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"The economic statistics that the government issues every week should come with a
warning sticker: User beware. In the midst of the greatest information explosion in
history, the government is pumping out a stream of statistics that are nothing but myths and
misinformation."

Michael J. Mandel, "The Real Truth about the Economy: Are Government Statistics so
much Pulp Fiction? Take a LookBusiness Weelcover story, November 7, 1994, pp.
110-118.

1. Introduction

In the case of perfect certainty, the Divisia index exactly tracks any aggregator function. This follows from
the fact that the Divisia line integral is directly derivable from the first order conditions for optimizing behavior.
This result is especially well known in the case of consumer behavior, in which the Divisia index is derived
directly from the total differential of the demand function, after substitution of the first order conditions for
maximizing utility subject to a budget constraint. However, the exact tracking property of the Divisia index also
applies to the demand for monetary services by firms and the supply of produced monetary services by financial
intermediaries. See Barnett (1987).

Risk aversion is another story. The first order conditions in the case of risk aversion are Euler equations.
Since those are not the first order conditions used in deriving the Divisia index under perfect certainty, the tracking
ability of the unadjusted Divisia index is compromised. The degree to which the tracking ability degrades is a
function of the degree of risk aversion and the amount of risk. In principle this problem could be solved by
estimating the Euler equations by generalized method of moments and producing the estimated exact rational
expectations monetary aggregator function. This inference procedure is in accordance with the one widely

advocated as the solution to the Lucas Critique and more recently also advocated as the solution to what Chrystal
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and MacDonald (1994, p. 76) have called the Barnett Crifighewever estimation of aggregator functions,

while in strict accordance with the principles of microeconomic aggregation theory, produces results that depend
upon the parametric specification of the aggregator function and the choice of econometric estimator for estimating
the parameters of the aggregator.

Index number thoery exists precisely for the purpose of permitting specification-free, nonparametric
tracking ability. The Divisia index is such a parameter free index number and hence depends only upon data.
While the Divisia index number is known to permit exact tracking for any economic aggregator function under
perfect certainty (see Hulten (1973)), that index has never been extended to a statistical index number that will
track exactly under risk aversion. In fact to our knowledge, no nonparametric, statistical index numbers have ever
previously been derived directly from Euler equations in a manner that retains tracking ability under risk. In this
paper, we derive a statistical index number directly from the Euler equétibhe.resulting index number turns
out to be an extension of the original Divisia index derived by Francois Divisia (1925) under perfect certainty, such
that our extended Divisia index remains exact under risk aversion and reduces to the usual Divisia index in the
special case of perfect certainty. The derivation is analogous to that for the usual Divisia index, but our extended
Divisia index is derived from the Euler equations that are the correct first order conditions produced from rational
behavior of economic agents under risk.

If additional assumptions are imposed, we find that the resulting generalized Divisia index has a direct
connection with the capital asset pricing model (CAPM) in finance. In a sense our theory is a simultaneous
generalization of both the CAPM and of economic index number theory, since our theory contains both as nested
special cases. In particular, CAPM deals with a two dimensional tradeoff between expected return and risk, while
the Divisia index deals with the two dimensional tradeoff between investment return and liquidity. Our generalized
theory includes the three dimensional tradeoff among mean return, risk, and liquidity. The two well known special
cases are based upon two-dimensional sections, which are orthogonal to each other, through the relevant three

dimensional space.

1According to the Barnett critique, the appearance of structural shift can be produced from an inconsistency
between the aggregator function tracked by the index number used to produce the data and the aggregator function
that is implied by the structural model within which the index number is used. The use of simple sum monetary
aggregates as variables within models is an extreme example. See Chrystal and MacDonald (1994).

2Many of the results in this paper are based upon those in the recent working paper by Barnett and Liu (1995).



3

A particularly productive area of possible application of this new index number is monetary aggregation,
since money market assets are characterized by substantially different degrees of each of the three characteristics:
mean rate of return, risk, and liquidity, expecially when the collection of money market assets include those subject
to prepayment penalties, such as Series EE bonds and nonnegotiable certificates of deposit, and those subject to
regulated low rates of return, such as currency. When central banks first pruduced monetary aggregates, all of the
components over which they aggregated yielded no interest. Hence there was perfect certainty about the rate of
return on each component. In addition, since that rate of return was exactly zero for each component, the user
costs were know to be the same for each component. Under those circumstances, it is well known in aggregation
theory that the correct method of aggregation is simple summation. But monetary assets no longer yield the same
rates of return and cannot be viewed as perfect substitutes. In addition, the interest yield is not a monetary service,
so that the interest yield's capitalized value, while embedded in the value of the stock of such assets, is not part of
the economic monetary stock. The capitalized value of the monetary service flow, net of that interest yield, is the
economy's economic monetary stock. Furthermore, since interest is not paid in advance, there is some degree of
uncertaintly about that rate of return, which is needed to compute the foregone interest (user cost) of any interest-
yielding monetary asset. These observations indicate that the ability to track a nonlinear aggregator function under
risk is needed to be able to measure the economy's monetary service flow.

In the case of the current monetary aggregates, the component assets yield rates of return having low
variance and low correlation with consumption. As a result, the ordinary Divisia index produced from perfect
certaintly first order conditions may be adequate to track the service flows of those collections of assets. But there
is growing research interest in the possibility of incorporating into monetary aggregates some assets that have
substantial risk, such as common stock and bond funds. See, e.g., Barnett and Zhou (1994) and Feldstein and
Stock (1994). With such potential component assets, the perfect certainty first order conditions are not suitable and
hence the ordinary Divisia monetary aggregates may not track well.

1.2. Money in the Utility Function

A large and growing literature seeks to explain why rate-of-return-dominated money exists (i.e., has
positive value) in equilibrium. This issue is important and merits much research. Nevertheless, it is well known in

general equilibrium theory that if money has positive value in equilibrium, then a derived utility function
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containing money exists such that behavior can be described by maximizing that derived utility subject to a budget
constraint. See, e.g., Quirk and Saposnik (1968), Arrow and Hahn (1971), Feenstra (1986), Phlips and Spinnewyn
(1982), and Samuelson (1948). The same result is available for firms. See, e.g., Fischer (1974). In fact the
resulting derived utility or production function has indeed been derived for many of the explicit mechanisms
producing positive value for money in equilibrium.

