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Abstract

In this paper we develop semiparametric estimators of � and 	 in the model

�(Y ) = min[�0X + U;C], where Y is a nonnegative dependent variable, X is a vec-

tor of explanatory variables, U is an unobserved random \error" term with unknown

distribution function 	, C is a random censoring variable, � is an unknown parame-

ter vector, and � is an unknown strictly increasing function. This model includes as

a special case the censored proportional hazards model with unobserved heterogeneity.

Estimators of � and 	 already exist for the case where either � or 	 belongs to a known

�nite-dimensional parametric family, and methods for estimating � exist for the general

case. In this paper we propose estimators of � and 	 which do not assume that � and

	 belong to known parametric families. We obtain their asymptotic distributions and

investigate the small sample properties of the estimators by Monte Carlo simulation.
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1 Introduction

A linear uncensored regression model with a transformed dependent variable has the form

�(Y �) = �0X + U; (1)

where X is an r-dimensional random vector, U and Y � are random variables, � is an r-

dimensional vector of parameters, and � is a strictly increasing real function. In general,

�, � and the distribution function, 	, of U are unknown. Model (1) is closely related to

the linear generalized accelerated failure-time model de�ned by Ridder (1990), log f(Y �) =

�0X + U , where Y � � 0 and f is a nondecreasing map from [0;1) onto [0;1).

Model (1) is widely used in applied econometrics. It includes as special cases log-

linear models and accelerated failure-time models, transformation models in which � is

speci�ed up to a vector of parameters as in the Box-Cox transformation, and parametric

and semiparametric proportional hazards models (see e.g. Kiefer 1988). An important

special case is the mixed proportional hazards model or the proportional hazards model

with unobserved heterogeneity (see e.g. Ridder 1990). This model has received a lot of

recent attention from researchers trying to separate duration dependence embodied in �

from unobserved heterogeneity contained in 	 (see the references below).

Methods for estimating � (up to scale) have been described by e.g. Han (1987), H�ardle

and Stoker (1989), Horowitz and H�ardle (1994), Ichimura (1993) and Powell, Stock, and

Stoker (1989). These estimators do not require that either � or 	 be known or belong

to known �nite-dimensional parametric families of functions. In contrast, most estimators

of � and 	 require parametric assumptions about � or 	 (see e.g. Heckman and Singer

1984, Murphy 1991, 1992, and Nielsen, Gill, Andersen, and S�rensen 1992). Recently,

however, Horowitz (1996) has shown how to estimate � and 	 without making parametric

assumptions. Speci�cally, Horowitz shows how to obtain n1=2-consistent, asymptotically

normally distributed nonparametric estimators of � and 	 from a random sample on X

and Y �. To use Horowitz's estimators, � must be estimated beforehand using, for example,
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one of the estimators proposed in the papers just listed.

In applications, data are often censored; this is particularly true for duration studies.

The purpose of this paper is to extend Horowitz's results to the case where some observations

are right-censored. The model studied here is

�(Y ) = min[�0X + U;C]; Y � 0; (2)

where C is a random censoring variable. Let M be the indicator of no censoring. That

is, if �0X + U � C, then Y is not censored and M = 1; and if �0X + U > C, then Y is

censored and M = 0. The distribution of C may be degenerate and may depend on X , so

the assumption of random censoring is not very restrictive.1 We assume that M , X and Y

are observed, but C is unobserved, which is the case in most applications.

This paper focuses on estimating � and 	 in (2) from a random sample of observations on

M , X and Y without assuming that � and 	 belong to known �nite-dimensional parametric

families of functions. Like Horowitz (1996) we assume that a n1=2-consistent estimator of � is

available. Using empirical process methods we prove uniform consistency and convergence

in distribution of the estimators of � and 	. The method of proof is similar to that

used by Horowitz (1996), but the details are more complex owing to the complexity of

the estimating equations for � and 	 in the censored case. In addition to proving limit

theorems, we investigate the �nite-sample properties of the estimators through Monte Carlo

experiments.

For the uncensored regression model (1), Horowitz (1996) also shows how to predict Y �

conditional on X using quantiles of the conditional distribution of Y � given X . He also

proves consistency and asymptotic normality of the conditional quantiles of the distribution

of Y �. In the censored model (2) Y � de�ned by (1) can be considered a latent, unobserved

variable. With some minor changes in the interpretation of the theorem Horowitz's results

1Alternatively, with �xed censoring the asymptotic properties of the estimators can be studied condition-

ally on the observed values of C rather than in terms of the distribution of C.
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continue to hold for predicting the latent variable Y � conditional on X in the censored

regression model.

The paper is organized as follows. In section 2 we outline the idea of the estimators.

In section 3 we state the theorems establishing their asymptotic behavior. As examples of

the small-sample properties of the estimators we report the results of a few Monte Carlo

experiments in section 4. Proofs are relegated to appendix A.

Notation: We use Dj
i f to denote the j'th order partial derivative with respect to the

i'th argument of the function f , and if f lives on R then Djf is the j'th order derivative of

f . For �rst order derivatives we often omit the superscript and write Dif orDf . R
j denotes

j-dimensional Euclidean space. The support of a function is the closure of the subset of its

domain in which it takes nonzero values. The support of a random variable or vector is the

smallest closed set which contains its values with probability one. If v is a vector, then v1

denotes the �rst component and v�1 the vector of remaining components of v.

2 The Estimators

Since U and C are unobserved, there is a well-known identi�cation problem. Given the

observed variables M , X and Y , equation (2) continues to hold if �, U and C are replaced

by ���, U �� and C�� where � is any constant. Equation (2) also holds if �, �, U and

C are replaced by ��, ��, �U and �C where � is any positive constant. Therefore, scale

and location normalizations are needed. As shown e.g. by Ichimura (1993), identi�cation of

� up to scale requires that X has at least one component that is continuously distributed

conditional on the others and whose �-coe�cient is nonzero. Let this be the �rst component

of X . For scale normalization we set j�1j = 1, where �1 is the �rst component of �. For

location normalization we use �(t0) = 0, where t0 is a constant to be determined later.
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2.1 Motivation

Let �n be the given estimator of �, where n is the sample size. The idea is to express � and

	 in terms of the conditional distribution of (Y;M) given �0X and then de�ne the estimators

�n and 	n by replacing � with �n and other unknown quantities in these formulae with

sample analogs based on kernel estimation.

De�ne Z = �0X . Assume that � is strictly increasing and di�erentiable, that U and

X are independent, that C and U are conditionally independent given X , and that the

distribution function 	 of U is di�erentiable. Let �(z; �) be the conditional distribution

function of C given Z = z. Then the conditional distribution function of Y given Z = z is2

Pr(Y � yjZ = z) = 1� �
1� 	(�(y)� z)��1��(z;�(y))

�
: (3)

The conditional sub-distribution function of Y given Z = z when Y is uncensored is given

by

Pr(Y � y;M = 1jZ = z) =
Z �(y)�z

0

�
1��(z; z + u)

�
d	(u): (4)

Let pZ denote the density of Z. De�ne

A(z; y) = pZ(z)
@

@y
Pr(Y � y;M = 1jZ = z)

= pZ(z)
�
1� �(z;�(y))

�
D	(�(y)� z)D�(y)

(5)

and

B(z; y) = pZ(z) Pr(Y > yjZ = z)

= pZ(z)
�
1� �(z;�(y))

��
1�	(�(y)� z)

�
:

(6)

Observe that A(z; y)=B(z; y) = D	(�(y) � z)D�(y)
� �

1 � 	(�(y) � z)
�
. Subject to

2Equations (3) and (4) appear for example in Breslow and Crowley (1974).
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regularity conditions, some algebra shows that
R y
0

�
A(z; v)=B(z; v)

�
dv = � log

�
1�	(�(y)�

z)
�
, so (@=@z)

Ry
0

�
A(z; v)=B(z; v)

�
dv = �D	(�(y)� z) � �1� 	(�(y)� z)�. Therefore,
A(z; y)=B(z; y)Z y

0

D1A(z; v)B(z; v)� A(z; v)D1B(z; v)

B(z; v)2
dv

= D�(y): (7)

The proposed estimator of � is based on integration of the left-hand side of (7). The inte-

grand in the denominator is simply the partial derivative with respect to z ofA(z; v)=B(z; v).

Equation (7) holds for all (z; y) such that the denominators are nonzero, the derivatives D1A

and D1B exist and the integrand is bounded for 0 � v � y.

Let T� � R be the set where � is to be estimated, and normalize � by setting �(t0) = 0

for some t0 2 T�. Choose a weight function W� on R3 such that (7) holds for (z; y) in

the support W�(�; �; t) for all t 2 T� and such that W�(�; y; t) integrates to one whenever

t0 � y � t or t0 � y � t and t 2 T�. Then for t 2 T�

�(t) = �
ZZ t

t0

W�(z; y; t)

2
4 A(z; y)=B(z; y)Z y

0

D1A(z; v)B(z; v)� A(z; v)D1B(z; v)

B(z; v)2
dv

3
5dy dz;

(8)

where
R t
t0
= � R t0

t if t0 > t.3 The estimator �n is formed by replacing the four unknown

functions A, B, D1A and D1B in (8) with kernel estimators to be de�ned shortly. As in

Horowitz's estimator for the uncensored case, it is the averaging over z which boosts the

slow convergence of the kernel estimators into n1=2-consistency of �n.

