BOOTSTRAP CRITICAL VALUES FOR TESTS BASED ON THE

SMOOTHED MAXIMUM SCORE ESTIMATOR

by

Joel L. Horowitz

Department of Economics

University of Iowa

Iowa City, IA  52242

U.S.A.

March 1996

ABSTRACT

                                          The  smoothed maximum score estimator of the coefficient vector of a binar y

response modelisconsistentandasymptoticallynormalunder weakdistributiona l

assumptions.  However, the differences between the true and nominal levels of

test s  based on smoothed maximum score estimates can be very large in finit e

samples when first-order asymptotics are used to o btain critical values.  This

paper shows that the bootstrap provides finite-sam ple critical values that are

more  accurate than those obtained from first-order asymptotic theory.  In a se t

of  Monte Carlo experiments carried out to check numerical performance, th e

bootstrap essentially eliminates large finite-samp le distortions of level that

occur when asymptotic critical values are used.

Research supported in part by NSF grant SBR-930767 7.  Part of the research was

carried out while I was visiting the Institute of Statistics and Econometrics,

Humboldt University, Berlin, with support from Deu tsche Forschungsgemeinschaft

Sonderforschungsbereich  373, "Quantifikation und Simulation O konomische r

. .

Prozesse. "   I thank Oliver Linton and Gene Savin for comments on an earlie r

draft of this paper.

BOOTSTRAP CRITICAL VALUES FOR TESTS BASED ON THE

SMOOTHED MAXIMUM SCORE ESTIMATOR

1. INTRODUCTION

                                          The most frequently used form of the binary response model is

     Y  =  I( � ’X + U �  0),                                         (1.1)
where I is the indicator function, X is a q×1 vect or of explanatory variables,

U  is an unobserved random variable, and �  is a q×1 vector of parameters whose
values must be estimated from observations of (Y,X ’)’.  If the distribution of

U conditional on X is known up to a finite set of parameters � , �  and �  can be
estimated by maximum likelihood, among other ways.   See, for example, McFadden

(1974).   If the distribution of U does not belong to a known parametric family ,

�  can be estimated by semiparametric methods.  Th e semiparametric estimator of

C o s s l e t t  ( 1 9 83) can be used if U and X are independent.  If U and X ar e
independent orifthedistributionofUdependsonXonlythroughtheindex � ’X ,
the semiparametric estimators of Han (1987), Horo witz and Ha rdle (1996), Klein

. .

a n d  S p a d y (1993), Powell et al . (1989), and Sherman (1993) can be used.  Th e
maximum  score estimator of Manski (1975, 1985) permits the distribution of U t o
depend on X in an unknown and very general way (heteroskedasticity of unknown
f o rm).   It converges at the relatively slow rate of n , however, and th e
-1/3
limiting  distribution of the centered, normalized estimator is very complicate d

(Cavanagh 1987, Kim and Pollard 1990).

                                          Horowitz  (1992) describes a smoothed version of Manski’s maximum scor e
estimator.   The centered and normalized smoothed maximum score estimator i s
asymptotically normallydistributedunderassumptionsthatare somewhatstronge r
than  Manski’s but weak enough to accommodate heteroskedasticity of unknown for m
i n  t h e  d istribution of U.  In addition to having a simpler limitin g
d i stribution,  the smoothed maximum score estimator converges faster and ,
t h e r e fore,  is asymptotically more efficient than Manski’s estimator when th e
assumptions of the smoothed estimator are satisfied.

                                          Because  the centered, normalized smoothed maximum score estimator i s
asymptotically normally distributed, it can be used to form t and 3  statisti cs
2

for  testi ng hypotheses about one or more components of � .  The asymptoti c

distributions  of these statistics are standard normal or 3 , depending on th e

2

statistic,  and the asymptotic critical values of the tests are quantiles of th e

st andard  normal or 3  distributions.  Monte Carlo evidence, however, ha s

2

indicated  that first-order asymptotic theory often provides poor approximation s

to  t he distributions of the test statistics with samples of the size s

encountered in applications.  As a result, the true and nominal levels of the

tests can differ greatly from one another when asymptotic critical values are

used (Horowitz 1992).

                                          One  possible way to obtain improved finite-sample critical values for bot h

t  and 3  statistics is through the use of the bootstrap.  Under certai n

                                                                   2

conditions (see, e.g., Beran 1988; Hall 1986, 1992), the bootstrap provides a

better  finite-sample approximation to the distribution of a test statistic tha n

does  first-order asymptotic theory.  Thus, the differences between the true an d

nominal levels of tests are often much smaller usi ng bootstrap critical values

than critical values obtained from first-order asy mptotic theory (see Horowitz

1995 for examples).  However, t and 3  statistics based on the smoothed maxim um

2

score estimator do not satisfy the standard regularity conditions under which

the bootstrapprovidesasymptoticrefinements.Theseconditionsassumethatth e

statistic  in question can be approximated by a function of sample moments whos e

pr obability  distribution has an Edgeworth expansion.  However, t and 3

2

statistics based on the smoothed maximum score est imator depend on a bandwidth

pa rameter,  h , that decreases to zero as the sample size, n, approache s

                                                                                                         n

infi nity.   As a result, test statistics based on the smoothed maximum scor e

estimator  cannot be approximated as functions of sample moments, and th e

standard theory of the bootstrap does not apply to them.

                                          This  paper shows that despite this problem, the bootstrap provides improve d

finite-sample criticalvaluesfor thesmoothedmaximumscoretand 3  statistic s

2

under regularity conditions that are slightly stro nger than those required for

smoot hed  maximum score estimation.  Specifically, conditions are given unde r

which  the levels of symmetrical t tests and 3  tests with bootstrap critica l

2

values  have  errors whose sizes are o[(nh ) ].  In contrast, the sizes of th e
n

-1
errors are O[(nh ) ] with critical  values obtained from first-order asymptotic
n

-1
theory.  Slightly modified versions of the argumen ts made in this paper can be
used  to show that the errors in the levels of one-tailed t tests with bootstra p
critical  values are o[(nh ) ], whereas the errors are O[(nh ) ] with critica l
n n

-1/2 -1/2
values obtained from first-order asymptotic theory.

                                          This  paper also presents the results of a small-scale Monte Carl o
investigation  of the numerical performance of the bootstrap for the symmetrica l
t test.Intheexperimentsthatwerecarriedout,theuseofbootstrapcritica l
values essentially eliminates large distortions of the finite-sample level of
the symmetrical t test that occur with asymptotic critical values.

                                          The  remainder of the paper is organized as follows.  Section 2 reviews th e
smoothed  maximum score estimator.  The material in this section forms the basi s
for the discussion that follows.  Section 3 describes the test statistics and
the  procedure for obtaining bootstrap critical values.  Section 4 present s
th eorems  giving conditions under which the bootstrap provides asymptoti c
refinements  tothelevelsofthe symmetrical t and 3  tests.  Section 5 present s
2
the results of the Monte Carlo experiments, and Section 6 presents concluding
comments.  The proofs of theorems are given in a  mathematical appendix, which
is Section 7.

2. THE SMOOTHED MAXIMUM SCORE ESTIMATOR

                                          This  section describes the smoothed maximum score estimator and summarize s
its asymptotic distributional properties.

                                          Let  {Y ,X : i = 1,...,n} be a random sample of (Y,X’)’.  The smoothe d

                                                                                               i i
maximum score estimator of �  solves

                             n

                          -1

     maximize  H (b)  �   n   �  [2I(Y  = 1) - 1]K(b’X /h ),         (2.1)

                n                   i               i  n

      b �  B                 i=1
where  B is the parameter set, {h } is a sequence of positive real number s
n

(bandwid ths)  that converges to zero as n �  � , and K is a function satisfyin g

 K (v)  < M for all v and some M < � , lim K(v) = 0, and lim K(v) = 1.  K

 v �  - �   v �  �

is analogous to a cumulative distribution function  or the integral of a kernel

function for nonparametric estimation.  K is not a kernel function itself.

                                          The  parameter �  in (1.1) is identified only up to scale, so a scal e

normalization is needed to make estimation possible.  The scale normalization

used hereisobtainedasfollows.Identificationof � uptoscalerequirestha t

X  have at least one component whose probability distribution conditional on th e

remaining components is absolutely continuous with  respect to Lebesgue measure

(Man ski  1975, 1985).  Arrange the components of X so that X  satisfies thi s

1

condition ,  and let �  denote the coefficient of X .  The scale normalizatio n

1 1

consists of setting  �   = 1.

1

                                          Because  �  can have only two values, every consistent estimator b  of �

                                                                                                                     1 n1 1

satisfies  lim P(b  = � ) = 1 and converges in probability faster than n  fo r

                                                                                                           n �  �  n1 1

-r

any  positive r.  This is not true of the remaining components of � , which can

take  on a  continuum of values.  Therefore, the remaining discussion i s

restricted to estimating and testing hypotheses about
¨

�

�  (
� ,..., � )’.

2 q

                                          a. Notation

                                          The  following notation will be used to describe the smoothed maximum scor e

estimator and test statistics based on it.  Let
¨

X  be the vector consisting of

component s  2 - q of X.  Let Z = � ’X.  Since
 �

 = 1, there is a one-to-on e

1

relati on  between (Z,
¨

X ’)’ and X.  The assumptions made below imply that th e

distribution  of Z conditional on
¨

X  has everywhere positive density with respec t

to  Lebesgue measure for almost every
¨

X .  Let p( &
¨

X = x ) �  p( &
x ) denote thi s

~ ~

density.  For each integer i > 0, define

        (i)           i         i

       p   (z

                                                                                                                     x )  =  0  p(z
x )/ 0 z

                                                                                                                       ~ ~

wh enever the derivative exists, and define p ( &
x ) �  p( &
x ).  For each �  with

(0)

~ ~

     �

                    = 1,  let F( & z, x ) denote the cumulative distribution of U conditional on Z

             1

~

= z �  � ’x and
                                                                                                                      ¨

                                                                                                                    X  = x .  For each positive integer i, define

~

      (i)              i             i

     F   (-z

                                                                                                            z, x )  =  0  F (-z
z, x )/ 0 z

~ ~

whenever the derivative exists.  For example,

      (1)

     F   (-z  z, x )  =  [- 0 F(u  z, x )/ 0 u + 0 F(u  z, x )/ 0 z]      .