The converse of the theorem is especially challenging in its implications. If a model containing an explicit
motive for holding money cannot generate a derived utility function from its original utility function and
constraints, then money cannot have positive value in equilibrium. Only two possible conclusions can then be
reached. Either the model fails to produce a positive equilibrium quantity of money, and money is driven out of
existence in equilibrium as a result of its rate dominance, or the asset being modeled as "money" is in fact not
money and need not exist in equilibrium.

Empirically that well known theorem and its converse imply that behavior under explicit motives for
holding money induces rational (transitive, consistent) behavior within the space of goods and monetary assets, and
indeed many tests of the axioms of revealed preference have accepted those axioms in that space. See, e.g.,
Swofford and Whitney (1987). However, knowledge of the induced preference preordering over that Cartesian
product space is not sufficient to produce a unique inverse mapping back to the original decision. Hence, the
properties of the derived utility function do not uniquely reveal the explicit motive for holding money. The
nonunigueness of the inverse mapping is a constructive reason for interest in models containing an explicit motive
for holdng money. But for some purposes we do not need to know that fotive.

Macroeconomists, monetary economists, and central bankers have many reasons for wanting an
explanation of the fact that positive quantities of money are held in equililbrium, despite the fact that many

monetary assets are rate dominated as investments. However, in aggregation theory we have no need for such an

SManufacturers of roller skates may need to know why people buy roller skates, despite the fact that roller skates are
dominated by subway trains as means of transportation. Hence manufacturers of roller skates may wish to know
about the basic-wants (elementary consumption characteristics) and preferences over those characteristics applicable
to roller skate and subway train service consumption. However, we know that since roller skates have positive

value in equilibrium, a preference preordering exists over the space of subway trains and roller skates, and we know
that the two goods are most certainly not perfect substitutes. That fact alone is sufficient to permit us to deduce that
simple sum aggregation over subway trains and roller skates makes no sense whatsoever, and any empirical research
using such a simple sum aggregate over those two goods is contaminated by that data. We need no information
about the preference preordering over the space of elementary consumption characteristics to deduce that result in
microeconomic aggregation theory.
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explanation. Monetary assets are indeed held in positive quantities, and not all monetary assets yield the same
investment rate of return. Within the derived utility function over the Cartesian product space of goods and
monetary assets, we know that monetary assets having different own rates of return are most certainly not perfect
substitutes. That fact alone is sufficient to permit us to deduce that simple sum aggregation over currency and any
interest yielding monetary asset makes no sense whatsoever, and any empirical research using such a simple sum
aggregate over such assets is contaminated by that data. We need no further information about the explicit motive
for holding money to deduce that result in microeconomic aggregation theory.

In this paper, we display the derivation of the CAPM-extended Divisia monetary index based upon the
derived utility function containing money. However, it should be observed that exactly the same result would be
produced from any explicit motive for holding money, such as a model having transactions technology constraint.
Even the case of perfect substitution between components is a nested special case of the index derived below.

2. Consumer Demand for Monetary Assets

2.1 The Decision

In this section we formulate a representative consumer's stochastic decision problem over consumer goods
and monetary assets. The consumer's decisions are made in discrete time over an infinite planning horizon for the
time intervals, t, t+1, ..., s, ..., where tis the current time period. The variables used in defining the consumer's
decision are as followskg = n dimensional vector of real consumption of goods and services during pgriod s,

n dimensional vector of goods and services prices and of durable goods rental prices duringgagrikd s,
dimensional vector of real balances of monetary assets during pepd & dimensional vector of nominal
holding period yields of monetary assetg,/Aholdings of the benchmark asset during periods; tRe one-

period holding yield on the benchmark asset during periagk shé sum of all other sources of income during

period s, and ip:ps(ps) = the true cost of living index.

Define Y to be the consumer's survival set, assumed to be a compact subset of the n+k+2 dimensional

nonnegative orthant. The consumer's consumption possibility set, S( s) for period s is S{$Xs,{As) U Y:
n k * *

> Piskis = 3 [(1+pi;s-1 Ps_q &,s-1Pg &s] + (1+Rs-DPg.1 As-1-Ps As+ Ig. The benchmark asseA
i=1 i=1
provides no services other than its yiBlg As a result, the benchmark asset does not enter the consumer's

contemporaneous utility function. The asset is held only as a means of accumulating wealth. The consumer's
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subjective rate of time preferendg, is assumed to be const4nthe single period utility function, ay, xy), is

assumed to be increasing and strictly quasiconcave.

The consumer's decision problem is the followAng.

Problem 1: Choose the deterministic point,kt,At) and the stochastic procesg ks Ag), S = t+1, ...p0, tO

maximize

W) +BL T Gp) Stuas x9) @)

s=t+1

subject to g, X, Ag) 1 S('s) for s 3t, and also subject to the transversality condition

1
lim B Gig $StAs=0.

S

The transversality condition rules out perpetual borrowing at the benchmark;rate, R

2.2 Existence of a Monetary Aggregate for the Consumer

In order to ensure the existence of a monetary aggregate for the consumer, we partition the vector of

monetary asset quantitiess;, such thabg= (mg, hg). We correspondingly partition the vector of interest rates of
those assetpg, such thaps=(rsig). We then assume that the utility function, u, is blockwise weakly separable in
mg and inxg for some such partition @k and blockwise strongly separablehig® Hence there exist a monetary
aggregator ("category utility") function, M, a consumer goods aggregator function, X, and utility functions, F and

H, such that

u(mshs, xs) = F(M(mg), X(xg) + Hihg), (2.2)

4Although money may not exist in the elementary utility function, there exists a derived utility function that

contains money, so long as money has positive value in equilibrium. See, e.g., Arrow and Hahn (1971), Phlips and
Spinnewyn (1982), Quirk and Saposnik (1968), Samuelson (1984), and Feenstra (1986). We implicitly are using
that derived utility function.