Once � is estimated on T�, Horowitz (1996) uses the empirical distribution of �(Y �)�Z

to derive an estimator of 	, but this is not an option here since Y � is not observed. Instead,

the discussion leading up to (7) shows that when B(z; y) > 0

	(�(v)� z) = 1� exp

�
�
Z v

0

A(z; y)

B(z; y)
dy

�
: (9)

3Instead of explicitly restricting the integration to the support of W�(�; �; t), we adopt the conventions
that 0=0 = 0 and 0�unde�ned= 0.
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The value of 	 at a given point t is obtained by letting z = �(v) � t or, equivalently,

v = ��1(z + t). After making the substitution we can average over v or z; as with � this

improves the rate of convergence of the estimator. Whether we average over v or z does

not matter asymptotically, but it a�ects the estimator in �nite samples. In this paper we

choose to average over v. Let T	 � R be the set where 	 is to be estimated, and let W	

be a weight function on R2 such that (9) holds with z = �(v)� t and v 2 T� for (v; t) in

the support of W	, and such that W	(�; t) integrates to 1 for all t 2 T	. Then for t 2 T	

	(t) = 1�
Z
W	(v; t) exp

�
�
Z v

0

A(�(v)� t; y)

B(�(v)� t; y) dy
�
dv: (10)

The function 	 is estimated by replacing A, B and � in (10) by their estimators. This is

the continuous-time equivalent of the Kaplan-Meier estimator of the distribution function

of U modi�ed to accomodate the unknown function �.

2.2 Implementation

Suppose a random sample f(Mi; Xi; Yi)gni=1 is observed, and let �n be a n1=2-consistent

estimator of �. Let �zn and �yn be sequences of positive real numbers converging to 0 as

n goes to 1, the \bandwidths", and let Kz and Ky be real functions on R which integrate

to 1, the \kernels", with Kz di�erentiable. The kernel estimators of A and B are

An(z; y) =
1

n

nX
i=1

Mi
1

�zn
Kz

�
�0nXi � z
�zn

�
1

�yn
Ky

�
Yi � y

�yn

�
(11)

and

Bn(z; y) =
1

n

nX
i=1

1(Yi > y)
1

�zn
Kz

�
�0nXi � z

�zn

�
: (12)

In general, di�erent kernels and bandwidths could be used in the estimation of the deriva-

tives D1A and D1B, but for simplicity we estimate D1A and D1B by D1An and D1Bn;

hence the requirement that Kz be di�erentiable. The estimator of � is de�ned for t 2 T�
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by

�n(t) = �
ZZ t

t0

W�(z; y; t)

2
4 An(z; y)=Bn(z; y)Z y

0

D1An(z; v)Bn(z; v)� An(z; v)D1Bn(z; v)

Bn(z; v)2
dv

3
5 dy dz

(13)

and the estimator of 	 for t 2 T	 by

	n(t) = 1�
Z
W	(v; t) exp

�
�
Z v

0

An(�n(v)� t; y)
Bn(�n(v)� t; y)

dy

�
dv: (14)

For de�niteness, if an integrand is not de�ned because of a zero denominator set it equal

to zero.

To compute the estimators one must choose T�, W�, T	, W	, Kz, Ky, �zn and �yn.

Precise conditions they must satisfy are given in section 3. Among other things, the kernels

must have support in [�1; 1] and they must be of \higher order." (A kernel K on R is of

order k if
R
K(s) ds = 1 and

R
K(s)sj ds = 0 for j = 1; : : : ; k � 1.) Let kz and ky be the

order of the kernels Kz and Ky , then one possibility is kz � 5, ky � 3, �zn / n�:105 and

�yn / n�:17; another is kz � 7, ky � 2, �zn / n�:08 and �yn / n�:255.

We now turn to W� and T�. Let S� denote the union of the supports of W�(�; �; t) for

all t 2 T�. As mentioned in section 2.1 equation (7) must hold for (z; y) in S�, but this is

not su�cient. To begin with, S� must be bounded away from points where A or B are not

di�erentiable, that is, there must be an � > 0 such that the distance is at least � from any

point in S� to any point where D1A or D1B do not exist. Moreover, the denominators in

(8) must be bounded away from zero on S�. In applications one can use the estimates of

the denominators to get an idea of the sets where they are larger than some � > 0.4 Having

chosen S�, if the intersection Iy = fz : (z; y) 2 S�g is an interval, one can construct W�

4The limit theorems provided in section 3 are derived assuming that the weight functions do not depend
on the data.
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itself, for example, by

W�(z; y; t) = f

�
2z � cl(y)� cu(y)
cu(y)� cl(y)

�
2

cu(y)� cl(y)
; (15)

where cl(y) and cu(y) are the lower and upper bounds of Iy and f is a one-dimensional

weight function on [�1; 1].

The pair T	 and W	 must have properties similar to T� and W�. Let S	 denote the

support of W	. Then y must be in T� if (z; y) 2 S	 for some z, and B must be bounded

away from zero on the set f(�(y) � t; y) : (y; t) 2 S	g. In applications, given � > 0 one

can get an idea of the set where B(�(y)� t; y) > � from the estimate Bn(�n(y)� t; y) and

choose S	 accordingly. Given S	, W	 can be formed as in (15).

We close this section with some remarks on how to compute the estimators. By exploit-

ing the fact that Bn(z; �) is a right-continuous step function jumping down at each Yi, it is

possible to evaluate analytically the inner integrals in the de�nitions of �n and 	n. De�ne

a0 = 0, ak = y, and let a1; : : : ; ak�1 be the order statistics of the observations Yi that are

less than y. The integral in the denominator in (13) can be computed by

kX
j=1

hP
Mi

R aj
aj�1

1
�yn

Ky

�
Yi�v
�yn

�
dvKz

�
�0nXi�z
�zn

�ihP
1(Yi > aj)

1
�zn

DKz

�
�0nXi�z
�zn

�i
hP

1(Yi > aj)Kz

�
�0nXi�z
�zn

�i2

�
P
Mi

R aj
aj�1

1
�yn

Ky

�
Yi�v
�yn

�
dv 1

�zn
DKz

�
�0nXi�z
�zn

�
P
1(Yi > aj)Kz

�
�0nXi�z
�zn

� ; (16)

where
P

is short for
Pn

i=1. Similarly, de�ne a0 = 0, ak = v, and let a1; : : : ; ak�1 be the

order statistics of the observations Yi that are less than v. Then the inner integral in (14)

equals

kX
j=1

P
Mi

R aj
aj�1

1
�yn

Ky

�
Yi�y
�yn

�
dyKz

�
�0nXi��n(v)+t

�zn

�
P

1(Yi > aj)Kz

�
�0nXi��n(v)+t

�zn

� : (17)

For many choices of Ky evaluating
R b
a Ky(y) dy is straightforward; in particular, this is true
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when Ky is piecewise polynomial. The complexity of the integrands implies that the outer

integrals in the de�nition of �n and 	n must be carried out by numerical methods.

2.3 Predicting Y � Conditional on X

Using methods similar to those of Horowitz (1996), conditional quantiles of the latent,

unobserved variable Y � can be estimated n1=2-consistently. Typically Y � is predicted using

a consistent estimator of E(Y �jX = x), but this is not an option here because the censoring

of Y � and the need to bound denominators away from zero imply that � and 	 cannot

be estimated everywhere on their domains. An alternative is to use an estimator of the

median or some other quantile of the conditional distribution of Y � given X = x. For

the uncensored model (1), Horowitz shows how to use �n and 	n to obtain estimators

of conditional quantiles of Y �. His derivations carry over to the censored case and are

summarized here only because they are needed for the Monte Carlo experiments.

For � 2 (0; 1), let u� denote the � 'th quantile of the distribution of U . Since Pr(U �

u� ) = � if and only if Pr(Y � � ��1(�0x + u�)jX = x) = � , the � 'th quantile of the

distribution of Y � conditional on X = x is y� (x) = ��1(�0x + u�). The estimator of y�

is de�ned as follows. Given u� in the interior of T	, choose a set T� � Rr such that

y� (x) 2 [inf T� + �; supT� � �] for all x 2 T� , where � > 0 is some constant. De�ne

un� = inf
�
u 2 T	 : 	n(u) � � or u = supT	

	
(18)

and

yn� (x) = inf
�
y 2 T� : �n(y) � �0nx+ un� or y = supT�

	
(19)

Then y�n is a uniformly n1=2-consistent estimator of y� on T� .
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3 Assumptions and Limit Theorems

Under conditions given in assumptions 1{9 below, the estimators �n and 	n are uniformly

n1=2-consistent on T� and T	. Properly centered and normalized they converge weakly to

Gaussian stochastic processes with means of zero.

