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ABSTRACT

The smoothed maximum score estimator of the coefficient vector of a binary
response model is consistent and asymptotically normal under weak distributional
assumptions. However, the differences between the true and nominal levels of
tests based on smoothed maximum score estimates can be very large in finite
samples when first-order asymptotics are used to obtain critical values. This
paper shows that the bootstrap provides finite-sample critical values that are
more accurate than those obtained from first-order asymptotic theory. 1In a set
of Monte Carlo experiments carried out to check numerical performance, the
bootstrap essentially eliminates large finite-sample distortions of level that
occur when asymptotic critical values are used.
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BOOTSTRAP CRITICAL VALUES FOR TESTS BASED ON THE
SMOOTHED MAXIMUM SCORE ESTIMATOR
1. INTRODUCT ION

The most frequently used form of the binary response model is
Y = 1I(B"X +U > 0), .

where 1 is the indicator function, X is a gx1 vector of explanatory variables,
U is an unobserved random variable, and 3 is a gx1 vector of parameters whose
values must be estimated from observations of (Y,X")". If the distribution of
U conditional on X is known up to a finite set of parameters 6, B and 6 can be
estimated by maximum likelihood, among other ways. See, for example, McFadden
(1974). If the distribution of U does not belong to a known parametric family,
B can be estimated by semiparametric methods. The semiparametric estimator of
Cosslett (1983) can be used if U and X are independent. IT U and X are
independent or if the distribution of U depends on X only through the index g*X,
the semiparametric estimators of Han (1987), Horowitz and Hardle (1996), Klein
and Spady (1993), Powell et al. (1989), and Sherman (1993) can be used. The
maximum score estimator of Manski (1975, 1985) permits the distribution of U to
depend on X in an unknown and very general way (heteroskedasticity of unknown
form). It converges at the relatively slow rate of n™?, however, and the
limiting distribution of the centered, normalized estimator is very complicated
(Cavanagh 1987, Kim and Pollard 1990).

Horowitz (1992) describes a smoothed version of Manski®s maximum score
estimator. The centered and normalized smoothed maximum score estimator is
asymptotically normally distributed under assumptions that are somewhat stronger
than Manski®s but weak enough to accommodate heteroskedasticity of unknown form
in the distribution of U. In addition to having a simpler limiting
distribution, the smoothed maximum score estimator converges faster and,
therefore, is asymptotically more efficient than Manski®s estimator when the
assumptions of the smoothed estimator are satisfied.

Because the centered, normalized smoothed maximum score estimator 1is

asymptotically normally distributed, it can be used to form t and x° statistics



for testing hypotheses about one or more components of 3. The asymptotic
distributions of these statistics are standard normal or x®, depending on the
statistic, and the asymptotic critical values of the tests are quantiles of the
standard normal or ¥? distributions. Monte Carlo evidence, however, has
indicated that first-order asymptotic theory often provides poor approximations
to the distributions of the test statistics with samples of the sizes
encountered in applications. As a result, the true and nominal levels of the
tests can differ greatly from one another when asymptotic critical values are
used (Horowitz 1992).

One possible way to obtain improved finite-sample critical values for both
t and x® statistics is through the use of the bootstrap. Under certain
conditions (see, e.g., Beran 1988; Hall 1986, 1992), the bootstrap provides a
better finite-sample approximation to the distribution of a test statistic than
does first-order asymptotic theory. Thus, the differences between the true and
nominal levels of tests are often much smaller using bootstrap critical values
than critical values obtained from first-order asymptotic theory (see Horowitz
1995 for examples). However, t and x° statistics based on the smoothed maximum
score estimator do not satisfy the standard regularity conditions under which
the bootstrap provides asymptotic refinements. These conditions assume that the
statistic in question can be approximated by a function of sample moments whose
probability distribution has an Edgeworth expansion. However, t and ¥’
statistics based on the smoothed maximum score estimator depend on a bandwidth
parameter, h,, that decreases to zero as the sample size, n, approaches
infinity. As a result, test statistics based on the smoothed maximum score
estimator cannot be approximated as Tfunctions of sample moments, and the
standard theory of the bootstrap does not apply to them.

This paper shows that despite this problem, the bootstrap provides improved
finite-sample critical values for the smoothed maximum score t and y° statistics
under regularity conditions that are slightly stronger than those required for
smoothed maximum score estimation. Specifically, conditions are given under

which the levels of symmetrical t tests and x° tests with bootstrap critical



values have errors whose sizes are o[(nh,)™"]. In contrast, the sizes of the
errors are O[(nh )] with critical values obtained from first-order asymptotic
theory. Slightly modified versions of the arguments made in this paper can be

used to show that the errors in the levels of one-tailed t tests with bootstrap

-1/2 -1/2

critical values are o[(nh )], whereas the errors are O[(nh,)™] with critical
values obtained from first-order asymptotic theory.

This paper also presents the results of a small-scale Monte Carlo
investigation of the numerical performance of the bootstrap for the symmetrical
t test. In the experiments that were carried out, the use of bootstrap critical
values essentially eliminates large distortions of the finite-sample level of
the symmetrical t test that occur with asymptotic critical values.

The remainder of the paper is organized as follows. Section 2 reviews the
smoothed maximum score estimator. The material in this section forms the basis
for the discussion that follows. Section 3 describes the test statistics and
the procedure for obtaining bootstrap critical values. Section 4 presents
theorems giving conditions under which the bootstrap provides asymptotic
refinements to the levels of the symmetrical t and x* tests. Section 5 presents
the results of the Monte Carlo experiments, and Section 6 presents concluding

comments. The proofs of theorems are given in a mathematical appendix, which

is Section 7.

2. THE SMOOTHED MAXIMUM SCORE ESTIMATOR
This section describes the smoothed maximum score estimator and summarizes
its asymptotic distributional properties.

Let {Y;.X;z 1 = 1,...,n} be a random sample of (Y,X")". The smoothed

maximum score estimator of B solves

LY or21cy; = 1) - 1K /R, 2.1

maximize Hn(b) = n
beB

i

where B is the parameter set, {h } is a sequence of positive real numbers
(bandwidths) that converges to zero as n - «», and K Is a function satisfying

IK(v)| < M for all v and some M < «, lim,_ __K(v) =0, and lim,__K(v) = 1. K



is analogous to a cumulative distribution function or the integral of a kernel
function for nonparametric estimation. K is not a kernel function itself.

The parameter g in (1.1) is identified only up to scale, so a scale
normalization is needed to make estimation possible. The scale normalization
used here is obtained as follows. Identification of 3 up to scale requires that
X have at least one component whose probability distribution conditional on the
remaining components is absolutely continuous with respect to Lebesgue measure
(Manski 1975, 1985). Arrange the components of X so that X, satisfies this
condition, and let (3, denote the coefficient of X . The scale normalization
consists of setting |B3,] = 1.

Because B, can have only two values, every consistent estimator h, of §
satisfies lim_,_ _P(b, = B,) = 1 and converges in probability faster than n" for

any positive r. This is not true of the remaining components of g, which can

take on a continuum of values. Therefore, the remaining discussion is
restricted to estimating and testing hypotheses about § = (B,,---,8,)"-
a. Notation

The following notation will be used to describe the smoothed maximum score
estimator and test statistics based on it. Let X be the vector consisting of
components 2 - q of X. Let Z = g8°X. Since [B,|] = 1, there is a one-to-one
relation between (Z,X")" and X. The assumptions made below imply that the
distribution of Z conditional on X has everywhere positive density with respect

to Lebesgue measure for almost every X. Let p(e|X=x) p(s|x) denote this

density. For each integer 1 > 0, define
p(i)(z|i) = aip(z|>2)/azi
whenever the derivative exists, and define p@(|x) = p(¢|x). For each B with

B,] = 1, let F(+|z,x) denote the cumulative distribution of U conditional on Z

=z p"x and X = x. For each positive integer i, define

FD (2120 = o' (-z|z,%) /02"

whenever the derivative exists. For example,



F(l)(_z\z,i) = [-oF(u|z,x)/du + oF(u|z,x)/3z] =z

u =

Let K denote the j"th derivative of K if it exists. For each integer s > 2,

define the (q - 1)x1 vector A and the (g-1)x(g-1) matrices D and Q by

A = 20, i21{[”(5 = T e 010, %p D oo x13, 2.2)
D = opE[XX"p(0[X)],
and
Q = 2 | % FD(0]0,0)pON)IPE),
where
0 = | VK Daydv
and

| T« D7 %v.