SWe do not consider aggregation over economic agents in this paper. But some results that may be relevant can be
found in Blackorby and Schworm (1984).

6The strong separability assumption is largely for expository convenience. Weak separability would be sufficient.

It is also possible that some of our results could be aquired from duality theory, using results such as those in
Blackorby and Russell (1994) and Blackorby, Davidson, and Schworm (1991). However, the applicability of
duality theory under risk is not currently highly developed, and we have based all of our results on functional
structure imposed directly on the primal decision.
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and we define the implied utility function (s, cg) by V(msg, c=F(M(mg), cg), where aggregate consumptions of
goods is defined byssX(xg). Then it follows that the exact monetary aggregate is
Ms= M(mg). (2.3)

We define the dimension afisto be ki, and the dimension dfisto be k, so that k=k+k. The fact that
blockwise weak separability is a necessary condition for exact aggregation is well known in the perfect certainty
case’ In fact, if the resulting aggregator function also is linearly homogeneous, the theory of two stage budgeting
can be used to prove that the consumer behaves as if the exact aggregate were an elementary good. Since two
stage budgeting theory is not applicable under risk, we provide in the appendix an aggregation theorem proving
that M(mg) can be treated as a quantity aggregate, in a well defined sense, even under risk.

The Euler equations which will be of the most use to us below are those for monetary assets. Those Euler

equations are:

EGY o pq(Rf —Tis) aaV EI:
PMis Ps+1 Cs+1 H

. 1 * . .
forsttandi=1, ...,k wherepﬁ and Whereg is the exact price aggregate that is dual to the consumer

Es (2.4a)

goods quantity aggregate& Similarly we can acquire the Euler equation for the consumer goods aggeggate ¢
rather than for each of its components. The resulting Euler equatiogigor ¢

O - (1+R 0
Gal_ Ma_VDZO(ZAb)

Es p *
Cs Psi1 0Cs+1 [

3. The Perfect Certainty Case
In the perfect certainty case, nhonparametric index number theory is highly developed and is applicable to

monetary aggregation. In the perfect certainty case, Barnett (1978,1980) proved that the contemporaneous real

user cost of the services ofinis 4t, where
Rt -r;
T = —L (3.1)

The corresponding nominal user cost fsnp. It can be shown that the solution value of the exact monetary

aggregate Mfit) can be tracked without error in continuous time (see, e.g., Barnett (1980)) by the Divisia index:

’Regarding the highly developed theory of aggregation over goods under perfect certainty, see, e.g., Fisher and
Shell (1972) and Blackorby, Primont, and Russell (1978)..

8Assuming that X is linearly homogeneous, the exact price aggregator function is the unit cost function.
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dlogM =% st dlogm, (3.2)
i=1
where the user cost evaluated expenditure shareg argsn; / .klqut mijt. The flawless tracking ability of the
J:

index in the perfect certainty case holds regardless of the form of the unknown aggregator function, M. However,
under risk the ability of equation (3.2) to trackrvj is compromised.
4. The New Generalized Divisia Index
4.1 The User Cost of Money Under Risk Aversion
We now return to the Euler equations for optimal behavior of consumers under risk. Those Euler equations are
displayed in equation (2.4a) for monetary assets and equation (2.4b) for consumer goods. Our objective is to find the
formula for the user cost of monetary services in a form that is applicable to our model of decision under risk. The
following definition for the contemporaneous user cost simply states that the real user cost price of a monetary asset

is the marginal rate of substitution between those assets and consumet goods.

Definition 1: The contemporaneous risk adjusted real user cost price of the services of monetarylagset i is

ov [oV
defined such thaflljy = — [/ —.
it/ Ct

No expectations opertors appear in that definition, since the marginal utilities at t are known with certainty in
period t. Nevertheless, formula (3.1), which applies under perfect certainty, cannot be correct under risk, since the
interest rates in equation (3.1) are not known contemporaneously, so the right hand side of equation (3.1) is

stochastic, while Definition 1 definé;; to be deterministic. In this section we derive the correct deterministic

formula for the user cost defined by DefinitioACL.
For notational convenience, we sometimes convert the nominal rates of retamd,R, to real total rates of

return, 1+ r:t and 1+ R:, such that

. D+ « p(1+R
1+r :Bf(*—'t) and 1+ R, :M, (4.1)
Piia Pt

9The nominal user cost is the real user cost multiplied by the price aggregate for consumer goods. Hence Definition
1 could be restated to be that the ratio of the nominal user cost of a monetary asset to the price aggregate for
consumer goods equals the marginal rate of substitution between that monetary asset and consumer goods.

10Note that equation (4.1) remains correct for forward period s, so long as any expectations used in the definition of
the user cost are defined relative to information available in that same period s, as is the case in the Euler equations
(2.4a) and (2.4b). However, we shall produce our derivation for contemporaneous period t.
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where ﬁt and Rt* defined in that manner are called the real rates of excess return. Under this change of variables

and observing that current period marginal utilities are known with certainty, Euler equations (2.4a) and (2.4b)

become:
ov * * ov O
__pEtaR —r. ’— =0 (42)
omi t it Jocy 4 H

and

i SL rett
E, {1+ R 0 (4.3)
ac; Ct PR tJoc t+1H:

We now can prove our user cost theorem under risk.

Theorem 1: The risk adjusted user cost of the services of monetary asset i undeftjiskig; + Y, where

E:R; — E;r;
L= EtRy By
and
Cov(R, a"v ) Coulr =2 A
—t_-i-_’l_ 0G4y
Wit =p( -5 ) PV (4.5)
aCt oct

Proof. Equation (4.2) can be rewritten for current period t to be

0 *
—t =pE¢ ﬁRt Fit )Tﬂ (4.6)

If the marginal utility and the interest rates in the expectation on the right hand side of (4.6) were uncorrelated,

we could write the expectation of the product as the product of the expectations. But under our assumption of weak

separability in monetary assetsy, the utility function V can be written in the formmi{,c;) = F(M(my),cp), where

the consumer is risk neutral if and only if F is linear iFM(my) and in ¢. Hence under risk neutrality, V must be
linear in g, so that the marginal utility of consumption must be a constant. But without risk neutrality and the
resulting constancy of the marginal utility of consumption, we have no reason to expect the interest rates and

marginal utility on the right hand side of (5.3) to be uncorrelated. The result is that (4.6) becomes
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ov
amit

v ) (4.7)