Assumption 1 The function � is real, strictly increasing and di�erentiable on an interval

I�, possibly unbounded, with inf I� = 0. The distribution function 	 of U is di�erentiable.

The random vector (C;U;X 0; Y )0 satis�es �(Y ) = min[�0X+U;C]. Furthermore, U and X

are independent, and C and U are conditionally independent given X . The random variable

Z = �0X has a density pZ .

This assumption is needed for equations (3) and (4) to hold. Existence of pZ is needed for

the de�nitions (5) and (6) to make sense.

Let SD � R2 be a set with the following three properties: if (z; y) 2 SD then (z; v) 2 SD
for all 0 � v � y; A and B are bounded and continuous on SD, and the partial derivatives

D1A and D1B exist and are bounded on SD.

Assumption 2 The estimation set T� is a Borel subset of I�. By normalization �(t0) = 0

for some known t0 2 T�. The weight function W� is a real function on R3 such that

W�(�; y; t) integrates to one for all t 2 T� and t0 � y � t or t0 � y � t. There is � > 0 such

that B(z; y) > � and
R y
0

�
D1A(z; v)B(z; v)�A(z; v)D1B(z; v)

�
=B(z; v)2 dv > � for all (z; y)

in S�, the union of the supports of W�(�; �; t) for t 2 T�, and such that any ball of radius �

centered at a point in S� is contained in SD.

Assumption 3 The estimation set T	 is a Borel subset of R. The weight function W	 is

a real function on R such that W	(�; t) integrates to one for all t 2 T	 and if W	(y; t) 6= 0

then y 2 T�. There is � > 0 such that B(�(y)� t; y) > � for (y; t) in the support S	 of W	

and such that any ball of radius � centered at (�(y)� t; y) with (y; t) in S	 is a subset of

SD.
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Further assumptions regarding smoothness of the weight functions are listed in assump-

tion 8. Under assumptions 1{3 the right-hand side in equations (8) and (10) are well

de�ned, and the estimators �n and 	n are well de�ned with probability approaching one

as the sample size grows.

The kernel estimators An and Bn are based on a sample from the distribution P of the

observable random vector (M;X; Y ) and a given estimate �n of �. We need assumptions

on the nature of the sample and the estimator �n.

Assumption 4 The sequence f(Mi; Xi; Yi)gni=1 is a random sample from P .

Let Pn denote the empirical measure formed from the n independent observations on P , that

is, Pn puts probability 1=n on each of the observations. Let �1 be the �rst component of �

and ��1 the vector of remaining components. (Throughout �1 denotes the �rst component

of �, not the �rst vector in the sequence �n.) Similarly, let �n1 be the �rst component of

�n and �n;�1 the vector of remaining components.

Assumption 5 j�1j = 1. There is a bounded, P -measurable function 
 : Rr+2 ! Rr�1

such that P
 = 0, the components of P

0 are �nite and n1=2(�n;�1 � ��1) = n1=2Pn
 +

op(1) as n!1.

All the estimators of � mentioned in the introduction satisfy this assumption.

In the following kz and ky are integers determined in assumption 6. The next two

assumptions concern the choice of bandwidths and kernel functions.

Assumption 6 The bandwidths �zn and �yn are sequences of positive real numbers con-

verging to 0 such that n1=2�kzzn ! 0, n1=2�
ky
yn ! 0, n�1��8zn ! 0 and n�1=2��3zn �

�1
yn logn is

bounded.

Assumption 7 The kernels Kz and Ky are bounded, real functions on R with supports

in [�1; 1], R Kz(s) ds = 1 and
R
Ky(s) ds = 1. In addition,

R
Kz(s)s

j ds = 0 for j =

1; : : : ; kz � 1 and
R
Ky(s)sj ds = 0 for j = 1; : : : ; ky � 1. Furthermore, Kz has a derivative
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DKz which satis�es the Lipschitz condition
��DKz(z) � DKz(z

�)
�� � cjz � z�j for some

constant c and all z; z� 2 R.

The relationship between bandwidth convergence rates and minimum kernel orders were

discussed in section 2.2.

The proof of consistency and asymptotic normality is based on Taylor expansions of the

integrands in (8) and (10). For the remainder terms and for the bias of the leading terms

to vanish su�ciently quickly, we need certain functions to be smooth and bounded. This is

taken care of in assumptions 8 and 9.

Assumption 8

1. The density pZ is bounded on IZ = fz : (z; y) 2 SD for some yg.

2. The derivatives D�, D��1 and D2��1 exist and are bounded and continuous on

IY = fy : (z; y) 2 SD; some zg.

3. The function A is bounded and D1A;D
2
1A;D

3
1A exist and are bounded on SD.

4. The function B is bounded and D1B;D
2
1B;D

3
1B, D2B, D2D1B exist and are bounded

on SD.

5. The weight function W� is bounded and D1W�, D
2
1W�, D2W�, D2D1W� and D3W�

exist and are bounded on R3.

6. The weight function W	 is bounded and D1W	 and D2W	 exist and are bounded on

R2.

Let P1 be the distribution of (M;X�1) and let P2 be the distribution of (Y;M;X�1), where

X�1 is the (r � 1) last components of X .

Assumption 9 The conditional distribution of (Z; Y ) given (M;X�1) = (1; x�1) has a

bounded density �1(�; �; 1; x�1) on SD with respect to Lebesgue measure, andDi
1�1(�; �; 1; x�1)

with i = 0; 1; : : : ; kz + 2 and D
j
2D

i
1�1(�; �; 1; x�1) with i = 0; 1; 2 and j = 0; 1; : : : ; ky exist

and are bounded and continuous on SD almost surely [P1(1; x�1)].

12



The conditional distribution of Z given (Y;M;X�1) = (y;m; x�1) has a bounded density

�2(�; y;m; x�1) on SD with respect to Lebesgue measure, and D
j
1D

i
1�2(�; y;m; x�1), i =

0; 1; 2 and j = 0; 1; : : : ; kz exist and are bounded and continuous on SD almost surely

[P2(y;m; x�1)].

In addition, X�1 is bounded with probability one.

Assumption 9 implies that X1 is a continuous random variable, but X�1 can have discrete

components. For � to be identi�ed and the estimators to work there must be a continuous

random variable among the components of X , and the corresponding component of � must

be known to be nonzero (�1 or 1 after normalization).

Let X� be the set of all bounded, real functions on T� and equip X� with the metric

generated by the uniform norm and the �-algebra generated by closed balls.

Theorem 1 Under assumptions 1{9 (except 3 and 8.6),

a. The sequence supt2T�
���n(t)� �(t)

�� converges to 0 in probability.

b. The sequence fn1=2(�n � �)g of random elements of X� converges in distribution to

a Gaussian stochastic process E� on T�. The mean of E� is zero and the covariance

function is P�(t)�(t�) for t; t� 2 T�, where �(t)(�; �; �) is a P -measurable, real function

on R3.

The theorem is proved in appendix A and the function � is given in equation (38). We show

that

sup
t2T�

���n(t)� �(t)� Pn�(t)
�� = op

�
n�1=2

�
(20)

and prove that Pn� as a stochastic process on T� converges in distribution to E� using

empirical process methods described by Pollard (1984) and Pakes and Pollard (1989). A

method for estimating the covariance function is outlined in section A.3.

The next theorem establishes the limiting behavior of 	n. Let X	 be the set of all

bounded, real functions on T	 and equip X	 with the metric generated by the uniform

13



norm and the �-algebra generated by closed balls.

Theorem 2 Under assumptions 1{9,

a. The sequence supt2T	
��	n(t)�	(t)

�� converges to 0 in probability.

b. The sequence fn1=2(	n �	)g of random elements of X	 converges in distribution to

a Gaussian stochastic process E	 on T	. The mean of E	 is zero and the covariance

function is P (t) (t�) for t; t� 2 T	, where  (t)(�; �; �) is a P -measurable, real function

on R3.

The proof of the theorem is found in appendix A and  is de�ned in equation (47). A

method for estimating the covariance function is outlined in section A.3.

4 Monte Carlo Results

To illustrate the performance of the estimators in small samples, we now present the results

of a few Monte Carlo experiments. In all experiments the data are generated from (2) with

�(y) = 2 log(y=4), X and U standard normal scalars and C normally distributed with mean

�C and unit variance. Since X is a scalar, � = 1 is determined by scale normalization and is

not estimated. This enables the experiments to focus on the estimators of � and 	, which

are the objects of interest here. We consider three di�erent degrees of censoring: �C =1,

�C = 1:17 and �C = 0 corresponding to expected censoring rates of 0, 20 and 50 per cent.

