARGE POSITIVE VALUES OF ), THE BANDED
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MLE IS GENERALLY AS GOOD IF NOT BETTER THAN THE EXACT AND APPROXIMATE MLE. FURTHERMORE,
UNLIKE TIESLAU, SCHMIDT AND BAILLIE (1996) MDE WHICH IS ASYMPTOTICALLY BIASED AND LESS
EjCIENT WHEN ESTIMATING d IN A ARFIMA (p,d,q), THE BANDED MLE OF d IS ROBUST TO THESE
SHORT-RUN PARAMETERS. WHERE THE EXACT AND APPROXIMATE MLE REQUIRE THE SHORT-MEMORY
PARAMETERS TO BE IDENTIJED CORRECTLY IN ORDER TO KEEP THEIR SMALL SAMPLE BIAS DOWN, THE
LIKELIHOOD FUNCTION MAXIMIZED BY THE BANDED MLE IS THE SAME REGARDLESS OF THE ORDER OF
THE SHORT-MEMORY PARAMETERS. HENCE, WITH THE BANDED MLE THE USER IS NOT TROUBLED BY

MODEL IDENTI]|CATION PROBLEl\/}g.

5.0.1 Computation Time

IF THE ISSUE OF COMPUTATION TIME IS ALSO CONSIDERED THE BANDED MLE ESTIMATE OF THE FRAC-
TIONAL DITERENCING PARAMETER IS SUPERIOR TO THE EXACT MLE. EVEN THOUGH SOWELL (1992)
RECURSIVELY CALCULATES THE INVERSE OF THE COVARIANCE MATRIX WITH %){]Lﬂ/@QéON ALGO-

RITHM, THE BANDED MLE 1s oNLY (O(/N). THIS DITERENCE IN THE NUMBER OF COMPUTATIONS IS
IMPORTANT WHEN ONE RECOGNIZES THAT THESE CALCULATIONS ARE PERFORMED AT EACH ITERATION OF
THE OPTIMIZATION PROCEDURE, AND THAT TICK-BY-TICK DATA WITH OBSERVATIONS NUMBERING 16,000
ARE BEING TESTED FOR LONG-MEMORY.

IN HIS COMPARISON OF THE EXACT MLE’S COMPUTATION TIME, SOWELL (1992) ADDRESSED THE
DITERENCE IN THE TIME REQUIRED TO CALCULATE THE EXACT MLE LIKELIHOOD FUNCTION VERSUS THE
NONFRACTIONAL ARMA MODEL’S LIKELIHOOD FUNCTION FOR THE SAME N. COMPUTATIONAL TIME
COMPARISONS PERFORMED IN THIS MANNER ARE MISLEADING. THE COMPARISON BETWEEN TWO ALGO-
RITHMS SHOULD CONSIDER HOW THE CALCULATION TIME OF THE TWO METHODS INCREASES RELATIVE TO
ONE ANOTHER AS N INCREASES. TWO METHODS THAT TAKE THE SAME AMOUNT OF TIME EVALUATING
THE LIKELIHOOD FUNCTION AT SMALL N DOES NOT GUARANTEE THAT THEY WILL TAKE THE SAME AMOUNT

OF TIME AT LARGE N.

13See Boes et. al. (1989) and Schmidt and Tschernig (1995) for a discussion on the increase in the bias of

the MLE when the model is misspecified.

23



6 Conclusion

IN THIS PAPER WE HAVE SYNTHESIZED WAVELET ANALYSIS WITH ARFIMA PROCESSES TO DERIVE A
MAXIMUM LIKELIHOOD ESTIMATOR OF THE DITERENCING PARAMETER. THIS ESTIMATOR UTILIZES THE
SECOND-ORDER STATISTICAL PROPERTIES OF THE ARFIMA’S WAVELET TRANSFORM. WE FOUND THAT THE
WAVELET TRANSFORM’S SECOND-ORDER MOMENTS FOR THIS CLASS OF SIGNALS WERE STATIONARY AND SELF-
SIMILAR IN TIME-SPACE, STATIONARY IN SCALE-SPACE, AND INVARIANT TO THE PROCESS’S MEAN. IT WAS
ALSO SHOWN THAT WITH A COMPACTLY SUPPORTED WAVELET THE TRANSFORM’S HAVE WEAK DEPENDENCE
OVER BOTH TIME AND SCALE SPACE. RATHER THAN CALCULATING THE ENTIRE COVARIANCE MATRIX,
THIS WEAK DEPENDANCE ALLOWS US TO APPROXIMATE THE MATRIX TO HIGH DEGREES OF PRECISION
WITH A MATRIX WHO’S OT-DIAGANOL ELEMENTS ARE SET TO ZERO. WE |[ND THAT THIS APPROXIMATING
COVARIANCE MATRIX SIGNI|CANTLY REDUCED THE ORDER OF CALCULATING THE LIKELIHOOD FUNCTION SINCE
INVERSION OF THE APPROXIMATE MATRIX IS OF O(N) WHERE BEFORE IT WAS AT LEA%)E O(N

