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Abstract

In this paper we develop semiparametric estimators of A and ¥ in the model
A(Y) = min[f’X + U, (], where Y is a nonnegative dependent variable, X is a vec-
tor of explanatory variables, U/ is an unobserved random “error” term with unknown
distribution function ¥, C is a random censoring variable, [ is an unknown parame-
ter vector, and A i1s an unknown strictly increasing function. This model includes as
a special case the censored proportional hazards model with unobserved heterogeneity.
Estimators of A and ¥ already exist for the case where either A or ¥ belongs to a known
finite-dimensional parametric family, and methods for estimating 5 exist for the general
case. In this paper we propose estimators of A and ¥ which do not assume that A and
U belong to known parametric families. We obtain their asymptotic distributions and

investigate the small sample properties of the estimators by Monte Carlo simulation.
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1 Introduction

A linear uncensored regression model with a transformed dependent variable has the form

AYT) = AX 4T, 1)

where X is an r-dimensional random vector, U and Y* are random variables, 3 is an r-
dimensional vector of parameters, and A is a strictly increasing real function. In general,
B, A and the distribution function, ¥, of U are unknown. Model (1) is closely related to
the linear generalized accelerated failure-time model defined by Ridder (1990), log f(Y*) =
B'X + U, where Y* > 0 and f is a nondecreasing map from [0, 00) onto [0, c0).

Model (1) is widely used in applied econometrics. It includes as special cases log-
linear models and accelerated failure-time models, transformation models in which A is
specified up to a vector of parameters as in the Box-Cox transformation, and parametric
and semiparametric proportional hazards models (see e.g. Kiefer 1988). An important
special case is the mixed proportional hazards model or the proportional hazards model
with unobserved heterogeneity (see e.g. Ridder 1990). This model has received a lot of
recent attention from researchers trying to separate duration dependence embodied in A
from unobserved heterogeneity contained in W (see the references below).

Methods for estimating 3 (up to scale) have been described by e.g. Han (1987), Héardle
and Stoker (1989), Horowitz and Hérdle (1994), Ichimura (1993) and Powell, Stock, and
Stoker (1989). These estimators do not require that either A or ¥ be known or belong
to known finite-dimensional parametric families of functions. In contrast, most estimators
of A and ¥ require parametric assumptions about A or ¥ (see e.g. Heckman and Singer
1984, Murphy 1991, 1992, and Nielsen, Gill, Andersen, and Sgrensen 1992). Recently,
however, Horowitz (1996) has shown how to estimate A and ¥ without making parametric

assumptions. Specifically, Horowitz shows how to obtain n'/2

-consistent, asymptotically
normally distributed nonparametric estimators of A and ¥ from a random sample on X

and Y*. To use Horowitz’s estimators,  must be estimated beforehand using, for example,



one of the estimators proposed in the papers just listed.
In applications, data are often censored; this is particularly true for duration studies.
The purpose of this paper is to extend Horowitz’s results to the case where some observations

are right-censored. The model studied here is

AY) = min[#'X +U,C], Y >0, 2)

where ' is a random censoring variable. Let M be the indicator of no censoring. That
is, if p/X + U < C, then Y is not censored and M = 1; and if 3/X +U > C, then YV is
censored and M = 0. The distribution of C' may be degenerate and may depend on X, so
the assumption of random censoring is not very restrictive.! We assume that M, X and Y
are observed, but C' is unobserved, which is the case in most applications.

This paper focuses on estimating A and ¥ in (2) from a random sample of observations on
M, X and Y without assuming that A and ¥ belong to known finite-dimensional parametric
families of functions. Like Horowitz (1996) we assume that a n'/2-consistent estimator of 3 is
available. Using empirical process methods we prove uniform consistency and convergence
in distribution of the estimators of A and ¥. The method of proof is similar to that
used by Horowitz (1996), but the details are more complex owing to the complexity of
the estimating equations for A and ¥ in the censored case. In addition to proving limit
theorems, we investigate the finite-sample properties of the estimators through Monte Carlo
experiments.

For the uncensored regression model (1), Horowitz (1996) also shows how to predict Y*
conditional on X using quantiles of the conditional distribution of Y* given X. He also
proves consistency and asymptotic normality of the conditional quantiles of the distribution
of Y*. In the censored model (2) Y defined by (1) can be considered a latent, unobserved

variable. With some minor changes in the interpretation of the theorem Horowitz’s results

! Alternatively, with fixed censoring the asymptotic properties of the estimators can be studied condition-
ally on the observed values of C' rather than in terms of the distribution of C.



continue to hold for predicting the latent variable Y™ conditional on X in the censored
regression model.

The paper is organized as follows. In section 2 we outline the idea of the estimators.
In section 3 we state the theorems establishing their asymptotic behavior. As examples of
the small-sample properties of the estimators we report the results of a few Monte Carlo
experiments in section 4. Proofs are relegated to appendix A.

Notation: We use fo to denote the j’th order partial derivative with respect to the
i’th argument of the function f, and if f lives on R then D’ f is the j’th order derivative of
f. For first order derivatives we often omit the superseript and write D; f or Df. R/ denotes
j-dimensional Euclidean space. The support of a function is the closure of the subset of its
domain in which it takes nonzero values. The support of a random variable or vector is the
smallest closed set which contains its values with probability one. If v is a vector, then vy

denotes the first component and v_; the vector of remaining components of v.

2 The Estimators

Since U and C are unobserved, there is a well-known identification problem. Given the
observed variables M, X and Y, equation (2) continues to hold if A, U and C' are replaced
by A —a, U —a and C'— a where « is any constant. Equation (2) also holds if A, 3, U and
C' are replaced by aA, af, aU and aC where « is any positive constant. Therefore, scale
and location normalizations are needed. As shown e.g. by Ichimura (1993), identification of
0 up to scale requires that X has at least one component that is continuously distributed
conditional on the others and whose §-coefficient is nonzero. Let this be the first component
of X. For scale normalization we set |3;| = 1, where 3y is the first component of 3. For

location normalization we use A(ty) = 0, where ¢y is a constant to be determined later.



2.1 Motivation

Let 3,, be the given estimator of 3, where n is the sample size. The idea is to express A and
U in terms of the conditional distribution of (¥, M) given 5’X and then define the estimators
A, and ¥, by replacing  with 3, and other unknown quantities in these formulae with
sample analogs based on kernel estimation.

Define 7 = /X. Assume that A is strictly increasing and differentiable, that U and
X are independent, that €' and U are conditionally independent given X, and that the

distribution function W of U is differentiable. Let ©(z,-) be the conditional distribution

function of C' given Z = z. Then the conditional distribution function of Y given Z = z is?

Pr(Y <ylZ =z)=1-[1-¥(Ay) - 2)][1 - O(z, A(y))]. (3)
The conditional sub-distribution function of ¥ given Z = z when Y is uncensored is given

by

Aly)—z
Pr(Y <y, M = 1|7 = 2) :/0 [1 - O(z = + u)] d¥ (). (4)

Let pz denote the density of Z. Define
A = p2(2) 5 PrY <y M =117 = 3
=pz(2)[1 — O(z,A(y))|DY(A(y) — z) DA(y)
and

B(z,y) = pz(z) Pr(Y > y|Z = 2)

=pz(2)[1 = O(z, A(y))][1 - V(A(y) - 2)].

(6)

Observe that A(z,y)/B(z,y) = D¥(A(y) — 2)DA(y) / [I — ¥(A(y) — 2)]. Subject to

*Equations (3) and (4) appear for example in Breslow and Crowley (1974).



regularity conditions, some algebra shows that [J[A(z,v)/B(z,v)] dv = —log[l —¥(A(y) —
z)], s0 (0/0z) [J[A(z,v)/B(z,v)]dv=-DVU(A(y) — z) / [L — ¥(A(y) — 2)]. Therefore,
A(z,y)/B(z,y)

/y D1 A(z,0)B(z,v) — A(z,v) D1 B(z,v) o = DA(y). (7)
0 B(z,v)?

The proposed estimator of A is based on integration of the left-hand side of (7). The inte-
grand in the denominator is simply the partial derivative with respect to z of A(z,v)/B(z,v).
Equation (7) holds for all (z, y) such that the denominators are nonzero, the derivatives D; A
and Dy B exist and the integrand is bounded for 0 < v < y.