The predicted quantile is the median. The sample size in each experiment is 200 and there

are 20 replications per experiment. Other di�erences among the three experiments reported

here are listed in table 1. We have also tried generating data from a non-concave model

where � is based on the hyperbolic sine function. The results (not reported here) are similar

to the model based on the logarithmic function.

In the estimation, the kernel functions used are

Kz(x) =
315

2048

�
15� 140x2 + 378x4 � 396x6 + 143x8

�
1
�jxj � 1

�
(21)

14



Table 1: Monte Carlo Experiments

Expe- Expected T� T	 T� �zn �yn
riment Censoring

1 0% [.6,14] [-3,2] [-3,2] 3 1.5
2 25% [.6,8] [-3,1.2] [-3,1] 3 1.5
3 50% [.8,6] [-2,1] [-2.5,.5] 3 2.0

and

Ky(x) =
105

64

�
1� 5x2 + 7x4 � 3x6

�
1
�jxj � 1

�
: (22)

These are sixth and fourth order kernels, respectively, taken from M�uller (1984).

In each experiment the support of W�(�; y; t) is the interval where A(�; y) > �, where �

is chosen such that on average 95% of the uncensored observations are in the set fA > �g.

W� itself is constructed as in (15) with

f(x) =
15

16

�
1� x2

�2
1
�jxj � 1

�
: (23)

Similarly, the support ofW	 is chosen such thatW	(y; t) > 0 implies A(�(y)�t; y) > �, and

W	 is also formed as in (15) with f as above. More censoring results in a lower probability

of large observations, so given the choice of support of weight functions, more censoring

shortens the interval on which � and 	 can be estimated. This is re
ected in table 1 in the

shrinking of T�, T	 and T� as the expected censoring increases.

Compared to the formulas (13) and (14) the estimators are modi�ed in the following

way. In the event that a denominator is zero we set the entire ratio equal to zero; in �nite

samples this happens with positive probability. In addition, whenever the inner integral in

(14) is smaller than �1 we set it equal to �1.

The results of the experiments are summarized graphically in �gures 1{3. The left-hand

panels show the average of 20 estimates of �, 	 and y:5 (solid lines) and the true value

of these functions (dotted lines). The right-hand panels show the �rst �ve estimates (solid
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lines) together with the true values (dotted lines). It can be seen that the new estimators

perform well in this setup; even with 50 percent censoring the average of the estimates

are very close to the truth. The individual estimates are of course more variable, and in

experiment 2 and 3 the jump in all estimates of 	 at the upper end of T	 is evidence that

we may have been too ambitious in selecting T	. For each experiment we have chosen

what we believe are reasonable estimation intervals; of course the estimators will appear

less favorable the longer the estimation intervals.

5 Concluding Remarks

In this paper we have proposed new estimators for the censored regression model with an

unknown transformation of the dependent variable. We have obtained their asymptotic

distributions and presented Monte Carlo evidence that the estimators can perform well in

samples of moderate size. However, implementing the estimators is complicated because

of the choices that must be made about estimation sets, weight functions, kernel func-

tions and bandwidths. There is plenty of room for further research on practical aspects of

implementation.
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A Proofs

To simplify the notation, for (z; y) such that B(z; v) > 0 for all v 2 [0; y] de�ne

H(z; y) =

Z y

0

A(z; v)

B(z; v)
dv = � log

�
1�	(�(y)� z)�: (24)

The left-hand side of equation (7) is D2H(z; y)=D1H(z; y) and the right-hand side of equa-

tion (9) is 1�exp(�H(z; y)), the continuous-time equivalent of the Kaplan-Meier estimator

of the distribution function of U . On its domain H equals the integrated conditional hazard

function of Y �, because the conditional distribution function G of Y � at y given Z = z is

G(z; y) = 	(�(y)� z).5 De�ne also the estimator of H

Hn(z; y) =
Z y

0

An(z; v)

Bn(z; v)
dv: (25)

(If Bn(z; v) = 0 for any 0 � v � y put Hn(z; y) = 0.)

A.1 Approximation by Empirical Processes

Let � be a real function de�ned on a set T and let �n be an estimator of � de�ned on T .6

Let X be the set of all bounded, real functions on T and equip X with the metric generated

by the uniform norm and the �-algebra generated by closed balls. Let 
 be a function on

Rr+2 � T , and let E be a stochastic process on T such that the sample paths of E are

bounded and uniformly continuous and the �nite-dimensional distributions of E are jointly

normal with zero means and covariance P
(s)
(t) for s; t 2 T .7

5The conditional hazard function of Y � itself is de�ned on a larger set than H; in particular, the domain
of H depends on the censoring scheme which is irrelevant for Y �.

6To ensure measurability it su�ces that T is a Borel subset of a compact metric space, see Pakes and

Pollard (1989, p1031) or appendix C of Pollard (1984).
7Notation: P is a probability measure on Rr+2, and �n and 
 are real functions Rr+2

�T . The dependence

on the probability space is often suppressed, and 
(t) is short for the random variable 
(�; t). Similarly, P
(t)

denotes the expected value of 
(t), while P
 is a function on T whose value at t is (P
)(t) = P
(t), and
Pn
 is the stochastic process on T de�ned by (Pn
)(t) = Pn
(t) = (1=n)

Pn

i=1

(Mi;Xi; Yi; t).

20



Lemma 1 If the class f
(t) : t 2 Tg is permissible and Euclidean for a constant envelope,8

P
(t) = 0 for all t 2 T and supt2T
���n(t)��(t)� Pn
(t)

�� = op
�
n�1=2

�
, then supt2T

���n(t)�
�(t)

��! 0 in probability and n1=2(�n � �)! E in distribution as random elements of X .

Proof The �rst conclusion of the lemma follows from theorem II.24 of Pollard (1984)

(same as lemma 2.8 of Pakes and Pollard 1989), and the second from lemma 2.16 of Pakes

and Pollard (1989) and theorem VII.21 of Pollard (1984).

Theorems 1 and 2 follow from lemma 1 if we can �nd functions � and  which satisfy

the assumptions of the lemma with �n � � = �n � � and �n � � = 	n � 	, respectively.

Both �n and 	n are integrals, and the �rst step is to linearize the integrands in the kernel

functions.

Consider �rst �n. With the conventions from footnote 3, de�ne on R3 � T�

f1(z; y;m; t) = �W�(z; y; t)
�
1(t0 � y � t)� 1(t � y � t0)

�
m

B(z; y)D1H(z; y)
; (26)

f2(z; y;m; t) = �
Z t

t0

W�(z; v; t)1(y > v)D�(v)

B(z; v)
dv; (27)

f3(z; y;m; t) =
D1B(z; y)m

B(z; y)2

Z t

t0

W�(z; v; t)1(v � y � 0)D�(v)

D1H(z; v)
dv; (28)

f4(z; y;m; t) = � m

B(z; y)

Z t

t0

W�(z; v; t)1(v � y � 0)D�(v)

D1H(z; v)
dv; (29)

f5(z; y;m; t) =
Z t

t0

�
W�(z; v; t)D�(v)

D1H(z; v)

�
Z v

0

1(y > �)
D1A(z; �)B(z; �)� 2A(z; �)D1B(z; �)

B(z; �)3
d�

�
dv;

(30)

f6(z; y;m; t) =
Z t

t0

�
W�(z; v; t)D�(v)

D1H(z; v)

Z v

0

1(y > �)
A(z; �)

B(z; �)2
d�

�
dv: (31)

8See Pakes and Pollard (1989).
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By de�nition and Fubini's theorem, for t 2 T�

�n(t)� �(t) =
1

n

nX
i=1

ZZ
f1(z; y;Mi; t)

1

�zn
Kz

�
�0nXi � z
�zn

�
1

�yn
Ky

�
Yi � y
�yn

�
dy dz

+
1

n

nX
i=1

Z
f2(z; Yi;Mi; t)

1

�zn
Kz

�
�0nXi � z
�zn

�
dz

+
1

n

nX
i=1

ZZ
f3(z; y;Mi; t)

1

�zn
Kz

�
�0nXi � z
�zn

�
1

�yn
Ky

�
Yi � y
�yn

�
dy dz

+
1

n

nX
i=1

ZZ
f4(z; y;Mi; t)

1

�2zn
DKz

�
�0nXi � z
�zn

�
1

�yn
Ky

�
Yi � y
�yn

�
dy dz

+
1

n

nX
i=1

Z
f5(z; Yi;Mi; t)

1

�zn
Kz

�
�0nXi � z
�zn

�
dz

+
1

n

nX
i=1

Z
f6(z; Yi;Mi; t)

1

�2zn
DKz

�
�0nXi � z
�zn

�
dz

+ R�
n(t);

(32)

where the remainder term is the formidable expression

R�
n(t) =

ZZ t

t0

W�(z; y; t)
A(z; y)D1Hn(z; y)

�
Bn(z; y)�B(z; y)

�2
Bn(z; y)B(z; y)2D1H(z; y)2

dy dz

+

ZZ t

t0

W�(z; y; t)
2A(z; y)