~ ~ ~

                                                    u = -z

Let K  denote the j’th derivative of K if it exists.  For each integer s �  2,
                                         (j)
define the (q - 1)×1 vector A and the (q-1)×(q-1) matrices D and Q by

                 s

                                -1   (i)        (s-i)

     A  =  -2 �    �  {[i!(s - i)!]  E[F   (0  0,

¨
X )p     (0

¨
X )

¨
X ]},     (2.2)

              A

                i=1

     D  =  �  E[

¨
X

¨
X ’p(0

¨
X )],

            D
and

                                                                                                            �

                                                                                                                        (1)

     Q  =  2

                                                                                                                      x x ’F   (0

0, x )p(0
x )dP( x ),

~ ~ ~ ~ ~

                                                                                                            �
where

              �

                                                                                                    �

                                                                                                              s (1)

     �    =

                                                                                                    �

                                                                                                          v K   (v)dv

      A

                                                                                                    �

             - �
and

              �

                                                                                                    �

                                                                                                               (1)    2

     �    =

                                                                                                    �

                                                                                                          [K   (v)] dv.

      D

                                                                                                    �

             - �

                                          b. Asymptotic Properties

                                          Let  b  be a solution to (2.1), and write b  = (b ,

¨
b ’)’.  Horowitz (1992)

                                                                                   n n n1 n
gives regularity conditions under which the following theorem holds.  Section

4b  of this paper gives a strengthened version of the regularity conditions tha t
is used in the analysis of the bootstrap.

                                          Theorem 1.1 :  Let s �  2 be an integer.  Assu me that as n �  � , nh  �  �  <
n

2s+1

�  and (log n)/(nh ) �  0.  If F (-z  z, x ) and p (z  x ) are bounded, continuous
n

4 (i) (i - 1)
~ ~
functions of z for each integer i between 1 and s, all z in a neighborhood of

0, and almost every x , then

~

          1/2           d     1/2 -1    -1  -1

     (nh )   (
                                                                                                                      ¨

                                                                                                                     b   -
¨

� )

�    N(-
�    Q  A, Q  DQ  ).    �

        n      n

                                          To  use this result to test hypotheses about
¨

� , it is necessary to have a

consisten t  estimator of the covariance matrix Q DQ .  To obtain such a n

-1 -1

estimator, define

                        n

                   2 -1                         (2)

     Q (b)  =  (nh  )   �  [2I(Y  = 1) - 1]
¨

X
¨

X  ’K   (b’X /h ).      (2.3)

      n           n            i           i i         i  n

                       i=1

Horowitz  (1992) shows that Q (b ) � Q under the assumptions made in Section 4

n n

 p

of this paper.  The consistent estimator of D used by Horowitz (1992) is

                  n

               -1          (1)           2

          (nh )   �
¨

X
¨

X  ’[K   (b ’
¨

X  /h )] .

             n       i i        n  i  n

                 i=1

However,  this estimator has a bias of size O(h ), which is too large for th e

n

2

theory d eveloped in this paper.  An alternative estimator whose bias is O(h )

n
s

and, therefore, smaller if s > 2 can be obtained by defining

                        n

                     -1         (1)

     D (b)  = �  (nh )   �
¨

X
¨

X  ’K   (b’X /h ).

      n        D   n       i i         i  n

                       i=1

It  is  not difficult to prove that D (b ) � D under the assumptions made i n

n n

 p

Section 4.  In the remainder of this paper, D (b ) is used to estimate D.  The

n n

resulting consistent estimator of Q DQ  is Q (b ) D (b )Q (b ) .

-1 -1 -1 -1

n n n n n n

                                          The  fastest possible rate of convergence in probability of
¨
b  to
¨

�  i s

n

n  (Horowitz 1992).  This occurs when h  = ( � /n)  with 0 < �  < � .

        -s/(2s+1) 2s+1

n

However, theresultingestimatorof
¨

� isasymptoticallybiasedinthesensetha t

the  asymptotic distribution of (nh ) (
¨
b  -
¨

� ) is not centered at 0.  To tes t

n n

1/2

hypotheses about
¨

� , it is necessary to remov e the asymptotic bias.  One way of

doing  this is by estimating the asymptotic bias and subtracting the estimat e

from
                                              ¨

                                             b .  This is the method of explicit bias removal.  Another way is b y

                                                      n

settin g  h  �  n  where �  > 1/(2s + 1), in which case �  = 0 and there is n o

                                                                              n

                                                                                                                        - �

asymptotic  bias.  This is the method of undersmoothing.  This paper use s

undersmoothing.  Thus, h  is assumed to converge sufficiently rapidly that

n

                                          b. The Bootstrap Procedure

                                          The bootstrap estimates the distribution of a test statistic by treating
the  estima tion data as if they were the population.  Thus, the bootstra p
distribution  of a statistic is the distribution induced by sampling th e
estimation datarandomlywithreplacement.The � -levelbootstrapcriticalvalu e
of  the symmetrical t test is the 1 - �  quantile of the bootstrap distribution
of  t  . The bootstrap � -level critical val ue of a test based on 3  is the 1 - �
2
quantile of the bootstrap distribution of 3 .
2

                                          The bootstrapdistributionsof  t  and 3 cannot becalculatedanalytically ,
2
but  th ey can be estimated with arbitrary accuracy by Monte Carlo simulation .

To  specify the Monte Carlo procedure, let the bootstrap sample be denoted b y

{Y *,X *: i = 1,...,n}.  Define the following bootstrap analogs of H (b), Q (b)

                i i n n
and D (b):

                                          n

                    n

                 -1

     H *(b)  =  n   �  [2I(Y * = 1) - 1]K(b’X */h ),

      n                    i                i   n

                   i=1

                         n

                    2 -1                            (2)

     Q *(b)  =  (nh  )   �  [2I(Y * = 1) - 1]

¨
X  *

¨
X  *’K   (b’X */h )

      n            n            i            i  i          i   n

                        i=1

                         n

                      -1           (1)

     D *(b)  = �  (nh )   �

¨
X  *

¨
X  *’K   (b’X */h ).

      n         D   n       i  i          i   n

                        i=1

Let b * = (b *,

¨
b *) be a solution to (2.1) with H  replaced by H *.  L et V * be

                                         n n1 n n n ni
the (i,i) component of the matrix Q *(b *) D *(b *)Q *(b *) .

n n n n n n

-1 -1

                                          The Monte Carlo procedure for estimating the bootstrap critical value of
the  symmetrical t test is as follows.  The procedure for estimating th e
bootstrap critical value of 3  is similar.
2

 1. Ge nerate  a bootstrap sample {Y *,X *: i = 1,...,n} by sampling th e
i i
estimation data randomly with replacement.

                                          2. Using  the bootstrap sample, compute the bootstrap t statistic fo r
testing  the  bootstrap hypothesis H *:

¨
�  =

¨
b , where b  solves (2.1).  Th e

0 i ni n
bootstrap t statistic is

                 1/2                  1/2

     t*  =  (nh )   (
¨
b   * -
¨
b   )/(V  *   ),

               n      ni     ni    ni

where
                                                   ¨

                                                  b * is the i’th component of
¨
b *.

                                                          ni n

                                          3. Estimate  the bootstrap distribution of  t*   by the empirica l

distr ibution  that is obtained by repeating steps 1 and 2 many times.  Th e

bootstrap  critical value of the symmetrical t test is estimated by the 1 - �

quantile of this empirical distribution.

 Be cause  the bootstrap critical value can be estimated with arbitrar y

accuracy  by repeating steps 1 and 2 sufficiently many times, the result s

pr esented  in Section 4 pertain to the true bootstrap critical value, not it s

Monte Carlo estimator.

4. MAIN RESULTS

                                          This  section presents theorems giving conditions under which the bootstra p

provides asymptotic refinements to the levels of the symmetrical t and 3  tes ts

2

in  smoothed maximum score estimation.  As in other applications (see, e.g. ,

Beran  1988, Hall 1992), the proof that the bootstrap provides asymptoti c

refinements is based on showing that the distributions of the test statistics

and  their bootstrap analogs have asymptotic expansions that are identical t o

suff iciently  high order.  The main technical problem that must be solved i s

establ ishing  conditions under which these expansions exist.  This is done i n

Theorems 4.1 and 4.2.  Once the existence of the e xpansions is established, it

is a relatively easy matter to show that the use of bootstrap critical values

provides  asymptoticrefinementstothelevelsofthesymmetricaltand 3  tests .

2

This is done in Theorem 4.3.

                                          a. Assumptions

                                          This  subsection presents the assumptions under which it is proved that th e

bootstrap provides asymptotic refinements to the levels of symmetrical t and 3

2

tests  based on the smoothed maximum score estimator.  Let s �  8 be an eve n

integer.  The assumptions are:

                                          A s s umption  1 :  {Y ,X : i = 1,...,n} is a random sample of (Y,X’)’, wher e
i i

Y  = I( � ’X + U �  0), X �  8  (q �  1), U is an unobserved random scalar, and �  �
q

8  is a constant.
           q

                                          Assumption 2:   (a) The support of the distribution of X is not contained
i n  a n y  p r o p e r  l inear subspace of 8 .  (b) 0 < Pr(Y = 1  X = x) < 1 for almos t
q
e v e r y  x .  (c)  �   = 1, and for almost every x , the distribution of X , th e

1

~

(1)
first  component of X, conditional on

¨
X  = x  has everywhere positive density wit h

~
respect to Lebesgue measure.