—00

“p

b. Asymptotic Properties

Let b, be a solution to (2.1), and write b, = (b,,,b,")"-. Horowitz (1992)
gives regularity conditions under which the following theorem holds. Section
4b of this paper gives a strengthened version of the regularity conditions that
is used in the analysis of the bootstrap.

Theorem 1.1: Let s > 2 be an integer. Assume that as n - «, nh*" - A <
~» and (log n)/(nh") - 0. If F¥(-z|z,x) and p® ~ P(z|x) are bounded, continuous
functions of z for each integer i between 1 and s, all z in a neighborhood of

0, and almost every x, then



mh 2, - B - TN, otoe .

To use this result to test hypotheses about 3, It is necessary to have a
consistent estimator of the covariance matrix Q'DQ™. To obtain such an

estimator, define

n
Qb = (nhnz)‘li;l[zl(\(i = 1) - 11% % K& X /n ). 2.3)

Horowitz (1992) shows that Q,(b,) - " Q under the assumptions made in Section 4

of this paper. The consistent estimator of D used by Horowitz (1992) is
L el . 2
UV K @ x. 7/h )P

However, this estimator has a bias of size 0(h,?), which is too large for the
theory developed in this paper. An alternative estimator whose bias is 0(h,®)

and, therefore, smaller if s > 2 can be obtained by defining
D) = anch )L T xx: KD (bex. /
n(® = op(ihy) =2 %% (07X /) -

It is not difficult to prove that D,(b,) - " D under the assumptions made in
Section 4. In the remainder of this paper, D, (b,) is used to estimate D. The
resulting consistent estimator of Q'DQ™ is Q,(b,)'D,(b,)Q,(b)™".

The fastest possible rate of convergence in probability of b, to § is
N~ (Horowitz 1992). This occurs when h, = (&7n) with 0 < A < «.
However, the resulting estimator of 3 Is asymptotically biased in the sense that
the asymptotic distribution of (nh)Y?(b, - 8) is not centered at 0. To test
hypotheses about §, it Is necessary to remove the asymptotic bias. One way of
doing this is by estimating the asymptotic bias and subtracting the estimate
from b,. This is the method of explicit bias removal. Another way is by
setting h, « n™ where x > 1/(2s + 1), in which case » = 0 and there is no
asymptotic bias. This is the method of undersmoothing. This paper uses

undersmoothing. Thus, h, Is assumed to converge sufficiently rapidly that
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mh 2, - m - 9N, ot h.

The method of explicit bias removal can also be considered. Horowitz
(1992) describes a method for removing the asymptotic bias of b,, but this
method leaves a higher-order bias that is too large to permit O[(nh)™]
asymptotic refinements via the bootstrap. Bias removal to sufficiently high
order can be achieved by replacing b, with b, + 2“’Q ()*A, where A is the
consistent estimator of A that is formed by replacing the derivatives and
expectation on the right-hand side of (2.2) by kemel estimates and the sample
average. An analysis that is notationally more complex than the one carried out
here but similar in other respects can be used to show that under suitable
regularity conditions, the bootstrap provides asymptotic refinements with this
method of explicit bias removal.

It may seem that use of undersmoothing sacrifices asymptotic estimation
efficiency relative to the method of explicit bias removal since Theorem 1.1
implies a faster rate of convergence of b, to 3 in the latter case. This
impression is misleading. To obtain asymptotic refinements with either method
of bias removal, F(-z|z,x) and p(z[x) must have more derivatives than are
required for the first-order asymptotics of Theorem 1.1. Consequently, the
fastest rate of convergence permitted by Theorem 1.1 is not achievable if one
wants to obtain asymptotic refinements. Moreover, F and p must have more
derivatives to achieve asymptotic refinements through explicit bias removal than
to achieve them through undersmoothing. |IFf F and p have enough derivatives to
obtain asymptotic refinements with explicit bias removal, the rate of
convergence obtained with explicit bias removal can also be obtained with
undersmoothing by choosing K so as to make K a kernel of sufficiently high
order in the sense of Assumption 6 in Section 4. Thus, there is no asymptotic

efficiency advantage to using explicit bias removal instead of undersmoothing.



3. TESTING A HYPOTHESIS ABOUT B

a. The Symmetrical t and Chi-Square Tests

Let b,, and f§ , respectively, be the i"th components of b and g (i =
1,...,9 - 1). Define the matrix V, = Q,(b,)'D,(b)Q,(b,)™*. Let V., be the (i,i)

component of V,. The t statistic for testing the hypothesis H,: B;, = By, IS

172

t = hY20 - 5/ D). G-1)

It follows from Theorem 1.1 together with Q(b,) -"Q and D(b,) - "D that t - ¢
N(O,1) if H, is true. Thus, if n is sufficiently large, j can be tested by
comparing t with the relevant quantile of the standard normal distribution. In
particular, the symmetrical t test rejects H, at the asymptotic o level if |t]
>z,, Where z_,,, the asymptotic critical value, is the 1 - «/2 quantile of the
standard normal distribution.

Now let R be an rx(q - 1) matrix with r < g - 1, and let c be an rx1l vector
of constants. Consider a test of the hypothesis H,: R = c. Assume that the

matrix RQ'DQ'R" is nonsingular. Then under H,, the statistic

N (nh D(Rb - c)'(RvnR')‘l(Rbn - ©) (3.2)

is asymptotically chi-square distributed with r degrees of freedom. H, can be
tested at the asymptotic « level by comparing x> with the asymptotic critical
value consisting of the 1 - o quantile of the chi-square distribution.

Monte Carlo evidence (Horowitz 1992) indicates that the true and nominal
levels of the asymptotic t test can be very different with samples of the sizes
often found in applications. The reason is that in finite samples the true and
asymptotic distributions of the t statistic can differ greatly. As a result,
the true critical value for a given level of the test may be far from the one
obtained from the asymptotic distribution. Section 4 of this paper gives
conditions under which the bootstrap provides improved finite-sample critical

values for the symmetrical t and yx° statistics.



b. The Bootstrap Procedure

The bootstrap estimates the distribution of a test statistic by treating
the estimation data as if they were the population. Thus, the bootstrap
distribution of a statistic is the distribution induced by sampling the
estimation data randomly with replacement. The o-level bootstrap critical value
of the symmetrical t test is the 1 - o quantile of the bootstrap distribution

of |t|. The bootstrap o-level critical value of a test based on v is the 1 - o

quantile of the bootstrap distribution of x°.
The bootstrap distributions of |[t| and x* cannot be calculated analytically,
but they can be estimated with arbitrary accuracy by Monte Carlo simulation.

To specify the Monte Carlo procedure, let the bootstrap sample be denoted by

{Y,*.X;*: i = 1,...,n}. Define the following bootstrap analogs of H (b), Q.(b)
and D, (b):
n
H*(b) = n_1i§1[2|(Yi* = 1) - 11K X */h),
n
Q*(b) = (nhnz)_ligl[ZI(Yi* = 1) - 11% % ="K (o x. */h )

n
D *(b) = aD(nhn)‘liglxi*xi*'K(l)(b'xi*/hn)-

Let b.* = (b,*, b*) be a solution to (2.1) with H, replaced by H*. Let V,,* be
the (i,i) component of the matrix Q*(b,*)'D,*(b,*)Q,*(b,*)*.

The Monte Carlo procedure for estimating the bootstrap critical value of
the symmetrical t test is as follows. The procedure for estimating the
bootstrap critical value of x? is similar.

1. Generate a bootstrap sample {Y,*,X,*: 1 = 1,...,n} by sampling the
estimation data randomly with replacement.

2. Using the bootstrap sample, compute the bootstrap t statistic for
testing the bootstrap hypothesis H*: B = [ , where b solves (2.1). The

bootstrap t statistic is
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o= (h TR - B/ Vg

where b,* is the i"th component of b *.

3. Estimate the bootstrap distribution of |t*| by the empirical
distribution that is obtained by repeating steps 1 and 2 many times. The
bootstrap critical value of the symmetrical t test is estimated by the 1 - «
quantile of this empirical distribution.

Because the bootstrap critical value can be estimated with arbitrary
accuracy by repeating steps 1 and 2 sufficiently many times, the results
presented in Section 4 pertain to the true bootstrap critical value, not its

Monte Carlo estimator.