Let Tj C R be the set where A is to be estimated, and normalize A by setting A(tg) =0
for some tg € Tp. Choose a weight function W, on R? such that (7) holds for (z,y) in
the support Wa(-,-,t) for all ¢ € T and such that W (-, y,t) integrates to one whenever

to<y<torty>y>tandt & Ty. Then fort e Ty

t A(Zvy)/B(Zvy)
_// WA(Z,y,t) /y DlA(Z,U)B(Z,U)—A(Z,U)DlB(Z,U) dyd27
: dv
0 B(z,v)?
(8)
where fti) = - t ©if tg > t.3 The estimator A, is formed by replacing the four unknown

functions A, B, D1A and DB in (8) with kernel estimators to be defined shortly. As in
Horowitz’s estimator for the uncensored case, it is the averaging over z which boosts the
slow convergence of the kernel estimators into n'/?-consistency of A,,.

Once A is estimated on Ty, Horowitz (1996) uses the empirical distribution of A(Y*)—Z
to derive an estimator of W, but this is not an option here since Y is not observed. Instead,

the discussion leading up to (7) shows that when B(z,y) > 0

U(A(v) —2) =1—exp (— /OU % dy). 9)

nstead of explicitly restricting the integration to the support of Wa(:,-,t), we adopt the conventions
that 0/0 = 0 and 0-undefined = 0.




The value of U at a given point ¢ is obtained by letting = = A(v) — ¢ or, equivalently,
v=A"Y(z+1). After making the substitution we can average over v or z; as with A this
improves the rate of convergence of the estimator. Whether we average over v or z does
not matter asymptotically, but it affects the estimator in finite samples. In this paper we
choose to average over v. Let Ty C R be the set where W is to be estimated, and let Wy
be a weight function on R?* such that (9) holds with z = A(v) — ¢ and v € Ty for (v,?) in
the support of Wy, and such that Wy (-, t) integrates to 1 for all ¢ € Ty. Then for t € Ty

_1—/Wq;vtexp< Bﬁz ;dy)dv. (10)

The function V¥ is estimated by replacing A, B and A in (10) by their estimators. This is
the continuous-time equivalent of the Kaplan-Meier estimator of the distribution function

of U modified to accomodate the unknown function A.

2.2 Implementation

1/2_consistent

Suppose a random sample {(M;, X;,Y;)}, is observed, and let 3, be a n
estimator of 3. Let k., and sy, be sequences of positive real numbers converging to 0 as
n goes to 0o, the “bandwidths”, and let K, and K, be real functions on R which integrate
to 1, the “kernels”, with K, differentiable. The kernel estimators of A and B are

ZM (ﬂ/ . )—K (Y _y) (11)

Ryn Ryn

and

1 & ' X; —
- _Z (Vi > y) I&'Z<M). (12)
n : Hzn Hzn

In general, different kernels and bandwidths could be used in the estimation of the deriva-
tives D1 A and DB, but for simplicity we estimate DA and 1B by DA, and D{B,;

hence the requirement that K, be differentiable. The estimator of A is defined for ¢ € Ty



by

¢ An(2,y)/Bn (2, y)
An(t) = —//to Wa(z,y,1) /y DiA (2 0) Bl 0) = An(e, 00 D1 Balz,0) | dyd=

B, (z,v)?
0 (2:9) (13)
and the estimator of W for t € Ty by
VAL (A (v) =t y)
\Ilntzl—/w v, 1) ex (—/ ! d)dv. 14

For definiteness, if an integrand is not defined because of a zero denominator set it equal
to zero.

To compute the estimators one must choose Th, Wy, Ty, Wy, K., Ky, k., and ky,.
Precise conditions they must satisfy are given in section 3. Among other things, the kernels
must have support in [—1,1] and they must be of “higher order.” (A kernel K on R is of
order k if [ K(s)ds =1 and [K(s)s’ds =0 for j = 1,...,k —1.) Let k, and k, be the

order of the kernels K, and K, then one possibility is k. > 5, k, > 3, k., o< n719 and

17 —.255

Kyn < 07175 another is k, > 7, ky, > 2, k., o< 7% and Ky, o n

We now turn to Wy and T. Let Sy denote the union of the supports of Wy (-, -, t) for
all t € Th. As mentioned in section 2.1 equation (7) must hold for (z,y) in Sy, but this is
not sufficient. To begin with, S) must be bounded away from points where A or B are not
differentiable, that is, there must be an € > 0 such that the distance is at least € from any
point in Sy to any point where Dy A or Dy B do not exist. Moreover, the denominators in
(8) must be bounded away from zero on Sy. In applications one can use the estimates of

the denominators to get an idea of the sets where they are larger than some ¢ > 0.* Having

chosen Sy, if the intersection I, = {z : (z,y) € Sa} is an interval, one can construct Wy

*The limit theorems provided in section 3 are derived assuming that the weight functions do not depend
on the data.



itself, for example, by

B 2z — a(y) — culy) 2
Wa(eow, ) = 1 (Tt ) (15)

where ¢;(y) and ¢,(y) are the lower and upper bounds of I, and f is a one-dimensional
weight function on [—1, 1].

The pair Ty and Wy must have properties similar to Th and Wj,. Let Sy denote the
support of Wy. Then y must be in Ty if (z,y) € Sy for some z, and B must be bounded
away from zero on the set {(A(y) —¢,y) : (y,t) € Sy}. In applications, given ¢ > 0 one
can get an idea of the set where B(A(y) —t,y) > € from the estimate B, (A,(y) —¢,y) and
choose Sy accordingly. Given Sy, Wy can be formed as in (15).

We close this section with some remarks on how to compute the estimators. By exploit-
ing the fact that B, (z,-) is a right-continuous step function jumping down at each Y;, it is
possible to evaluate analytically the inner integrals in the definitions of A, and W,,. Define
ag =0, ap = y, and let ay,...,ar_1 be the order statistics of the observations Y; that are

less than y. The integral in the denominator in (13) can be computed by

S 50 (2o ([0 ) (225

i [Z L(Y; > %‘)Kz( ‘fi’;fz)]z
CSMify K LKy (Y=t av L DK (BXie2) (16)

Zl(Y > aj) K. (22X ’

where " is short for Y ;. Similarly, define ag = 0, ax = v, and let ay,...,az_1 be the
order statistics of the observations Y; that are less than v. Then the inner integral in (14)

equals

DM [ R (Yt ) dy K (XAl
2 = ( )ﬁnyX A(n( )+t ) (17)
j=1 S 1Y > a)K, (T)

For many choices of K, evaluating ff K,(y) dy is straightforward; in particular, this is true



when K, is piecewise polynomial. The complexity of the integrands implies that the outer

integrals in the definition of A,, and ¥,, must be carried out by numerical methods.

2.3 Predicting Y* Conditional on X

Using methods similar to those of Horowitz (1996), conditional quantiles of the latent,
unobserved variable Y can be estimated n!/2-consistently. Typically Y* is predicted using
a consistent estimator of F/(Y*| X = z), but this is not an option here because the censoring
of Y* and the need to bound denominators away from zero imply that A and ¥ cannot
be estimated everywhere on their domains. An alternative is to use an estimator of the
median or some other quantile of the conditional distribution of Y™ given X = z. For
the uncensored model (1), Horowitz shows how to use A, and V¥, to obtain estimators
of conditional quantiles of Y*. His derivations carry over to the censored case and are
summarized here only because they are needed for the Monte Carlo experiments.

For 7 € (0,1), let u. denote the 7'th quantile of the distribution of U. Since Pr(U <
u,) = 7 if and only if Pr(Y* < A=Yz + u,)|X = 2) = 7, the 7’th quantile of the
distribution of Y* conditional on X = z is y,(v) = A1 (#'2 + u,). The estimator of y,
is defined as follows. Given u, in the interior of Ty, choose a set T, C R" such that

yr(z) € [inf Tx + €,sup Ty — €] for all 2 € T, where € > 0 is some constant. Define

Uy, = inf{u € Ty : ¥, (u) > 7 oru=supTy} (18)

and

Ynr (@) =inf{y € Tp : Ap(y) > BLa + wyr or y =sup Ty} (19)

2

Then y,, is a uniformly nl/2_consistent estimator of Yy, on T}.



3 Assumptions and Limit Theorems

Under conditions given in assumptions 1-9 below, the estimators A,, and W¥,, are uniformly

1/2

n/“-consistent on T and Ty. Properly centered and normalized they converge weakly to

Gaussian stochastic processes with means of zero.