                                          Assumption 3 :  Median(U  X = x) = 0 for almost every x.

                                          A s s u m p t i o n  4 :

¨
�
�  (

� ,..., � )’ is an interior point of

¨
B , which is a

2 q
compact subset of 8 .
q-1

                                          Assumption 5 :  The components of

¨
X  are bounded with probability 1.

 Assumption 6 :  (i) K(v) = 0 if v �  -1, and K(v) = 1 if v �  1.  (ii) K is

5 - t i mes  differentiable everywhere, K (v) is symmetrical about v = 0, and K
(1) (i)

(i  = 1,...,5) is bounded and Lipschitz continuous on (- � , � ).  (iii) Let

¨
K (v) b e
the  vector whose components are K (v) (i = 1,...,3).  For �  �  8  satisfying � � �
(i) 3

=  1 ,  there is a partition of [-1,1], -1 = a  < a  <... < a  = 1 such tha t

1 2 L( � )

� ’

                  ¨
                 K ( v )  is either strictly increasing or strictly decreasing on (a , a ) ( 5  =

5 -1 5

2,...,L( � )). (iv) For each integer i (1 �  i �  s)

       1                0 if i < s

                                          �

                                                    i (1)

                                          �

                                                v K   (v)dv  =

                                          �

      -1                d (nonzero) if i = s

                                          A s s u m p t i o n  7 :   F o r each integer i such that 1 �  i �  s + 2, all z in a
n e i g h b o r h o od  of 0, almost every x , and some M < � , p (z  x ) exists and is a

~ ~

(i)
continuous  function of z satisfying  p (z  x )   < M.  In addition,  p(z  x )   < M fo r
(i)
~ ~
all z and almost every x .

~

                                          A s s u m p t i o n  8 :   F o r each integer i such that 1 �  i �  s + 2, all z in a
neighborhood of 0, a lmost every x , and some M < � , F (-z  z, x ) exists and is a

~ ~

(i)
continuous function of z satisfying  F (-z  z, x )   < M.
(i)
~

                                          Assumption 9 :  The matrix Q is negative definite.

                                          Assumption 10 :  h  = � n , where 0 < �  < �  and 1/(s + 1) �  �  < 1/7.

n

- �

                                          These  are strengthened versions of the assumptions of Horowitz (1992).  Se e

that  p aper for a discussion of their rationale and significance.  The mai n

streng thening  consists of imposing more smoothness on F, p, and K than ar e

needed forfirst-orderasymptotics(Theorem1.1),requiringK tobea"higher -

(1)

order" kernel, and requiring h  to converge to zero more rapidly than the rate

n

that  minimizes the asymptotic mean-square error of
¨
b  (undersmoothing).  Th e

n

st rengthened  smoothness assumptions are needed because the arguments showin g

that  the bootstrap delivers asymptotic refinements to the levels of th e

symmetrical  t and 3  tests are based on higher-order asymptotic expansions o f

2

the  distributions of  t   and 3 .  These, in turn, are based on a higher-orde r

2

Taylor series expansion of the first-order condition of problem (2.1) as well

as  Taylo r series expansions of the matrices entering V .  The Taylor serie s

ni

expansions  include terms that are sums of derivatives of kernel functions.  Th e

strengthened smoothness assumptions insure that these sums exist, converge in

probability,  and are bounded with sufficiently high probability.  They als o

insure  that Taylor series remainder and asymptotic bias terms are negligibl y

small with sufficiently high probability.

                                          Part  (iii ) of assumption 6 is used to establish a modified form of th e

Cramer condition of Edgeworth analysis (see lemma 9 in Section 7).  Functions

K satisfying assumption 6 can be constructed by integrating the kernels given

by Mu ller (1984).

                               . .

                                          Horowitz (1992) does not assume that
¨

X  has bo unded support, K(v) = 0 if v

�  -1, or K(v) = 1 if v �  1.  These assumptions are made here to simplify th e

analysis that follows.  They are not essential, ho wever, and can be removed at

the expense of lengthier and more complex proofs.

                                          Assumptions  6(iv) and 10 imply that K  must be a kernel of order 8 o r

(1)

mo re.   The need for such a high-order kernel arises from two considerations .

First,  the Taylor-series expansion of the first-order condition of (2.1 )

includes  the third derivative of a kernel estimator, whose variance i s

O[(nh ) ].  Convergence of this term requires �  < 1/7.  Seco nd, the asymptotic

                                         n

                                             7 -1

bias  of (nh ) (
¨
b  -
¨

� ) is O[(nh ) h ].  To order (nh ) , its effect on th e

                                                                                                n n n n n

                                                                                                             1/2 1/2 s -1

distributions of the symmetr ical t and 3  tests is proportional to its square.
2

Ther efore,  to achieve asymptotic refinements through O[(nh ) ], the square o f
n

-1
the  asymptotic bias must be O[(nh ) ].  This implies that �  > 1/(s + 1).  Sinc e
n

-1
s is an even integer, 1/(s + 1) < �  < 1/7 requires s �  8.

                                          In  practice, the numerical effect of the asymptotic bias is often ver y
small  eve n if its theoretical order of magnitude is larger than O[(nh ) ] .

n

-1

Con sequently,  good numerical results may often be obtained with a K  whos e
(1)
order is less than 8.  See Section 5 for further discussion of this point.

                                          b. Theorems

                                          This  s ection gives theorems that establish conditions under which th e
bootstrap providesasymptoticrefinementsto thelevelsofthesymmetricaltan d

3  tests in smoothed maximum score estimation.  The first two theorems giv e

        2
conditions  under which the sample and bootstrap versions of  t   and 3  hav e
2

Edg eworth-type  asymptotic expansions.  The third theorem shows that th e
bootstrap providesasymptoticrefinementsunderthesameconditions.Theproof s
of the theorems are in Section 7.

                                          The  following additional notation is used.  Let 0  and 1 , respectively ,
denote the standard normal di stribution and density functions.  Let P * denote
n
the bootstrap probability measure.  This measure places mass 1/n at each data
poi nt  (Y ,X ’)’.  The cumulants of t through order 4 can be approximated wit h

                                                                    i i
an  accuracy of O[(nh ) ] by using Taylor-series expansions that are describe d
n

-1
in  Section 7.  Denote the approximate cumulants by the vector � .  The firs t
n
four  cumulants of t* conditional on the estimation sample can also b e
approximated  with an accuracy of O[(nh ) ] almost surely.  Let � * be the vecto r
n n

-1
containing the approximate bootstrap cumulants.  Define d = dim( � ) = dim( � *).

n n

                                          The  following theorem establishes the existence of Edgeworth-typ e
expansions of the distributions of  t   and  t*  .

                                          Theorem  4.1 :  Let assumptions 1-10 hold.  Let �  be an arbitrary vector wit h
dimension  d.  There is a function q( - , � ) such that: (a) q( & , � ) is a polynomial ;

(b)  q( - , � ) and q( - , � *) consist of terms whose sizes are o[(nh ) ] and n o

                                                                              n n n

-1/2
smaller than O[(nh ) ] (almost surely in the case of q( - , � *));

n n

-1

(c)

                                                     -1

     P(  t   �  - )  =  2 0 ( - ) - 1 + q( - , �  ) 1 ( - ) + o[(nh )  ]           (4.1)

                                     n             n

uniformly over - , and

(d)

                                                         -1

     P *(  t*   �  - )  =  2 0 ( - ) - 1 + q( - , �  *) 1 ( - ) + o[(nh )  ]

      n                                 n              n

uniformly over -  almost surely. �

                                          The  coefficents of -  in q are functions of the ap proximate cumulants of t

and  t*.  These, in turn, are functions of asymptotic forms of moments o f

products of derivatives of H ( � ) and D ( � ) with respe ct to the components of
¨

� .

n n

Bec ause  the number of such moments is very large, obtaining an analyti c

expression  for q is not feasible.  It is possible, however, to calculate th e

rates atwhichthemomentsconvergetozero,andthisissufficienttoproveth e

theorem.

                                          The  proo f of Theorem 4.1 takes place in two main steps.  The first ste p

consis ts  of showing that t and t* can be approximated up to asymptoticall y

negligible  remainder terms by functions of derivatives of H ( � ) and D ( � ) (o r

n n

their  bootstrap analogs in the case of t*).  This is done in Propositions 1 an d

2  of Section 7.  The second step is to show that the distributions of th e

app roximations  to t and t* have asymptotic expansions through order (nh ) .

n

-1

This step is carried out using methods similar to those used to prove Theorems

5.5 and 5.6 of Hall (1992).

                                          Now  co nsider the 3  test.  Let 3 * be the bootstrap version of the 3

2 2 2

statistic.   The first two moments of 3  and 3 * can be approximated throug h

2 2

O[(nh ) ].  Let �  and � * deno te the vectors of approximate moments.  Let F

                                         n n 3 n 3 3 ,r

                                                     -1

denote  the chi-square distribution function with r degrees of freedom.  Th e

foll owing  theorem, which is a modified version of Theorem 1b of Chandra an d

Ghosh (1979), gives conditions under which the distribut ions of 3  and 3 * have

2 2

Edgeworth expansions through O[(nh ) ].

n

-1

                                          Theorem  4.2 :  Let assumptions 1-10 hold.  Let �  be an arbitrary 2×1 vector .