=p gEtR Etr )+pCov(R ) pCov(rIt aa

where the covariances would become zero, if we were to assume risk neutrality. Similarly, without risk neutrality,

equation (4.3) becomes

v

=pE DF‘)V +pE [RE =t pcov(R -2 (4.8)
—PEt t t ) . .
caa ] o 0Ct+1

Oov O
By eliminatingp E¢ between equations (4.7) and (4.8), we get
§Ct+1 E

v
omy, =(m + llJlt) (4.9)
where
EtR; - Etry
it = ——L—<1it (4.10)
1+ER,
and
Cov(R, a"v ) Coulr =2 A
L . —L'I'_'I_ —Uﬂ_
Wit =plL -1 )—y Py . (4.12)
ace o

Using equation (4.1) to convert the real rates in equation (4.10) back to nominal rates, equation (4.10) becomes

(4.4), while equation (4.11) is immediately identical to equation (4.5). Solving equation (4] forjt + Wit,

Theorem 1 follows from Definition 1. Q.E.D.

Under risk neutrality, the covariances in (4.11) would all be zero, since the utility function would be linear in

consumption. Hence the user cost would redudg;foas defined in equation (4.4). The following corollary is

immediate.

Corollary 1 to Theorem 1: Under risk neutrality, the user cost formula is the same as equation (3.1) in the perfect

certainty case, but with all interest rates replaced by their expectations.
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However, under risk aversion the utility function is strictly concave in consumption, so that marginal utility is
inversely related to consumption. In principle, it is possible for the interest rate on a slightly risky investment to
reduce the risk in the consumer's consumption stream if that interest rate and consumption are negatively correlated.
Because of the inverse relationship between consumption and marginal utility, we conclude that risk is decreased by
an investment if the rate of return is positively correlated with marginal utility. For monetary assets, with little or no
principle risk and low volatility, the riskiness of the asset is likely to contribute relatively little to the riskiness of the
household's consumption stream, and hence the sign of the covariance between the asset's rate of return and of the
consumption stream is not easy to predict a priBrit with a very risky asset, such as common stock, it is far more
likely that holding such a risky investment will increase risk, rather than decrease it. That occurs if the rate of return
on the asset is positively correlated with consumption and thereby negatively correlated with marginal utility. This
phenomenon is central to the consumption based capital asset pricing model (CCAPM).

Consider the interpretation of equation (4.5), which defines the adjustment for risk under risk aversion.

. .oV . . .
Suppose we normalize relatlvegoc— , SO that we need not consider the denominator of equation (4.5). Now
t

consider first the second term on the right hand side of equation (4.5). Suppose that the own rate of return on
monetary asset i is positively correlated with the marginal utility of consumption of goods, so that holding that
monetary asset decreases risk. Since holding the asset decreases the consumer's consumption risk, we should expect
that the risk-adjusted user cost pritg=Ttj; + it that the consumer would have to "pay" to hold that asset would
be decreased as that positive covariance increases, and that is precisely what the second term of equation (4.5)
would do in that case. Conversely, if the covariance between the own rate and the marginal utility of consumption
of goods is negative, so that holding the asset increases the risk of the consumer's consumption stream, the second
term in equation (4.5) introduces a positive term into the risk-adjusted us€leasg + Yt to reflect the
increased cost of holding the asset as that covariance increases the consumer's risk. If the central bank were to
introduce common stock or bond funds into monetary aggregates or other assets having substantial principal risk,
we should expect to find the latter case would apply to those assets.

Now consider the first term on the right hand side of equation (4.5). The benchmark rate is the interest rate

foregone by not holding the benchmark asset. If the benchmark rate decreases consumption risk through a positive
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covariance between the benchmark rate and the marginal utility of consumption of goods, then the opportunity cost
of foregoing the benchmark asset by holding monetary asset i instead, is increased. Hence we should expect that
such a positive covariance should increase the risk adjusted usBiicastindeed is the effect of the first term of
equation (4.5). Conversely if that covariance is negative, so that holding the benchmark asset increases the
consumer's risk, then foregoing the benchmark asset in favor of monetary asset i decreases risk and hence results in
a subtraction from the risk adjusted user cgt,of holding asset1!

4.2 The Generalized Divisia Index Under Risk Aversion

The ordinary Divisia index was derived by Francois Divisia from the first order conditons for rational consumer
behavior under perfect certainty. In the case of risk aversion, the first order conditions are Euler equations, and we
have found that those Euler equations for monetary assets demanded by consumers can be put into the form (4.2),

which we now use to derive a generalized Divisia index, as fofléws.

Theorem 2: In the share equationg s 15 m;t /Z_kllnjt mijt, replace the unadjusted user cogtsiefined by (3.1) by
]:

the risk adjusted user co$ig, defined by Definition 1, to produce the adjusted shagesgimit /z.klll'l jt Mit-
]:

Under our weak separability assumptioniy,¢;) = F(M(my),c;), and our assumption that the monetary aggregator

function M is linearly homogeneous, the following generalized Divisia index is true under risk:
dlogM¢ =3 S;j;d logm;; (4.12)

Proof: Under our weak separability assumptionmy/¢) = F(M(my),¢), we have that

11Note that the magnitude of the adjustment from the first term of (4.5) depends upon the size of the unadjusted user
costty; of monetary asset i . The unadjusted user cost defined by (4.4) would equal 1.0 in the limit as the

benchmark rate increases towards infinity, while the own rates on the component assets are held down at low levels
by regulation. In that case the first term of equation (4.5) would produce no risk adjustment, although the second
term still would. This special case is far from likely and should not be expected to be encountered with actual data.
In another special case, the unadjusted user cost would equal zero, if the expected rate of return on monetary asset i
equals that on the benchmark asset. In that case, the unadjusted ugenast drop out of the adjustment term

Wit defined by equation (4.5).