4. MAIN RESULTS

This section presents theorems giving conditions under which the bootstrap
provides asymptotic refinements to the levels of the symmetrical t and x° tests
in smoothed maximum score estimation. As in other applications (see, e.g.,
Beran 1988, Hall 1992), the proof that the bootstrap provides asymptotic
refinements is based on showing that the distributions of the test statistics
and their bootstrap analogs have asymptotic expansions that are identical to
sufficiently high order. The main technical problem that must be solved is
establishing conditions under which these expansions exist. This is done in
Theorems 4.1 and 4.2. Once the existence of the expansions is established, it
is a relatively easy matter to show that the use of bootstrap critical values
provides asymptotic refinements to the levels of the symmetrical t and x° tests.

This is done in Theorem 4.3.

a. Assumptions

This subsection presents the assumptions under which it is proved that the
bootstrap provides asymptotic refinements to the levels of symmetrical t and x°
tests based on the smoothed maximum score estimator. Let s > 8 be an even

integer. The assumptions are:

10



Assumption 1: {Y,,X;: i = 1,...,n} is a random sample of (Y,X")", where

Y = 1(B"X +U > 0), Xe % (g = 1), U is an unobserved random scalar, and g ¢
R? is a constant.

Assumption 2: (@) The support of the distribution of X is not contained

in any proper linear subspace of %#7. (b) 0 < Pr(Y = 1|X = x) < 1 for almost
every x. (c) |p,] = 1, and for almost every x, the distribution of X®, the
first component of X, conditional on X = x has everywhere positive density with

respect to Lebesgue measure.

Assumption 3: Median(U|X = x) = 0 for almost every Xx.

Assumption 4: B (Bzs---58)" 1s an interior point of B, which is a

compact subset of %%'.

Assumption 5: The components of X are bounded with probability 1.

Assumption 6: (i) K(v) =0 ifv < -1, and K(v) =1 ifv > 1. (ii) K is
5-times differentiable everywhere, K®(v) is symmetrical about v = 0, and K@®
(i =1,...,5) is bounded and Lipschitz continuous on (—,~). (iii) Let R(v) be
the vector whose components are K®(v) (i = 1,...,3). For 6 € %° satisfying |9|

= 1, there is a partition of [-1,1], -1 = a < & <... < g, = 1 such that

6"K(v) 1is either strictly increasing or strictly decreasing on (a,_,, &) (

2,...,L(B)). (iv) For each integer i (1 < i < 9s)
1. Oifi1<s
[ v'K(l)(v)dv =
-1 d (nonzero) ifi = s

Assumption 7: For each integer i such that 1 < 1 < s + 2, all z in a

neighborhood of 0, almost every x, and some M < =, p®(z[x) exists and is a
continuous function of z satisfying [p™®(z|x)| < M. In addition, |p(z|x)| < M for
all z and almost every x.

Assumption 8: For each integer i such that 1 < 1 < s + 2, all z in a

neighborhood of 0, almost every x, and some M < =, F®(-z|z,x) exists and is a

continuous function of z satisfying [F¥(-z|z,x)| < M.

Assumption 9: The matrix Q is negative definite.

Assumption 10: h, = an™, where 0 < A < =« and 1/(s + 1) < &k < 1/7.

n

11



These are strengthened versions of the assumptions of Horowitz (1992). See
that paper for a discussion of their rationale and significance. The main
strengthening consists of iImposing more smoothness on F, p, and K than are
needed for first-order asymptotics (Theorem 1.1), requiring K® to be a "higher-
order™ kernel, and requiring h, to converge to zero more rapidly than the rate
that minimizes the asymptotic mean-square error of b, (undersmoothing). The
strengthened smoothness assumptions are needed because the arguments showing
that the bootstrap delivers asymptotic refinements to the levels of the
symmetrical t and x* tests are based on higher-order asymptotic expansions of
the distributions of |t| and x*. These, in turn, are based on a higher-order
Taylor series expansion of the first-order condition of problem (2.1) as well
as Taylor series expansions of the matrices entering V,,. The Taylor series
expansions include terms that are sums of derivatives of kernel functions. The
strengthened smoothness assumptions insure that these sums exist, converge in
probability, and are bounded with sufficiently high probability. They also
insure that Taylor series remainder and asymptotic bias terms are negligibly
small with sufficiently high probability.

Part (iii) of assumption 6 is used to establish a modified form of the
Cramer condition of Edgeworth analysis (see lemma 9 in Section 7). Functions
K satisfying assumption 6 can be constructed by integrating the kernels given
by Muller (1984).

Horowitz (1992) does not assume that X has bounded support, K(v) = 0 if v
< -1, or K(v) =1 if v > 1. These assumptions are made here to simplify the
analysis that follows. They are not essential, however, and can be removed at
the expense of lengthier and more complex proofs.

Assumptions 6(iv) and 10 imply that K® must be a kernel of order 8 or
more. The need for such a high-order kernel arises from two considerations.
First, the Taylor-series expansion of the Tfirst-order condition of (2.1)
includes the third derivative of a kernel estimator, whose variance is
O[(nh,">)™]. Convergence of this term requires x < 1/7. Second, the asymptotic

bias of (nh)Y?(b, - B) is O[(nh ¥* K 1. To order (nh’) , its effect on the

12



distributions of the symmetrical t and x*> tests is proportional to its square.
Therefore, to achieve asymptotic refinements through O[(nh )], the square of
the asymptotic bias must be O[(nh)™]. This implies that x > 1/(s + 1). Since
s is an even integer, 1/(s + 1) < x < 1/7 requires s > 8.

In practice, the numerical effect of the asymptotic bias is often very
small even if its theoretical order of magnitude is larger than O[(nh)'].
Consequently, good numerical results may often be obtained with a K® whose

order is less than 8. See Section 5 for further discussion of this point.

b. Theorems

This section gives theorems that establish conditions under which the
bootstrap provides asymptotic refinements to the levels of the symmetrical t and
x?> tests in smoothed maximum score estimation. The first two theorems give
conditions under which the sample and bootstrap versions of |t| and x* have
Edgeworth-type asymptotic expansions. The third theorem shows that the
bootstrap provides asymptotic refinements under the same conditions. The proofs
of the theorems are in Section 7.

The following additional notation is used. Let © and ¢, respectively,
denote the standard normal distribution and density functions. Let P * denote
the bootstrap probability measure. This measure places mass 1/n at each data
point (Y,;,X;")". The cumulants of t through order 4 can be approximated with
an accuracy of O[(nh,)™] by using Taylor-series expansions that are described
in Section 7. Denote the approximate cumulants by the vector v,. The first
four cumulants of t* conditional on the estimation sample can also be
approximated with an accuracy of O[(nh,)™"] almost surely. Let v * be the vector
containing the approximate bootstrap cumulants. Define d = dim(v,) = dim(v,*).

The following theorem establishes the existence of Edgeworth-type

expansions of the distributions of |t| and |t*

Theorem 4.1: Let assumptions 1-10 hold. Let v be an arbitrary vector with
dimension d. There is a function q(z,v) such that: (a) q(s,v) is a polynomial;

-1/2

(b) q(t,v,) and g(t,y*) consist of terms whose sizes are o[(nh )] and no

smaller than O[(nh)™*] (almost surely in the case of q(t,v,*));

13



©
P(t| < 1) = 20(x) - 1+ q(r,v Jo(x) + o[(nh ) 73 (4.1)

uniformly over 1, and

(d)
P(It*| < ) = 20(x) - 1+ q(r,v ©a(x) + o[(nh ) 7]

uniformly over t almost surely. =

The coefficents of Tt in q are functions of the approximate cumulants of t
and t*. These, in turn, are Tfunctions of asymptotic forms of moments of
products of derivatives of H (?) and D,(B) with respect to the components of 3.
Because the number of such moments is very large, obtaining an analytic
expression for g is not feasible. It is possible, however, to calculate the
rates at which the moments converge to zero, and this is sufficient to prove the
theorem.

The proof of Theorem 4.1 takes place in two main steps. The First step
consists of showing that t and t* can be approximated up to asymptotically
negligible remainder terms by functions of derivatives of H,(3) and D,(?) (or
their bootstrap analogs in the case of t*). This is done in Propositions 1 and
2 of Section 7. The second step is to show that the distributions of the
approximations to t and t* have asymptotic expansions through order (nh)™.
This step is carried out using methods similar to those used to prove Theorems
5.5 and 5.6 of Hall (1992).

Now consider the x* test. Let ¢ * be the bootstrap version of the %
statistic. The first two moments of x* and Y* can be approximated through

O[(nh)™]. Let v, and v, denote the vectors of approximate moments. Let F

x
denote the chi-square distribution function with r degrees of freedom. The
following theorem, which is a modified version of Theorem 1b of Chandra and
Ghosh (1979), gives conditions under which the distributions of x* and x** have
Edgeworth expansions through O[(nh)™].