The re  is a function q ( - , � ) such that q( - , � ) and q( - , � *) consist of term s

3 n 3 n 3

whose sizes are o[(nh ) ] a nd no smaller than O[(nh ) ] (almost surely in the
n n

-1/2 -1
case of q( - , � *)),

                                                                                                            n 3

                    z

        2

�

                                     -1

     P( 3   < z)  =

�

  d{[1 + q ( ! , �   )]F   ( ! )} + o[(nh )  ]

�

          3     n 3    3 ,r            n

                    - �
uniformly over z, and

                       z

          2

�

                                      -1

     P *( 3  * < z)  =

�

  d{[1 + q ( ! , �   *)]F   ( ! )} + o[(nh )  ]

      n

�

          3     n 3     3 ,r            n

                       - �
uniformly over z almost surely. �

                                          The final theorem shows that the use of bootstrap critical values yields
asymptotic  refinements to the levels of the symmetrical t and 3  tests.  Let t *
2

�
denote the � -levelcriticalvalue ofthebootstrapsymmetricalttest.Thatis ,
t * is the 1 - �  quantile of the bootstrap distribution of  t*  .  Let c * denote

        � �

� -level  cr itical value of the bootstrap 3  test.  That is, c *  is the 1 - �

2

�
quantile of the bootstrap distribution of 3 *.
2

                                          Theorem 4.3 :  Let assumptions 1-10 hold.  Under H :

¨
�  =

¨
� ,

0 i 0i

                                          a. P(  t   > t *) = �  + o[(nh ) ].

� n

-1

If RQ DQ R’ is nonsingular, then under H : R

¨
�  = c,

                                          -1 -1

0

                                          b. P( 3  > c *) = �  + o[(nh ) ]. �
                                                                                                            2 -1

� n

5. MONTE CARLO EXPERIMENTS

                                          This  section reports the results of a small set of Monte Carlo experiment s
that werecarriedoutto investigatethenumericalperformanceofthebootstrap .

The numberofexperimentsissmall becauseoftheverylongcomputingtimesthe y
require.

                                          Each experiment evaluates levels of a symmetrical t test using asymptotic
and bootstrap critical values.  The hypothesis being tested is H : �  = 1 in t he

0
model

     Y  =  I(X  + � X  + U �  0).                                    (5.1)

              1     2

�  is a scalar parameter whose true value is 1 (so H  is true), X   N(0,1), and

0 1

~

X   N(1 ,1).  There are 3 different distributions of U, depending on th e

         2

                          ~

experiment.  These are:

                                          Distribution L: U  logistic with median 0 and variance 1;
~

                                          Distribution T3: U  Student’s t with 3 degrees of freedom normalized
~

to have variance 1;

                                          Distribution H: U   0.2 5(1 + Z  + Z )V, where Z = X  + X  and V
~

2 4

1 2

~

logistic with median 0 and variance 1.

With  distributions L and T3, U is homoskedastic and P(Y=1  Z=z) has the familia r

og ival  shape.  With distribution H, U is heteroskedastic and P(Y=1  Z=z) i s

nonmon otonic.   It has a global minimum at z = -1/

�

3, a global maximum at z =

1/

                 �

                         3,  and converges to 0.5 as z �  ± � .  Experiments with multidimensional � ’ s

were not carried out owing to the very long computing times they entail.

                                          The smoothing function is

                                                                                                            �

                                                                                                                  0  if v < -1

                                                                                                                                         3         5         7

   K (v)  =

                                                                                                            �

                                                                                                                0.5 + (105/64)[v - (5/3)v  + (7/5)v  - (3/7)v ]  if  v   �  1

    4
                                                                                                            �

                                                                                                                  1  if v > 1

K  is the  integral of a 4th-order kernel for nonparametric density estimatio n

         4

(Mu ller  1984).  It does not satisfy assumptions 6(iv) and 10, which require a

               . .

kernel  of  8th or higher order.  However, for reasons that were discussed i n

Se ction  4a, good numerical results can often be obtained with a kernel whos e

order  is lower than 8.  There are important practical advantages to using a

lower-order kernel.  In smoothed maximum score est imation as in other forms of

kernel  estimation, a lower-order kernel tends to give results that are mor e

st able  numerically and less sensitive to the choice of bandwidth than th e

results  obtained with high-order kernels.  Reduced sensitivity to the choice o f

bandwidth is especially important in applications, since the theory developed

in  this paper provides little practical guidance on bandwidth choice fo r

achieving  asymptotic refinements.  K  provides the advantages of a relativel y

4

be  very large in finite samples when first-order asymptotics are used to obtai n
critical  values.  This paper has given conditions under which the bootstra p
provide s  finite-sample critical values that are more accurate than thos e
obtained from first-order asymptotic theory.  The ability of the bootstrap to
provide asymptotic refinements has long been known , but the standard theory of
the  bo otstrap does not apply to the smoothed maximum score estimator becaus e
this  estimator cannot be approximated by a function of sample moments.  Th e
theoretical results that have been presented here overcome this problem.

                                          The  numerical performance of the bootstrap was investigated through a smal l
set ofMonteCarloexperiments. Intheseexperiments,thebootstrapessentiall y
elimin ated  large finite-sample distortions of level that occurred whe n
asymptotic critical values were used.  These resul ts illustrate the usefulness
of  the bootstrap for obtaining improved finite-sample critical values for test s
based onthesmoothedmaximumscoreestimator.Ofcourse,the numericalresult s
are subject to the usual cautions about attempting to generalize from a small
set of Monte Carlo experiments.

7. PROOFS OF THEOREMS

                                          It is assumed throughout this section that assumptions 1-10 hold.

                                          a. Step 1:  Approximating t and t*

                                          Let  �&�  denote the Euclidean norm.  For y = 0 or 1, define J(y) = 2I(y = 1 )

- 1.  For b �  B, define H(b) = E[J(Y)I(b’X �  0)].  Observe that

                   n

                -1

     H (b)  =  n   �  J(Y )K(b’X /h ).

      n                 i      i  n

                  i=1

Define a Euclidean class of functions as in Nolan and Pollard (1987).

                                          Lemma 1 :  There is a finite C > 0 such that

      sup  H (b) - H(b)    �   Ch

            n                  n

     b �  B
almost surely for all sufficiently large n.

                                          Proof :  It follows from lemma 22 of Nolan and Pollard (1987) and theorem

2.37  of P ollard (1984) that  H (b) - EH (b)   = o[(log n)/n ] almost surel y
n n

1/2

uniformly  over b �  B.  Let P ( &
¨

X ) denote the conditional CDF of Z.  Then, b y

Z

assumption 7 and a Taylor series approximation,  EH (b)   �  P(  b’X   �  h ) = E{P [-

n n Z

(
          ¨

         b  -
                                             ¨

                                            � )’
                                                                      ¨

                                                                     X  + h
¨

X ] - P [-(
¨
b  -
¨

� )’
¨

X  - h
¨

X ]} < Mh  for all b �  B and some M < � .

                                                                                                               n Z n n

The lemma now follows from the triangle inequality.  Q.E.D.

                                          Lemma 2 :  Given any r > 0, � b  - � �  �  r alm ost surely for all sufficiently

n

large n.

                                          Proof :   Let N  = {b �  B: � b - � �  > r}.  By lemmas 2 and 3 of Manski (1985) ,

r

H  is continuous on B and uniquely maximized at � .  Therefore, H(b) < H( � ) -

for  all b �  N  and some   > 0.  By lemma 1 and h  �  0, H (b) < H ( � ) -  /2 < H ( � )

                                                                                                        r n n n n

almost surely for all b �  N  if n > n  for some finite n .  Thus, b  �/  N  almost

r 0 0 n r

surely if n > n .  Q.E.D.

0

                                          For  i ,j,k, 5 ,m = 1,...,q - 1, define G (b) = 0 H (b)/ 0
¨
b , G (b) =

ni n i nij

0 H (b)/ 0

                                                                ¨

                                                              b 0
                                                                                  ¨

                                                                                 b , G (b) = 0 H (b)/ 0
¨
b 0
¨
b 0
¨
b , G (b) = 0 H (b)/ 0
¨
b 0
¨
b 0
¨
b 0
¨
b , and G (b)

       2 3 4

                   n i j nijk n i j k nijk 5 n i j k 5 nijk 5 m

=  0 H (b)/ 0
                                                                                   ¨

                                                                                  b 0
                                                                                                       ¨

                                                                                                     b 0
¨
b 0
¨
b 0
¨
b .  Also, define D (b) = 0 D (b)/ 0
¨
b , D (b) = 0 D (b)/ 0
¨
b 0
¨
b ,

                        5 2

                                     n i j k 5 m ni n i nij n i j

and D (b) = 0 D (b)/ 0
¨
b 0
¨
b 0
¨
b .

                                          nijk n i j k

                                                                                                                      3

                                          Lemma  3 :   For all i,j,k, 5 ,m = 1,...,q - 1, the following relations hol d

almost surely as n �  � :

                                          (a)  sup  G (b) - EG (b)   = o[(log n)/(nh ) ]

                                                                                                             b �  B ni ni n

1/2

                                          (b)  sup  G (b) - EG (b)   = o[(log n)/(nh ) ]

                                                                                                             b �  B nij nij n

3 1/2

                                          (c)  sup  G (b) - EG (b)   = o[(log n)/(nh ) ]

                                                                                                             b �  B nijk nijk n

5 1/2

                                          (d)  sup  G (b) - EG (b)   = o[(log n)/(nh ) ]

                                                                                                             b �  B nijk 5 nijk 5 n

7 1/2

                                          (e)  sup  G (b) - EG (b)   = o[(log n)/(nh ) ]

                                                                                                             b �  B nijk 5 m nijk 5 m n

9 1/2

                                          (f)  sup  D (b) - ED (b)   = o[(log n)/(nh ) ]

                                                                                                             b �  B n n n

1/2

                                          (g)  sup  D (b) - ED (b)   = o[(log n)/(nh ) ]

                                                                                                             b �  B ni ni n

3 1/2

                                          (h)  sup  D (b) - ED (b)   = o[(log n)/(nh ) ]

                                                                                                             b �  B nij nij n

5 1/2

                                          (i)  sup  D (b) - ED (b)   = o[(log n)/(nh ) ]

                                                                                                             b �  B nijk nijk n

7 1/2

wh ere  (f)-(i) apply to the individual components of the matrices D , D , D ,

n ni nij

and D .  In addition, for all i,j,k, 5 ,m,s = 1,..., q - 1

                                          nijk

                                          (j) EG ( � ) = O(h )

                                                                                                    ni n
r

                                          (k)   EG (b), EG (b), EG (b), ED (b), ED (b), ED (b), and ED (b) ar e

                                                                                                   nijk nijk 5 nijk 5 m n ni nij nijk

O(1) as n �  �  for all b �  B.