Assumption 1 The function A is real, strictly increasing and differentiable on an interval
I, possibly unbounded, with inf Iy = 0. The distribution function ¥ of U is differentiable.
The random vector (C', U, X' V) satisfies A(Y) = min[3'X + U, C]. Furthermore, U and X
are independent, and C' and U are conditionally independent given X . The random variable

Z = ' X has a density py.

This assumption is needed for equations (3) and (4) to hold. Existence of pz is needed for
the definitions (5) and (6) to make sense.

Let Sp C R? be a set with the following three properties: if (z,y) € Sp then (z,v) € Sp
for all 0 <wv < y; A and B are bounded and continuous on Sp, and the partial derivatives

D1 A and DB exist and are bounded on Sp.

Assumption 2 The estimation set Ty is a Borel subset of I5. By normalization A(tg) =0
for some known ty € Ty. The weight function W, is a real function on R> such that
Wal(-,y,t) integrates to one for all t € Ty and to <y <t ortg >y >t. Thereis e > 0 such
that B(z,y) > € and [{(D1A(z,v)B(z,v) — A(z,v)D1B(z,v))/B(z,v)*dv > ¢ for all (z,y)
in Sp, the union of the supports of Wa(-,-,t) for t € T, and such that any ball of radius €

centered at a point in Sy is contained in Sp.

Assumption 3 The estimation set Ty is a Borel subset of R. The weight function Wy is
a real function on R such that Wy (-, t) integrates to one for all t € Ty and if Wy (y,t) # 0
then y € Tr. There is € > 0 such that B(A(y) —t,y) > € for (y,t) in the support Sy of Wy
and such that any ball of radius ¢ centered at (A(y) —t,y) with (y,t) in Sy is a subset of
Sp.

10



Further assumptions regarding smoothness of the weight functions are listed in assump-
tion 8. Under assumptions 1-3 the right-hand side in equations (8) and (10) are well
defined, and the estimators A, and ¥,, are well defined with probability approaching one
as the sample size grows.

The kernel estimators A, and B,, are based on a sample from the distribution P of the
observable random vector (M, X,Y) and a given estimate 3, of 3. We need assumptions

on the nature of the sample and the estimator 3.
Assumption 4 The sequence {(M;, X;,Y;)}"_, is a random sample from P.

Let P, denote the empirical measure formed from the n independent observations on P, that
is, P, puts probability 1/n on each of the observations. Let 3; be the first component of 3
and f3_; the vector of remaining components. (Throughout §; denotes the first component
of 3, not the first vector in the sequence f3,,.) Similarly, let 3,1 be the first component of

B, and 3, _1 the vector of remaining components.

Assumption 5 |3;| = 1. There is a bounded, P-measurable function Q : R"t%2 — R"~!
such that P = 0, the components of PQQ are finite and nl/Q(ﬁm_l — (1) =al?P,Q +

0,(1) as n — oo.

All the estimators of § mentioned in the introduction satisfy this assumption.
In the following k. and k, are integers determined in assumption 6. The next two

assumptions concern the choice of bandwidths and kernel functions.

Assumption 6 The bandwidths k., and k,, are sequences of positive real numbers con-

. k -1 - — -3 — .
verging to 0 such that n'/?k% — 0, n'/%ky% — 0, n'w2% — 0 and n 1/2525’/@%1 logn is

bounded.

Assumption 7 The kernels K. and K, are bounded, real functions on R with supports
n [-1,1], [K.(s)ds = 1 and [ K,(s)ds = 1. In addition, [ K.(s)s'ds = 0 for j =

L,...,k,—1land [ K,(s)s?ds=0for j=1,...,k,— 1. Furthermore, K, has a derivative

11



DK, which satisfies the Lipschitz condition |DK.(z) — DK.(z")| < ¢|z — z*| for some

constant ¢ and all z,z* € R.

The relationship between bandwidth convergence rates and minimum kernel orders were
discussed in section 2.2.

The proof of consistency and asymptotic normality is based on Taylor expansions of the
integrands in (8) and (10). For the remainder terms and for the bias of the leading terms
to vanish sufficiently quickly, we need certain functions to be smooth and bounded. This is

taken care of in assumptions 8 and 9.
Assumption 8

1. The density pz is bounded on I; = {z: (z,y) € Sp for some y}.

2. The derivatives DA, DA™! and D?A~"' exist and are bounded and continuous on
Iy ={y:(z,y) € Sp,some z}.

3. The function A is bounded and DA, D?A, D3 A exist and are bounded on Sp.

4. The function B is bounded and DB, D} B, D3B, DB, DD B exist and are bounded
on Sp.

5. The weight function Wy is bounded and DWWy, D%WA, DoWa, DoDyWy and D3Wy
exist and are bounded on R>.

6. The weight function Wy is bounded and D\Wy and D;Wy exist and are bounded on
R?.
Let P; be the distribution of (M, X_;) and let P, be the distribution of (Y, M, X_4), where

X_q is the (r — 1) last components of X.

Assumption 9 The conditional distribution of (Z4,Y) given (M, X_1) = (1,2_1) has a
bounded density (i (-, -, 1,z_1) on Sp with respect to Lebesgue measure, and Di(y (-, -, 1,2_1)
withi=10,1,...,k, + 2 and D%Difl(-, w1l,z_q) with e =0,1,2and j =0,1,...,k, exist

and are bounded and continuous on Sp almost surely [Pi(1,z_1)].

12



The conditional distribution of 7 given (Y, M, X_1) = (y, m, x_1) has a bounded density
C2(+,y,m,2_1) on Sp with respect to Lebesgue measure, and D{Di@(-,y,m,x_l), 1=
0,1,2 and 57 = 0,1,...,k, exist and are bounded and continuous on Sp almost surely
[P2(y, m,x—1)].

In addition, X_; is bounded with probability one.

Assumption 9 implies that X is a continuous random variable, but X_; can have discrete
components. For g to be identified and the estimators to work there must be a continuous
random variable among the components of X, and the corresponding component of # must
be known to be nonzero (—1 or 1 after normalization).

Let Xy be the set of all bounded, real functions on T and equip Ay with the metric

generated by the uniform norm and the g-algebra generated by closed balls.
Theorem 1 Under assumptions 1-9 (except 3 and 8.6),

a. The sequence sup,cr, |A,(t) — A(t)| converges to 0 in probability.

b. The sequence {n'/?(A, — A)} of random elements of X converges in distribution to
a Gaussian stochastic process Ex on Ty. The mean of FE is zero and the covariance
function is PA(t)A(t*) for t,t* € Ty, where A(t)(-,-, ) is a P-measurable, real function

on R3.

The theorem is proved in appendix A and the function A is given in equation (38). We show

that

sup|Au(t) = A1) = PA()] = 0, (n™") (20)

and prove that P,A as a stochastic process on T converges in distribution to Fj using
empirical process methods described by Pollard (1984) and Pakes and Pollard (1989). A
method for estimating the covariance function is outlined in section A.3.

The next theorem establishes the limiting behavior of ¥,. Let Xy be the set of all

bounded, real functions on Ty and equip Xy with the metric generated by the uniform

13



norm and the g-algebra generated by closed balls.
Theorem 2 Under assumptions 1-9,

a. The sequence sup,cr, | ¥, (t) — W(t)| converges to 0 in probability.

b. The sequence {n'/?(¥, — W)} of random elements of Xy converges in distribution to
a Gaussian stochastic process Ey on Tg. The mean of Fy is zero and the covariance
function is P (t)1(t*) fort, t* € Ty, where 1(t)(-, -, ) is a P-measurable, real function

on R3.

The proof of the theorem is found in appendix A and ¢ is defined in equation (47). A

method for estimating the covariance function is outlined in section A.3.

4 Monte Carlo Results

To illustrate the performance of the estimators in small samples, we now present the results
of a few Monte Carlo experiments. In all experiments the data are generated from (2) with
A(y) = 2log(y/4), X and U standard normal scalars and C' normally distributed with mean
to and unit variance. Since X is a scalar, 5 = 1 is determined by scale normalization and is
not estimated. This enables the experiments to focus on the estimators of A and W, which
are the objects of interest here. We consider three different degrees of censoring: uc = oo,
puc = 1.17 and pe = 0 corresponding to expected censoring rates of 0, 20 and 50 per cent.
The predicted quantile is the median. The sample size in each experiment is 200 and there
are 20 replications per experiment. Other differences among the three experiments reported
here are listed in table 1. We have also tried generating data from a non-concave model
where A is based on the hyperbolic sine function. The results (not reported here) are similar
to the model based on the logarithmic function.