Theorem 4.2: Let assumptions 1-10 hold. Let v be an arbitrary 2x1 vector.

There is a function q,(t,v) such that q(t,v,) and q(t,y, *) consist of terms

14
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whose sizes are o[(nh,)™"?] and no smaller than O[(nh )] (almost surely in the

case of q(t,v,*)),
(z

PGP < 2) =

A{IL + a, (E.vp DIF, (D} + o[(nh) 7

uniformly over z, and

V4
PO <2y = [ AL+ a, (e OTF, (O} + ol(ny)

uniformly over z almost surely. =

The final theorem shows that the use of bootstrap critical values yields
asymptotic refinements to the levels of the symmetrical t and x* tests. Let t*
denote the o-level critical value of the bootstrap symmetrical t test. That is,

t* is the 1 - o quantile of the bootstrap distribution of |t*

- Let c * denote
a-level critical value of the bootstrap x° test. That is, c* 1is the 1 - «
quantile of the bootstrap distribution of x**.

Theorem 4.3: Let assumptions 1-10 hold. Under H,: %; = Bu>

a. P(t| > t*) = o + o[(nhD™].
IT RQ'DQ'R" is nonsingular, then under H,: R§ = c,

b. PGE>c*) =a+ o[(nh)?]. =

5. MONTE CARLO EXPERIMENTS

This section reports the results of a small set of Monte Carlo experiments
that were carried out to investigate the numerical performance of the bootstrap.
The number of experiments is small because of the very long computing times they
require.

Each experiment evaluates levels of a symmetrical t test using asymptotic
and bootstrap critical values. The hypothesis being tested is H,: 3 = 1 in the

model

Y = 1(X + BX, + U > 0). (5.1)

15



B is a scalar parameter whose true value is 1 (so H, is true), X, - N(0,1), and
X, -~ N(1,1). There are 3 different distributions of U, depending on the
experiment. These are:
Distribution L: U - logistic with median 0 and variance 1;
Distribution T3: U - Student®s t with 3 degrees of freedom normalized
to have variance 1;
Distribution H: U - 0.25(1 + Z* + 2)V, where Z = X, + X and V _
logistic with median O and variance 1.
With distributions L and T3, U is homoskedastic and P(Y=1|Z=z) has the familiar
ogival shape. With distribution H, U is heteroskedastic and P(Y=1|Z=z) is
nonmonotonic. It has a global minimum at z = -1/v3, a global maximum at z =
1/v3, and converges to 0.5 as z - *~. Experiments with multidimensional B3"s
were not carried out owing to the very long computing times they entail.

The smoothing function is

0 ifv<-1
Ka) = 10.5 + (105/64)[v - (573> + (7/5)v° - B/TW'T if |v] < 1

1 ifv>1
K, is the integral of a 4th-order kernel for nonparametric density estimation
(Muller 1984). It does not satisfy assumptions 6(iv) and 10, which require a
kernel of 8th or higher order. However, for reasons that were discussed in
Section 4a, good numerical results can often be obtained with a kernel whose
order is lower than 8. There are iImportant practical advantages to using a
lower-order kernel. In smoothed maximum score estimation as in other forms of
kernel estimation, a lower-order kernel tends to give results that are more
stable numerically and less sensitive to the choice of bandwidth than the
results obtained with high-order kernels. Reduced sensitivity to the choice of
bandwidth is especially important in applications, since the theory developed
in this paper provides little practical guidance on bandwidth choice for

achieving asymptotic refinements. K, provides the advantages of a relatively
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low-order kernel as well as the increased asymptotic efficiency that is
available through use of a kernel whose order exceeds 2."

K, does not satisfy assumption 6(ii) because it has only two derivatives
at v = x1. This problem can be overcome by smoothing K, in neighborhoods of v
= +1, but doing so has no effect on the results of the experiments.

Each experiment was carried out using three different bandwidths. One is
the bandwidth h, that minimizes the asymptotic mean-square error of h as an
estimator of 3. The formula for this bandwidth is given in Horowitz (1992).
The other bandwidths are 0.7h, and 0.5h,, which represent different amounts of
undersmoothing relative to the bandwidth that minimizes asymptotic mean-square
error.

The experiments use a sample size of n = 250 and were carried out with a
program written in GAUSS with GAUSS pseudo-random number generators. There are
1000 Monte Carlo replications per experiment. The smoothed maximum score
objective function can have many local extrema, so maximizing it requires the
use of a global optimization method. The results reported here are based on a
search over a discrete set of b values, which is faster than a more elaborate
global optimization procedure such as simulated annealing in the one-dimensional
setting of the experiments.

Each experiment consisted of repeating the following steps 1000 times:

A. Generate an estimation data set of size n = 250 by randomly sampling
Y, X, X) from the model under consideration. Obtain the smoothed maximum
score estimate of g in (5.1) and compute the t statistic for testing H,: B = 1.
Call its value t,.

B. Compute the bootstrap critical value of the t statistic by following
steps 1-3 in Section 3b. Bootstrap samples of size 250 are obtained by sampling

the estimation data set generated in step A randomly with replacement. Denote

. I have also carried out Monte Carlo experiments using the designs
described in this section and a smoothing function that is the integral of an
8th-order kernel. The results show that the bootstrap corrects distortions of
the level of the symmetrical t test if the bandwidth is chosen carefully. As
expected, however, the level with bootstrap critical values is more sensitive
to the choice bandwidth with the 8th-order kernel than with the 4th-order one.
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the o-level bootstrap critical value of the symmetrical t test by t*. In
experiments with « = 0.1 and 0.05, t* was computed from the empirical
distribution of |[t*| obtained from 100 bootstrap samples. In experiments with
o = 0.01, t* was based on 500 bootstrap samples. Increasing the number of
bootstrap samples beyond these values did not change the results of the
experiments.

C. Reject H, at the nominal o level based on the bootstrap critical value
if |t > t*. Reject H, at the nominal o level based on the asymptotic critical

value if |t,| exceeds the 1 - «/2 quantile of the standard normal distribution.

The results of the experiments are shown in Table 1. The empirical levels
of the t test greatly exceed the nominal levels when asymptotic critical values
are used. Moreover, the empirical levels with asymptotic critical values are
highly sensitive to the choice of bandwidth. For example, at the nominal 0.05
and 0.01 levels, the empirical levels increase by over a factor of two when the
bandwidth decreases from h, to 0.5h,. In contrast, the differences between the
nominal and empirical levels are very small when bootstrap critical values are
used. None of the differences between nominal and empirical levels with
bootstrap critical values is significantly different from zero at the 0.01
level. Thus, in these experiments the bootstrap essentially eliminates the
distortions of the level of the t test that occur when asymptotic critical
values are used. |In addition, the empirical levels with bootstrap critical
values display little sensitivity to variations in the bandwidth. As has

already been discussed, this is a desirable property in applications.

6. CONCLUSIONS

The smoothed maximum score estimator of the coefficient vector of a binary
response model is consistent and asymptotically normally distributed under weak
distributional assumptions. However, Tfirst-order asymptotic theory often
provides a poor approximation to the Ffinite-sample distributions of test
statistics based on this estimator. As a result, the differences between the

true and nominal levels of tests based on smoothed maximum score estimates can
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be very large in finite samples when first-order asymptotics are used to obtain
critical values. This paper has given conditions under which the bootstrap
provides finite-sample critical values that are more accurate than those
obtained from First-order asymptotic theory. The ability of the bootstrap to
provide asymptotic refinements has long been known, but the standard theory of
the bootstrap does not apply to the smoothed maximum score estimator because
this estimator cannot be approximated by a function of sample moments. The
theoretical results that have been presented here overcome this problem.

The numerical performance of the bootstrap was investigated through a small
set of Monte Carlo experiments. In these experiments, the bootstrap essentially
eliminated large finite-sample distortions of level that occurred when
asymptotic critical values were used. These results illustrate the usefulness
of the bootstrap for obtaining improved finite-sample critical values for tests
based on the smoothed maximum score estimator. OF course, the numerical results
are subject to the usual cautions about attempting to generalize from a small

set of Monte Carlo experiments.

7. PROOFS OF THEOREMS

It is assumed throughout this section that assumptions 1-10 hold.

a. Step 1: Approximating t and t*
Let |¢| denote the Euclidean norm. For y = 0 or 1, define J(y) = 2I(y = 1)
- 1. For b € B, define H(b) = E[AJ(Y)I(b"X > 0)]. Observe that

n
INONE n_liglJ(Yi)K(b'Xi/rln).

Define a Euclidean class of functions as in Nolan and Pollard (1987).