                                          Proof :  Parts (a)-(i) are proved by using lemma 2. 14 of Pakes and Pollard

(1989) andlemma22ofNolanandPollard(1987)toshow thatthesummandsofth e
relevant  G or D functions form Euclidean classes and then applying theorem 2.3 7
o f  P o llard (1984).  Part (j) is proved in lemma 5(a) of Horowitz (1992).  T o
prove (k), consider EG (b).  Let

¨
X  be the j’th component of

¨
X .  Then
nijk ij i

                             n

                       3 -1                    (3)

     EG    (b)  =  (nh  )    �  EJ(Y )

¨
X

¨
X

¨
X   K   (b’X /h )

       nijk           n            5   5 i 5 j 5 k        5   n

                           5  = 1

       -3

                                                                           �

                                                                                                            (3)

  =  h

                                                                           �

                                                                               [1 - 2F(-z  z, x )] x   x   x   K   {[z + (

¨
b  -

¨
� )’ x ]/h }p(z
 x )dzdP( x )

~ ~ ~ ~ ~ ~ ~

      n

                                                                           �

                                                                                                & i & j & k                      n

Make the change of variables �  = [z + (

¨
b  -

¨
� )]/h .  Then
n

     EG    (b)  =

       nijk

           1

       -2

                                                                           �

                                                                                                                                          (3)

     h

                                                                           �

                                                                                 {1 - 2F[-h �  + (

¨
b  -

¨
� )’ x
 h

�  - (

¨
b  -

¨
� )’ x , x ]} x   x   x   K   ( � )

~ ~ ~ ~ ~ ~

      n

                                                                           �

                                                                                           n               n                  & i & j & k

          -1

             & p[h �  - (

¨
b  -

¨
� )’

¨
x

¨
x ]d � dP(

¨
x ).                          (7.1)

                 n

The result E[G (b)] = O(1) is obtained by making a Taylor seri es expansion of

                                                                                                                  nijk
the integrand of (7.1) about h  = 0 through O(h ).  Similar arguments apply to
n n

2
the other G and D functions.   Q.E.D.

                                          D e f i ne  S  to be a vector containing the unique components of G ( � ) ,

                                                                                                                 nG ni

G ( � ),  G ( � ), and G ( � ) (i,j,k, 5  = 1,...,q - 1).  Order the components o f

        nij nijk nijk 5

S  so that the first q - 1 are the G ( � ).

        nG ni

                                          L e m m a  4 :  Let S  = plim S .  There is a function � (S ) taking value s

G  n �  �  nG � nG
in 8  such that � (S ) = 0 and
                                    q-1

� G

                                   -3/2

     (

                                                   ¨
                                                  b   -

                                                                                             ¨
                                                                                            � )  =  �  (S  ) + o[(nh )    ]

       n           �   nG         n
with probability 1 - o[(nh ) ] as n �  � .

n

-1

                                          P r o o f :  D e f i n e    =

¨
b  -

¨
�  and   =

¨
b  -

¨
�  (i = 1,...,q - 1).  Let G ( � )
n n ni ni i n &
be the vector whose components are the unique components of G ( � ) (i = 1,...,q
ni

- 1).  For fixed j, k, and 5 , def ine G ( � ), G ( � ), and G ( � ), respectively,
n & j n & jk n & jk 5
t o  b e  the q-1 dimensional vectors whose components are G ( � ), G ( � ), an d
nij nijk

G ( � )  (i = 1,...,q-1).  By lemma 2, b  satisfies the first-order conditio n

         nijk 5 n

G (b )  = 0 almost surely for all sufficiently large n.  It is proved in Horowit z

        n & n

(1992)  that lim EQ ( � ) �  Q.  It follows from this result and lemma 3 tha t

 n �  �  n

Q ( � ) has an inverse almost  surely for all sufficiently large n.  Therefore, a

        n

Taylor series expansion of G (b ) = 0 about b  = �  yields

n & n n

                     -1

     (
                                                   ¨

                                                  b   -
                                                                                             ¨

                                                                                            � ) = Q ( � )  [G  ( � ) + (1/2)G    ( � )

       n         n       n &             n & jk    nj nk

                    + (1/6)G     ( � )           + R ],               (7.2)

                            n & jk 5     nj nk n 5     n

almost surely for all sufficiently large n, where the summation convention is

used and

                          9 1/2         4

     R   =  o[(log n)/(nh  )   ] �
¨
b   -
¨

�

�  .

      n                  n        n

Given  any �  > 0 and c > 0, suppose that �  �  < c(nh ) .  Then it follows fro m

n n

-1/2 + �

lemma  3 that the right-hand side of (7.2) is less than c(nh )  almost surel y

n

-1/2 + �

for all sufficiently large n.  In addition, lemma 3b and assumptions 4 and 7-9

impl y  that the consistent solution to (2.1) is almost surely unique for al l

sufficiently largen.Therefore, applicationoftheBrouwerfixedpointtheore m

to the right-hand side of (7.2) shows that for any c > 0, �  > 0,

                         -1/2 + �

      �
                                                         ¨

                                                        b   -
                                                                                                  ¨

                                                                                                 �

                                                                                                         �   �   c(nh )                                          (7.3)

        n              n

almost  su rely for all sufficiently large n.  Observe that Q ( � ) is the matri x

n

who se  elements are G ( � ).  Then application of the implicit function theore m

nij

to  (7.2) shows that there is almost surely a differentiable function �  suc h

�

that � (S ) = 0 and

                                                  � G

     (
                                                   ¨

                                                  b   -
                                                                                             ¨

                                                                                            � )  =  �  (S   +

R  ),                                    (7.4)

       n           �   nG    n

where

                                                     R  is a vector such that dim(

R ) = dim(S ), R  forms the first q - 1

                                                               n n nG n

components of

                                                                                                                  R , and the remaining components of

R  are 0.  App lication of the

n n

mean value theorem to (7.4) combined with (7.3) shows that

                                       5  13 -1/2     4 �

     (b  - � )  =  �  (S  ) + O[(log n)(n h   )    (nh )  ]          (7.5)

       n           �   nG                 n          n
almost surelyforany � > 0.Thelemmanowfollowsfromassumption10bymakin g

�  sufficiently small.  Q.E.D.

                                          Let S denotedenoteavectorconsistingof theuniquecomponentsofS  an d

                                                                                  n nG
of D ( � ), D ( � ), and D ( � ) (i,j = 1,..., q - 1).

                                 n ni nij

                                          Lemma  5 :Foreachi=1,...,q-1, there is a real-valued function � (S )

Vi n
such that

        1/2

     V       =  �   (S ) + �  ,

      ni         Vi  n     n
where �  = o[(nh ) ] almost surely.

                                                          n n

-1

                                          Proof :   Expand D (b ) and Q (b ) in Taylor series about

¨

b  =

¨
�  through orde r
n n n n n

�

       ¨

      b  -

                                             ¨
                                            �
                                                    �  and use (7.5) to obtain

              n

                                                         3

        1/2                                 -1

     V       =  �   *(S , S   + 7  ) + o[(nh )  ]                    (7.6)

      ni         Vi   n   nG    n         n
almos t  surely for a suitable differentiable function � *, where 7  = O[(lo g

Vi n
n)(nh ) (nh ) ] for any �  > 0.  The lemma now follows by applying the mea n

                                          n n

                                               3 -2 -  4 �
value theorem to (7.6).  Q.E.D.

                                          Proposition 1 :  Define � (S ) = � (S )/ � (S ).  Then
n � nG Vi n

                                       1/2

      lim  sup (nh ){P(t �  z) - P[(nh )   � (S ) �  z]}  =  0.

                  n                  n       n

     n �  �   z

                                          Proof :  By lemmas 4 and 5

                1/2

           (nh )   �  (S  ) + �

              n     �   nG     n

     t  =                      ,                                   (7.7)

               �   (S ) + �

                Vi  n     n
where  �  and �  are o[(nh ) ] almost surely.  Define �  = t - (nh ) � (S ).  A

                                                            n n n n n n

-1 1/2

Taylo r  series approximation applied to (7.7) yields �  = o[(nh ) ] almos t
n n

-1
surel y.   Choose the sequence { 7 } such that 7  = o[(nh ) ] and � / 7  = o(1 )
n n n n n

-1
almost surely.  Then

            1/2                         1/2

     P[(nh )   � (S ) �  z - 7  ] - P[(nh )   � (S ) �  z] - P( � �  �  > 7  )

          n       n         n         n       n             n     n

                           1/2

     �   P(t  �  z] - P[(nh )   � (S ) �  z]

                         n       n

               1/2                         1/2

     �   P[(nh )   � (S ) �  z + 7  ] - P[(nh )   � (S ) �  z] + P( � �  �  > 7  )

             n       n         n         n       n             n     n

for every z.  Therefore, since �  = o[(nh ) ] and � / 7  = o(1) almost surely,

n n n n

-1

                       1/2                      -1

     P(t �  z) - P[(nh )   � (S ) �  z]  =  o[(nh )  ].               (7.8)

                     n       n                n

uniformly over z.  The proposition follows by multiplying both sides of (7.8)

by nh  and taking the limit as n �  � .  Q.E.D.

