Exact Distribution of the Least Squares Estimator

in a First-Order Autoregressive Model

By

Mukhtar M. Ali

Department of Economics

University of Kentucky

Lexington, KY 40506

E-mail: MMALI1@POP.UKY.EDU

Preliminary. Not to be quoted without February, 1996

permission from the author.

Exact Distribution of the Least Squares Estimator
in a First-Order Autoregressive Model

SUMMARY

                                                  Thi s  paper investigates the finite sample distribution of the least squares estimator of th e
a u toregressive parameter in a first-order autoregressive model. Uniform asymptotic expansion for
t he  di st ri b ution applicable to both stationary and nonstationary cases is obtained. Accuracy o f
approx i m at i on  to the distribution by a first few terms of this expansion is then investigated. It i s
found  that the leading term of this expansion approximates well the distribution. The approximatio n
is, in almost all cases, accurate to the second decima l place throughout the distribution. Only rarely
t he  accuracy  improves by including further term beyond the first term of this expansion in th e
appro ximation.  As a matter of fact, often the accuracy of such an approximation with additiona l
term(s) deteriorates. An application of the finding is illustrated with examples.

                                                                                                                 �
                                                                                                               �

M n

t  1
y

t
y

t  1

M n

t  1
y

2

t

1

�
�

�
�

Exact Distribution of the Least Squares Estimator

in a First-Order Autoregressive Model

1. INTRODUCTION

                                                  Consider the first-order autoregressive model

(1.1) y  = ßy  +

�
, t = 1, 2, ..., n

                                                                                                            t t-1 t

whe re  ß is a real constant and the errors � ’s are identically independently distributed norma l

t

variables each with mean = 0 and variance = ) . The initial observation, y  can be treated as fixed

� 0

2

or  stochas tic. When y  is stochastic, it is assumed to have a normal distribution with mean 0 an d

0

variance  ) /(1 - ß ),  ß   < 1, and is independent of � ’s. When y  is stochastic, the model i s

                                                                          � t 0

                                                                               2 2

stationar y.  When y  is fixed, if  ß   < 1, the model is stationary asymptotically. If  ß   = 1, this is a

0

well-kno wn  random walk model and if  ß   > 1, the model is explosive. The random walk mode l

implies unit root hypothesis. Recently, there has been an enormous interest in testing for unit root.

They include,amongothers,Dickey(1976), DickeyandFuller(1979,1981),EvansandSavin(1981 ,

198 4),  Fuller (1976), Hasza and Fuller (1979), Perron and Phillips (1987), Phillips and Perro n

(19 88), Schwert (1987) and Stock and Watson (1989). Diebold and Nerlove (1990) have given an

excellent survey of works in this area.

                                                  The unknown parameter ß is customarily estimated by its least squares estimator

(1.2) .

Under  the assumption that

�
’s are normallydistributed, this is also the maximum likelihood estimat e

t

of  ß. To make inference about ß based on  one must know the distribution of .

�

�

�

�

�

�

�

�

Unfortunately,  exact distributionof ,inclosedform isunknown. Asymptotically, it has a norma l
dist ribution (Mann and Wald, 1943) if  ß   < 1, a Cauchy distribution (White, 1958) if  ß   > 1 and
a non-standard distribution (White, 1958, Rao, 1978) if  ß   = 1. These asymptotic distributions can
be  used to approximate the distribution of . However, this approximation results in a nonsmoot h
tr ansformation  from a normal distribution to a non-standard distribution to a Cauchy distributio n
which  is, to  say the least nonintuitive. In addition, unless ß is close to zero, these asymptoti c
distributions  do not approximate well the true distribution in finite samples (Evans and Savin, 1981 ;

Tsui, 1989). The non-standard limiting distribution when  ß   = 1 (Rao, 1978) seems to approx imate
well  the true distribution when  ß   is close to 1, but it is too complicated for practical use. A n
accurate appr oximation to this limiting distribution can, however be obtained from the asymptotic
expansion given byAbadir (1993). Thus, the asymp totic distribution of  is not much of help in
making inference about ß.