WE TESTED THE BANDED WAVELET MLE OF d, WHICH USES ONLY THE MAIN DIAGONAL COVARIANCE
ELEMENTS, BY PERFORMING A NUMBER OF MONTE CARLO SIMULATIONS. THE ROBUSTNESS OF THE
BANDED MLE WAS DETERMINED BY TESTING IT AGAINST DITERENT COMPACTLY SUPPORTED WAVELETS
WITH BOTH HIGH AND LOW ORDERS OF REGULARITY, A WIDE RANGE OF ARFIMA PROCESSES WITH
AND WITHOUT CONTAMINATION, AND TO DITERENT LENGTHS OF PROCESSES WITH AND WITHOUT ZERO-
PADDING AND TRUNCATION. THE SIMULATIONS REVEALED THAT THE CHOICE OF THE WAVELET, ITS ORDER
OF REGULARITY, NOR ZERO-PADDING HAD ANY SUBSTANTIAL ETECT ON THE BANDED MLE AND DID NOT
SEEM TO BE CRITICAL TO THE ESTIMATOR.

THE MONTE CARLO EXPERIMENTS ALSO REVEALED A SMALLER MSE FOR THE BANDED MLE RELATIVE
TO THE GPH ESTIMATOR. WHEN COMPARED WITH THE EXACT AND APPROXIMATE MLE, THE BANDED
MLE PREFORMED BETTER IN REGARDS TO MSE AND BIAS FOR CONTAMINATED ARFIMA (0,d,0) PRO-
CESSES, AND UNCONTAMINED ARFIMA(1,d,0) PROCESSES, AND EXCEPT FOR M A PARAMETERS NEAR
ONE ARFIMA (0,d,1) PROCESSES. IN ADDITION, WHEREAS THE APPROXIMATE MLE’S BIAS INCREASED
AS THE DEGREE OF MISSPECI/CATION OF THE SHORT-MEMORY PARAMETERS INCREASES, THE BANDED
WAVELET MLE IS UNATECTED. GIVEN THAT THE MLE METHODS ARE SUPERIOR TO THE GPH ESTI-
MATOR WHEN THE MODEL IS CORRECTLY SPECL|ED, THESE RESULTS MAKE THE BANDED MLE A STRONG

CANDIDATE FOR REPLACING THE GPH ESTIMATOR AS THE DESIRED SEMIPARAMETRIC ESTIMATOR OF LONG-
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MEMORY PROCESSES.
CONSIDERING THAT THE EXACT MLE IS A ORDER dXLCULATION AND THE BANDED MLE IS AN

ORDER N CALCULATION, AND THAT THE BANDED MLE IS INVARIANT TO DRIFT AND MODEL SPECL|CA-

TION, WE FEEL THE BANDED MLE IS SUPERIOR TO THE EXACT AND APPROXIMATE MLE. OVERALL WE

BELIEVE THE WAVELET MLE IS AN ATTRACTIVE ALTERNATIVE ESTIMATOR OF THE FRACTIONAL DITERENCING

PARAMETER.

A Lemmas
LEMMA 1 ENABLES US TO GENERALIZE ANY ARFIMA MODEL WITH AN UNKNOWN MEAN [, TO HAVE
MEAN ZERO.

Lemma 1 Let x(t) be a ARFIMA (p,d,q) process with unknown mean pu and z'(t) be a
ARFIMA (p,d,q) process with mean zero, then < &'(t),Ymn > = < z(t), Ymn >.

Proof:
<Z )y Pmn > = <z(t) — py Prop >
= [@® = wimade
= /m(t)¢m7ndt—/u¢m,ndt
BY THE ADMISSIBILITY CONDITION Hm pdt = 0. HENCE,
<2 )y Ymn > = <z(t),Ymn > QE.D.
IN PROVING THEOREM 2 WE WILL NEED THE FOLLOWING LEMMA.

Lemma 2 If ¢)(t) has M > 1 vanishing moments then A(2™7,t) has 2M wvanishing mo-

ments.