                                          n

                                          Let  P denote the population distribution of (Y,X) and P * denote th e

n

bootstra p  probability measure.  That is, P * places mass 1/n at each point o f

n

the estimation sample.  Let E  denote the expectation wit h respect to P *.  The

n n

following lemma gives a bootstrap version of Pollard’s theorem 2.37.

                                          Lemma 6 :  For any b �  B, define

                   n

                -1

     W (b)  =  n   �  [g(Y *,X *)f(b’X */h ) - E g(Y,X)f(b’X/h )],

      n                  i   i       i   n     n             n

                  i=1

where  g is a bounded function and f is a bounded, Lipschitz continuous functio n

of  bounded variation with support [-1,1].  Define !  = [(h /n)log n] .  There

n n

1/2

is a finite C  > 0 such that for all C > C  and any �  �  0

                                                                                                            0 0

               �

      lim (nh ) P *( sup  W (b)   > C !  )  =  0

             n   n         n         n

     n �  �           b �  B

almost surely (P).

                                          Proof :   Partition B into subsets {B : j = 1,...,J } such that � b  - b �  < !

j n 1 2 n

2

whenever  b  and b  are in the same subset.  For each j = 1,...,J, let b  be a

                                                                                     1 2 j

point in B .  Observe that J  = O( ! ).  Then

                                                                                   j n n

-2q

                                      J

     P *( sup  W (b)   > C !  )  =  P *( F    sup   W (b)   > C !  )

      n         n         n       n              n         n

         b �  B                       j=1 b �  B

                                              j

                                  J

                              �    �  P *( sup   W (b)   > C !  ).      (7.9)

                                     n          n         n

                                 j=1    b �  B

                                             j

Because  g  is bounded,

¨
X  has bounded support, and f is bounded and Lipschit z
continuous, there is an M < �  such that

      sup   W (b)    �   2M(log n)/n  +  W (b )

             n                          n  j

     b �  B

          j

Therefore, for all sufficiently large n

     P *( sup   W (b)   > C !  )  �   P *(  W (b )   > C !  /2)           (7.10)

      n          n         n       n    n  j       n

         b �  B

              j

By  us ing lemma 22 of Nolan and Pollard (1987) and theorem 2.37 of Pollar d

(19 84), it can be shown that E [nW (b ) ] �  c h  almost surely (P) for some c  <
n n j 1 n 1

2

�  and all sufficiently large n.  Therefore, by Bernstein’s inequality

                                                  -Cd

     P *(  W (b )   > C !  /2)  �   2exp(-Cdlog n) = 2n                (7.11)

      n    n  j       n
for  some finite d > 0 and all sufficiently large n.  Combining (7.9)-(7.11 )
yields

          �                                   �  -Cd    -2q

     (nh ) P *( sup  W (b)   > C !  )  �   2(nh ) n   O( !     )  =  o(1)

        n   n         n         n          n         n

               b �  B
as n �  �  for all sufficiently large C.  Q.E.D.

                                          Define

                    n

                 -1

     H *(b)  =  n   �  J(Y *)K(b’X */h ).

      n                  i       i   n

                   i=1

The following lemma gives the bootstrap version of lemma 2.

                                          Lemma 7 :  For any �  > 0 and �  > 0

               �

      lim (nh ) P *( � b * - b �  > � )  =  0.

             n   n    n     n

     n �  �

almost surely (P).

                                          Proof :  Since E H *(b) = H (b), lemma 6 implies that for any �  > 0 and �  >

n n n

0

                �

      lim  (nh ) P *[ sup  H *(b) - H (b)   > � ]  =  0             (7.12)

              n   n         n        n

     n �  �            b �  B

almo st  surely (P).  Given any �  > 0, suppose that  H *(b) - H (b)   �  �  an d

n n

 H (b)  - H (b)   �
�  for all b

�  B.  Then since b * maximizes H *, H (b ) -
�

�

              n n n n n

H *(b )  �  H *(b *).  Also, H *(b *) �  H (b *) + � , so H (b ) - �  �  H *(b *) �  H (b * )

        n n n n n n n n n n n n n n

+  � ,  and H (b ) - H (b *) �  2 � .  By a similar argument, H( � ) - H(b ) �  2 � .

                                                                                           n n n n n

Therefore , H( � ) - H(b *) = [H( � ) - H(b )] + [H(b ) - H (b )] + [H (b ) - H (b *)]

n n n n n n n n n

+  [H (b *)-H(b *)] �  6 � .  Because H(b) is continuous on B with a unique maximu m

                                n n n

at � , it is possibl e to choose �  such that H( � ) - H(b *) �  6 �  implies � b * - � �

n n

�
                � /2.  By lemma 2 and the triangle inequality,

� b * -
�

�  �
� /2 implies that

� b *

n n

-  b �  �  �  forall sufficiently large n almost surely.  Therefore,  H *(b) - H (b)

                        n n n

�
                   �  and

                                                                           H (b ) - H(b)   �
�  for all b

�  B imply that � b * - b �  �
�  for al l

                                                                                         n n n

sufficiently  large n almost surely.  The lemma follows by combining this resul t

with lemma 1 and (7.12).  Q.E.D.

                                          For  i,j,k , 5 ,m = 1,...,q - 1, define G *(b) = 0 H *(b)/ 0
¨
b , G *(b) =

ni n i nij

0 H *(b)/ 0

                                                                           ¨

                                                                         b 0
                                                                                              ¨

                                                                                             b ,  G *(b) = 0 H *(b)/ 0
¨
b 0
¨
b 0
¨
b , G *(b) = 0 H *(b)/ 0
¨
b 0
¨
b 0
¨
b 0
¨
b , an d

       2 3 4

                    n i j nijk n i j k nijk 5 n i j k 5

G *(b)  = 0 H (b)/ 0
¨
b 0
¨
b 0
¨
b 0
¨
b 0
¨
b , D *(b) = 0 D *(b)/ 0
¨
b , D *(b) = 0 D *(b)/ 0
¨
b 0
¨
b ,

        nijk 5 m n i j k 5 m ni n i nij n i j

                                                                                                      5 2

and D *(b) = 0 D *(b)/ 0
¨
b 0
¨
b 0
¨
b .  The bootstrap version of lemma 3 is:

                                          nijk n i j k

3

                                          Lemma  8 :  For all i,j,k, 5 ,m = 1,...,q - 1, any �  > 0, and all sufficientl y

large C > 0, lim (nh ) P *(A ) = 0 almost surely (P), where A  is any of:

 n �  � n n n n

�

                                          (a)  sup  G *(b) - E G *(b)   > C[(log n)/(nh ) ]

                                                                                                             b �  B ni n ni n

1/2

                                          (b)  sup  G *(b) - E G *(b)   > C[(log n)/(nh ) ]

                                                                                                             b �  B nij n nij n

3 1/2

                                          (c)  sup  G *(b) - E G *(b)   > C[(log n)/(nh ) ]

                                                                                                             b �  B nijk n nijk n

5 1/2

                                          (d)  sup  G *(b) - E G *(b)   > C[(log n)/(nh ) ]

                                                                                                             b �  B nijk 5 n nijk 5 n

7 1/2

                                          (e)  sup  G *(b) - E G *(b)   > C[(log n)/(nh ) ]

                                                                                                             b �  B nijk 5 m n nijk 5 m n

9 1/2

                                          (f)  sup  D *(b) - E D *(b)   > C[(log n)/(nh ) ]

                                                                                                             b �  B n n n n

1/2

                                          (g)  sup  D *(b) - E D *(b)   > C[(log n)/(nh ) ]

                                                                                                             b �  B ni n ni n

3 1/2

                                          (h)  sup  D *(b) - E D *(b)   > C[(log n)/(nh ) ]

                                                                                                             b �  B nij n nij n

5 1/2

               1

�

         �   �   �

�

       P(y  0, x )p(0  x )d � d

¨
P ( x )  �   � C .
~ ~ ~
�

                                   1

              y=0  �   �  1

Then A ( - ,h) �  hC (1 - � ) and  A ( - ,h)   �  � hC , so

                                                  1 1 2 1

      5  ( - ,h)    �   1 - hC (1 - 2 � ) +  A ( - ,h)                      (7.13)

       W                 1             3
for  all - , �  > 0, and sufficiently small h > 0.  Observe that �

¨
J (y, x ) �  = 0 i f
~
and  only if � x �  = 0, which is an event whose probability is less than 1 .
                                                                                                                       ~

Therefore, there are an �  > 0 and a   < 1 such that

1

       1

                                                                           �

    2  �

                                                                             �

                                                                                             P(y  0, x )p(0

¨
x )d

¨
P ( x )  =    C .
~ ~
                                                                           �

                                                                                                                    1 1

      y=0 �

                                                                                          ¨
                                                                                         J (y, x ) �  < �
~

Suppose, as will be proved presently, that for some C  < 1

2

               1

                                                                                                            �

       sup

                                                                                                          �

                                                                                                                exp[i -

¨
J  (y, x )

¨
K  ( � )]d �    =  2C                    (7.14)
~
                                                                                                            �

                                                                                                                        r r      r              2

     � - �  �  �   -1
uniformly over (y, x ) such that �

¨
J (y, x ) �  �  � .  Then for � - �  �  �
~ ~

      A ( - ,h)    �   h[   C  +  (1 -   )C C ]  =  h   C ,             (7.15)

       3              1 1          1  1 2        2 1
where   = [   + (1 -  )C ] < 1.  Combining (7.15) with (7.13) yields

                                                          2 1 1 2

       sup   5  ( - ,h)    �   1 - hC (1 - 2 �  -   )  �   1 - Ch

              W                 1           2

     � - �  > �
for all sufficiently small h > 0 and �  > 0, thereby establishing the lemma.