�
Bn(z; y)� B(z; y)

��
D1Hn(z; y)�D1H(z; y)

�
Bn(z; y)B(z; y)D1H(z; y)2

dy dz

+

ZZ t

t0

W�(z; y; t)
A(z; y)

�
D1Hn(z; y)�D1H(z; y)

�2
Bn(z; y)D1Hn(z; y)D1H(z; y)2

dy dz

�
ZZ t

t0

W�(z; y; t)

�
An(z; y)�A(z; y)

��
Bn(z; y)� B(z; y)

�
Bn(z; y)B(z; y)D1H(z; y)

dy dz

�
ZZ t

t0

W�(z; y; t)

�
An(z; y)�A(z; y)

��
D1Hn(z; y)�D1H(z; y)

�
Bn(z; y)D1Hn(z; y)D1H(z; y)

dy dz

�
ZZ t

t0

W�(z; y; t)
A(z; y)

�
Bn(z; y)�B(z; y)

��
D1Hn(z; y)�D1H(z; y)

�
B(z; y)2D1H(z; y)2

dy dz

+

ZZ t

t0

Z y

0
W�(z; y; t)

A(z; y)

B(z; y)2D1H(z; y)2
D1B(z; �)

�
Bn(z; �) +B(z; �)

�

�
�
An(z; �)�A(z; �)

��
Bn(z; �)�B(z; �)

�
B(z; �)2Bn(z; �)2

d� dy dz

+
ZZ t

t0

Z y

0

W�(z; y; t)
A(z; y)

B(z; y)2D1H(z; y)2
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� D1A(z; �)B(z; �)Bn(z; �)�A(z; �)D1B(z; �)
�
2Bn(z; �) + B(z; �)

�
B(z; �)3Bn(z; �)2

� �
Bn(z; �)� B(z; �)

�2
d� dy dz

�
ZZ t

t0

Z y

0
W�(z; y; t)

A(z; y)

B(z; y)2D1H(z; y)2

�
�
An(z; �)�A(z; �)

��
D1Bn(z; �)�D1B(z; �)

�
Bn(z; �)2

d� dy dz

�
ZZ t

t0

Z y

0

W�(z; y; t)
A(z; y)

B(z; y)2D1H(z; y)2

� Bn(z; �)
�
Bn(z; �)�B(z; �)

��
D1An(z; �)�D1A(z; �)

�
B(z; �)Bn(z; �)2

d� dy dz

+
ZZ t

t0

Z y

0

W�(z; y; t)
A(z; y)

B(z; y)2D1H(z; y)2
A(z; �)

�
Bn(z; �) +B(z; �)

�
B(z; �)2Bn(z; �)2

� �
Bn(z; �)� B(z; �)

��
D1Bn(z; �)�D1B(z; �)

�
d� dy dz: (33)

The integrands on the right-hand side of (33) are zero outside (z; y) 2 S� and (z; �) 2 S��,

where S�� � R2 is the set of (z; �) such that 0 � � and (z; y) 2 S� for some � � y. We argue

in section A.2 that

sup

(z;y)2S�
�

��Dd
1An(z; y)�Dd

1A(z; y)
�� = op

�
n�1=4

�
(34)

and

sup

(z;y)2S�
�

��Dd
1Bn(z; y)�Dd

1B(z; y)
�� = op

�
n�1=4

�
; (35)

where d = 0 or d = 1. By assumption 8 Dd
1A and Dd

1B are bounded on SD and by

construction there is � > 0 such that B > � on S��. Uniform boundedness from below of B

and uniform convergence of Bn imply that Bn > �=2 on S�� with probability approaching

one for large n. Therefore,
��Dd

iHn � Dd
iH

�� = op
�
n�1=4

�
uniformly on S� for i = 1; 2 and

d = 0; 1. By construction D1H > � on S�, and again uniform boundedness from below and

uniform convergence imply that D1Hn > �=2 on S� with probability approaching one for
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large n. Therefore, each integrand in equation (33) is a product of a uniformly bounded

term and two terms which converge uniformly to zero at the rate op
�
n�1=4

�
. It follows that

supt2T�
��R�

n(t)
�� = op

�
n�1=2

�
.

For i = 1; 3 with d = 0 and for i = 4 with d = 1 de�ne �i on R
r+2 � T� by

�i(m; x; y; t) = Dd
1fi(�

0x; y;m; t)

� 
(m; x; y)0
ZZZ

fi(z; y
�; m�; t)x��1D

d+1
1 �1(z; y

�; m�; x��1) dz dy
� dP1(m

�; x��1); (36)

where 
 is given in assumption 5 and �1 and P1 are de�ned in assumption 9. Similarly, for

i = 2; 5 with d = 0 and for i = 6 with d = 1 de�ne �i on Rr+2 � T� by

�i(m; x; y; t) = Dd
1fi(�

0x; y;m; t)

� 
(m; x; y)0
ZZ

fi(z; y
�; m�; t)x��1D

d+1
1 �2(z; y

�; m�; x��1) dz dP2(y
�; m�; x��1); (37)

where �2 and P2 are de�ned in assumption 9. Finally, de�ne � on Rr+2 � T� by

�(m; x; y; t) =
6X

i=1

�i(m; x; y; t): (38)

It can be veri�ed that P�(t) = 0 for all t 2 T�. Suppose the leading term in (32) involving

fi can be approximated uniformly to the order op
�
n�1=2

�
by the empirical process Pn�i

and that the classes f�i(t) : t 2 T�g are permissible and Euclidean for constant envelopes.

(This is proved in section A.2.) Then by lemma 2.14(i) of Pakes and Pollard (1989)

sup
t2T�

���n(t)� �(t)� Pn�(t)
�� = op

�
n�1=2

�
; (39)

and by lemma 2.14 of Pakes and Pollard (1989) the class f�(t) : t 2 T�g is permissible and

Euclidean. The assumptions of lemma 1 are therefore satis�ed with �n�� = �n��, 
 = �

and T = T� and theorem 1 follows.
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Turning now to 	n, de�ne on R
3 � T	

f7(v; y;m; t) = W	(v; t)
�
1�	(t)

�1(0 � y � v)m

B(�(v)� t; y) (40)

and

f8(v; y;m; t) = �W	(v; t)
�
1� 	(t)

� Z v

0

1(y > �)A(�(v)� t; �)

B(�(v)� t; �)2
d�: (41)

By the mean value theorem exp(�Hn) � exp(�H) = � exp(�H�
n)(Hn �H), where H�

n is

between H and Hn, so for t 2 T	

	n(t)� 	(t) =
1

n

XZZ
f7(v; y;Mi; t)

1

�zn
Kz

�
�0nXi � �n(v) + t

�zn

�
1

�yn
Ky

�
Yi � y
�yn

�
dy dv

+
1

n

XZ
f8(v; Yi;Mi; t)

1

�zn
Kz

�
�0nXi � �n(v) + t

�zn

�
dv

+ R	
n (t);

(42)

where

R	
n (t) =

Z
W	(v; t)

h
exp

��H�
n(�n(v)� t; v)

�� exp
��H(�(v)� t; v)

�i

� �
Hn(�n(v)� t; v)�H(�(v)� t; v)

�
dv

�
ZZ v

0

W	(v; t)
�
1� 	(t)

�

�
"�
An(�n(v)� t; y)� A(�(v)� t; y)

��
Bn(�n(v)� t; y)� B(�(v)� t; y)

�
B(�(v)� t; y)Bn(�n(v)� t; y)

� A(�(v)� t; y)
�
Bn(�n(v)� t; y)�B(�(v)� t; y)

�2
B(�(v)� t; y)2Bn(�n(v)� t; y)

#
dy dv:

In section A.2 we argue that

sup

(v;t)2S	

0�y�v

��An(�n(v)� t; y)�A(�(v)� t; y)
�� = op

�
n�1=4

�
(43)
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and

sup

(v;t)2S	

0�y�v

��Bn(�n(v)� t; y)� B(�(v)� t; y)
�� = op

�
n�1=4

�
: (44)

This and the de�ning properties of S	 imply that B(�(v)� t; y) > � and Bn(�n(v)� t; y) >

�=3 with high probability for large n for (v; t) 2 S	, 0 � y � v and some � > 0. It follows

that
��Hn(�n(v)� t; y)�H(�(v)� t; y)

�� = op
�
n�1=4

�
uniformly. The integrands in (43) are

products of a uniformly bounded term and two terms which convergence uniformly at the

rate op
�
n�1=4

�
, and therefore supt2T	

��R	
n (t)

�� = op
�
n�1=2

�
.