Proof:
/dttkA(zm_j,t) = /dttk/dsz/;(Qm_js—t)z/)(s)
- —/dt/ds (2" s — t)Fep(t)h(s)
—/dt/ds Xn: ( 7:: ) (2T )M (=) p () (s)

= 0 Fork<2M.Q.E.D.
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B Proof of Theorem 1

WITHOUT LOSS OF GENERALITY LET z(¢) BE A ARFIMA (p,d,q) WITH MEAN ZERO, AND |d| < 0.5. THE

AUTOCOVARIANCE FUNCTION OF < 40> IS
Teaws (Moimk) = BI< () Yo >< o(s), i >]
= [ dt/ds:p P2t —n) P(2s — k)
— 2™t /dt/dsE[w(t)x(s)]z/)@mt—n)z/)(2js — k)
— 2" /dt/dsmt—s|)¢(2mt—n)z/)(2js s

_ o /dt/dsry(p*mt —279s 42 My — 277k
P(E)p(s).
As |2_jk —27Mn| — oo,
Yews (m,jin k) = C(d,®,0) =5 /dt/ds |27t — 2795 4 27 — 27T || 241
P(E)p(s)
_ O, ®,0) 25 gmml2d-1) /dt/ds|t+ M=} — g2
P27 s — 1) (). (16)

DEINE A(2"77,t) = [ds(s) (2™ s —t) AND WRITE EqQ. (16) As

Yemps (M, jin k) = C(d,¢,®)2j%ﬂ2*m(2d*1)/dt|t+2m*jk—n|2d*1
A(2™ 1)
— C(d,®,0)2 Ty m /dt|t|2d !
ARt — (2™ Tk —n)). (17)

THE WAVELET COE|CIENTS, < Z,#, >, ARE STATIONARY OVER TIME WHEN m = j SINCE EqQ. (17)
IS A UNIQUE FUNCTION OF THE DITERENCE IN TRANSLATION PARAMETERS, kK — 7, AND IS STATIONARY

OVER SCALE SINCE (17) IS ALSO A UNIQUE FUNCTION OF 1M — j FOR ANY TWO TRANSLATIONS PARAMETERS,
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k AND n. THE PROPERTY OF SELF-SIMILARITY OF THE WAVELET COEjCIENTS IS ALSO FOUND IN Eq. (17)

SINCE FOR ANY a, @2(4-1/2) V<> (M, m;ak,an) = y<p > (m,m; k,n). Q.E.D.

C Proof of Theorem 2

LET o = 2" 7k —n AND m > j. EQ. (16) CAN BE REWRITTEN AS

Yewio (M gim, k) = C(d,®,0) 27 5L g-m(2d=1)

/dt/ds It + | Lp(2m T s — ) (s)
= C(d,¢,®)2j”5—+jl2—m(2d—1)/dt|t+a|2d‘1./\(2m—j,t) (18)
S

WHERE S IS THE SUPPORT OF A127,t). LET f(t + ) = |t + af%"! AND TO INSURE THAT
f(t+ @) 1S EVERYWHERE CONTINUOUSLY DITERENTIABLE WITH RESPECT TO t € S LET |o| > yriax (K

20Ky 27K 4+ K3), LE., —a € S. WRITE f(t + «) AS
4 (21

fEt+a) = |ofTti+=
[0

SINCE |a] > max(K] + 20"™K5,2"™K + K3) aAND t € S, |t/a| < 1. HENCE, WE WRITE

|1 +t/a|?"! AS THE BINOMIAL POWER SERIES AND
00 )
21 2d—-1 \ (1t
fit+a) = o {1+Z< . )(a : (19)
i=1
SUBSTITUTING EQ. (19) INTO EQ. (18), THE AUTOCOVARIANCE IS

V<o (M, Jin k) = C(dwb,@)217'5_”l2‘m(2d‘”|al2d_1{/ dt A(279 1)
S

S () @)

SINCE 1(t) HAS M > 1 VANISHING MOMENTS, THE |RST 2M MOMENTS OF A{2/,1) ARE EQUAL TO

ZERO (SEE LEMMA 2) AND

Yewws(mojin.k) = Cila* 1M 4 Rypry (21)
WHERE
Cr = (=)MHLC(d, ®, @) 2 M+/2(m+)) g-2m(d—1/2-M) (2d —1)!

(MY2(2d — 1 — 2M)!
Ko M 2
x (/_Klt zp(t)dt>
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AND

. 00
Rowsr = C(d,®,0) 27241 =5 241 3 ( 2d —1 >
i=2M +1 ¢

Ko (Ko (9i ks g
></_K1 /—m (T) v/;(t)q/;(s)dtds}.

SINCE M > 1 aND |d| < 0.5

o0
|Roari1]| < Colaf 'ty g2+ (22)
=1
WHERE
(i o Ko 2
Cy = O(d,@,0)2 -0y~ 5 ‘(221\41)‘(/ Iv,b(t)ldt)
—-K1
AND
oMm—ig —t
B = sup e P
(t,5)eQ «

WHERE Q = {(¢,s) : =K <t, s < Ky}. SINCE ( < 1, EQ. (22) EQUALS

|Ronga| < 03|a|2d—1—2M—1 (23)
WHERE (3 IS A [NITE CONSTANT. FrROM EQ. (21) AND Eq. (23)

Yewys (Mo jin k) = O |27k — 27 mpA-M0-1) (24)

FOR ALL k AND 7 SUCH THAT{%& — 27™n| > maz(2 7K, +2 " K»,2 " K| + 277 K3). Q.E.D.
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