                                                  The distribution of  is not known in closed form but it can be obtained numerically. T he
exact distribution has been numericallycomputed byPhillips (1977, 1978), Evans and Savi n (1981)
for  selected values of sample size n and the autoregressive coefficient ß, and comprehensively for
a  wide range of (n, ß) byTsui (1989) and Tsui and Ali (1994). However, these numerical approache s
are  of ten computationally demanding and expensive even with modern high speed computers .

Besides  the numerical methods, several authors (Dickey, 1976; Fuller, 1976; Perron, 1989) hav e
performed  Monte Carlo experiments to tabulate the distribution in the case of ß = 1 and y  = 0. Thes e

0
distributions  can be used to test for unit root hypothesis but are not much of use for further inferenc e

�
�

�
�

�
�

                                                                                                              �
                                                                                                            �
about ß.

                                                  As  an alternative to numerically computing (or simulating) the exact distribution, severa l

author s  have attempted to obtain convenient approximations to the distribution of  in finit e

samples.  Phillips (1977, 1978), Satchell (1984), and Tsui and Ali (1992) have examine d

approx imations  by Edgeworth expansion and found them, except for ß close to 0 and only at th e

cen ter of the distribution, to be unsatisfactory. Tsui and Ali (1992) examined also approximations

byCornish-Fisher-type (Cornish and Fisher, 1937; Fisher and Cornish, 196 0; Hill and Davis, 1968)

ex pans ions  and the four-parameter Pearson distributions. Accuracy of these approximations wa s

found to depend substantiallyon sample size and the values  of the autoregressive coefficient. None

of these approximations was found to be reliabl e when the autoregressive coefficient is moderately

large  and  the sample size is small. Phillips (1978) derived a saddlepoint approximation to th e

pr obability  density function of  when  ß   < 1 and the initial observation is stochastic. A n

ap proximation  to the distribution can be obtained by numerically integrating this approximat e

density function.Hefoundthisapproximationtobeexceptionallyaccurate,certainly forsamplesize s

as  large as 30. Unfortunately, the approximation was not defined over a sizeable region of the tail

for values of the autoregressive parameter greater than 0.4. Lieberman (1994) der ived an alternative

saddlepoint  approximation to the probability density of  which is, however available over the

entire range of . From an illustrative check for the accuracyof the distribution function derived

from  this approximate density, the approximation was found, for the model with  ß   < 1 and y  to

0

be stochastic, to be excellen t for both n = 10 and n = 30 and for all four ß values of .2, .4, .6 and .8

that were exa mined. The approximation seems promising but its accuracy has been tested for only

�

�

a  few values of n and of ß and for the model where the initial observation is stochastic. Furthermore ,
thi s  approximation can be computationally demanding (even to the point of being impractical) ,
esp ecially  for large sample sizes. This is because a crucial step in the implementation of th e
approx imati on  is to obtain a solution of a highly non-linear equation which requires either a
computat ion  of eigenvalues of an nxn matrix or repeated inversion of nxn matrices. Moreover ,
ex pensive  n umerical integration may be needed to obtain the distribution function from th e
approximate density function.

                                                  In this paper, an uniform asymptotic expansion for the distribution (not the densityfunct ion)
of  the least squares estimator of ß is obtained. This expansion is applicable for both the stationary
and non-stationarycases. For ease of exposition, these cases are identified with three models, each
corresponding to a differe nt nature of y . When y  is fixed at 0, it is named Model A; and Model B

0 0
when y  is fixed at a non-zero real constant; and Model C when y  is N(0, ) /(1 - ß )) and  ß   < 1.

                                               0 0 �

2 2

An  alternative expression of the joint characteristic function of the numerator and denominator of
as  a p roduct in trigonometric functions avoids the costly computation of eigenvalues or repeate d
inv ersion  of high order matrices that requires in implementing Lieberman (1994) approximation .