Lemma 1: There is a finite C > 0 such that

sup ‘Hrﬁb) - H(®)| < Ch n
beB

almost surely for all sufficiently large n.
Proof: 1t follows from lemma 22 of Nolan and Pollard (1987) and theorem

2.37 of Pollard (1984) that [H(b) - EH (b)| = o[(log n)/n*?] almost surely
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uniformly over b ¢ B. Let P,(¢|X) denote the conditional CDF of Z. Then, by
assumption 7 and a Taylor series approximation, |[EH (b)| < P(Jb*X] < h,) = E{P,[-
(M -3)"X+ h|X] - RL[-(b - 3)"X - h|X]1} < Mh Ffor all b € B and some M < .
The lemma now follows from the triangle inequality. Q.E.D.

Lemma 2: Given any r > 0, |b, - B| < r almost surely for all sufficiently

large n.

Proof: Let N, = {b € B: |b - g| > r}. By lemmas 2 and 3 of Manski (1985),
H is continuous on B and uniquely maximized at g. Therefore, H(b) < H(B) - &
for all b € N, and some & > 0. By lemma 1 and h,_ - 0, H(b) < H(B) - &/2 < H (B)
almost surely for all b ¢ N, if n > n, for some finite n,. Thus, b, # N, almost
surely if n > n,. Q.E.D.

For i.,j.k,e,m = 1,...,9 - 1, define G, ,(b) = JoH()/db,, G (b)) =
o°H,(b)/abab;, G (b) = 3°H (b)/adbob;ob,, G.i;.(b) = o°H, (b)/db,db;ob,db,, and G ;jn(b)
= 0°H,(b)/db;db,db,obdb,. Also, define D ;(b) = aD,(b)/db;, D.;(b) = 9°D,(b)/db;db;,
and D;;(b) = &°D,(b)/db,ob;db,.

Lemma 3: For all i,j,k,¢,m=1,...,9 - 1, the following relations hold
almost surely as n - «:

(@ sup,. ;|6 (b) - EG,(P)| = o[(log n)/(nh)"?]

(b) sup, . |Gy;(P) - EG,;(0)| = o[(log n)/(nh,)"?]

(©) sup, . [Gu(b) - EGu;(b)| = o[(log n)/(nh;)"]

(d) sup,. s [Guj(P) - EGuz(b)| = o[(log n)/(nh,)"*]

(&) sup, . g [Guijn(®) ~ EGn(P)| = o[(log n)/(nh,)"’]

() sup, . [D(b) - ED(b)| = o[(log n)/(nh)"*]

(@ sup, . [D(b) - ED,(B)| = o[(log n)/(nh,)"?]

(h) sup, . |Dy;(P) - ED,;;(0)| = o[(log n)/(nh,)"?]

(1) sup,. g Dui(b) - EDiz(b)| = o[(log n)/(nh,)"]
where (f)-(i) apply to the individual components of the matrices D,, D, D;,

and D In addition, for all i,j,k,¢,m,s =1,..., q-1

a) EG,;(R) = o(h,)
(K  EG,;j(0), EG;5.(b), EGjwn(P), ED,(b), ED,;(b), ED,;(b), and ED;(b) are

0(1) as n - » for all b € B.
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Proof: Parts (a)-(i) are proved by using lemma 2.14 of Pakes and Pollard
(1989) and lemma 22 of Nolan and Pollard (1987) to show that the summands of the
relevant G or D functions form Euclidean classes and then applying theorem 2.37
of Pollard (1984). Part (J) is proved in lemma 5(a) of Horowitz (1992). To
prove (k), consider EG,;(b). Let X;; be the j"th component of X;. Then

n
ZNONE (nhn?’)_lg L EICD% 5 K orx gh )

= hn'3f[1 - 2F(—z\z,>?)]>?.i>2.j X K CXz + v - ) "x1/h, 3p(z|x)dzdP(x)
Make the change of variables ¢ = [z + (b - §8)]/h,- Then
ECnijk(® =

-1
hn_ZJ {1 - 2F[-h ¢ + (b - B)"x|h ¢ - (B - BYOXGXIX X, 5 %k K © %)

plh 2 - (B - B)"X|X]d2dP(X).- -1

The result E[G,;(b)] = 0(1) is obtained by making a Taylor series expansion of
the integrand of (7.1) about h, = 0 through 0(h/®. Similar arguments apply to
the other G and D functions. Q.E.D.

Define S, to be a vector containing the unique components of G,(B),
Gi;(B), Gui(R), and G;,(B) (i,J,k,0 =1,...,9 - 1). Order the components of
S,; SO that the first q - 1 are the G,;(B)-

Lemma 4: Let S; = plim .

S~ There is a function A (S,) taking values

in %" such that A,(S;) = 0 and

-3/2

B, - B = 1,(Spe) + ol(nh)™>/?]

with probability 1 - o[(nh)™] as n - «.
Proof: Define 5, =0, - pand 5; = h, - &% (1 =1,...,9 - 1). Let G (B)

be the vector whose components are the unique components of G, () (i =1,...,9
- 1). For fixed j, k, and ¢, define G ;(B), G.;(B), and G.;.(8), respectively,

to be the g-1 dimensional vectors whose components are G,;(B), G;;(8), and
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Guij(®) (1 = 1,...,9-1). By lemma 2, b satisfies the first-order condition
G.(b)) = 0 almost surely for all sufficiently large n. It is proved in Horowitz
(1992) that lim,__EQ.(R) -~ Q. It follows from this result and lemma 3 that
Q,(8) has an inverse almost surely for all sufficiently large n. Therefore, a

Taylor series expansion of G, (b)) = 0 about b, = ¢ yields

b, - B = QD G, () + (/2G5 (D S

60k (DR dkde YR 1 .2)
almost surely for all sufficiently large n, where the summation convention is
used and

Rn = o[Clog my/(nh HY2qib, - 51 %
Given any v > 0 and ¢ > 0, suppose that |5 < c(nh))™**”. Then it follows from

lemma 3 that the right-hand side of (7.2) is less than c(nh)™**" almost surely
for all sufficiently large n. In addition, lemma 3b and assumptions 4 and 7-9
imply that the consistent solution to (2.1) is almost surely unique for all
sufficiently large n. Therefore, application of the Brouwer fixed point theorem

to the right-hand side of (7.2) shows that for any ¢ > 0, v > 0,
b, -5 < c(h) Y2+ (7-3)

almost surely for all sufficiently large n. Observe that Q,(B) is the matrix
whose elements are G ;;(8). Then application of the implicit function theorem
to (7.2) shows that there is almost surely a differentiable function A, such

that 7,(S,) = 0 and

By - B = 2,6 * Ry, (7.4)

where R, is a vector such that dim(R) = dim(S ),,R forms the first q - 1
components of R,, and the remaining components of R, are 0. Application of the

mean value theorem to (7.4) combined with (7.3) shows that
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(b, - B) = 2,(S,0) *+ O[Clog m(n>h 13~ 2(nh y*] (7.5)

almost surely for any v > 0. The lemma now follows from assumption 10 by making
v sufficiently small. Q.E.D.

Let S, denote denote a vector consisting of the unique components of S ;and

of Dn(B)s Dni(B)! and Dnij(B) (i!j = 1!---’ q - 1)-
Lemma 5: For each i = 1,..., q - 1, there is a real-valued function 2,;(S,)
such that
172 _
Vni - AVi(Sn) * ln

where ¢, = o[(nh,)™*] almost surely.
Proof: Expand D,(b,) and Q.,(b,) in Taylor series about b, = § through order
Ib, - B)° and use (7.5) to obtain

Vo i% = ai%(S,. S, + ey + ol(nh )™l (7.6)

almost surely for a suitable differentiable function Aa,*, where ¢ = O[(log
n)(nh,»?(nh,)" *] for any v > 0. The lemma now follows by applying the mean
value theorem to (7.6). Q.E.D.

Proposition 1: Define A(S) = 7,(5,)/7;(S,)- Then

lin sup (nh ){P(t < z) - P[(nh )1/?
z

) A(Sy) < z1F = o.