In the estimation, the kernel functions used are

315
K.(z) = M<15 — 1402% + 3782 — 3962° + 1432%)1(|z| < 1) (21)

14



Table 1: Monte Carlo Experiments

Expe- | Expected T Ty T, Kan  Kyn
riment | Censoring
1 0% [.6,14]  [-3,2] [-3,2] 3 1.5
2 25% [.6,8] [3,1.2] [-3,1] 3 1.5
3 50% [.8,6]  [-2,1] [-2.5,.5] 3 2.0
and
- 105 2 4 6
I(y(w):6—4(1—5x + 72% = 32°)1(Jz] < 1). (22)

These are sixth and fourth order kernels, respectively, taken from Miiller (1984).
In each experiment the support of W (+,y,t) is the interval where A(-,y) > ¢, where €
is chosen such that on average 95% of the uncensored observations are in the set {4 > €}.

Wy itself is constructed as in (15) with

f(e) = 121 = %) 1(e] < 1), (23)

Similarly, the support of Wy is chosen such that Wy (y,t) > 0 implies A(A(y)—t,y) > ¢, and
Wy is also formed as in (15) with f as above. More censoring results in a lower probability
of large observations, so given the choice of support of weight functions, more censoring
shortens the interval on which A and W can be estimated. This is reflected in table 1 in the
shrinking of T, Ty and T, as the expected censoring increases.

Compared to the formulas (13) and (14) the estimators are modified in the following
way. In the event that a denominator is zero we set the entire ratio equal to zero; in finite
samples this happens with positive probability. In addition, whenever the inner integral in
(14) is smaller than —1 we set it equal to —1.

The results of the experiments are summarized graphically in figures 1-3. The left-hand
panels show the average of 20 estimates of A, ¥ and y5 (solid lines) and the true value

of these functions (dotted lines). The right-hand panels show the first five estimates (solid
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Ay (1) Mean of A, A, (1) 5 Examples of A,

U, (1) Mean of ¥, U, (1) 5 Examples of ¥,

Figure 1: Experiment 1 (No Censoring)
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U, (1) Mean of ¥, U, (1) 5 Examples of ¥,

Y.5n(t) Mean of y 5, Y.s5n(t) 5 Examples of y5,

Figure 2: Experiment 2 (25% Censoring)
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Ay (1) Mean of A, A, (1) 5 Examples of A,

U, (1) Mean of ¥, U, (1) 5 Examples of ¥,

Ysn (t) Mean of Ysn

A

-2.5 0.5 -2.5 0.5

Figure 3: Experiment 3 (50% Censoring)
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lines) together with the true values (dotted lines). It can be seen that the new estimators
perform well in this setup; even with 50 percent censoring the average of the estimates
are very close to the truth. The individual estimates are of course more variable, and in
experiment 2 and 3 the jump in all estimates of ¥ at the upper end of Ty is evidence that
we may have been too ambitious in selecting Ty. For each experiment we have chosen
what we believe are reasonable estimation intervals; of course the estimators will appear

less favorable the longer the estimation intervals.

5 Concluding Remarks

In this paper we have proposed new estimators for the censored regression model with an
unknown transformation of the dependent variable. We have obtained their asymptotic
distributions and presented Monte Carlo evidence that the estimators can perform well in
samples of moderate size. However, implementing the estimators is complicated because
of the choices that must be made about estimation sets, weight functions, kernel func-
tions and bandwidths. There is plenty of room for further research on practical aspects of

implementation.
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A Proofs

To simplify the notation, for (z,y) such that B(z,v) > 0 for all v € [0, y] define

i) = [ G do = o[t = WA() - )] (24)

The left-hand side of equation (7) is DyH (2,y)/D1H (2, y) and the right-hand side of equa-
tion (9) is 1 —exp(—H (z,y)), the continuous-time equivalent of the Kaplan-Meier estimator
of the distribution function of U. On its domain I equals the integrated conditional hazard
function of Y*, because the conditional distribution function G' of Y* at y given Z = z is

G(z,y) = ¥(A(y) — 2).” Define also the estimator of H

v A,(z,0)

Hn(zvy) = o Bn(Z,U)

dv. (25)
(If B,,(z,v) =0 for any 0 < v <y put H,(z,y) =0.)

A.1 Approximation by Empirical Processes

Let T be a real function defined on a set T and let I, be an estimator of I' defined on 7.6
Let X be the set of all bounded, real functions on T and equip X with the metric generated
by the uniform norm and the o-algebra generated by closed balls. Let v be a function on
R™2 x T, and let E be a stochastic process on 7 such that the sample paths of F are
bounded and uniformly continuous and the finite-dimensional distributions of F are jointly

normal with zero means and covariance P~y (s)y(t) for s,t € T.7

5The conditional hazard function of Y* itself is defined on a larger set than H; in particular, the domain
of H depends on the censoring scheme which is irrelevant for Y.

6To ensure measurability it suffices that T is a Borel subset of a compact metric space, see Pakes and
Pollard (1989, p1031) or appendix C of Pollard (1984).

"Notation: P is a probability measure on R"1?, and I',, and 7 are real functions R" T2 xT. The dependence
on the probability space is often suppressed, and v(t) is short for the random variable (-, t). Similarly, Pv(t)
denotes the expected value of v(¢), while P~ is a function on T' whose value at t is (Pv)(t) = Pv(t), and
Py~ is the stochastic process on T' defined by (Pn7)(t) = Ppy(t) = (1/n) Z:;l y(M;, Xi, Y5, t).
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Lemma 1 If the class {v(t) : t € T} is permissible and Euclidean for a constant envelope,®
Py(t) =0 for all t € T and sup,cp|U,(£) = D(t) — Pyy(t)] = 0,(n~1/?), then sup,ep|Tn (t)

()| — 0 in probability and n'/?(T,, —= T') — E in distribution as random elements of X'.

Proor The first conclusion of the lemma follows from theorem 11.24 of Pollard (1984)
(same as lemma 2.8 of Pakes and Pollard 1989), and the second from lemma 2.16 of Pakes

and Pollard (1989) and theorem VI1I.21 of Pollard (1984). |

Theorems 1 and 2 follow from lemma 1 if we can find functions A and @ which satisfy
the assumptions of the lemma with I’y —I'=A, — A and I', — ' = ¥,, — W, respectively.
Both A, and ¥, are integrals, and the first step is to linearize the integrands in the kernel
functions.

Consider first A,,. With the conventions from footnote 3, define on R® x Ty

Wal(z,y,0)[1{to <y <t) = 1(t <y < to)]m

filzy maf) = - By Dill(zy) ’ (26)

oy mot) = — /t"‘ Walz, v,%l((zy; v)DA(v) dv, (27)
Iy mt) = DIBB(if,yzlm t: Wa(z,v, t)Dl( e ? 0) DA (v )d% (28)
f4(2’,y,m,t) — _B(: y) /t WA(Z,U,t)DI(H% Yy ? ) ( ) U, (29)
= [ (Lot
y /Ovl(y > 6) DlA(zw€)B(27i@)(;?ﬁ(a&)DlB(M) df]dv
(30)
Folery,mot) = /; [WA&;(ZZ)A(”) /0 Iy > &) 1;4((:55))2 dg] dv. (31)

8See Pakes and Pollard (1989).

21



By definition and Fubini’s theorem, for t € Ty

An(t)_A(t):%ZZ;/ fl(z,y,Mi,t)éK ( )Hw ¢ ( . )dydz
+%§;/f2(z,)ﬁ,Mi,t)élﬁ' ( Z)dz
—I-%Zn://f?)(z,y,Mi,t)%K< )H o (7 - ")y a-
+ — Z//f4zy7MZ,t DI( ( Z) ( P )dydz

(32)
et (1
i Z/fG (= Yi, My, 1) DK (ﬂ%f:n_ Z)dz
+ R (),
where the remainder term is the formidable expression
n0 = [ Wiy CUPICD Ol B,
+//i Wz, y,t) QA(Z’y)(B”(Zi)( );(ZEZE%Z(;”Z_DIH(Z’W dyd=
] e e
R
] yén (iliﬁfﬁf i
] WAl ) G D B () 4 B, )

(
% (An(zvg) B A(ng))< n(ng) B B(ng))
B(z,§)*Bn(z,§)?

t oy A(z,y)
+//t0 0 WA(Z’y’lt)B(zny)QDlH(Zay)2

d€ dy dz
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y D1A(2,8)B(2,8)Bu(2,&) — A(2,§)D1B(2,€) (2B, (2, &) + B(z,€))
B(2,€)?Ba(,€)*
X (Bu(,€) = B(=,€))" d¢ dy d=

//t/ Wals w0 g )AZ(lily)( y)?