Accuracyof approximation to the distr ibution by a first few terms of this expansion is investigated
for  a wide range of  values of n and of ß and for all the three models. It is found that the very firs t
term  of th is expansion approximates well the distribution, especially at the extreme tails. Th e
approximation  is, in almost all cases, accurate to the second decimal place throughout th e
distribution.  Onlyrarelytheaccuracyimprovesbyincludingfurthertermbeyondthefirst term of thi s
ex pansi on  in the approximation. As a matter of fact, often the accuracy of such an approximatio n
with additional term(s) deteriorates.

                               �
                             �

M n

t

2
y

t

1
y

t

M n

t

2
y

2

t

1

                                                                                                                        �
                                                                                                                      �

�
�

�
�

                                                  The plan of t his study is as follows. The uniform asymptotic expansion for the distribution

of   is obtained in section 2. The accuracy of the expansion to the distribution is examined i n

section  3. Examples illustrating the use of the results of this paper are reported in section 4. Some

concluding remarks are given in section 5.

2. ASYMPTOTIC EXPANSION

                                                  There  has been some confusion in the literature in regards to the sample size n. Following

Hurw icz  (1950), the sample size is taken as the number of stochastic y  in (1.1). Thus, the sampl e

t

size is n in Models A and B where y  is fixed and it is (n+1) in Model C where y  is stochastic. The

0 0

sample  size in Model C would be n if (1.1) is considered for t = 2, 3, ..., n where y  is the initial y

1

following N(0,

                                                                                                     )
                                                                                                                       /(1 - ß )). To be consistent in sample size of n for all three models, for Model C,

                                                                                                              �

                                                                                                                   2 2

(1.1) is taken for t = 2, 3, ..., n. Thus, for al l three models, the sample size is n and the sample is y ,

1

y ,  ..., y . Fro m a given sample y = (y , y , ..., y ), the least squares estimator of ß is then P/Q, fo r

        2 n 1 2 n

Model A and Model C and (P + y y )/(Q + y ) for Model B, where

0 1 0

2

(2.1) P =  and Q = .

For uniformityand convenie nce, we have taken the least squares estimator for all the three models

(A, B and C) as  = P/Q.

                                                  Let

                                                                           5
                                                                                       (i u, iv) = E(e ) be the joint characteristic function of P and Q. Then, by Theorem
iuP+ivQ

1 of Gurland (1948, p. 229), the cumulative distribution function of  is given as

(2.2)  G(w) = Pr( < w) = Pr(P/Q < w)

exp

1

2

� 2 � 2 1

D
n  1

( u ,
uw )

D
n

( u ,
uw )

N n
i  1

( 1

�

� 2

�
2 uw )

2 ( �

�
u ) cos

% i
n

�
1

                                                  The distribution can be computed numerically  from (2.7) (or (2.8)). A major problem is the
evaluatio n  of 5 (u, -uw) and hence of the function h(u) that appears in the integrand in (2.6) .

Lieberman  (1994) obtained 5 (u, -uw) as a determinant of an nxn matrix depending on w. He also
expressed it as an element ary function of eigenvalues of the same nxn matrix. For either case, as it
requires  determinant or eigenvalues of an nxn matrix for each w, the computation become s
prohibitivelytime consuming as the samp le size n becomes large, say larger than 200. From White

(1958),  an expression for 5 (u, -uw) can be derived in closed form. It, however involves in raising
so me  (real) expressions to the power of sample size n. Thus, for large sample sizes, it become s
problematic  to maintain reasonable numerical accuracy. Alternatively, following White (1961), 5 (u ,

-uw)  can be expressed as a polynomial of degree n, the sample size. Unfortunately, this create s
computational  problems in large sample sizes because this polynomial of high degree often contain s
a  large n umber of terms each of which is negligible individually but significant collectively. Th e
expression for 5 (u, -uw) that is found to be most convenient is the one obt ained by Tsui (1989) and

Tsui and Ali (1994). This expression is in trigonometric functions and is given as

(3.1) 5 (u, -uw) = D (u, -uw) , for Model A
n

-1/2

    = D (u, -uw)  for Model B
n

-1/2,

    =

�

(1 - ß )[D (u, -uw) - ß D (u, -uw)] , for Model C
2 2 -1/2
n n-1
where �  = y / ) ,

                                                                                0 �

(3.2) D (u, -uw) = S (u, -uw) - (ß + u) S (u, -uw), and

                                                                                                                n n-1 n-2

2

(3.3) S (u, -uw) = .