120ur generalized Divisia index should not be confused with Stahl's (1983) generalized Divisia index. Stahl's index
under perfect certainty provides a parametric extension to the case of affine homothetic aggregator function, in
contrast with the Caves, Christensen, and Diewert (1982a,b) nonparametric approximation to the Malmquist index
aggregator, when the utility function is completely nonhomothetic. In our proofs under risk, we limit ourselves to

the case of homothetic category utility function as aggregator, but the extension to nonhomotheticity could be
produced by either Stahl's method or by Caves, Christensen, and Diewert's method.
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vV 9F oM,

= 4.13
Substituting (4.10) into (4.13), we acquire
v
oM Jc
O e+ W )~
omy, (Tt + Wit ) F (4.14)
oM
Since the total differential of MM(my) is,
oM
dM¢ =Y ——dm; 4.15
t Ziamit it (4.15)
we can substitute (4.14) into (4.15) to get
Y
acy
dM¢ = 2 X (Tt + Wig)dmi . (4.16)
M
Using the linear homogeneity of M, we have from Euler's theorem for homogeneous functions that
oM
Mt=Y—""mj; . 4.17
t iZamit it (4.17)

Substituting (4.14) into (4.17), we acquire
oV

ac
MFW:LZ(TfitﬂIJit)mit- (4.18)
M,
Dividing (4.16) by (4.18), we get equation (4.12). Q.E.D.

Hence we see that the exact tracking of the Divisia monetary index is not compromised by risk aversion, so

long as the adjusted user costg + it are used in computing the index. As we have observed, the adjusted user

costs reduce to the usual user costs in the case of perfect certainty and our generalized Divisia index (4.12) reduces
to the usual Divsia index (3.2). Similarly the risk neutral case is acquired as the special cggeyigo that

equation (4.10) serves as the user cost . In short, our generalized Divisia index (4.12) is a true generalization in the
sense that the risk neutral and perfect certainty cases are strictly nested special cases. Formally that conclusion is

the following:
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Corollary 1 to Theorem 2: Under risk neutrality, the generalized Divisia index (4.12) reduces to (3.2), where the

user costs in the formula are defined by (4.10). Under perfect certainty, the user costs reduce to (3.1).

The need for the generalization can be explained as follows. The consumer has a three dimensional decision, in
terms of asset characteristics. The monetary assets having nonzero own rates of return produce investment returns,
contribute to risk, and provide liquidity services. Our objective is to track the nested utility functing, Wich
measures solely liquidity and is the true economic monetary aggregate. To do so, we must remove the other two
motives: investment yield and risk aversion. While those two motives are relevant to savings and intertemporal
substitution, we seek to track the liquidity flow alone. The ordinary Divisia monetary aggregate removes the
investment motive and would track the liquidity services, if there were no risk. The generalized Divisia index
removes both the investment motive and and the aversion-to-risk motive to extract the liquidity service flow, when
the data is produced by consumer's who in fact are making decisions that involve a three way tradeoff among mean
investment return, risk aversion, and liquidity service consumption.

5. The CCAPM Special Case

As a means of illustrating the nature of the risk adjustnpgntve consider a special case, based upon the usual
assumptions in CAPM theory of either quadratic utility or Gaussian stochastic processes. Direct empirical use of
theorems 1 and 2, without any CAPM simplifications, would require availability of prior econometric estimates of
the parameters of the utility function V and of the subjective rate of time discount. Under the usual CAPM
assumptions, we show in this section that empirical use of theorems 1 and 2 would require prior estimation of only
one property of the utility function: the degree of risk aversion, on which a large body of published information is

available.

13The intent of the Divisia index is to track the category utility functiommii(which reflects the liquidity services
received from holding the components of the aggregate. It is not M, but rather the outer function, F, in the
consumer's utility function that reflects the consumer's degree of risk aversion, and it is the integration in the
resulting expected utility function that brings in the probability distributions defining the amount of risk in the
economic environment of the consumer. But the market opportunity cost evaluated at the margin by the unadjusted
user costy; of asset i reflects both the liquidity premium embedded in the expected rate of return and also the risk
premium demanded by risk averse consumers, when an asset's own rate of return is correlated with the consumer's
consumption stream. Hence the unadjusted user costs cannot be used to eliminate the marginal utilities in the total
differential (4.15). The adjustmewt; to the opportunity cost iftjy + Yj; can be viewed as extracting the risk

premium at the margin and leaving only the liquidity premium, as is needed to track the marginal utilities in the

total differential (4.15) that produces the Divisia index's tracking capability.
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Consider first the following case of utility that is quadratic in consumption of goods, conditionally on the level

of monetary asset service consumption:

Assumption 1: Let V have the form

V(mt, ct) = F(M(mt), ¢t) = A(M(mt))ct —% B(M(mt))ctz, (5.1)

where A is a positive, increasing, concave function and B is a nonnegative, decreasing, convexfunction.

The alternative assumption is Guassianity, as follows:

Assumption 2: Let (r?t, G+1) be a bivariate Gaussian process for each asseti=1,1.. .,k

We also make the following conventional CAPM assumpton:

Assumption 3: The benchmark rate process is deterministic or already risk-adjusted, sétlsam Rsk free rate

for all s3t.

: L x 0V
Under this assumption, it follows that CO\{(,FBC—) equals zero.
t+1

We define Hy1=H(M+1,¢t+1) to be the well known Arrow-Pratt measure of absolute risk aversion,

_E VH

H(Mi41,C :JJ_L 5.2
( t+1 t+l) Et[V'] (5.2)
whereV' =0V (M4+1,Ct+1)/ 0Ct+1 andV" = aZV(mt+1, Ct+1)/act2+1- In this definition, risk aversion is measured

relative to consumption risk, conditionally upon the level of monetary services producedyviymy). Under

14n CAPM applications, it also is necessary to assume that all observations are to the left of the quadratic

maximum.

191t amounts to the assumption that the risk premium already has been extracted from the benchmark rate. In
practice, this assumption is harmless, since the risk premia adjustments below are applied to all component assets
before the benchmark rate is computed---usually as an upper envelope of the component rates. If other asset paths
are also included among those used to produce the upper envelope, then this assumption requires that the same risk
premia adjustments also be applied to those paths before the upper envelope is generated. Since the risk premia
already have been extracted at the time that the envelope is produced, the benchmark rate automatically is risk
adjusted.
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risk aversion, k1 is positive and increases as the degree of absolute risk aversion increases. The following lemma

is central to our Theorem 3.