                                          It  remains to prove (7.14).  To do this, define t = � - � .  Fix - / � - � , y and x
~
with  � x �  g  0.  For the specified values of - / � - � , y and x , and using th e
                                                     ~ ~
summation convention, define f( � ) = -

¨
J (y, x )

¨
K ( � )/ � - � .  Let -1 = a  <...< a  = 1
r r r 5 L

~
be  a part ition of [-1,1] that satisfies assumption 6(iii) when �  =

¨
J (y, x ) .

r r

~

Then

                                        a

                 1                   L   L

�

�

     5 *( - )  �

�

  exp[itf( � )]d �   =   �

�

    exp[itf( � )]d �

�

�

                -1                  5 =2 a

                                         5 -1

It suffices to prove that for any �  > 0 and some C  < 1 that does not depend on

3
y, x , or - / � - �
                           ~

                            a

                             5

                        -1

�

        sup (a  - a    )

|�

    exp[itf( � )]d �    �   C .            (7.16)

              5     5  -1

�

                        3

      t   > �                 a

                             5 -1

To  do thi s, make the change of variables !  = f( � ) in (7.16) and set v( ! ) =

1/{df[ � ( ! )]/d � }.  Then

                 a                      f(a )

                  5                         5

�

�

       it !

     5 **(t)  �

�

    exp[itf( � )]d �   =

�

      e   v( ! )d ! .

�

�

                 a -1                   f(a   )

                  5                         5 -1

Obser ve  that  5 **(t)   �  a  - a , so the right-hand integral is bounded.  Th e

5 5  - 1

right-hand integralcanbeapproximatedarbitrarilyaccuratelybyreplacingv( & )

with a suitable step function.  Therefore, it is enough to prove that

               �

                2

                                                                                                                  �

   it !

      sup

                                                                                                                  �

                                                                                                                        e   d !    �  ( �   - �  )C

                                                                                                                  �

                                                                                                                                     2    1  3

      t   > �    �

                1

for all �  < �  and some C  < 1 that does not depend on �  or � .  But

                                                                           1 2 3 1 2

        �                         2

         2                    sin [0.5t( �   - �  )]

                                                        �

                                                                 it !                            2    1

                                                        �

                                                              e   d !    �  ( �   - �  )                   .

                                                        �

                                                                           2    1                  2

        �                        [0.5t( �   - �  )]

         1                             2    1

The proof is completed by setting C  = inf [(sin t)/t].  Q.E.D.

3   t   > �

2

                                          Define  W* as in lemma 9 except with �  replaced by b .  Define 5 *( - ,h ) =

n W n

E {exp[i - ’W*(Y,X,h )]}, where i = (-1) .  The bootstrap version of lemma 9 is:

        n n

1/2

                                          Lemma 10 :  For any �  > 0 and c > 0, some C* > 0, all -  satisfi ying �  < � - �

�  n , and all sufficiently large n

                         c

      5  *( - ,h)   < 1 - C*h

       W                 n

almost surely (P).

                                          Proof :  Let B  = { - : �  < � - �  �  n }.  Then

n -
c

       sup     5  *( - ,h )    �      sup   5  ( - ,h )

                W     n                 W    n

    � - �  �  B                   � - �  �  B

           n -                         n -

                             +    sup    5  *( - ,h ) - 5  ( - ,h )  .

                                          W     n     W    n

                               � - �  �  B

                                      n -

B y  a r g u m e n t s similar to those used to prove lemma 6 together with the Borel -

C a n t e l l i  l e mma,  5 *( - ,h ) - 5 ( - ,h )   = o(h ) almost surely uniformly over -  �

W n W n n

B .   Let C be as in lemma 9.  Then lemma 10 follows by letting C* be any numbe r

        n -
such that C < C* < 1.  Q.E.D.

                                          L e t  W  b e  a vector consisting of the unique components of (nh ) [G ( � )

                                                                                      n n ni

1/2

- EG ( � )], (nh ) [G ( � ) - EG ( � )], (nh ) [G ( � ) - E G ( � ], (nh ) [G ( � )

                                 ni n nij nij n nijk nijk n nijk 5

                                                                                                                        3 1/2 5 1/2 7 1/2

- EG ( � )], (nh ) [D ( � ) - ED ( � )], (nh ) [D ( � ) - ED ( � )], and (nh ) [D ( � )

                                 nijk 5 n n n n ni ni n nij

1/2 3 1/2 5 1 /2

-  E D ( � )] (i,j,k, 5  = 1,...,q - 1).  Define W * similarly except with (Y ,X )

                                   nij n i i
replaced  by (Y *,X *) and �  replaced by b .  Order the components of W  and W *

                                                                                                                     i i n n n
conformably with those of S  and S *.  Let V  be the covariance  matrix of W  and
n n n n

V *  b e  t h e  c ovariance matrix of V * relative to P *.  Let w  and w * be th e

         n n n n n
summands of the components of W  and W *.  These have th e form

¨
J (Y,

¨
X )

¨
K (Z/h) and
n n

 ¨
J (Y,

                                  ¨
                                 X )

                                                   ¨
                                                  K (Z /h).  For any -  conformable with w , define

                                                                           n n

                        -1        3              1/2

     ’   ( - )  =  -(i/6)h   E[( - ’w ) ];    i = (-1)                 (7.17)

      10               n        n

                        -1        4             -1        3  2

     ’   ( - )  =  (1/24)h   E[( - ’w ) ] - (1/72){h   E[( - ’w ) ]} ,   (7.18)

      20               n        n              n        n
and

                         -1        2  2

     ’   ( - )  =  -(1/8){h   E[( - ’w ) ]} .                          (7.19)

      21                n        n

D e f i n e  ’ *( - ), ’ *( - ), and ’ *( - ) by replacing w  with w * and E with E  i n

                                                                     10 20 21 n n n

(7.17)-(7.19).   Let % , % , and %  be the signed measures whose Fourier -

10 20 21

Stieljes transforms are

                                          �

                                          �

                                               exp(i - ’ ! )d %   ( ! )  =  exp(-0.5 - ’V - ) ’   ( - ).                 (7.20)

                                          �

                                                          jk                   n   jk

Define % *, % *,and % * analogously by using V * and ’ * in place of V  and ’ .

                                                                 10 20 21 n jk n jk

Let  d  = dim(W ).  For any set �  in d -dimensional Euclidean space, let 0 �  denot e

                                        W n W
the boundary of �  and ( 0 � )  denote the set of all point s whose distance from 0 �
�
does not exceed � .  Let 0  denote probability measure according to the normal

V n
distribution with mean 0 and covariance matrix V .  Define 0  analogously.

n V *n

                                          Lemma 11 :  Let A denote a cla ss of Borel sets in d -dimensional Euclidean

W

 space that satisfy

                                                                                            �

                                                                                                                   2

       sup

                                                                                            �

                                                                                                     exp(-0.5 � ! �  )d !   =  O( � )

                                                                                            �

      �  �  A      �

             ( 0 � )

 as �  �  0 .  Then

                                                                   +

                                  2  j/2

                                             -j/2  k

       sup  P(W  �  � ) - 0   ( � ) -  �    �  (nh )    h  %   ( � )

               n         V                 n      n  jk

      �  �  A               n      j=1 k=0

                               -3/2

                     =  O[(nh )    ],

                             n

 and almost surely (P)

                                      2  j/2

                                                 -j/2  k

       sup  P *(W * �  � ) - 0    ( � ) -  �    �  (nh )    h  %   *( � )

             n   n          V *                n      n  jk

      �  �  A                  n       j=1 k=0

                               -3/2

                     =  O[(nh )    ].

                             n

                                          Proof :  This is a slightly modified version of The orem 5.8 of Hall (1992)

 and isprovedusingthesame argumentsasinHall’sproofafterreplacingHall’ s

 lemma 5.6 with lemmas 9 and 10 above.  Q.E.D.

                                          Proof of Theorem 4.1 :  Only parts (a), (c) and the  part of (b) pertaining

 to q( - , � ) are proved here.  The proofs of the remaining parts are similar.  To

                                                                  n

 begin, invert (7.20) to obtain

      %   ( ! )  =   %    ( ! ) 1   ( ! ),                                   (7.21)

~

       jk          njk    V

                           n

 where for each n, j, and k, % ( & ) is a  multivariate polynomial, and 1  is the

~

njk V n

 multivariate  normal density with mean 0 and covariance matrix V .  Let S (W ) b e

n n n

 the  mappin g from W  to S .  By Proposition 1, t in (3.1) can be replaced wit h

n n

t (W ) �  (nh ) � [S (W )], and it suffic es to consider P(
¨
t  �  - ).  By lemma 11 and

   ~

                        n n n n

                                                                                                  1/2

 (7.21)

                                         2  j/2

�

                                   -j/2  k

   P(

                                           ¨
                                          t  �  - )  =

�

            d[ 0   ( ! ) +  �    �  (nh )    h  %    ( ! ) 1   ( ! )]

~

�

               V                 n      n  njk    V

                                 n      j=1 k=0                     n

                { ! :

¨
t ( ! ) �  - }

                                -3/2

                       + O[(nh )    ].                            (7.22)

                              n
uniformly  over - .  Order the components of !  and W  so that the first component s
n
correspond  with(nh ) [G ( � )- EG ( � )], where i is the component of �  for whic h
n ni ni