                                                                                                             n

M n

i

1
ln  ( 1
�

� 2

�

2 uw )

2 ( �
�
u ) cos

%
i

n
�

1

�

�

                                                  Using expression (3.1), it is a routine matter to compute h(u) and its various derivatives that

are required to obtain the distribution function from (2.7) (or, (2.8)). In this computations, the basic

function t o evaluate is S (u, -uw) and its derivatives. As S (u, -uw) = Sgn[S (u, -uw)]  S (u, -uw)  ,

n n n n

where  S gn(x ) = 1, if x  �  0 and = -1, if x < 0, the function S (u, -uw) and its derivatives can b e

n

obtained  from those of  S (u, -uw)   and its derivatives. In turn, the function  S (u, -uw)   and it s

n n

derivatives may be evaluated utilizing the relation

(3.3) ln  S (u, v)   = .

n

It may be noted that the saddlepoint u  is a solution to the equation

1

(3.4) h (u ) = 0.

                                                                                                            (1)

1

The  equ ation (3.4) can be solved by the iterative Newton-Raphson method starting at u  = 0 an d

1

modifying, if necessary the step size at each iteration so that 5 (u, -uw) is positive.

                                                  The  expansion (2.7) (or, (2.8)) can be used to compute the distribution function, G(w) .

Unfortuna tely,  most asymptotic expansions are nonconvergent, with the magnitude of successiv e

terms  tracking a J curve of initial decline followed by a steep rise. Fortunately, often a few of th e

beginning  terms provide adequate approximation. To check for the accuracyof approximation to th e

distribution  o f  by a few terms in the expansion (2.7) (or, (2.8)), we consider thre e

approximations,  APX-1, APX-2 and APX-3 which are obtained by truncating the expansion (2.7)

(or (2.8)) at the leading term, the second term and the third term, respectively. More specifically,

(3.5) AP X- 1:  expansion (2.7) truncated at j = 0 (or, expansion (2.8) truncated t o

 the terms at most of order O(n ))-1/2

(3.6) AP X- 2:  expansion (2.7) truncated at j = 1 (or, expansion (2.8) truncated t o

                   n / ( 1
                                                                       � 2 ) n / 2  �  n / ( � 2

1 )

                                                                                                             �

                                                                                                           �

 the terms at most of order O(n ))-3/2

(3.7) AP X- 3:  expansion (2.7) truncated at j = 2 (or, expansion (2.8) truncated t o

 the terms at most of order O(n ))-5/2

                                                  To  check for the accuracy of these approximations, the exact distributions obtained b y
evaluating numericallythe integral in (2.2) (see Tsui (1989) and Tsui  and Ali (1994)) are compared
with  these approximations. A fortran program is written to implement these approximations and ca n
be obtained on request. For a thorough investigation, the distri butions and the approximations were
computed  comprehensivelyfor Models A, B and C. In all cases, we take various sample size n = 10 ,

20, 30, 40, 50, 75, 100, 150, 200, 250, 300 and 500. For Models A and B , choices of autoregressive
coe fficient,  ß include 0.4, 0.6, 0.8, 0.9, 0.95, 0.99, 1.0, 1.01. For Model B, the values of th e
parameter
                                                                     �

                                                                               are: 1 and 4. As for Model C, choices of autoregr essive coefficient, ß are: 0.4, 0.6, 0.8,

0. 9, 0.95, 0.975, 0.99. In each case, the distribution G(w) is computed at 33 percentile points, w =
x/g(n)  + ß (x = -16.0, -12.0, -8.0, -6.0, -4.0, -3.5, -3.0, -2.8, -2.6, -2.4, -2.2, -2.0, -1.8, -1.6, -1.4, -1.2 ,

-1.0,  -0.8, -0 .6, -0.4, -0.2, 0.0, 0.2, 0.4, 0.6, 0.8, 1.0, 1.2, 1.4, 1.6, 1.8, 2.0 and 4.0) where g(n) =

                                                                                                      ,  if  ß   <1,= , if  ß   = 1.0 and = , if  ß   > 1. It maybe wort h
observing that in this experimentation, we have taken only positive values of ß. This is because the
distribution of  for a given ß is the mirror-image of that for - ß (see Cryer, Nankervis and Savi n,

1989).