Lemma 1: Under Assumption 3 and either Assumption 1 or Assumption 2, the user cost risk adjugtment,
defined by equation (4.5) reduces to

1 *
. =———H Cov(r. ,C 53
"IJ|’[ 1+ Rt t+l ( it t+1) ( )

Proof: Assuming that % is a risk free rate for all s3t, equation (4.3) simplifies to
oV * Oov O
— =p(1+R, )E , (5.4)
ac, P T By,

and the risk adjustment term (4.5) simplifies to
A

Cov(rlt,a—)

oo g OCt41

Wit == Py - (5.5)
ac

Substituting (5.4) into (5.5), we acquire

Cov(f,,-21)
aCT+1 (5 6
1+R Oov O

t
Et gCHlE

Consider first the case in which we accept Assumption 1. Substituting the quadratic specification (5.1) into

Pit = -

(5.6), we get

1 D_EV”
Wit

= o— &0V r’.k ,C , 5.7
1+Rt EEVI % (|t t+l) ( )
which under our definition of H1 is identical to (5.3).
Now consider the alternative possibility of accepting Assumption 2 instead of Assumption 1. Applying Stein's

lemma for bivariate normal distributions to equation (5.6), we again acquire (5.7) and there®y (5.3).

Q.E.D.

16For Stein's lemma, see Stein (1973). Alternatively see Ingersoll (1987, p. 13, eq. 62)) or Rubinstein (1976).
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Observe that equation (5.3) provides a CCAPM (consumption CAPM) type result, since the risk adjustment

term i is very much like the risk premium on a risky asset in CCAPM. In CCAPM, as in our model,

compensation for risk is proportional to the covariance of the asset's return with consumption through the factor
Cov(rit ,ct+1) in (5.3) and also to the degree of risk aversigm fih (5.3)17
In effect, what the adjustment does for very risky rates is to remove the the risk premiungrfremtEat the

adjusted user cost becomes positive. To see this more clearly, defther4ct, where 4 is a modified (time

shifted) Arrow-Pratt relative risk aversion measure. Our theorem now follows immediately.

Theorem 3: Under the assumptions of Lemma 1, we have

ER - E r - o
thy @t it (Plt)
nit: .

> (5.8)
1+EtR,
where
D * C D
= -
=2t Covi=c [ (5.9)
Proof: Substitute (5.3) and (4.4) ini=Ttj; + Wi and substitute & H¢ +1Ct . Q.E.D.

17f own interest rates are positively correlated with consumption, (5.3) is positive, sipcedtild be positive

under risk aversion. Alternatively, if the asset's return is not sufficiently risky to dominate the direction of the net
shocks to consumption from risk, the opposite could happen. The asset's rate of return could correlate negatively
with the consumption stream in a manner tending to decrease the household's consumption risk, and hence (5.3)
would be negative. In the CCAPM theory of finance, beta of a very risky asset is usually positive, where beta is

defined to beB;. = Cov(rlt,ct+1)/Var(ct+1). The subscript ¢ inBj. designates "consumption based" beta, and

the lack of a time subscript in the notatiBg, results from the assumption of stationarity of the interest rate and

consumption bivariate process. Clearly the usual finance view of poBigivean hold if and only if
Cov(rit ,Ct+1) is positive.

This conclusion about the sign of the adjustment tgr, in the adjusted user cosf; + Wit of very
risky assets is especially revealing, when the benchmark rate is defined to be riskless, as we have just done.
Consider the definition of the unadjusted user cost in equation (4.4). Since we now are assuming that the
benchmark rate is defined to be the maximum available rate of return on a risk free asset, we can conclude that the
benchmark asset has no embedded liquidity premium and cannot be less than the own rate of return on any risk free
monetary asset i. Hence (4.4) is nonnegative if monetary asset i is risk free. But suppose that consumers are risk
averse and that monetary asset i is not risk free. Thgmwitl contain a risk premium, despite the fact thatdBes
not (or its risk premium has been removed). Hence the unadjusted user cost (4.4) could be negative. But as we
have just observedy;; in this case will be positive, and we would expect that in fact it will be sufficiently positive
to offset the possible negativity of the unadjusted user cost to produce positive value of the adjusted user cost
Tt + Wit
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As is evident from this theorem, the risk premium adjustment,isvhere ¢;1/c; is a measure of the

consumption growth rate. Hence the risk adjustment depends upon relative risk aversion and the covariance

between the consumption growth paghfc; and the real rates of excess retu?‘tn MWe see that the adjusted user

costMj; =Tt + Yjt can be written in the same form as the unadjusted user cost (4.4), if the benchmark rate is

defined to be risk free and if the risk premium adjustnpgris subtracted out of the expected value of the real rates

of excess return?tr. As we have observed, that adjustment should be expected to decrease the expected own rate of

return, if the asset is very risky and thereby contibutes positively to consumption risk.
6. The Magnitude of the Adjustment

In accordance with the large and growing literature on the equity premium puzzle, we should expgds that
small for most i. In fact our initial computations of that risk premium adjustment term for the components of the
existing monetary aggregates produces very small correction terms, such that the usual Divisia monetary aggregate
and the extended Divisia monetary aggregate are nearly identical to within the roundoff error of the data. There
recently has been growing interest in the inclusion of common stock and bond mutual fund in monetary aggregates,
but no such change has yet been made officially by the Federal Reserve. In addtion, our confidence in the availble
data on those additional potential components is limited at the present time. Since the rates of return on those assets
are subject to much more risk than the rates of return on the existing components of the monetary aggregates, the
gain in moving from the usual Divisia index to the extended Divisia index could be greater, if those assets are
incorporated into monetary aggregates. Nevertheless, our initial computations with data including those risky assets
produce small, although no longer trivial, differences between the extended and unextended Divisia monetary
aggregates. The equity premium puzzle issues with CCAPM do not go away with incorporation of assets with
substantial rate of return risk.