De�ne �7 on Rr+2 � T	 by

�7(m; x; y; t) = f7(�
�1(�0x+ t); y;m; t)D��1(�0x+ t)

� 
(m; x; y)0
ZZZ

f7(v; y
�; m�; t)x��1D1�1(�(v)� t; y�; m�; x��1) dv dy

� dP1(m
�; x��1)

+
ZZZ

f7(v; y
�; m�; t)�(m; x; y; v)D1�1(�(v)� t; y�; m�; x��1) dv dy

� dP1(m
�; x��1); (45)

�8 on R
r+2 � T	 by

�8(m; x; y; t) = f8(�
�1(�0x+ t); y;m; t)D��1(�0x+ t)

� 
(m; x; y)0
ZZ

f8(v; y
�; m�; t)x��1D1�2(�(v)� t; y�; m�; x��1) dv dP2(y

�; m�; x��1)

+
ZZ

f8(v; y
�; m�; t)�(m; x; y; v)D1�2(�(v)� t; y�; m�; x��1) dv dP2(y

�; m�; x��1) (46)

and  on Rr+2 � T	 by

 (m; x; y; t) = �7(m; x; y; t)+ �8(m; x; y; t): (47)
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Suppose the class f (t) : t 2 Tg is permissible and Euclidean and

sup
t2T	

��	n(t)�	(t) � Pn (t)
�� = op

�
n�1=2

�
: (48)

Since P (t) = 0 for all t 2 T	, the assumptions of lemma 1 are therefore satis�ed with

�n � � = 	n � 	, 
 =  and T = T	, and theorem 2 follows.

A.2 Technical Lemmas

In this section we deal with the suppositions made in the previous section. There were a

number of those: equations (34) and (35) with d = 0 and d = 1, equations (43) and (44),

and the claims that the leading terms in (32) and (42) involving fi can be approximated

by the empirical processes Pn�i and that the classes f�i(t) : t 2 Tg are permissible and

Euclidean where T = T� or T = T	. We prove only half of the claims (those which do not

involve Ky); the omitted proofs are similar.9 The main results of this section are lemma 7,

which implies equations (35) and (44), and lemma 10, which implies that leading terms in

(32) and (42) involving f2, f5, f6 and f8 can be uniformly approximated by the empirical

processes Pn�i. Lemma 10 also implies that the classes f�i(t) : t 2 Tg are permissible and

Euclidean.

A little extra notation is required. Let T be a Borel set, let f be a real function on

Rr+2 � T , and let Sf � R be the support of f(�; y;m; x�1; t). Let � be a real map from

Sf �T into IZ , and let �n be a sequence of random estimators of �. For (y;m; x�1) 2 Rr+1,

x 2 Rr, s 2 Sf and t 2 T de�ne

�dn(s; t;m; x; y) = f(s; y;m; x�1; t)
DdKz

�
��1zn (�

0
nx� �n(s; t))

�
�1+dzn

(49)

9Interested readers can obtain generalized versions of the lemmas presented in this section from the
authors. These lemmas apply to all claims. In addition, their proofs are more detailed.
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and for s 2 Sf and t 2 T de�ne

�d(s; t) =
Z
f(s; y;m; x�1; t)D

d
1�2(�(s; t); y;m; x�1) dP2(y;m; x�1): (50)

Note that the superscript d is part of the name of the functions �dn and �d and not an

exponent. Recall that

Dd
1Bn(z; v) =

1

n

nX
i=1

1(Yi > v)
1

�zn
Dd

1Kz

�
�0nXi � z

�zn

�
; (51)

and a little manipulation of the de�nition (6) of B reveals that

Dd
1B(z; v) =

Z
1(y > v)Dd

1�2(z; y;m; x�1) dP2(y;m; x�1): (52)

With Sf = fz : (z; y) 2 S�� some yg, s = z, T = fy : (z; y) 2 S�� some zg, t = v,

f(s; y;m; x�1; t) = 1(y > v), �(s; t) = z and �n(s; t) = z, then Pn�
d
n(s; t) = Dd

1Bn(z; v)

and Pn�
d(s; t) = Dd

1B(z; v). If instead T = fy : (z; y) 2 S�� some zg � T	, t = (v; t�),

�(s; t) = �(z) � t� and �(s; t) = �n(z) � t�, then Pn�
d
n(s; t) = Dd

1Bn(�n(z) � t�; v) and

Pn�
d(s; t) = Dd

1B(�(z)� t�; v), which appear in the formulae for 	n. Therefore, if

sup
��Pn�dn � �d

�� = op
�
n�1=4

�
(53)

then equations (35) and (44) are proved. Equation (53) is proved in lemma 7.

Now let � be a map from Sf�T�Rr+2 into IZ such that sup
���n���Pn��� = op

�
n�1=2

�
,

and suppose that �(�; t) is invertible, and let ��1(�; t) denote the inverse. De�ne a on

Rr+2 � T by

a(s; y;m; x�1; t) = 1�(Sf ;t)(s)f(�
�1(s; t); y;m; x�1; t)D1�

�1(s; t): (54)
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Then de�ne �d
n on Rr+2 � T by

�d
n(m; x; y; t) =

Z
Sf

�dn(s; t;m; x; y)ds (55)

and �d on Rr+2 � T by

�d(m; x; y; t) = Dd
1a(�

0x; y;m; x�1; t)

� 
(m; x; y)0
ZZ

f(s; y�; m�; x��1; t)x
�
�1D

d+1
1 �2(�(s; t); y

�; m�; x��1) ds dP2(y
�; m�; x��1)

+
ZZ

f(s; y�; m�; x��1; t)�(s; t;m; x; y)D
d+1
1 �2(�(s; t); y

�; m�; x��1) ds dP2(y
�; m�; x��1):

(56)

Again the superscript d is part of the name of the functions and not an exponent. Let f be

either f2, f5, f6 or f8, and put T = T�, �(s; t) = s, �n(s; t) = s and �(s; t;m; x; y) = 0 if f

is f2, f5 or f6 and put T = T	, �(s; t) = �(s)� t, �n(s; t) = �(s)� t and �(s; t;m; x; y) =

�(m; x; y; s) if f is f8. Then Pn�d
n equals the leading term in (32) or (42) involving fi,

and �d is the corresponding function �d
i . We show in lemma 10 that f�d(t) : t 2 Tg is a

permissible and Euclidean class for a constant envelope and that

sup
��Pn(�d

n � �d)
�� = op

�
n�1=2

�
; (57)

and (half of) equations (39) and (48) follow.

The path to lemmas 7 and 10 begins by establishing certain properties of f and �.

The following lemmas 3{10 are formulated for general f and � satisfying the conclusions of

lemma 2.

Lemma 2 Let Sa(y;m; x�1; t) be the interior of the support of a(�; y;m; x�1; t). For the

speci�cations of T , f , Sf , d and � given in the text we have:

1. f(s; �; �; �; t) is uniformly bounded almost surely [P2] for all s 2 Sf and t 2 T .

2. The class ff(s; �; �; �; t) : s 2 Sf ; t 2 Tg is Euclidean.
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3. Sf is bounded.

4. There is a real function � on Sf � T �Rr+2 into IZ such that sup
���n � � � Pn�

�� =
op
�
n�1=2

�
and sup

��Pn��� = Op

�
n�1=2

�
.

5. D1a(�; y;m; x�1; t); : : : ; Dd
1a(�; y;m; x�1; t) exist and are bounded on Sa(y;m; x�1; t).

There is a number c0 such that given any � > 0 the boundary of Sa(y;m; x�1; t) can

be covered by the union of c0=�
q�1 balls of radius � centered on the boundary for all

t 2 T and almost surely [P2(y;m; x�1)], and there are constants c1 � 0 and �1 2 (0; 1)

such that for all t 2 T

��Dd
1a(s; y;m; x�1; t)�Dd

1a(s
�; y;m; x�1; t)

�� � c1js� s�j�1 a.s. [P2(y;m; x�1)]

whenever s; s� 2 �(Sa(y;m; x�1; t); t) and js� s�j � 1.

6. The class fDd
1a(�; �; �; �; t) : t 2 Tg is Euclidean, and there are constants c2 � 0 and

�2 > 0 such that

Z
[�1;1]

��Dd
1a(s� �v; y;m; x�1; t)�Dd

1a(s� �v; y;m; x�1; t�)
�� dv � c2jt� t�j�2

for some � > 0 whenever t; t� 2 T .

7. D2�, D
d+1
1 �2 and D2� exist and are bounded, and there are constants c3 � 0 and

�3 > 0 such that

Z ��f(s; y;m; x�1; t)� f(s; y;m; x�1; t
�)
��dv � c3jt� t�j�3

whenever t; t� 2 T .

Lemmas 9 and 10 are proved for the case where a(�; y;m; x�1; t) may be discontinuous, and

part of the point of lemma 2.5 is that all discontinuity points of a(�; y;m; x�1; t) are located

on the boundary of Sa(y;m; x�1; t). This may seem an overkill since neither f2, f5, f6 nor

f8 are discontinuous in their �rst argument. However, f1 and f7 are not continuous in the
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relevant arguments, and we formulate lemmas 9 and 10 for the general case so that they

may be easier modi�ed to cover the leading terms in (32) and (42) involving f1 and f7.