                                                  Comparing  the approximations with the exact distributions (all the exact and approximate
di stributions  that are computed can be obtained upon request), some definite conclusions can b e
dr awn.  In particular, it is found that, for all cases considered, APX-1 approximates exceptionall y

�
�

�
�

x 2 n x 2 n

1

z

1

x
well, especiallyat the tails of the distributions where most of the inferential interests lie. O nly rarely

APX-2 and APX-3 improves over APX-1 and often the accuracyof APX-2 and  APX-3 deteriorates

compared  to  that of APX-1. Without any exception the accuracy of the approximations (APX-1 ,

AP X-2  o r APX-3) deteriorates as ß approaches 1 (larger than or smaller than 1) and improves a s

sample siz e, n increases or the parameter �  in Model B (Model A is equivalent to Model B with �

=  0) increases. Thus, in these comparisons, the accuracyof these approximations is worst for n = 10 ,

ß = 0.99, 1.0  and 1.01 and

�
 = 0 in the case of Models A and B; and for n = 10 and ß = 0.99 in the

case  of Mo del C . To support our general conclusions and in particular to show the remarkabl e

accur acy  provided by the approximation APX-1, we display the exact distributions and thei r

approximations  for some worst case scenarios, namely for n = 10 and ß = 1.0 and 1.01 in the case

of Model A (see Table 1) and for n = 10 and ß = 0.95 and 0.99 in the case of Model C (see Table 2) .

4. ILLUSTRATIVE EXAMPLES

                                                  P rec eding  analysis suggests that, for all practical purposes, the distribution of the leas t

sq uares  estimator , G(w) = Pr(  < w) can be well approximated by the first term in th e

expansion (2.7) (or, (2.8)), specifically by

(4.1) AG(w) = 0 ( ) - 1 ( )( ), if the saddlepoint u  g  0

1

= 0.5 + (2 % n) � , if the saddlepoint u  = 0

-½

3 1

where u  is the sa ddlepoint satisfying h (u) = 0, h(u) is as defined preceding the equation (2.7), h

                                                    1 1

(1)

=  h(u ), x = (-h ) u /  u  , z = u (h /2) , and �  = h (0)/(6[h (0)] ). The approximation i s

                                    1 1 1 1 1 1 3

                                                                                                                 (1/2) (2) (1/2) (3) (2) (3/2)

applicable for all the models A, B and C and for all possible values of the param eter ß  (  ß   < 1,  ß

�

�

�

�

                                                         �

                                                       �

�

�

�

�

�

�

�

�

= 1, or  ß   > 1).

                                                  The approximationAG(w)canthenbeused tomakeinferenceabout theparameterß.Inmos t
applications, it is of interest to know whether  ß   < 1 , or,  ß   = 1, or  ß   > 1. Such inference can be
made  from an appropriate confidence interval estimate for ß. These confidence interval estimate s
can be obtained using the  approximation AG(w). It can be shown that the lower and upper limit of
the central 100(1 -
�

)% confidence interval are, respectively the solutions of

(4.2) AG( ) = 1 - � /2, and

(4.3) AG( ) =
�

/2
where   is the least squares estimate of ß. These equations can be solved by any of a variety of
successive  approximation methods (see Abramowitz and Stegun, 1970, p. 18). A fortran progra m
which  can be o btained on request is written to solve these equations using the Newton’s Rule. T o
start the approximation method, both the lower and upper limit can be taken to be the estimate .