One possible explanation of the surprisingly small risk adjustment terms, even with risky assets, may be
aggregation over economic agents. In some sense, the risk adjustments may tend to cancel each other out across
economic agents, and our initial computations, mentioned above, are produced from data aggregated over economic
agents. To explore this possibility further, we now turn to the use of simulated data generated from a single

modeled economic agent. Generation of that data requires numerical solution of that consumer's Euler equations.
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Having generated the simulated data, we compare the exact aggregator function implied by the weakly separable
structure of the utility function with the unextended Divisia monetary aggregate to isolate the effect of the needed
risk adjustment, since the correctly computed adjusted Divisia aggregate should track the exact aggregator function
accurately.

The loss in tracking ability of the unextended Divisia index under risk has been investigated previously by
Barnett, Kirova, and Pasupathy (1995), but with an aggregator function that was estimated using actual data
aggregated over computers. Hence there was no control in that study for the possible decrease in the risk
adjustment that may have been produced by aggregation over consumers or for possible specification error in the
estimated parametric model. In particular, there is no way to know the degree to which the tracking error of the
unadjusted Divisia index was produced by the missing risk adjustment or alternatively by the specification error in
the estimated utility function of the representative consumer. By the use of simulated data below, we know the
exact aggregator function for the simulated single consumer and hence we control for the possible downward bias
that may have been produced by earlier studies using macroeconomic data and we eliminate any possible
specification error effect, since our simulated data is exactly consistent with rational behavior of our modeled
consumer.

7. Generation of the Simulated Data

7.1 Introduction

To show how well the unadjusted Divisia monetary aggregate tracks the “true' theoretical aggregate for one
consumer, we numerically solve for the individual monetary assets from the Euler equations associated with a dynamic
optimization problem. We use the calculated rational expectation equilibrium to determine both the Divisia and the
theoretical monetary aggregate, and we compare how well the unadjusted Divisia index tracks the movement of the
theoretical aggregate. The magnitude of the effect of the missing risk adjustment in the unadjusted Divisia index is measu
by the gap between our two simulated aggregates.

Although there are a number of numerical methods that solve for the rational expectation equilibrium of such

problems, for this paper we have selected the approach advocated by Den Haan and Maréét T1#9Den Haan and

18See Taylor and Uhligh (1990) for a list and comparison of the known methodologies to solving dynamic
optimization problems.
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Marcet approach has been shown to provide good results for a number of complex optimization pPdalethermore,
the complexity of the dynamic programming problem found in this paper is an important factor in choosing the Den Haan
and Marcet algorithm, since this solution method does not require discretizing the state space---a formidable task for any
computer, when the number of state variables is as plentiful as in our model.

7.2 The Parameterized Model of Preferences
In this section we formulate a discrete time period optimization problem for a consumer, under the assumption that monet:
assets are weakly separable from consumer goods, so that an exact aggregate exists over consumer goods and another ¢
aggregate exists over monetary assets. Since our model of tastes will be parameterized, the model can be viewed as a st
case of the model that was used above to derive the extended Divisia index, which therefore can be assumed to track the
exact aggregate over monetary assets accurately. In our model, there are three component monetary assets within the ex
monetary aggregate. We make that choice so that we can use the empirical results found by Barnett and Yue (1991) to s
the unknown parameters of the model. In addition we have tried to use the same notation that Barnett and Yue (1991) us
in an attempt to keep some consistency in that literature.

We assume that the consumer's intertemporal utility, (2.1), has the form

F(M(m) e )+Ee ézilps‘tp(m(ms), cs)g (7.1)

where F is the constant relative risk aversion utility function
F(Ms,cs)= c—i [cEM%;B]J
with o O(=,0)0(0,1), p D(O,]), andp D(O,l), and where gandMs=M (ms) are respectively the consumption good
and monetary asset quantity aggregates respect®€elne three dimensional vectarg contains the three component
assets. Aw - 0, the consumer's utility function becomedvig(cs) = Iog(cg MLIB).
We assume that the exact monetary aggregator functi«ﬁmu,s)/,l is the CES function

la

03 3
M (ms) = Ezléi m?‘sg with izlai =1anda 0(0,1]. The simple sum and Cobb-Douglas aggregates are nested special

cases, since the monetary aggregator function becomes Cobb-DouglasGf and simple sum ifi =1.

7.3 The Euler Equations

19See Den Haan and Marcet (1989), Marshall (1992), and Bansal et.al. (1992).
20In much of this literature, a finite period planning horizon is assumed, as in Jensen (1995). But the resulting exact
aggregate is the same in the finite and infinite planning cases. See Barnett (1995) regarding the equivalency.
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Following Barnett and Yue (1991) and Poterba and Rotemberg (1987), the Euler equations from the consumer's

decision in Problem 1 with the above specification for the objective function are

Ea ot
-1) _ -1
coB-1y 9~ ESEtp;z(u RS)D cL;ofy 96 )0
@] S E

*

@1 ]
-8y oD 1o %gf— SC;;gBM;(g DE

* O
- a1 %1Bpp(Rf) 1 1
CSGBMS(B )+am%sG:ES ,1-p8 ] p. 1Zs O S+fBMg§§ )E]
S+
O

* S+l 0

_OBMG(B -1)+a 1— “E, Bp pS(R r?,s) 1—GBM 0([3 1)D
% Ps+1 E il

In the dynamic programming Problem 1, the consumer faces the exogenous stochastic state vector
0 o | 0 . : '
Qs =[Rs1,12 s-1:13 51 o ,;{S_lm , along with the endogenously evolving state ventgr;. Together they define
O ' ' s-1 O
the state vectorch' = (ms_l',(psl) while the consumer’s control vector for the optimization problezg' is (ns' , cs)
We assume that the stochastic proc{e{p§} behaves as two independent Markovian processes such that
P1s =ap + A1 g1t Uss

and

In(@2s)=az + /\2|n(¢2,s—1)+ U2s

_ ' _ [, |;/ 0, . .
whereqg = (Rs_l, 2 o1 rS,s—l) and@zs = p; X |S_1E .1 The disturbances s andu,¢ are both distributed

i.i.d.N(O,Qi) for, 1 =1,2, with A; andQ; being 3x 3 matrices, while\ , andQ,are 2 X 2 matrices. The
processes' intercept ternag anda, are 3x 1 and 2x 1 vectors, respectively.