Proof The classes ffi(z; �; �; t) : z 2 IZ ; t 2 T�g, i = 2; 5; 6; 8, are Euclidean by lemma 2.13

of Pakes and Pollard (1989), because these functions are Lipschitz continuous in z and t

under assumption 8. Sf is bounded by assumption 2 or 3 since the requirement B > �

implies that S� and S	 are bounded. Part 4 follows by theorem 1, since either �(s; t) =

s, �n(s; t) = s and �(s; t;m; x; y) = 0 or �(s; t) = �(s) � t, �n(s; t) = �(s) � t and

�(s; t;m; x; y) = �(m; x; y; s). Let ai be the a-function corresponding to fi. The classes

fDd
1ai(t) : t 2 T�g, i = 2; 5; 6, are Euclidean by lemma 2.13 of Pakes and Pollard (1989)

because f2, f5 andD1f6 are integrals from t0 to t of bounded integrands, and fa8(t) : t 2 T	g

is Euclidean by lemmas 2.13 and 2.14(ii) of Pakes and Pollard (1989) because a8 is the

product of an indicator function of a rectangle and a function which has a bounded partial

derivative with respect to t. The Lipschitz properties assumed of f and Dd
1a follow from

assumption 8 and the di�erentiability of �, �2 and � follow from assumptions 8 and 9 and

theorem 1.

Next, consider the case where � and � are known and de�ne

'dn(s; t;m; x; y) = f(s; y;m; x�1; t)
DdKz

�
��1zn (�

0x� �(s; t))�
�1+dzn

; (58)

that is, 'dn di�ers from �dn in that � and � replace �n and �n.

Lemma 3 If q = d or q = d+ 1 then sup
��P'qn � �q�� = O

�
�kzzn

�
.

Proof By change of variables and repeated integration by parts

P'qn(s; t) =

ZZ
f(s; y;m; x�1; t)Kz(u)D

q
1�2(�(s; t) + �znu; y;m; x�1) du dP2(y;m; x�1):

By a Taylor expansion of Dq
1�2(�(s; t)+�znu; y;m; x�1) about u = 0 and using the assump-
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tion that
R
Kz(u) du = 1 and

R
Kz(u)u

j du = 0 for j = 1; : : : ; kz � 1, it follows that

P'qn(s; t) = �q(s; t) + �kzzn

ZZ
f(s; y;m; x�1; t)Kz(u)

D
q+kz
1 �2(�(s; t) + �znu

�; y;m; x�1)

kz !

� ukz du dP2(y;m; x�1);

where u� is between 0 and u. The lemma follows.

Lemma 4 Let � be a real function of bounded variation on R. If Sf � T is a Borel

subset of a Euclidean space and ff(s; �; �; �; t) : s 2 Sf ; t 2 Tg is a permissible, Eu-

clidean class for a constant envelope, then the class of functions of the form (m; x; y) 7!

f(s; y;m; x�1; t)�
�
��1zn (�

0x� �(s; t))� for s 2 Sf and t 2 T is permissible and Euclidean for

a constant envelope.

Proof By lemma 22 of Nolan and Pollard (1987) the class of all functions on R of the

form (m; x; y) 7! �
�
��1zn (�

0x� u)� with u 2 R is Euclidean for a constant envelope, and it is

a permissible class because Sf � T is a Borel subset of a Euclidean space, see appendix C

of Pollard (1984). By the de�nition of a Euclidean class replacing u by �(s; t) and indexing

by (s; t) 2 Sf � T instead of u 2 R does not change any of this.

Lemma 5 If q = d or q = d+1 and if the class f'qn(s; t; �; �; �) : s 2 Sf ; t 2 Tg is a permissi-

ble, Euclidean class for a constant envelope, then sup
��(Pn � P )'qn�� = o

�
n�1=2�

�1=2�q
zn log n

�
almost surely [P ].

Proof By change of variables

supP
�
'qn

�2
=

1

�
1+2q
zn

sup

ZZ
f(s; y;m; x�1; t)

2

�DqKz(u)
2�2(�(s; t) + �znu; y;m; x�1) du dP2(y;m; x�1)

= O
�
��1�2qzn

�
;

and the conclusion of the lemma follows by theorem 2.37 of Pollard (1984).
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Lemma 6 De�ne

~�d+1(s; t) =
Z
f(s; y;m; x�1; t)x�1D

d+1
1 �2(�(s; t); y;m; x�1) dP2(y;m; x�1):

If 0 � � � 1=2, then

sup
��Pn�dn � Pn'dn + �

Pn�
�
�d+1 � �

Pn

�0 ~�d+1�� = op

�
n��

�
;

provided n�1=2�
�3=2�d
zn logn is bounded and n��1��d�3zn ! 0.

Proof By the mean value theorem

�dn(s; t) = 'dn(s; t) +
�
�n(s; t)� �(s; t)� Pn�(s; t)

�
'd+1n (s; t) +

�
Pn�(s; t)

�
'd+1n (s; t)

���n;�1 � ��1 � Pn

�0
~'d+1n (s; t)� �

Pn

�0
~'d+1n (s; t)� �d+1n (s; t);

where 'dn is de�ned in (58), ~'d+1n (s; t;m; x; y) = 'd+1n (s; t;m; x; y)x�1,

�d+1n (s; t;m; x; y) = f(s; y;m; x�1; t)
h�
�n;�1 � ��1

�0
x�1 �

�
�n(s; t)� �(s; t)

�i

� Dd+1Kz

�
��1zn (�

0
n
�
h� ��n(s; t))

��Dd+1Kz

�
��1zn (�

0x� �(s; t))�
�2+dzn

;

�n
� is between � and �n and ��n(s; t) is between �(s; t) and �n(s; t).

Now, f'd+1n (s; t; �; �; �) : s 2 Sf ; t 2 Tg is a permissible and Euclidean class by lemma 4,

so by lemmas 3 and 5 with d+ 1 replacing d

sup
��Pn'd+1n � �d+1

�� = o
�
n�1=2��3=2�dzn logn

�
+O

�
�kzzn

�
= o(1) a.s. [P ]:

Since sup
���d+1�� is �nite,

sup
����n � � � Pn�

����'d+1n

��� = op
�
n�1=2

�
a.s. [P ];
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provided n�1=2�
�3=2�d
zn logn is bounded.

Similarly, sup
��Pn ~'d+1n � ~�d+1

�� = o(1) almost surely [P ] and sup
��~�d+1�� is �nite, so

���n;�1 � ��1 � Pn

�� sup�� ~'d+1n

�� = op
�
n�1=2

�
a.s. [P ];

provided n�1=2�
�3=2�d
zn logn is bounded.

Now consider �d+1n . De�ne

�̂d+1n (s; t;m; x; y) =
��f(s; y;m; x�1; t)���1 + ��x�1���2 c

�3+dzn

;

where c is the constant from assumption 7. Then

���d+1n (s; t;m; x; y)
��� ��f(s; y;m; x�1; t)�� 1

�3+dzn

����n;�1 � ��1����x�1��+ ���n(s; t)� �(s; t)���2

�
����n;�1 � ��1��+ ���n(s; t)� �(s; t)���2���̂d+1n (s; t;m; x; y)

��:
Change of variables to get

supP�̂d+1n =
c

�d+3zn

sup
ZZ h��f(s; y;m; x�1; t)���1 + ��x�1���2�2(u; y;m; x�1)i

� du dP2(y;m; x�1)

= O
�
��d�3zn

�

and

supP
�
�̂d+1n

�2
=

c2

�6+2dzn

sup

ZZZ h
f(s; y;m; x�1; t)

2
�
1 +

��x�1���4�2(u; y;m; x�1)i

� du dP2(y;m; x�1)

= O
�
��6�2dzn

�
:

The class f�̂d+1n (s; t; �; �; �) : s 2 Sf ; t 2 Tg is permissible and Euclidean, because jKzj is

of bounded variation when Kz is and f
��f(s; �; �; �; t)�� : s 2 Sf ; t 2 Tg is Euclidean when
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ff(s; �; �; �; t) : s 2 Sf ; t 2 Tg is. Therefore,

sup
��(Pn � P )�̂d+1n

�� = o
�
n�1=2��3�dzn logn

�
a.s. [P ]

by theorem 2.37 of Pollard (1984). Since supst
�j�n;�1���1j+���n(s; t)��(s; t)���2 = Op

�
n�1

�
it follows that

supPn
���d+1n

�� = Op

�
n�1��d�3zn

�
+ op

�
n�3=2��3�dzn logn

�
a.s. [P ]:

The right-hand side is op
�
n��

�
because

n��3=2��3�dzn logn =
�
n�1=2��3=2�dzn logn

��
n��1��d�3zn

�
�d+3=2zn :

Combining these results gives the conclusions of the lemma.

Lemma 7 If 0 � � < 1=2 then sup
��Pn�dn � �d

�� = op
�
n��

�
, provided n��1=2�

�1=2�d
zn log n

and n�1=2�
�3=2�d
zn logn are bounded, n��kzzn ! 0 and n��1��d�3zn ! 0.