                                                  C onfid ence  interval is a convenient tool to make inference. However, if there is a specifi c
inference  needs to be made, it may be more convenient to make such inference by testing specific
hypothesis.  Th us, if one is interested to know whether there is a root = 1 in the autoregressiv e
polynomial  or not, one may test the hypothesis H : ß = 1, against the alternatives H : ß < 1. W e

0 a
would  reject H  if the p-value given by Pr(  < sample    ß = 1) is smaller than the level o f

                                                                                                   0
significance .  Using our approximation AG(w) to the distribution of , this p-value can b e
computed.

                                                  To illustrate the use of these results, we hav e analyzed three sets of data generated from the

Model  A. In each case, we have chosen n = 25 and
)

 = 1. The first data set is generated from th e

�
model with ß = .95 (asymptotic ally stationary model), the second with ß = 1 (random-walk model)

�
�

                                                              �
                                                            �

                                                              �
                                                            �

                                                              �
                                                            �
and the third with ß = 1.05 (explosive model). The three data sets, estimate  based on these data

and the central 95% confidence interval estimates are found as follows.

Data Set 1:   0.86, 1.26, 2.39, 2.60, 2.81, 4.15, 3.36, 1.25, 1.17, 0.16, -0.09, 0.54, -0.57

                                                                                                    -2.62, -3.10, -1.30, 0.19, 1.56, 1.60, 1.49, 3.62, 3.96, 3.03, 2.49, 3.64

                                                                                 = 0.930; 95% confidence interval: [0.772, 1.186]

                                                  The p-value, in testing H : ß = 1 against H : ß < 1, is 0.371

0 a

Data Set 2:   0.86, 1.31, 2.50, 2.82, 3.16, 4.64, 4.06, 2.12, 2.11, 1.15, 0.91, 1.54, 0.45,

                                                                                                    -1.62, -2.23, -0.59, 0.83, 2.21, 2.33, 2.30, 4.51, 5.03, 4.29, 3.91, 5.18

                                                                                 = 0.991; 95% confidence interval: [0.874, 1.204]

                                                  The p-value, in testing H : ß = 1 against H : ß < 1, is 0.626

0 a

Data Set 3:   0.86, 1.35, 2.61, 3.06, 3.56, 5.22, 4.89, 3.20, 3.34, 2.56, 2.44, 3.19, 2.27

                                                                                                    0.31, -0.29, 1.33, 2.83, 4.35, 4.68, 4.89, 7.34, 8.23, 7.91, 7.91, 9.58

                                                                                 = 1.066; 95% confidence interval: [0.989, 1.222]

                                                  The p-value, in testing H : ß = 1 against H : ß < 1, is 0.965

0 a

                                                  Based  on these confidence intervals and p-values, one would not reject the hypothesis of uni t

root  in al l these three cases. However, for data set 2, unit root is located near to the center of thi s

interval; for data set 1, it is close to the upper limit of the interval and for data set 3, it is close to the

lower limit of the interval. This ev idence may be interpreted to mean that the model generating the

data set 1 is likely to have root (the parameter ß) less than 1, that generating the data set 2 is likely

to have unit root and that generating the data set 3 to have root larger than 1.

5. CONCLUDING REMARKS

                                                  Autoregressive models have been found to be most prominent among models in describing

time  movement of a time series variable. Inference on the parameters of these models are then o f
utmost  interest to the practitioners. Often, such inference has been based on the least square s
estimators .  As the exact distributions of these least squares estimators are rarely known, th e
practitioners  have been forced to relyon the known asymptotic distributions for inferential purposes .

There  are at least two disadvantages to such procedures. First, the asymptotic distributions are eithe r
too complicated for practical use or provide impractical poor appr oximations to exact distributions,
especiallyfor sample sizes that are usuallyavailable in practice. Second, the form of the asymptotic
distributions  depend upon the parameter values. More specifically, asymptotic distribution that i s
approp riate  when all the roots of the autoregressive polynomial are less than 1 in magnitude i s
different  from t he one that is appropriate if at least one of the roots is equal to 1, and thes e
asympto tic distributions are, in turn different from the one appropriate when some of the roots are
greater  than 1 in magnitudes. This nonsmooth transformation of the asymptotic distribution from th e
case  when the roots are less than 1 to the case when some roots are equal to 1 to the case when som e
roots  are greater than 1 is, to say the least counterintuitive and it makes it essential prerequisite to
have the kn owledge of any root of the autoregressive polynomial to be equal to 1 or greater than 1
before one can use the appropriate asymptotic distribution for inference.