Proof: By lemmas 4 and 5

1/2
()™ "2 Gped * &y

) 7.7
i) + vy (-7

where ¢, and v, are o[(nh )] almost surely. Define p =t - (nhY*r(S). A
Taylor series approximation applied to (7.7) yields A, = o[(nh)™*] almost
surely. Choose the sequence {w} such that ¢ = o[(nh)™*] and, A fw = o(l)

almost surely. Then
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172 172

P[(nhn) A(Sn) < Z - wn] - P[(nhn) A(Sn) < 7] - P(Mx# > 0 R

1/2

IA

P(t < z] - PL(nh DS, < 7]

1/2 1/2

IA

PL(nh )™n(S,) < z + o] - PL(nh )"°A(S) < Z] + P(Ia | > o )

for every z. Therefore, since A, = o[(nh,)™] and A /«, = 0(1) almost surely,

1/2

P(t < 2) - PL(h )2A(S) < Zz] = o[(nhn)‘l]- (7.8)

uniformly over z. The proposition follows by multiplying both sides of (7.8)
by nh, and taking the limit as n - ~. Q.E.D.

Let P denote the population distribution of (Y,X) and P.,* denote the
bootstrap probability measure. That is, P * places mass 1/n at each point of
the estimation sample. Let E, denote the expectation with respect to P,*. The
following lemma gives a bootstrap version of Pollard®"s theorem 2.37.

Lemma 6: For any b € B, define
n
W) = nhY [90G G FGRNG /M) - Bg(r0TB™X/M)T.

where g Is a bounded function and f Is a bounded, Lipschitz continuous function
of bounded variation with support [-1,1]. Define ¢, = [(h/n)log n]Y?>. There
is a finite C, > 0 such that for all C > C, and any v > O

lim (nh )YP_*( sup W (b)| > C¢ = 0
n - o n anBn r?

almost surely (P).
Proof: Partition B into subsets {B;: j = 1,...,J,} such that |b, - by < g2
whenever b, and b, are in the same subset. For each j =1,...,J, let b be a

point in B;. Observe that J, = 0(:,”). Then
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J

P*Csup W (b)| >Ce) = P*Cu sup W (b)| > Cs
" "hep N A nj=1beB.g h
% | |
< P*(sup [W_(b)|] >Ct ). (7.9
j=1 " b eB. N ?

J

Because g is bounded, X has bounded support, and f is bounded and Lipschitz

continuous, there is an M < «» such that

sup \Wrﬁb)| < 2M(log n)/n  + |W ﬂb j|
€ B
J
Therefore, for all sufficiently large n
Pn*(bsng_‘Wrﬁb)| > C¢ R < P ;(|W ﬁb }\ > Cg 4?) (7.10)
J

By using lemma 22 of Nolan and Pollard (1987) and theorem 2.37 of Pollard
(1984), it can be shown that En[an(bj)fl < ¢;h, almost surely (P) for some c, <

«» and all sufficiently large n. Therefore, by Bernstein®s inequality

-Cd

IA

Pn*(jwrﬁbj)| > C¢ KZ) < 2exp(-Cdlog n) = 2n (7.11)

for some finite d > 0 and all sufficiently large n. Combining (7.9)-(7.11)
yields

(nhn)VPn*(bsng\wn(b)| >ce ) < 20h )7 h¢ 9 = o

as n - «» for all sufficiently large C. Q.E.D.

Define
* — -1 n * - *
Hy*(0) = n iglJ(Yi YK(b™%; */h ).

The following lemma gives the bootstrap version of lemma 2.
Lemma 7: For any y > 0 and ¢ > 0
- \/ —
lim (nhn) Pn*(”bh* - brﬂ >eg) = 0.

n » o
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almost surely (P).

Proof: Since EH*(b) = H,(b), lemma 6 implies that for any v > 0 and n >

lim (nhn)VPn*[ sup \Hn*(b) - Hn(b)| >n] = O (7.12)
n - o b eB

almost surely (P). Given any n > 0, suppose that |H*(b) - H()| < n and
IH,(b) - HM®)| < n Ffor all b € B. Then since p* maximizes H*, H() - n <
H*(,) < H*(b,*). Also, H*(,*) < HMb>*) + n, so H(b) - n < H*M>) < H (>
+ n, and HM,) - H®*) < 2n. By a similar argument, H(R) - H() < 2n.
Therefore, H(8) - H(b,*) = [H(B) - H(b]1 + [H(b) - H.(bD] + [H,(b) - H.(b*)]
+ [H,(0,*) - HMb,*)] < 6n. Because H(b) is continuous on B with a unique maximum

at 3, it is possible to choose n such that H(R) - H(b,*) < 6n implies |b,* - B]|

IA

e/2. By lemma 2 and the triangle inequality, |b* - p| < «/2 implies that |b*

- b, < e for all sufficiently large n almost surely. Therefore, |[H*(b) - H (b)]|

IA

n and |H,(b) - H()| < n for all b € B imply that |[b* - b| . < e for all
sufficiently large n almost surely. The lemma follows by combining this result
with lemma 1 and (7.12). Q.E.D.

For 1i,j,k,e,m = 1,...,9 - 1, define G,;*(b) = oH*)/op, .§ *(b) =
O°H,*(b)/3b;0b;, Gz *(0) = 3 H *(b)/abob;ob,, Gy *(b) = “0H *(b)/o oo ob, and
Guajn™(0) = O, (b)/ab,ab;obabialy, , D, *(b) = op *(b)/oly , By; *(b) = o R *(b)y/ob ay ,
and D;;*(b) = 83Dn*(b)/abiabjabk. The bootstrap version of lemma 3 is:

Lemma 8: For all i,j,k,¢,m=1,...,9 - 1, any v > 0, and all sufficiently
large C > 0, lim, . _(nh)P,*(A) = 0 almost surely (P), where A, is any of:

(@ sup,.; [G*(P) - EG,*(b)| > CL[(log n)/(nh)"*]

(b) sup, . [Gy;*(b) - EGu*(P)| > CL(log n)/(nh,)™*]
(©) sup, . |Gz (0) - EGuiz*(0)| > CL(log n)/(nh,)"*]
(d) sup, .5 [Guiji*(B) - EGuu*(0)| > CL(log n)/(nh,)"*]
(&) sup, . ¢ [Guijin™ (D) = ESujun™(0)| > CL(log n)/(nh,*)*?]
() sup,. [D*(0) - ED*(b)| > CL[(log n)/(nh)"*]

(@ sup,.; [D*(P) - ED,*(b)| > CL[(log n)/(nh,*)"*]

() sup, . Dy;*(b) - EDu;*(0)| > CL(log n)/(nh,)"*]
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(1) sup,. g D (@) - EDuiz*(0)| > CL(log n)/(nh,)"*]
Relations (F)-(i) apply to the individual components of the matrices D *, D, *,

D.*, and D

nij

nijk- 1IN addition, for all i1,j,k,¢,m,s =1,..., gq-1

) EG,*(b,) = 0 with probability 1 - o[(nh)™].

K ESy*(B). Gy *(0). EGw *®). Efw *(B)., ED*(b), ,ED *(b),
E.Dni;*(b), and ED,;*(b) are 0(1) almost surely (P) as n - « uniformly over b
e B.

Proof: Parts (a)-(i) are immediate consequences of lemma 6. Part () is
the first-order condition for problem (1.2). Part (k) follows from lemma 3.
Q.E.D.

Define S * and S* as S, ;and S, except with (Y ,X) replaced by (Y ¥,X%) and
B replaced by b,.

Proposition 2: Let A be the function defined in proposition 1.

172

lim sup (nhn){Pn*(t* < z2) - Pn*[(nhn) A(Sn*) <z]}y = O
n - o 2z
almost surely (P).
Proof: This is the bootstrap version of proposition 1. It is proved using

the same arguments that are used to prove lemmas 4-5 and proposition 1 but with

Sws S,» b,, and B, respectively, replaced by S *, S,*, b,*, and b,. Q.E.D.

b. Step 2: Asymptotic Expansions
For h > 0, let W(y,x,h) be the vector whose components are terms of the

form

IN9 GOk D@m= 1,..., 3,

where g,;(x) is the product of i not necessarily distinct components of x, and
r indexes the product. Thus, for example, one can define g,(x) = x®, g, ()
= x®, etc. The following lemma gives a modified version of the Cramer
condition of Edgeworth analysis.

Lemma 9: Let 1 be a vector with the same dimension as W. Define y,(t,h)

= E{exp[it"W(Y,X,h)1} where i = (-1)">. For any ¢ > 0, some C > 0, all <

satisfying |t| > e, and all sufficiently small h
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‘wMﬂT’h)| <1 - Ch.