Proof By lemma 6

sup
��Pn�dn � �d

�� � sup
��Pn'dn � �d��+ sup

��Pn��� sup���d+1��+ ��Pn
�� sup��~�d+1��+ op
�
n��

�
;

where ~�d+1 is de�ned in lemma 6. By lemma 4 the class f'dn(s; t; �; �; �) : s 2 Sf ; t 2 Tg is

permissible and Euclidean, so by lemmas 3 and 5

sup
��Pn'dn � �d�� = o

�
n�1=2��1=2�dzn logn

�
+ O

�
�kzzn

�
a.s. [P ]:

The conclusion of the lemma now follows by observing that sup
���d+1�� and sup

��~�d+1�� are
�nite and that sup

��Pn��� and ��Pn
�� are Op

�
n�1=2

�
.

We now turn to the leading terms. Again we consider �rst the case where � and � are
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known. De�ne for (m; x; y; t) 2 Rr+2 � T

F d
n (m; x; y; t) =

Z
Sf

'dn(s; t;m; x; y)ds and F d(m; x; y; t) = Dd
1a(�

0x; y;m; x�1; t);

where 'dn is de�ned in (58).

Lemma 8 sup
��P (F d

n � F d)
�� = O

�
�kzzn

�
.

Proof By Fubini's theorem PF d
n (t) =

R
Sf
P'dn(s; t) ds, and by integration by parts, change

of variables and Fubini's theorem, PF d(t) =
R
Sf
�d(s; t) ds. It follows that P

�
F d
n (t) �

F d(t)
�
=
R
Sf

�
P'dn(s; t)� �d(s; t)

�
ds. Now apply lemma 3.

Lemma 9 The classes fF d
n (t) : t 2 Tg and fF d(t) : t 2 Tg are Euclidean for constant

envelopes, and sup
��(Pn�P )(F d

n (t)�F d(t))
�� = o

�
�
1=2
zn n

�1=2
log n

�
almost surely [P ] provided

�
�1=2
zn n

�1=2
logn is nonincreasing.

Proof By change of variables, de�nition of a and repeated integration by parts

F d
n(m; x; y; t) =

Z
Dd

1a(s; y;m; x�1; t)
Kz

�
��1zn (�

0x� s)�
�2zn

ds:

By another change of variables

F d
n(m; x; y; t)� F d(m; x; y; t) =Z �

Dd
1a(�

0x � �zns; y;m; x�1; t)�Dd
1a(�

0x; y;m; x�1; t)
�
Kz(s) ds a.s. [P (m; x; y)]

and
��F d

n (t)�F d(t)
�� � 2�1� almost surely [P ], where �1 is a uniform almost sure [P2] bound

on Dd
1a(�

0x; �; �; �; t) and � = R ��Kz(s)
��ds.

Use the conclusion of lemma 2.5 to cover the boundary of each Sa(y;m; x�1; t) by

c0=�
q�1
zn closed balls of radius �zn centered on the boundary of Sa(y;m; x�1; t), and let

Vn(y;m; x�1; t) be the union of c0=�
q�1
zn closed balls with the same centers but radius

(1 +
p
q)�zn. If s 2 Sa(y;m; x�1; t) � Vn(y;m; x�1; t) and js � uj < p

q�zn then u 2
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Sa(y;m; x�1; t). Moreover, the volume of Vn(y;m; x�1; t) is less than c00�zn where c00 =

c02(1 +
p
q)q�q=2=q�(q=2). De�ne the function wn(m; x; y; t) = 1 if �0x 2 Vn(y;m; x�1; t)\

Sa(y;m; x�1; t) and wn(m; x; y; t) = 0 else. Then

P
��F d

n(t)� F d(t)
�� � P

�
wn(t)

��F d
n (t)� F d(t)

���+ P
�
(1� wn(t))

��F d
n(t)� F d(t)

���:

By assumption there is a number �2 bounding �2, so

P
�
wn(t)

��F d
n (t)� F d(t)

��� � 2�1��2c
0
0�zn :

For n so large that �zn � q�1=2, if �0x 2 Sa(y;m; x�1; t)� Vn(y;m; x�1; t) and s 2 [�1; 1]q

then j�znsj � p
q�zn � 1 and �0x� �zns 2 Sa(y;m; x�1; t). Therefore, by lemma 2.5

P
�
(1� wn(t))

��F d
n (t)� F d(t)

��� � c1q
1=2�zn�:

Combining these results gives supP
��F d

n (t)� F d(t)
�� = O

�
�zn

�
and

supP
�
F d
n (t)� F d(t)

�2 � 2�1� supP
��F d

n (t)� F d(t)
�� = O

�
�zn

�
:

Since F d
n (t)� F d(t) is bounded almost surely [P ] the conclusion of the lemma follows from

theorem 2.37 of Pollard (1984) provided fF d
n(t) � F d(t) : t 2 Tg is a Euclidean class. But

fF d(t) : t 2 Tg is Euclidean by assumption, and fF d
n (t) : t 2 Tg is Euclidean by lemma 2.13

of Pakes and Pollard (1989), because

��F d
n (m; x; y; t)� F d

n(m; x; y; t
�)
�� � c2jt� t�j sup jKzj

by lemma 2.6. By lemma 2.14 of Pakes and Pollard (1989) fF d
n (t) � F d(t) : t 2 Tg is

Euclidean.

Lemma 10 The class f�d(t) : t 2 Tg is permissible and Euclidean for a constant envelope
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and sup
��Pn(�d

n � �d)
�� = op

�
n�1=2

�
, provided n1=2�kzzn ! 0, n�1=2�

�3=2�d
zn logn is bounded,

n�1=2��d�3zn ! 0, and �
�1=2
zn n

�1=2
log n is nonincreasing.

Proof As a class of functions of (m; x; y) indexed by t 2 T the term involving 
 in the

de�nition of �d is Euclidean by lemma 2.14(iv) of Pakes and Pollard (1989) because the

integral is bounded over t 2 T . The term involving � is a Euclidean class indexed by t 2 T

by lemma 2.13 of Pakes and Pollard (1989) and lemma 2.7. Since fDd
1a(�; �; �; �; t) : t 2 Tg

is Euclidean by assumption and �d(t) is uniformly bounded, f�d(t) : t 2 Tg is Euclidean

class for a constant envelope.

Now, by lemmas 6, 8 and 9

sup
��Pn(�d

n � �d)
��

� sup
��Pn(F d

n � F d)
��+ cs sup

��Pn�dn � Pn'dn + �d+1Pn��
�~�d+1�0Pn
��

= op
�
n�1=2

�

where cs is the volume of Sf . The lemma follows.

A.3 Estimating Covariances

In this section we show how the covariance functions can be estimated. Let 
 be the function

from lemma 1 representing � or  and de�ne � by �(m; x; y; s; t) = 
(m; x; y; s)
(m;x; y; t).

The covariance function corresponding to 
 is P�. Suppose we have an estimator 
n of


 such that sup
��Pn(
n � 
)

�� ! 0 in probability. Then Pn�n is a uniformly consistent

estimator of P�, because sup
��Pn(�n � �)

�� ! 0 in probability (since 
 is bounded) and

sup
��Pn� � P�

�� ! 0 almost surely [P ] by theorem II.24 of Pollard (1984). Therefore, to

estimate the covariance functions all we need are uniformly consistent estimates of � and

 , that is, of the functions �i, i = 1; : : : ; 8, de�ned in equations (36), (37), (45) and (46).

Let ai be the a-function corresponding to fi (see page 28). De�ne fin and Dd
1ain by

replacing � and every unknown function (A;B;�; : : :) in the formulae for fi and Dd
1ai

by its estimator (�n; An; Bn;�n; : : :); note that D�(y) = �A(z; y)=B(z; y)D1H(z; y) and
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D��1(y) = 1=D�(��1(y)). An argument similar to those used to prove uniform conver-

gence of the remainder terms R�
n and R	

n shows that fin and D
d
1ain are uniformly consistent

estimators of the corresponding functions fi and D
d
1ai.

The function � is estimated by 0 in the case of � and by �n in the case of  . The

function 
 depends on the particular choice of �n and estimators are given in the references

in the introduction. The densities �1 and �2 can be estimated consistently uniformly on SD

and IZ by kernel estimators, see for example Bierens (1987).10 The distributions P1 and P2

are simply estimated by their empirical distributions P1n and P2n.

De�ne �in by replacing all unknown quantities in the formulae for �i by the above

estimators. The integrals in the de�nitions of �in converge uniformly to their counterparts in

the de�nitions of �i because the integrands converge uniformly and have bounded supports

and the expectations P1n(�)� P1(�) and P2n(�)� P2(�) converge uniformly by theorem II.24

of Pollard (1984). It follows that �in are uniformly consistent estimators of the functions

�i.

10The article by Bierens is about kernel estimation of regression functions.
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