(A2 = AEO) DB (2,6) = DiB(=.9)
e

- //;/0 WA(Z’y’t)B(Zvyé(;ﬁ{)(Zyy)z

% Bn(27€)<Bn(27€) - B(ng))<D1An(ng) - DIA(ng))
B(z,8)B,(#,€)?

A(z,y) A(2,€) (B, (2,€) + B(2,€))
+//tO/W“y’ B(z,y)?DiH(2,y)2  B(2,6)?B,(z,¢)?

% (Bu(2:€) = B(,))(D1Ba(2,€) = DiB(=,€)) d€ dy d-. (33)

dédydz

dédydz

The integrands on the right-hand side of (33) are zero outside (z,y) € Sx and (z,&) € S3,
where S3 C R?is the set of (z,£) such that 0 < ¢ and (z,y) € Sy for some £ < y. We argue

in section A.2 that

sup |DilAn(z7 y) — DilA(z7 y)| =0, (n_1/4) (34)
(zv)€S)
and
sup |Dian(z7 y) — DilB(z7 y)| =0, (n_1/4), (35)
(zv)€S)

where d = 0 or d = 1. By assumption 8 DA and D{B are bounded on Sp and by
construction there is € > 0 such that B > ¢ on S}. Uniform boundedness from below of B
and uniform convergence of B, imply that B, > ¢/2 on S} with probability approaching
one for large n. Therefore, |DIH, — D{H| = o, (n=1/%) uniformly on Sy for i = 1,2 and
d =0,1. By construction D1H > € on S, and again uniform boundedness from below and

uniform convergence imply that DyH, > ¢/2 on Sy with probability approaching one for
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large n. Therefore, each integrand in equation (33) is a product of a uniformly bounded

term and two terms which converge uniformly to zero at the rate o, (n_1/4). It follows that

Supser, |R2(t) | = 0p (n_l/z)-

For i = 1,3 with d = 0 and for ¢ = 4 with d = 1 define ®; on R"*2 x T by

q)i(m7x7y7t) = Dilfi(ﬁlwvy7m7t)

—Q(m,w,y)’// iz gt me, 2 DIVIC (2, 7 m* 2= ) dz dy” APy (m*, 2 ), (36)

where €2 is given in assumption 5 and (; and P, are defined in assumption 9. Similarly, for

i = 2,5 with d = 0 and for ¢ = 6 with d = 1 define ®; on R"t? x T by

q)i(m7x7y7t) = Dilfi(ﬁlwvy7m7t)

—Q(m,x,y)// fi(z,y*,m*,t)w*_lDiH_lCQ(z,y*,m*,x*_l) dZdP?(y*vm*7xt1)7 (37)
where (3 and P, are defined in assumption 9. Finally, define A on R"+2 x T by

/\(m,x,y,t)zz(bi(m,x,y,t). (38)

It can be verified that PA(t) = 0 for all ¢ € Ty. Suppose the leading term in (32) involving
fi can be approximated uniformly to the order o, (n_1/2) by the empirical process F,®;

and that the classes {®;(t) : t € T)} are permissible and Euclidean for constant envelopes.

(This is proved in section A.2.) Then by lemma 2.14(i) of Pakes and Pollard (1989)

sup|An(t) = A(t) = BaA(®)] = 0p(n7'1%), (39)

and by lemma 2.14 of Pakes and Pollard (1989) the class {A(¢) : t € T} is permissible and
Euclidean. The assumptions of lemma 1 are therefore satisfied with I', = I'=A,, — A, v = A

and T = Ty and theorem 1 follows.
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Turning now to ¥,,, define on R> x Ty

Fovo, g, mat) = Wy (0,01 — W(2)] % (40)
and
Folvsysmyt) = =W (v, )[1 = U(0)] /0 1(@/;(?2)({(25_)2“5) dc. (41)

By the mean value theorem exp(—H,,) — exp(—H) = —exp(—H})(H, — H), where H* is

between H and H,, sofort € Ty

W (1) - W(t) = %2// oo, 9, Mi,t)%KZ (ﬂ%Xi — Anfv) + t) LK, (Y - y)dy dv

zZn Kzn Hyn Hyn
! Lo (B Xi = Aa(v) +1
+ EZ/fS(U’YZ"Mi?t)aKZ (ﬁ Hm( ) )dv
42

y l(An(An(U) ty) = AA() = £,y)) (Ba(An(v) — 1,y) — B(A(v) — 1, y))
B(A(v) =1, y) Ba(An(v) = t,y)
_ANE) =L BuAa) —ty) - BAE) - ty)*]
B(A(v) = t,9)*Br(An(v) = 1, y)
In section A.2 we argue that
sup  [An(An(v) = t,y) — AA() = )] = o, (n™/*) (43)
(v,t)ESy
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and

b [Balhn(v) — ) — BA) —b,9)] = 0p (01, (14)
(v,t)ESy

0<y<v

This and the defining properties of Sy imply that B(A(v) —t,y) > ¢ and B, (A,(v) —t,y) >
¢/3 with high probability for large n for (v,t) € Sy, 0 < y < v and some ¢ > 0. It follows
that [H,(An(v) —t,y) — H(A(v) — t,y)| = 0,(n~"/*) uniformly. The integrands in (43) are
products of a uniformly bounded term and two terms which convergence uniformly at the
rate o,(n~'/*), and therefore sup;er, |Ry ()] = op (n=1/2).

Define ®; on ™% x Ty by

Do, 2, 5,1) = fo(A™N(F2 + 1), g, m, () DA™ (B + 1)
- Q(m,z, y)’// frlo,y™sm™ 6) a2 D1 (A(v) — t,y", m™, 2% ) dvdy™ dPy(m”, 2% 4)

+ /// f?(U7 9*7 m*vt)/\(mv €z, yvv)DICI(A(U) - tv y*v m*v xtl) dvdy* dPl(m*v xtl)v (45)
®s on R™2 x Ty by

Ds(m, 2,y 1) = fo(A~ (5 + 1), y,m, 1) DA™ (B'a +1)
- Q(m7 €z, y)/// f8(v7 y*7 m*7t)$t1D1C2(A(U) - tv y*7 m*v $t1) dvdP?(y*v m*v wtl)

+ // fe(v,y*,m* )X (m, z,y,v) D1 (A(v) — t,y",m*, 2% ) dvd P (y™, m”, 2% ) (46)
and ¥ on R"T2 x Ty by

¢(m7$7y7t):q)7(m7$7y7t)+q)8(m7$7y7t)' (47)
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Suppose the class {1(¢) : t € T'} is permissible and Euclidean and

sup W (1) = W(t) = Pt (1)] = 0, (n™"?). (48)

Since Pi(t) = 0 for all t € Ty, the assumptions of lemma 1 are therefore satisfied with
r,-I'=v, -V, vy=1 and T =Ty, and theorem 2 follows.

A.2 Technical Lemmas

In this section we deal with the suppositions made in the previous section. There were a
number of those: equations (34) and (35) with d = 0 and d = 1, equations (43) and (44),
and the claims that the leading terms in (32) and (42) involving f; can be approximated
by the empirical processes P,®; and that the classes {®;(¢) : t € T'} are permissible and
Euclidean where "= Ty or T'= Ty. We prove only half of the claims (those which do not
involve K, ); the omitted proofs are similar.” The main results of this section are lemma 7,
which implies equations (35) and (44), and lemma 10, which implies that leading terms in
(32) and (42) involving fa, f5, f6 and fs can be uniformly approximated by the empirical
processes P, ®;. Lemma 10 also implies that the classes {®;(t) : t € T'} are permissible and
Euclidean.