                                                  This  pa per considers the autoregressive model of order one. An uniform asymptoti c
expansion  for the distribution of the least squares estimator for the autoregressive coefficient i s
deri ved.  This is a valid expansion irrespective of the size of the root of the autoregressiv e
poly nomial.  Unfortunately, this asymptotic expansion is, like most asymptotic expansion s
nonconvergent. Fortunately, however, it is found, after a detailed investigatio n that the leading term
of theexpansionprovides excellentapproximationtotheexactdistribution.Thus,thisapproximatio n

can be used, for all p ractical purposes to make inference. To implement this approximation, one is

required  to evaluate a certain characteristic function and its first two derivatives. A convenien t

closed- form  expression for the characteristic function is given which should facilitate suc h

computations.  These results are illustrated with examples in obtaining p-values and constructin g

confidence intervals for the autoregressive parameter using this approximation.

REFERENCES

Abadir, K. M. (1993). "The Limiting Distribution of the Autocorrelation Coefficient Under

                         a Unit Root", The Annals of Statistics , 21, no. 2, 1058-70.

Abramowitz, M. and I. A. Stegun (1970). Handbook of Mathematical Functions , Dover
edition, ninth printing, New York: Dover Publications, Inc.

Cornish, E. A. and Fisher, R. A. (1937). "Moments and Cumulants in the Specification of

                         Distribution’, Revue de l’institut Internat. de Statist. , 4, 307-20.

Cryer, J. D., J. C. Nankervis and N. E. Savin (1989). "Mirror-Image Distributions in AR(1)

                         Models", Econometric Theory , 5, 36-52.

Dickey, D. A. (1976). Estimation and Hypothesis Testing for Nonstationary Time Series ,

                         Unpublished Ph. D. Dissertation, Iowa State University, Ames, IW.

Dickey, D. A. and W. A. Fuller (1979). "Distribution of the Estimators for Autoregressive

                         Time Series with a Unit Root", J. Amer. Statist. Assn. , 74, 427-31.

Dickey, D. A. and W. A. Fuller (1981). "Likelihood Ratio Test for Autoregressive Time S
e
r
i
e s
with a Unit Root", Econometrica , 49, 1057-1072.

Diebold, F. X. and M. Nerlove (1990). "Unit Roots in Economic Time Series: A Selective

                         Survey", Advances in Econometrics , 8, 3-69.

Evans, G. B. and N. E. Savin (1981). "Testing for Unit Roots: I", Econometrica , 49, 753-79.

Evans, G. B. and N. E. Savin (1984). "Testing for Unit Roots: II", Econometrica , 52, 1241-

                         69.

Fisher, R. A. and E. A. Cornish (1960). "The Percentile Points of Distributions Having

Unknown Cumulants", Technometrics , 2, 209-26.

Fuller, W. A. (1976). Introduction to Statistical Time Series , New York: Wiley

Gurland, J. (1948). "Inversion Formula for the Distribution of Ratios", Annals of Mathematica l

Statistics , 19, 228-37.

Hasza, D. P. and W. A. Fuller (1979). "Estimation for Auoregressive Processes with Unit

                         Roots", Annals of Statistics , 7, 1106-20.

Hill,  G . W. and A. W. Davis (1968). "Generalized Asymptotic Expansions of Cornish-Fishe r

                                                  Type", Annals of Mathematical Statistics , 39, 1264-73.

Hurw icz,  L. (1950). "Least Squares Bias in Time Series", in Statistical Inference in Dynami c

                                                  Models , ed. by T. C. Koopmans, New York: Wiley, 365-83.