Proof: Each component of W has the form 3(y,x)K(z/h) for suitable
functions 3 and K. Therefore, letting r index components of W and using the
summation convention

1
¥ ﬂ exp[it 3 (y.X)K (z/h)IP(y|z.x)p(z|x)dzdP(x)
y=0r

U»rw(-E 1))

1 .
h yZOJ' explit, 3 (v, K (2)IPCyIN,x)p(he[R)dIdP(R)

Since the support of each K, is [-1,1],

1
g = h ¥ P(y|hz,X)p(he|x)dedP (D)
y=0 "|¢] > 1
1. _ _ _ _
thx I, eolin3 00K (TP Op(hE R)dzdP ()
= 1 - ALY + Ay(E,h) + Ag(e,h),
where
1 _ _ _
AGh) = hoY P(y|hz,)p(h|x)dzdP(X).,
y=0"[¢| < 1
1 - -~. -~ -~
Ay(i.h) = hygoﬁé R MR O | (L UNSTIGIES
- P(y]0,%)p(0[X)]dcdP(X).
and
1 -~ -~ ~ -~
Ag(t,h) = hygoﬁc @RI 30K (DTP(Y[0,50P(0)dAP(R) -

Given ¢ > 0, choose h sufficiently small that
1 (r -~ -~ -~ -~ -~
XOJIC PO 0PCIR) = PCYI0.DIPCOIR) dedP(R)
y= <
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1
< e ¥ P(y(0,%)p(0x)ddP() = <C .
y=0"[Z] < 1

Then A, (t,h) < hC,(1 - &) and |A,(z,h)| < ehC,;, so

wyt.h)| < 1 - hC (1 - 2¢) + |A gr,h)| (7.13)

for all 1, e > 0, and sufficiently small h > 0. Observe that |3(y,x)| = 0 if
and only if |x| = 0, which is an event whose probability is less than 1.

Therefore, there are an n > 0 and a 5, < 1 such that

1
2 ¥ P(Y[0. )PP = 5 ¢

y=0" 3(y, %) < 1 r

Suppose, as will be proved presently, that for some C, < 1

-1
sup ||| explix 3 (v, 0K (1| = 2C, (7.14)

Izl >
uniformly over (y,x) such that |3(y,X)| > n. Then for |1]| > e

Ag(t.h)| < h[3 L+ (A -3)CL] = hs g, (7.15)
where &, = [5, + (1 - 5))C,] < 1. Combining (7.15) with (7.13) yields

sup ‘WMKT’h)| < 1-hCf1-2-5) = 1-C¢Ch
It > e

for all sufficiently small h > 0 and ¢ > 0, thereby establishing the lemma.
It remains to prove (7.14). To do this, define t = |1|. Fix /|1, y and X
with x| = O. For the specified values of t/|t|, y and x, and using the

summation convention, define () = t,3.(y,X)K.()/|t|.- Let -1 =3, <...<a =1

1

be a partition of [-1,1] that satisfies assumption 6(iii) when 6, = 3 (Yy,X)-
Then

a

1 L ( L
() = | edlith()1d; = Y | explitf(D1de
-1 (=2"a,_4

It suffices to prove that for any e« > 0 and some C, < 1 that does not depend on

Yy, X, or /|t
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a
[
sup (3, - g 4 )‘Twr exp[itf(é)]d@“| < G- (7.16)
t] > e tag g
To do this, make the change of variables ¢ = f(¢) in (7.16) and set v(§) =
1/7{df[2(c)]/d¢}-. Then
2 T@)
- [ |t@
v = | eplitf(D1d = | e Mucoyde.
a,-1 f(ab_l )
Observe that |y**(t)| < a, - a, _,, so the right-hand integral is bounded. The
right-hand integral can be approximated arbitrarily accurately by replacing v()

with a suitable step function. Therefore, it is enough to prove that

for all o, < o, and some C, < 1 that does not depend on o, or o,. But

sin’[0.5t(z - g )]

itgdi‘ < (oy = @)
| 2 [0.5t(o, - o))

1

P oM

o4

The proof is completed by setting C; = inf‘ﬂ:)e[(sinzt)/t]. Q-E.D.
Define W* as in lemma 9 except with 3 replaced by b,. Define y,*(t,h) =
E {exp[it "W*(Y,X,h )1}, where i = (-1)”?>. The bootstrap version of lemma 9 is:
Lemma 10: For any ¢ > 0 and ¢ > 0, some C* > 0, all 1 satisfiying ¢ < |1|

c

< n%, and all sufficiently large n

g GLh)| < 1 - C*h

almost surely (P).

Proof: Let B, = {t: e < |t| < n°}. Then

sup v (t,h )| < sup | @t,h
iieB " i Itl e B . -l

+ Sup NJW*(T-hr.P - wV\ﬂT!hrP|'
It € B .

30



By arguments similar to those used to prove lemma 6 together with the Borel-
Cantelli lemma, |v,*(t,h) - y,(t,h)| = oCh) almost surely uniformly over =t ¢

B Let C be as in lemma 9. Then lemma 10 follows by letting C* be any number

such that C < C* < 1. Q.E.D.

Let W, be a vector consisting of the unique components of (nh)Y’[¢ (B)
- EG(A1. (M )[G;;(8) - EG,;(B)1. (nh, ) *[Gri(R) - EGui;(81, (nh,)*[G,;5(8)
- EGuiji(®)1, (nh)™?[D,(8) - ED,(R)1, (nh,)’[D,;(R) - ED,(R)1, and (nh,)"*[D,;(8)
- ED,;;®)] (1,3,k,0 = 1,...,9 - 1). Define W>* similarly except with (Y ;X)
replaced by (Y,*,X;*) and B replaced by b,. Order the components of W,6 and W *
conformably with those of S, and S.*. Let V, be the covariance matrix of W, and
V.,* be the covariance matrix of V* relative to,P*. Let w ang w* be the

summands of the components of W, and W.*. These have the form 3(Y,X)KR(Z/h) and
3(Y,X)R(Z./h). For any 1 conformable with w,, define

172

010() = (/OO TEIGW®: i = (D (7.17)

0o0(0) = @2dh TEIGTw)Y - @7t TELGTw ) Y. (7.18)
and

0p1(0) = -(/8)h, LG )T (7.19)

Define p,,*(1), po*(1), and g, *(x) by replacing w, with w* and E with E in
7.17)-(7.19). Let n,, n,, and 5 be the signed measures whose Fourier-

Stieljes transforms are
Jexp(ir'g)dnjk(g) = exp(-0.51"V Do (1) (7.20)

Define m*, m,*, and g * analogously by using V* and o * in place of vV and;p .
Let d, = dim(W, ). For any set « in dgzdimensional Euclidean space, let dx denote
the boundary of o and (6x)° denote the set of all points whose distance from dux
does not exceed . Let CDVn denote probability measure according to the normal

distribution with mean O and covariance matrix V, . Define Dy analogously.
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Lemma 11: Let A denote a class of Borel sets in d,-dimensional Euclidean
space that satisfy

sup [ exp(-0.515 Fdi = 0(e)
a € A (aa)e

as ¢ - 0. Then

sup PQy € o) = oy () - z 2 (nh) 2 Ko @
a € A

= o[(nh )32,

and almost surely (P)

2 3/2 -j/s2
Sup, IPrQU € ) = oy ) = X X (nhy) RO

o €

= o2,

Proof: This is a slightly modified version of Theorem 5.8 of Hall (1992)
and is proved using the same arguments as in Hall"s proof after replacing Hall"s
lemma 5.6 with lemmas 9 and 10 above. Q.E.D.

Proof of Theorem 4.1: Only parts (a), (c¢) and the part of (b) pertaining

to q(t,v,) are proved here. The proofs of the remaining parts are similar. To

begin, invert (7.20) to obtain

ij(ﬁ) = ﬁnjk(5)¢vn(€), (7.21)

where for each n, j, and k, iﬂg}) is a multivariate polynomial, and vy, is the
multivariate normal density with mean O and covariance matrix V,. Let S W) be
the mapping from W, to S,. By Proposition 1, t in (3.1) can be replaced with
tWw) = (nh)Y?’A[S,(W)], and it suffices to consider P(t < 7). By lemma 11 and
(7.21)

32



. 2 j/2 /2, k-
PCt <) = | dley () + ¥ ¥ (2 M55 g (]
it <1y " J=1 k=0 "

N 0[(nhn)‘3/2

1. (7.22)

uniformly over t. Order the components of ¢ and W, so that the Ffirst components
correspond with (nh)"’[G,(R) - EG,(R)]. where i is the component of 3 for which
t is the t statistic. Let ¢ denote the vector consisting of all components of
¢ except the first, ¢,. Change variables in the integral of (7.22) so that the
variable of integration is (t,t")", thereby obtaining

Pt < 1) = jt at)ldeTLE (D) 2oy, [£1(t.).]