A little extra notation is required. Let T be a Borel set, let f be a real function on
R x T, and let S; C R be the support of f(-,y,m,z_1,t). Let 7 be a real map from
St x T into Iz, and let 7, be a sequence of random estimators of 7. For (y,m,z_;) € R™*1,
v € R',s€S5;and t €T define

DK, (k! (B2 = ma(s, 1))

¢i(87t7 m,x, y) = f(87 Yy, m, $_17t) 1+d (49)

Kzn

°Interested readers can obtain generalized versions of the lemmas presented in this section from the
authors. These lemmas apply to all claims. In addition, their proofs are more detailed.
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and for s € Sy and ¢t € T define

¢d(87t) = /f(87 Yy, m, $_17t)DilC2(7T(S7t)7 Y, m7$_1) dP?(y7 m, $_1)- (50)

Note that the superscript d is part of the name of the functions ¢? and ¢? and not an

exponent. Recall that

1 'X; -
DIB,(z,v) = ;Z (Yi > v) Dflg%%), (51)

HZTL

and a little manipulation of the definition (6) of B reveals that
DiB(z,v) = / 1(y > v)DiCy(2,y, m,x_1) dPy(y, m, z_1). (52)

With Sy = {z : (z,y) € Sisomey}, s = 2z, T = {y : (z,y) € S5 some z}, t = v,
f(s,y,myz_1,t) = 1(y > v), n(s,t) = 2 and 7,(s,t) = z, then P,¢%(s,t) = D{B,(z,v)
and P,¢%(s,t) = DiB(z,v). If instead T = {y : (2,y) € S; some z} x Ty, t = (v,t*),
m(s,t) = A(z) — t* and 7(s,t) = A,(2) — t*, then P,¢l(s,t) = DIB,(A,(z) — t*,v) and
P,¢%(s,t) = D{B(A(2) — t*,v), which appear in the formulae for W,. Therefore, if

sup| Pool — 64| = 0, (n=1/1) (53)

then equations (35) and (44) are proved. Equation (53) is proved in lemma 7.
Now let IT be a map from Sy x T x R into I such that sup|m, —m—P,I| = o, (n_l/z),
and suppose that m(-,¢) is invertible, and let 7=!(-,¢) denote the inverse. Define a on

R™+2 % T by

a(s, Y, m, T_1, t) = 17r(Sf,t) (S)f(ﬂ'_l(& t)v Y, m, T_1, t)Dlﬂ-_l(Sv t)' (54)
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Then define ®¢ on R™*2 x T by

Sy
and ® on R"t2 x T by

q)d(m7 Y, t) - Dila(ﬁ/$7 Yy, m,T_q, t)
- Q(m, z, y)’// f(s,y™,m" 2%, t)x*_lDilHCQ(ﬂ'(s, t),y*,m" 2l ) dsdPy(y*, m*, x% )

-I-//f(s,y*,m*,x*_l,t)H(s,t,m,x,y)DilHCQ(ﬂ(s,t),y*,m*,x*_l) dsdPy(y™, m*, z24).
(56)

Again the superscript d is part of the name of the functions and not an exponent. Let f be
either fa, f5, fo or fs, and put T' =Ty, 7 (s,t) = s, 7,(s,t) = s and I(s,¢t,m,z,y) =0if f
is fa, fs or fe and put T =Ty, 7(s,t) = A(s) — ¢, 7, (s,t) = A(s) — ¢t and (s, t,m,z,y) =
Aom,z,y,s)if fis fs. Then P,®% equals the leading term in (32) or (42) involving f;,
and @ is the corresponding function ®¢. We show in lemma 10 that {®%(t) : ¢t € T} is a

permissible and Euclidean class for a constant envelope and that

sup|Pn(Q>fi — (I>d)| =0, (n_l/z), (57)

and (half of) equations (39) and (48) follow.
The path to lemmas 7 and 10 begins by establishing certain properties of f and =.
The following lemmas 3-10 are formulated for general f and 7 satisfying the conclusions of

lemma 2.

Lemma 2 Let S,(y,m,x_1,t) be the interior of the support of a(-,y, m,x_1,t). For the

specifications of T', f, Sy, d and m given in the text we have:

1. f(s,- -, t) is uniformly bounded almost surely [P,] for all s € Sy and t € T.

2. The class {f(s,,+,-,t): s € Sy, t € T} is Euclidean.
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. Sy is bounded.

. There is a real function 1I on Sy x T X R™2 into Iz such that sup|ﬂ'n -7 — PnH| =

0p(n~1/%) and sup|P,I1| = O, (n~1/2).

. Dya(-y,myx_1,t), ..., Déa(-,y, m,x_,t) exist and are bounded on S,(y,m,z_1,t).
There is a number ¢q such that given any € > 0 the boundary of S,(y, m,x_1,t) can
be covered by the union of co/€?=1 balls of radius € centered on the boundary for all
t € T and almost surely [Pz2(y, m,x_1)], and there are constants ¢; > 0 and 61 € (0,1)

such that forallt €T

|Dila(s7 y,m,x_q1,t) — Dila(s*7 y,m,x_1,t)| < erls — 8*|51 a.s. [Pa(y,m,x_1)]

whenever s, s* € w(S,(y, m,z_1,1t),t) and |s — s*| < 1.

. The class {D%a(-,,-,-,t) : t € T} is Euclidean, and there are constants c; > 0 and

&9 > 0 such that
/ |Dila(8 — Y, m, Ty, t) - Dila(s — Y, m, Ty, t*)| dv < C?|t - t*|52
[_171]

for some € > 0 whenever t,t* € T.

. Doll, Dil—l—lCQ and Dy7 exist and are bounded, and there are constants ¢z > 0 and

d3 > 0 such that

/|f(87 Yy, m, $_17t) - f(87 Yy, m, $_17t*)| dv S 03|t - t*|53

whenever t,t* € T.

Lemmas 9 and 10 are proved for the case where a(-,y, m,x_1,t) may be discontinuous, and

part of the point of lemma 2.5 is that all discontinuity points of a(-,y, m,z_1,t) are located

on the boundary of S,(y, m,z_1,t). This may seem an overkill since neither f;, f5, fs nor

fs are discontinuous in their first argument. However, f; and f7 are not continuous in the
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relevant arguments, and we formulate lemmas 9 and 10 for the general case so that they

may be easier modified to cover the leading terms in (32) and (42) involving f; and f7.

Proor The classes {f;(z,-,-,t): 2z € Iz,t € Tx}, i =2,5,6,8, are Euclidean by lemma 2.13
of Pakes and Pollard (1989), because these functions are Lipschitz continuous in z and ¢
under assumption 8. Sy is bounded by assumption 2 or 3 since the requirement B > e
implies that Sy and Sy are bounded. Part 4 follows by theorem 1, since either 7(s,t) =
s, my(s,t) = s and (s, t,m,z,y) = 0 or n(s,t) = A(s) — t, m,(s,t) = A(s) — ¢ and
(s, t,m,z,y) = A(m,z,y,s). Let a; be the a-function corresponding to f;. The classes
{D{a;(t) : t € Tpa}, i = 2,5,6, are Euclidean by lemma 2.13 of Pakes and Pollard (1989)
because fz, f5 and Dy fg are integrals from tg to ¢ of bounded integrands, and {asg(t) : t € Ty}
is Euclidean by lemmas 2.13 and 2.14(ii) of Pakes and Pollard (1989) because ag is the
product of an indicator function of a rectangle and a function which has a bounded partial
derivative with respect to t. The Lipschitz properties assumed of f and Dila follow from
assumption 8 and the differentiability of 7, (3 and II follow from assumptions 8 and 9 and

theorem 1. []

Next, consider the case where § and 7 are known and define

DK, (k5 (2 = 7(s,1)))
@i(87t7m7$7y):f(87y7m7$—17t) 1+d ) (58)

Kzn

that is, ¢? differs from ¢? in that 8 and 7 replace 3, and 7,.

Lemma 3 If ¢=d or ¢ =d + 1 then sup|Pp? — ¢7| = O(rkz).

zZn

PrOOF By change of variables and repeated integration by parts

P@%(Svt) = // f(87 Yy, m, $_17t)I(Z(U)D%C2(7T(S7t) + Kanty, Y, M, $_1) du sz(% m, $_1).