1/2
t is the t statistic.  Let

¨
!  denote the vect or consisting of all components of

!  except the first, ! .  Change variables in the integral of (7.22) so that the

1
variable of integration is (

¨
t ,

¨
! ’)’, thereby obtaining

�

�

     P(

                                                           ¨
                                                          t  �  - )  =

�

     d

¨
t

�

 d

¨
! T[ !  (

¨
t ,

¨
! ),

¨
! ]{ 0   [ !  (

¨
t ,

¨
! ),

¨
! ]

�

�

      1          V   1

¨
t  �  -                      n

               2  j/2

                          -j/2  k

            +  �    �  (nh )    h  %    [ !  (

¨
t ,

¨
! ),

¨
! ] 1   [ !  (

¨
t ,

¨
! ),

¨
! ]}

~

                        n      n  njk  1         V   1

              j=1 k=0                             n

                     -3/2

            + O[(nh )    ],                                       (7.23)

                   n
unifor mly  over - , where T( & ) is the inverse Jacobian term associated with th e
change  of variables.  Taylor series expansions of the terms involving ! (t,

¨
! )

1
in (7.23) yield

                          2

                                 -j/2                    -1

     P(

                                                           ¨
                                                          t  �  - )  =  0 ( - ) +  �  (nh )    q  ( - ) 1 ( - ) + o[(nh )  ]

                               n      nj               n

                         j=1

                                 -1

               �   G ( - ) + o[(nh )  ]                              (7.24)

                   n           n
uniformly  over - , where 0  and 1 , respectively, are the univariate standar d
normal  distribution and density functions, and the q ’s are polynomia l
nj
funct ions  of one variable.  Let 5  and 5 , respectively, denote th e
ẗ G
characteristic  functions of the distribution of

¨
t  and G .  Then  5 ( - ) - 5 ( - )
n t G

¨

= o[(nh ) ].  A Taylor series expa nsion shows that

¨
t  in (7.24) can be replaced

                                                         n

                                                                      -1
by a multivariate polynomial in components of S .  The cumulants through order
n

4 ofthispolynomialmaybeapproximatedthroughO[(nh ) ]usingstandardTaylo r
n

-1
series  methods of kernel estimation.  Let k  denote the approximate j’t h
nj

cumulant.   Expressing 5  in terms of the approximate cumulants yields 5 ( - ) =

¨¨
t t

 ¨

5 ( - ) + o[(nh ) ] uniformly over - , where

        ẗ n

                                                                                                                      -1

                   2                          2                     3

                  ¨

                 5  ( - )  =  [exp(- -  /2)]{1 + i - k   + (1/2)(i - ) (k   - 1) + (1/6)(i - ) k

                          ¨

                         t                             n1               n2                   n3

                        4                               3    2

            + (1/24)(i - ) k   + (1/2)[(i - )k   + (1/6)(i - ) k  ] }.  (7.25)

                          n4              n1              n3

Setting  5  =
                                                                                                      ¨

                                                                                                     5 , taking the inverse Fourier transform of the result, and settin g

                                                                         G ẗ

P(
                       ¨

                      t   �  - ) = P(
                                                                                                                        ¨

                                                                                                                       t  �  - ) - P(
¨
t  �  - - ) yields (4.1) with

                       2                                      2

     q( �  , - )  =  - - [k    + (k   - 1) + (1/12)(4k  k   + k  )( -   - 3)

        n            n1      n2                 n1 n3    n4

                               2  4      2

                    + (1/36)k   ( -   - 10 -   + 15)].

                             n3

A  straightforward but lengthy calculation shows that k , k  - 1, k k , k  an d

n1 n2 n1 n3 n3

2 2

k  are lin ear combinations of the terms shown in Table 2.  The proof i s

        n4

completed by verifying that these terms are a ll o[(nh ) ] and no smaller than

n

-1/2

O[(nh ) ].  Q.E.D.

                                          n

                                                       -1

                                          Proof of Theorem 4.2 :  Under H , c = R
¨

� , so

0

      2                            -1

     3    =  (nh )(
¨
b   -
¨

� )’R’(RV R’)  R(
¨
b   -
¨

� )

               n   n           n        n

By arguments similar to those used to prove Propos itions 1 and 2 followed by a

Taylor series expansion, there is a multivariate polynomial �  such that

3

        2                                      -1

     P( 3   �  z) - P[(nh ) �  (S ) �  z]  =  o[(nh )  ].

                      n  3   n                n

uniformly over z and

                          2

      lim  sup (nh ){P *( 3  * �  z) - P *[(nh ) �  (S *) �  z]}  =  0

                  n   n              n     n   3   n

     n �  �   z

almost  surely (P).  Set
¨
t (W ) = (nh ) � [S (W )].  By arguments similar to those

n n 3 n n

used to obtain (7.22),

                                          2  j/2

     2

�

                                    -j/2  k

  P( 3   �  z)  =

�

             d[ 0   ( ! ) +  �    �  (nh )    h  %    ( ! ) 1   ( ! )]

~

�

                V                 n      n  njk    V

                 { ! :
¨
t ( ! ) �  z}    n      j=1 k=0                     n

                                -3/2

                       + O[(nh )    ].

                              n

Now  transform to polar coordinates and proceed as in the proof of Theorem 1b o f

Chandra and Ghosh (1979).  A similar argument applies to P( 3 * < z).  Q.E.D.
2

                                          Proof  of Theorem 4.3 : Only part (a) is proved here.  The proof of part (b )
is  similar.  Let t  and t *, respectively, denote the exact and bootstrap � -

� �
level critical values of the symmetrical t test.  Let k * denote the bootstrap
ni
version  of k  (i = 1,...,4).  This is obtained from k  by replacing �  with b

                                                                                                    ni ni n
and expected values with sample averages.  By Theorem (4.1),

      P(  t   > t *) - �    �   sup  P(  t   > - ) - P *(  t*   > - )

               �                                n

                             -

                                                                   -1

                         �   sup  [q( - , �  ) - q( - , �  *)] 1 ( - )   + o[(nh   )]

                                       n         n                n

                             -

                        2      2

             =  O[(k  *)  - k   ] + O(k  * - k  ) + O(k  *k  * - k  k  )

                    n1       n1        n2     n2       n1  n3     n1 n3

                                      2      2

                            + O[(k  *)  - k   ] + O(k  * - k  ).

                                  n3       n3        n4     n4

The  proof is completed by showing that the difference between each of the term s
in  Table 2 and its bootstrap analog is o[(nh ) ] almost surely.  To illustrate ,
n

-1
consider  ( k *)  - k .  Define μ (b) = E[h

¨
X

¨
X ’K (b’X/h ) ] for any b �  B .

                                                                                                n1 n1 n n n

2 2 -1 (1) 2

Define  �  (j = 1,...,4) as in Table 2, and let � * be its bootstrap analog .

                                                                    11j 11j

Let  g (

                                                       ¨
                                                      x ) = g (

                                                                                                                       ¨
                                                                                                                     x ) =

¨
x  and g (

¨
x ) = g (

¨
x ) =

¨
x ’.  Then E( � � ) = (nh ) μ ( � ).  By

                                         1 3 2 4 111 112 n n

-1

Theorem 2.37 of Pollard (1984)

                                n

                             -2        (1)          2

     E ( �    * �    *)  =  (nh )   �

¨
X

¨
X ’K   (b ’X /h )

      n  111  112          n       i        n  i  n

                               i=1

                             -1                -1

                     =  (nh )  μ (b ) + o[(nh )  ]

                           n    n  n         n
almos t  surely.  Since μ (b) = O(1) uniformly over b �  B, (k *)  - k  =
n n1 n1

2 2

(nh ) [μ (b )  - μ ( � ) ] + o[(nh ) ] almost surely.  But μ (b ) - μ ( � ) = o(1 )

                         n n n n n n n n

                                       -1 2 2 -1
almost surely by (7.3) and continuity of μ (b).  Similar arguments apply to th e
n
other terms in Table 2.  Q.E.D.

                                                                               TABLE 1:  MONTE CARLO ESTIMATES OF LEVELS OF t TESTS USING

                                                                                       ASYMPTOTIC AND BOOTSTRAP CRITICAL VALUES
a

                                                                      Empirical Level Using

                                                             Asymp. Crit. Val.    Boot. Crit. Val.

                                                                                           Nominal      and Bandwidth       and Bandwidth

                                                                                   Model    Level     h    0.7h   0.5h    h    0.7h   0.5h

n0 n0 n0 n0 n0 n0

                                                                                   Logit     0.10    0.182  0.215  0.328  0.103  0.090  0.111

          0.05    0.115  0.176  0.255  0.058  0.062  0.061

          0.01    0.049  0.097  0.178  0.011  0.016  0.011

                                                                                    t3       0.10    0.238  0.318  0.466  0.097  0.106  0.112

          0.05    0.177  0.294  0.387  0.066  0.055  0.053

          0.01    0.076  0.171  0.279  0.018  0.013  0.012

                                                                                   Hetero.   0.10    0.173  0.220  0.318  0.105  0.101  0.086

          0.05    0.123  0.153  0.266  0.064  0.055  0.044

          0.01    0.040  0.101  0.200  0.011  0.012  0.007

                                          An asymptotic 0.01-level t test based on the normal approximation to the
a

                                          binomial  distribution rejects the hypothesis that the true and nomina l

                                          levels  are equal for all experiments with asymptotic critical values.  Th e

                                          same  te st accepts the hypothesis that the true and nominal levels ar e

                                          equal for all experiments with bootstrap critical values.

39

Pollard,   D. (1984).  Convergence of Stochastic Processes , New York:  Springer -

                                          Verlag.

Powell, J.L., Stock, J.H., and Stoker, T.M. (1989) .  Semiparametric Estimation

                                          of Index Coefficients, Econometrica , 51, 1403-1430.

Sherman,  R.P. (1993), The Limiting Distribution of the Maximum Rank Correlatio n

                                          Estimator, Econometrica , 61, 123-138.