<

2 j/2 _
+ Y 7Y (nh)
J=1 k=0

172 K5k T (€.9.514 [5 (€951}

+ o[(nh )32, (7.23)

uniformly over 1, where T(+) is the inverse Jacobian term associated with the
change of variables. Taylor series expansions of the terms involving &,(t,%)

in (7.23) yield

2 _
-j§/2 -1
SRR ORI 172q () + olh )]

Gy(x) + ol(nh )71 (7-24)

uniformly over 1, where @ and ¢, respectively, are the univariate standard
normal distribution and density functions, and the q,;"s are polynomial
functions of one variable. Let vy, and ;v , respectively, denote the
characteristic functions of the distribution of t and G,. Then |y (1) - v(1)|
= o[(nh)™]. A Taylor series expansion shows that t in (7.24) can be replaced
by a multivariate polynomial in components of S,. The cumulants through order
4 of this polynomial may be approximated through O[(nh,))™"] using standard Taylor

series methods of kernel estimation. Let k,; denote the approximate j"th
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cumulant. Expressing vy, in terms of the approximate cumulants yields y (1) =

7.(1) + o[(nh)™] uniformly over 1, where
0e() = [exp(-t?/M1L + ik, + W2DED2 (K, - 1D + A76)(1)K 4
+ (W28) (0%, + A/2D[GOK, + @613k 1% (7.25)

Setting y; = 7,, taking the inverse Fourier transform of the result, and setting

P(It| < 1) = P(t < 1) - P(t < -1) yields (4.1) with

ACe ) = —tlk 2+ Ky = 1)+ (/12) (4K 7Kg + ko) (2 - 3)

2

+ (1/36)k 52 (% - 1012 + 15)].

A straightforward but lengthy calculation shows that k., k, - 1, k k., k., and
k,, are linear combinations of the terms shown in Table 2. The proof is
completed by verifying that these terms are all o[(nh)™?] and no smaller than
O[(nh)™]. Q.E.D.

Proof of Theorem 4.2: Under H,, ¢ = Rg, so

¥ = (@, - BTRTRVRD TR, - B

By arguments similar to those used to prove Propositions 1 and 2 followed by a

Taylor series expansion, there is a multivariate polynomial A such that
P2 < 2) - PI(hh DA (S) < z1 = o[(hh )™ 1].
b n/“x\n/ ~ n

uniformly over z and

nIim s;p (nhn){Pn*(XZ* < 7)) - Pn*[(nhn) AX(Sn*) <z]} = O

almost surely (P). Set t(W) = (nh)2[S,(W)]. By arguments similar to those
used to obtain (7.22),

PGE D = | doy (O + 3 L o2 K (g, (01
< g t(®) < 7} Vn j=1 K=0 "hjk (R/n
+ o[(nh )"3/?7.

34



Now transform to polar coordinates and proceed as in the proof of Theorem 1b of
Chandra and Ghosh (1979). A similar argument applies to P(x** < z). Q.E.D.
Proof of Theorem 4.3: Only part (&) is proved here. The proof of part (b)

is similar. Let t, and t*, respectively, denote the exact and bootstrap o-
level critical values of the symmetrical t test. Let k,* denote the bootstrap
version of k,; (i = 1,...,4). This is obtained from k,; by replacing g with b,

and expected values with sample averages. By Theorem (4.1),

Pt >t - o < sup [P(Y] > 1) - P *(tr| > 1)
T

< sup |[AC.v ) - 9Ctv D1eC)| + o[(nh 73]

2 2
- knl 1+ O(knz* - kn2) + O(knl’kkn3* - knlkn3)

2

= O[(kyy™

* 2 *
* OL(kp3™™ - kg1 + 0Ckpg™ - kpy)-

The proof is completed by showing that the difference between each of the terms
in Table 2 and its bootstrap analog is o[(nh,)™"] almost surely. To illustrate,
consider (k,*)* - k?*. Define p(b) = E[h XX*K (b"X/h)] for any b e B.
Define vy,; (0 = 1,-...,4) as in Table 2, and let v,;;* be its bootstrap analog.
Let g,(X) = gs(X) = X and g,(X) = g,(X) = X" Then E(vyyviy,) = (Mh) "R, (). By
Theorem 2.37 of Pollard (1984)

2

E (vaqi®vqs.%) h 32 ¥ % x kKD (b "X /h Y
ntV111 V112 n’ 5 n “i’'n

(h )"t (b)) + o[(nh )]

almost surely. Since p,(b) = 0(1) uniformly over b ¢ B,,(k *)*,- k® =

() [k, (0)°* - K (BY1 + ol(nh) ] almost surely. But,p(b) - u(B) = o(1)
almost surely by (7.3) and continuity of p,(b). Similar arguments apply to the

other terms in Table 2. Q.E.D.
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TABLE 1: MONTE CARLO ESTIMATES OF LEVELS OF t TESTS USING
ASYMPTOTIC AND BOOTSTRAP CRITICAL VALUES®

Empirical Level Using
Asymp. Crit. Val. Boot. Crit. Val.
Nominal and Bandwidth and Bandwidth
Model Level h, 0.7h, 0.5h, h, 0.7h, 0.5h,
Logit 0.10 0.182 0.215 0.328 0.103 0.090 0.111
0.05 0.115 0.176 0.255 0.058 0.062 0.061
0.01 0.049 0.097 0.178 0.011 0.016 0.011
t3 0.10 0.238 0.318 0.466 0.097 0.106 0.112
0.05 0.177 0.294 0.387 0.066 0.055 0.053
0.01 0.076 0.171 0.279 0.018 0.013 0.012
Hetero. 0.10 0.173 0.220 0.318 0.105 0.101 0.086
0.05 0.123 0.153 0.266 0.064 0.055 0.044
0.01 0.040 0.101 0.200 0.011 0.012 o0.007

An asymptotic 0.01-level t test based on the normal approximation to the
binomial distribution rejects the hypothesis that the true and nominal
levels are equal for all experiments with asymptotic critical values. The
same test accepts the hypothesis that the true and nominal levels are

equal for all experiments with bootstrap critical values.
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TABLE 2: TERMS OF APPROXIMATE CUMULANTS

Notation: g;(X), J an integer, is a product of components of X that may be
different in different occurrences. For r = 0 or 1 and d = 1, 2, or 3,

Mg (yY.z,x) = J(Y)rhn_dK(d)(Z/hn)gj(X)a Mrgj = Em;(Y,Z,X), and v,y = N m,o;(Y,Z,%) -

rdj

p‘rdj] -

Cumulant Terms
kn12 (nh) n’ [E(vi1v1)E(Vp35vi1) ]
kp - 1 (MhDNLE(V11V11V 01, (M) NLECV33v155v155) ],

(nh,) n® [E(v111v112)E(v113vis) 1, (nhy) n* [ECviv12) E(Uzsvio) 1
(DN E(13191)E(135v10T . (MW DNPLEV13915,)E(U1359150]
(nh) n® [ECviv1) EQoizgvord 1, (nhy) n® [E(111v112)E(V113v11) 1
(nh,) n“[E(v 1V12)EQUiisve2) 1, (nhy) n*[E(v 1V112) EQo13v01) ]
KniKns nz(n h D) [E(111vi) EQU1ivii) 1
n3(nhn)2 [ECV11v1) E(V1asv 1) E(V11sv136) 1
n3(nhn)2 [Evi1v12) E(V1asv 1) E(V11sv 126D 1
kn32 n4(nhn)3 [E(111V112) E(113V11) E(V115v116) E(V1179 118D T 5
'"4(r1hn)3 [ECV111v112) EV115v 1) EQU1sV 116D EQV117v 126D 1
n3(nhn)2 [ECV1v1) E(V1asv 1) E(V1isv116) 1
n3(nhn)2 [ECvi1v12) E(V1asv 1) E(V11sv 126D 1
n4(nhn)3 [E(V111V112) E(V113V112) E(V115V 126 ) E(V 117V 126D T
nz(nhn) [ECv1v12) E(Uasviia) 1
kn42 nA(nhn)3 [E(v111v112) E(V113V 112 ) E(V115V 116D E(V 117V 118D T
na(nhn)3 [E(v111V112) E(V113V110) E(V115V 116D E(V 117V 128D T
na(nhn)2 [EC11vi) E(Uiasv 1) EQuasviie) 15
'"4(r1hn)3 [ECV111v112) EV115V 1) E(V11sV 126D EQV117v 126D 1 5
n3(nhn)2 [ECVv11v1) EV115V 1) E(V11sv126) 1
nz(nhn) [E(111V112) E(V113v114) 1
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