By a Taylor expansion of Dy (7 (s,t) + Kzptt, y, m, 1) about u = 0 and using the assump-
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tion that [ K, (u)du=1and [ K,(u)u/ du=0for j =1,...,k, — 1, it follows that

IRy (7w (5, 8) 4 Kontt®, y, m, 1)

Pe(sit) = o't + 15 [[ Flooyman i (0= o

x uk* du dPy(y, m,z_1),

where ©* is between 0 and u. The lemma follows. []

Lemma 4 Let p be a real function of bounded variation on R. If Sy x T is a Borel
subset of a Euclidean space and {f(s,-,-,-,t) : s € Sy, t € T} is a permissible, Eu-
clidean class for a constant envelope, then the class of functions of the form (m,z,y) —
f(syy,mya_1,)p(k (e — w(s,t))) for s € Sy and t € T is permissible and Euclidean for

zZn

a constant envelope.

Proor By lemma 22 of Nolan and Pollard (1987) the class of all functions on R of the
form (m, z,y) — p(k5 (2 —u)) with u € R is Euclidean for a constant envelope, and it is
a permissible class because Sy X T is a Borel subset of a Euclidean space, see appendix C
of Pollard (1984). By the definition of a Euclidean class replacing u by 7(s,t) and indexing

by (s,t) € Sy x T instead of u € R does not change any of this. [

Lemma 5 If ¢=d or ¢ =d+1 and if the class {¢2(s,t,-,-,-): s € Sy, t € T} is a permissi-

ble, Euclidean class for a constant envelope, then sup|(P, — P)¢4| = 0<n_1/252—n1/2—q log n)

almost surely [P].

ProOOF By change of variables

2 1
SupP(S‘Q%) = Wsup//f(&yvmvx—ht)Q

X DUK(u)*Co(m(8,t) + Koty y, m, 2_1) du dPo(y, m, x_1)

and the conclusion of the lemma follows by theorem 2.37 of Pollard (1984). [
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Lemma 6 Define

qu—l—l (S7t) - /f(87 Yy, m, $_17t)$_1Dil+1C2(7T(87t)7 y7m7$—1) sz(% m, $_1).
If 0 <a<1/2, then

sup| P — Pl + (P11 o™ — (P,Q) ™| = 0, (n™?),

2_dlogn is bounded and n® 1x74-3 — (.

—1/2,.-3/
/ HZTL zn

provided n

Proor By the mean value theorem

On(s,1) = @0 (s,0) + (mals, 1) = 7 (s, 8) = Poll(s, 1)) o7 (5,1) + (Pall(s,0)) 0™ (s, )

—(Bn—1 — Bo1 — Q) G0 (s,1) — (PQ) @0 (s,1) — mi ™ (s, 1),

d+1

where ¢? is defined in (58), ¢4t (s,t,m, z,y) = @t (s, t,m, 2, y)z_1,

77751[+1(87 tv m, T, y) - f(87 Yy, m,T_q, t) {(ﬁn,—l - ﬁ—l)/x—l - (ﬂ-n(sv t) - 77(87 t))}
DI (B = w5, 1) = DK (55 (B — (s, 1))

2+d ’

HZTL

B," is between § and G, and 7%(s,t) is between w(s,t) and 7, (s,?).
Now, {@@ti(s,t,-,+,-) 15 € Sy, t € T} is a permissible and Buclidean class by lemma 4,

so by lemmas 3 and 5 with d + 1 replacing d
sup| Pttt — ¢+l = o(n V2532 og n) + O(kF2) = o(1) as. [P].
Since sup|q§d+1| is finite,

sup(|ﬂ'n S H||cpd+1|) =o0,(n"Y?) as. [P),
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3/2—d

provided n_l/zmz_n log n is bounded.

Similarly, sup|P, @t — <;3d+1| = o(1) almost surely [P] and sup|q3d+1| is finite, so

|ﬁn,—1 - ﬁ—l - PnQ| Sup|¢i+1| = 0p<n_1/2) a.8. [P]7

/

provided n_l/QmZ_nB 2_dlogn is bounded.

Now consider 79+!. Define

N C
A (s tom, ) = (s gm0+ o).
zZn

where ¢ is the constant from assumption 7. Then

1 2
|77d+1 87t7m7$7y)| S |f(87y7m7$—17t)|W(|ﬁn,—l - ﬁ—1||$—1| + |7Tn(87t) - T(S,t)D

< (Bt = Boa| + 7a(s.0) = 7(s,0)) i (5.8, mo 2, 9)

Change of variables to get

C
sup Pnd-l—l = I{d+3 sup/ “f(& Y, My L1, t)|<1 + |$_1|)2C2(u, Yy, m, x—l)}
X dudPy(y,m,x_1)

-0 (H—d—?))

zZn

and

C2
SupP( d+1) = Wsup /// [f(87y7m7$—17t)2<1 + |$—1|)4C2(u7y7m7$—1)}
X dudPy(y,m,x_1)

= O(R_G_Qd).

zZn

The class {A¢t!(s,t,-,-,-) : s € Syt € T} is permissible and Euclidean, because |K,| is

of bounded variation when K, is and {|f(s,-,-,~,¢)| : s € Sy,t € T} is Euclidean when
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{f(s,+,-,~,t): s € Sf,t € T} is. Therefore,
sup| (P, — P)ﬁg+1| =o(n™"2%:2"ogn) as. [P

by theorem 2.37 of Pollard (1984). Since sup[|Bs,—1—B-1]4 |7 (s, ) —7(s, 1) |]2 =0,(n")

it follows that

sup P, |n% | = 0, (0t 03) + 0, (07262 log ) aus. [P).

HZTL
The right-hand side is 0,(n~%) because

a—3/2, —3—d _ (,—1/2,.-3/2—d a1, —d—3\ _d+3/2
no 32,23 ogn = (n ™23 og n) (n kA7) REFI/2,

Combining these results gives the conclusions of the lemma. [

—1/2—d
ZT

Lemma 7 If 0 < a < 1/2 then sup|an§fi — q§d| = 0,(n™%), provided no—1/2 log n

_ —3/2—d —1,—d—
and n I/QHzn/ logn are bounded, namgg — 0 and n® 1/{2# 3 —0.

ProoF By lemma 6
sup|an§fi — q§d| < sup|Pnc,ofi — q§d| + sup| P, 11| sup|q§d+1| + | P9 sup|q§d+1| + 0,(n™7),

where ¢%t! is defined in lemma 6. By lemma 4 the class {c,ofi(s,t, ) is € SpteThis

permissible and Euclidean, so by lemmas 3 and 5
sup|Pacg? — 1] = (w21 log n) + O(wts)  as. [P

The conclusion of the lemma now follows by observing that sup|q§d+1| and sup|q§d+1| are

finite and that sup|P,II| and |P,€| are Op(n_l/z). [

We now turn to the leading terms. Again we consider first the case where 3 and 7 are
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known. Define for (m,z,y,t) € R"*? x T

Fg(m,w,y,t):/ c,ofi(s,t,m,x,y) ds and Fd(m,w,y,t):Dila(ﬁ'x,y,m,x_l,t),
Sy

where ¢ is defined in (58).

Lemma 8 sup|P(F! — F¥)| = O(kkz).

zZn

ProoF By Fubini’s theorem PF?(t) = fsf Pl (s,t) ds, and by integration by parts, change
of variables and Fubini’s theorem, PF?(t) = fsf ¢(s,t) ds. It follows that P(F%(t) —
Fi(t)) = fsf (Pl (s,t) — ¢%(s,t)) ds. Now apply lemma 3. |

Lemma 9 The classes {F2(t) : t € T} and {F?(t) : t € T} are Euclidean for constant

envelopes, and sup|(P, — P)(F2(t) - F(t))| = o( H%zn 12 log n) almost surely [P] provided
—1/2, ~1/2 : . .
Kzn log n is nonincreasing.

PrOOF By change of variables, definition of ¢ and repeated integration by parts

K5l (9 = 5)

2
Kzn

deavy7 /Dlasy,mx 1, 1) s.

By another change of variables

Fg(m,x,y,t) — Fd(m,x,y,t) =

/[Dila(ﬁ’x — RS, Y, M, T_q,t) — Dila(ﬁ’x, y,m,v_1,t)|K,(s)ds a.s. [P(m,z,y)]

and |F2(t) — F4(t)| < 2mv almost surely [P], where 7 is a uniform almost sure [P] bound
on Dia(B'z,+ -, t) and v = [|K.(s)|ds.