Lieberman, O. (1994). "Saddlepoint Approximation for the Least Squares Estimator in First-

                         Order Autoregression", Biometrika , 81, no. 4, 807-11.

Lugannani, R. and S. O. Rice (1980). "Saddle Point Approximation for the Distribution of

                         the Sum of Independent Random Variables", Adv. Appl. Prob. , 12, 475-90.

Mann, H. B. and A. Wald (1943). "On the Statistical Treatment of Linear Stochastic Differenc e

Equations", Econometrica , 11, 173-220.

Perron, P. (1989). "The Calculation of the Limiting Distribution of the Least Squares Estimato r

in a Near-Integrated Model", Econometric Theory , 5, 241-55.

Perron, P. and P. C. B. Phillips (1987). "Does GNP have a Unit Root?  A Reevaluation",

Economic Letters , 23, 139-45.

Phillips, P. C. B. (1977). "Approximations to Some Finite Sample Distributions Associated

                         with the First Order Stochastic Difference Equation", Econometrica , 45, 463-85.

Phillips, P. C. B. (1978). "Edgeworth and Saddlepoint Approxiamtions in a First Order

Noncircular Autoregression", Biometrika , 59, 79-84.

Phillips, P. C. B. and P. Perron (1988). "Testing for a Unit Root in Time Series Regression",

                         Biometrika , 75, 335-46.

Rao, M. M. (1978). "Asymptotic Distribution of an Estimator of the Boundary Parameter

                         of an Unstable Process", Annals of Statistics , 16, 185-90.

Rice,  S . O. (1968). "Uniform Asymptotic Ex pansions for S addle P oint Integrals - A p p l i c a t i o

ns  to a

P robabil ity

Distributi o

n

O c c u r r i n g

in  Nois e

T h e o r y " ,

Bell  Syst .

Tech.  J. ,

47,  1971 -

2013.

Satchell, S. E. (1984). "Approximations to the Finite Sample Distributions for Non-Stable

                         First Order Difference Equations", Econometrica , 52, 1271-88.

Schwert, G. W. (1987). "Effects of Model Specification on Tests of Unit Roots in

Macroeconomic Data", J. Monetary Econ. , 20, 73-103.

Stock, J. H. and W. W. Watson (1989). "Interpreting the Evidence on Money-Income

Causality", J. of Econometrics , 40, 161-81.

Tsui, A. K. (1989). On the Finite Sample Distribution of a Least Squares Estimator in a First O r
d e r

Aut
o r e
g r e
s s i
v e

M o
del ,

U n
pub
l i s h
e d

P h .

D .

D i s
s e r t
atio
n ,

Uni
v e r
s i t y
o f

K e
n t u
c k y

,

L e
x i n
g t o
n ,

K e

n t u

c k y

.

Tsui, A. K. and M. M. Ali (1992). "Approximations to the Distribution of the Least Squares E s t

ima

t o r

in  a

F i r

s t

O r

d e r

S t a

t i o

n a r

y

Aut

o r e

g r e

s s i

v e

M o

d e l

" ,

C o

m

m u

n i c

atio

n s

i n

S t a

t i s t

i c s

-

S i

m u

l a t i

o n ,

2 1 ,

n o .

2 ,

4 6

3 -

84.

Tsui, A. K. and M. M. Ali (1994). "Exact Distributions, Density Functions and Moments of t h e

Le a
s t

S q
u a r
e s

E s t
ima
t o r
in  a

F i r
s t -

O r
d e r

Aut
o r e
g r e
s s i
v e

M o
d e l

" ,

C o
m p
utat
i o n
a l

S t a
t i s t
i c s

&

D a t
a

A n
a l y
s i s ,

1 7 ,

4 3

3 -

54.

White, J. S. (1958). "The Limiting Distribution of the Serial Correlation Coefficient in the

                         Explosive Case", Annals of Mathematical Statistics , 29, 1188-97.

White, J. S. (1961). "Asymptotic Expansions for the Mean and Variance of the Serial

Correlation Coefficient", Biometrika , 48, 85-95.