Use the conclusion of lemma 2.5 to cover the boundary of each S,(y,m,z_1,t) by
co/k%1 closed balls of radius k., centered on the boundary of S,(y,m,z_1,t), and let
Va(y,m,z_q1,t) be the union of cq/k%,! closed balls with the same centers but radius

(14 /@) k. If s € So(y,m,z_1,t) = Vo(y,myz_1,t) and |s — u| < /Gr., then u €
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Saly, m,x_1,t). Moreover, the volume of V,,(y,m,z_y,t) is less than ¢{k., where ¢ =
co2(1+ \/ﬁ)qﬂq/Q/qF(q/Q). Define the function w,,(m,z,y,t) =1if 'z € V,,(y, m,z_1,£) N

Sa(y, m,x_1,t) and w,(m,z,y,t) =0 else. Then
PIE(t) = FU(0)| < Plwa0)|FL () = FUO))) + P((1 = wa () |F7 (1) = FU(1)]).
By assumption there is a number 7y bounding (s, so
Pw, (t)|[FL(t) = FY1)]) < 2munachhion.

For n so large that k., < ¢~ V2, if 'z € S,(y,m,z_1,t) — V,(y,m,z_1,t) and s € [-1,1]¢

then |#.,8] < \/Ghzn < 1 and 3’2 — ks € Sy, m,x_1,t). Therefore, by lemma 2.5
P((1 = wa )| FAE) — FH0)]) < 1 b
Combining these results gives sup P|F2(t) — F4(t)| = O(k.,) and
sup P(FA(t) — FU(1))* < 2mwsup P|FL(t) — FU(t)] = O(k.).

Since F2(t) — F4(t) is bounded almost surely [P] the conclusion of the lemma follows from
theorem 2.37 of Pollard (1984) provided {FZ(t) — F(t) : t € T} is a Buclidean class. But
{F?(t) : t € T} is Euclidean by assumption, and {F¢(¢) : t € T} is Euclidean by lemma 2.13

of Pakes and Pollard (1989), because
|F7§l(m7 z,y,t) — Fg(m7 z,y, 1) < ealt — t*|sup | K|

by lemma 2.6. By lemma 2.14 of Pakes and Pollard (1989) {F2(t) — F(t) : t € T} is

Euclidean. []

Lemma 10 The class {®%(t) : t € T} is permissible and Euclidean for a constant envelope
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and sup|Pn(Q>f€ - (I>d)| = op(n_l/z), provided n'?k*z — 0, n_l/zli;?m_dlogn is bounded,

~1/2 ~1/2

n~12k2173 50, and ko, log n is nonincreasing.

PrOOF As a class of functions of (m, z,y) indexed by t € T the term involving Q2 in the
definition of ® is Euclidean by lemma 2.14(iv) of Pakes and Pollard (1989) because the
integral is bounded over t € T'. The term involving Il is a Euclidean class indexed by ¢t € T
by lemma 2.13 of Pakes and Pollard (1989) and lemma 2.7. Since {D{a(-,-,-,-,t):t € T}
is Euclidean by assumption and ®%(¢) is uniformly bounded, {®%(¢) : t € T} is Euclidean
class for a constant envelope.

Now, by lemmas 6, 8 and 9

sup| P, (@2 — )]
< sup|Pn(F7§l - Fd)| + ¢, sup|an§fi — P 4 tt P T — (quH)/an

= 0p (n_l/Q)
where ¢, is the volume of Sy. The lemma follows. [ ]

A.3 Estimating Covariances

In this section we show how the covariance functions can be estimated. Let + be the function
from lemma 1 representing A or ¢ and define v by v(m, z,y,s,t) = vy(m, z,y,s)y(m,z,y,t).
The covariance function corresponding to v is Pr. Suppose we have an estimator v, of
v such that sup|P,(y, — 7)| = 0 in probability. Then P,v, is a uniformly consistent
estimator of Pv, because sup|P,(v, — v)| — 0 in probability (since v is bounded) and
sup|P,v — Pv| — 0 almost surely [P] by theorem 11.24 of Pollard (1984). Therefore, to
estimate the covariance functions all we need are uniformly consistent estimates of A and
1, that is, of the functions ®;, ¢ = 1,...,8, defined in equations (36), (37), (45) and (46).

Let a; be the a-function corresponding to f; (see page 28). Define f;, and Dilam by
replacing § and every unknown function (A, B,A,...) in the formulae for f; and Dia;

by its estimator (8, An, Bn, Ay, ...); note that DA(y) = —A(z,y)/B(z,y)D1H(z,y) and
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DA Yy) = 1/DA(A7(y)). An argument similar to those used to prove uniform conver-
gence of the remainder terms Rf} and Rg shows that f;, and Dilam are uniformly consistent
estimators of the corresponding functions f; and Dfa;.

The function II is estimated by 0 in the case of A and by A, in the case of 9. The
function €2 depends on the particular choice of 8,, and estimators are given in the references
in the introduction. The densities (; and (3 can be estimated consistently uniformly on Sp
and Iy by kernel estimators, see for example Bierens (1987).1° The distributions P; and P,
are simply estimated by their empirical distributions Py, and Ps,.

Define @;, by replacing all unknown quantities in the formulae for ®; by the above
estimators. The integrals in the definitions of ®;,, converge uniformly to their counterparts in
the definitions of ®; because the integrands converge uniformly and have bounded supports
and the expectations Py,,(-) — P1(-) and P, (-) — P(+) converge uniformly by theorem 11.24
of Pollard (1984). It follows that ®;, are uniformly consistent estimators of the functions

D,.

%The article by Bierens is about kernel estimation of regression functions.

39



References

Bierens, H. J. (1987). Kernel estimators of regression functions. In T. F. Bewley (Ed.),

Advances in Fconometrics. New York: Cambridge University Press.

Breslow, N. and J. Crowley (1974). A large sample study of the life table and product

limit estimates under random censorship. The Annals of Statistics 2(3), 437-453.

Han, A. K. (1987). Non-parametric analysis of a generalized regression model. Journal of

Feconometrics 35, 303-316.

Hérdle, W. and T. M. Stoker (1989). Investigating smooth multiple regression by the
method of average derivatives. Journal of the American Statistical Association 84,

986-995.

Heckman, J. J. and B. Singer (1984, Mar). A method for minimizing the impact of
distributional assumptions in econometric models for duration data. Econometrica 52,

271-320.

Horowitz, J. L. (1996). Semiparametric estimation of a regression model with an unknown
transformation of the dependent variable. Fconometrica 64 (1), 103-137.
Horowitz, J. L. and W. Hérdle (1994). Direct semiparametric estimation of single-index

models with discrete covariates. Working paper, University of lowa, Department of

Economics.

Ichimura, H. (1993). Semiparametric least squares (SLS) and weighted SLS estimation of

single index models. Journal of Econometrics 58, 71-120.

Kiefer, N. M. (1988, Jun). Economic duration data and hazard functions. Journal of

Feconomic Literature 26, 646-679.

Miiller, H.-G. (1984). Smooth optimum kernel estimators of densities, regression curves

and modes. Annals of Statistics 12, 766-774.

Murphy, S. A. (1991). Consistency in a proportional hazards model incorporating a ran-

dom effect. Unpublished Manuscript, Department of Statistics, Pennsylvania State

40



University.
Murphy, S. A. (1992). Asymptotic theory for the frailty model. Technical Report No 108,

Department of Statistics, Pennsylvania State University.

Nielsen, G. G., R. D. Gill, P. K. Andersen, and T. I. A. Sgrensen (1992). A counting
process approach to maximum likelihood estimation in frailty models. Scandinavian

Journal of Statistics 19, 25-43.

Nolan, D. and D. Pollard (1987). U-processes: Rates of convergence. Annals of Statis-

tics 15(2), 780-799.

Pakes, A. and D. Pollard (1989). Simulation and the asymptotics of optimization estima-

tors. Econometrica 57, 1027-1057.
Pollard, D. (1984). Convergence of Stochastic Processes. New York: Springer-Verlag.

Powell, J. L., J. H. Stock, and T. M. Stoker (1989, Nov). Semiparametric estimation of

index coefficients. Fconometrica 57(6), 1403-1430.

Ridder, G. (1990, Apr). The non-parametric identification of generalized accelerated

failure-time models. Review of Economic Studies 57, 167-182.

41