Each Markovian process is a first-order vector autoregressive process. The natural logarithmic transformation of

(o ensures that the process is stationary. Sijgeis comprised only of interest rates, there is no reason to transform this

process. Regarding the method of computing the benchmark asset's rate of return, the sources of exogenous data, and tt

algorithms used in solving the system, see Jensen (1995).

21A more complex stochastic processes for the exogenous state process could be used if the economist so desires.
We here define the log of a vector to be the vcctor of the logarithms.
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If we define the economy's parameter vectok a-sﬁ),c,a,8,61,62,63,a1',a2' ,vec(Ql) ,vec(Q 2) % then for

each value ol , the above optimization problem defines a nonlinear mapping from the exogenous state{ng}cmss

{zs} . The theoretical monetary aggregdte,s }\Mand the Divisa monetary aggregate

30 m Jis
Qs=Qsu 10 —5-0O
i=10Mjs-10

can then be calculated fro{nps} and{zs} , Where
* 1
Sis = 5 (Ss "'3,3—1)

o _TgMis
Sis = 3 )

2 TjsMig
=1
and the user costsjg are as in equation (3.1).

7.4 Solving the Euler Equations

To explore the implications of risk aversion and of substitutability between component assets for the tracking ability
of the unadjusted Divisia index, we use the solution{fzg} provided in Jensen (1995) for various settings of the degree of
risk aversion and of substitutability. Based upon the simulation results in his paper, we generate the plots of the unadjuste
Divisia index and of the exact parametric aggregate. Since the procedures used by Jensen (1995) are provided in detail ir
paper, we outline the approach only briefly.

A rapidly growing literature exists on numerical methods for solving dynamic optimization pra@hghose
currently algorithms currently available the Parameterized Expectation Approach (PEA) of Den Haan and Marcet (1990) h:
performed well in head-to-head tests with other algorithms. In addition, the PEA approach has been applied to a number
different economic areas, including growth models (Den Haan and Marcet (1990)), asset markets with heterogenous ager
(Ketterer and Marcet (1989), Marcet and Singleton (1990)), and monetary economies (Den Haan (1990a, 1990b), Marsha
(1992), Bansal et al (1994, 1995)).

The PEA method approximates the expectation operators found in the Euler equations by parameterizing them wif

a basis function that spans the set of expectation operators in Hilbert space. The basis function is a globally flexible

functional form having arguments that are the state varia@$ In this paper we have chosen the first-order polynomial

225ee Taylor and Uhlig (1990) for an excellet source on the available methods and a comparison of their
performance record.

235ee Barnett and Jonas (1982), Barnett and Yue (1988), and Gallant (1982) for the properties and examples of
globally flexible functions.
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function, as in Jensen (1995). One then iterates over the parameters of these flexible functional forms until a convergenc
criterion is met.

Intuitively, each iteration of the PEA method can be viewed as nonlinear least-square learning behavior by the
consumer4 Once learning is no longer occurring, the agent selects that stochastic s{nly}idhatzsatisfies the Euler
equations, given the learned prediction of the expectation operators. Hence, it can be argued that the numerical solution
found with the PEA approach is an equilibrium for an agent restricted to the learning associated with a specific globally
flexible functional form.

In applying the PEA approach, Jensen (1991) used the convergence criterion recommended by Bansal et. al. (19¢
except for cases in which the degree of risk aversion was set at high levels. In those cases, Jensen (1995) used the
convergence criterion advocated by Marshall (1992) to determine the stopping point for the PEA af§ohktarahall
argues that the PEA algorithm converges to an approximate equilibrium, if the coefficient wgcforsi=1,2,3,4, are the
optimal prediction vectors.

To determine whether the numerical solution is close to the “true' solution, Jensen (1995) employed the Den Haan

and Marcet test statistic (DHM-stat) [see Den Haan and Marcet (1994) and Taylor and Uhlig (1990)]. The DHM-stat

provides a test of the theoretical martingale propevE\ySEJ hsij]z 0, whereVg is the 4 by 1 residual vector from the Euler
equations andhgjj = oé_j . If Hansen's (1982) regularity conditions hold and the approximation is an exact solution satisfying
the above martingale property, then the DHM-stat THAwill be distributed as(2 with 20 degrees of freedom, where
B=(1/T)3 [vsO hgj] and A= @wms [vs Ohg; Jvs O hsij] .
s=t s=t

To ensure that our solution reflects the empirical world, Jensen (1995) set the paraketers,
in the Euler equations equal to the generalized method of moment estimates of those parameters found by Barnett and YL
(1991). The other parameters associated with the two Markovian processes were set equal to the estimated parameters fi
the two VAR(1), using monthly data from January 1960 to December 1990.

The size of the simulation is equal to 100, i.e. T=100. Jensen chose a small simulation size, because of the

explosive nature of the PEA approach for large simulations when the solutions to the Euler equations are not stationary

245ee Marcet and Sargent (1989a, 1989b) for examples of a linear least-square learning model that have a locally
stable equilibrium.

25Ve initially used the convergence criterion found in Eq. (14) but the PEA algorithm failed to converge within
40,000 iterations.
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processe3® We know from Corollary 1 to Theorem 1 that the unadjusted Divisia index will track well under risk neutrality.
Hence our interest is in other cases. Based upon Jensen's (1995) solutions of the Euler equations conditionally upon Barr
and Yue's (1991) parameter estimates, we plot both the unadjusted Divisia monetary aggregate and the exact nested
aggregator function in Figures 1-14.

Clearly the tracking ability of the unadjusted Divisia index is not independent of the degree of risk aversion, and at
any setting of the degree of risk aversion, the tracking ability depends upon the substitutability among the components of t
aggregator function. Hence the risk-adjusted Divisia index and the associated risk-adjusted user costs are likely to be use
in some non-risk-neutral cases, although in many cases with moderate risk aversion, the gain may be slight. It also appez
that aggregation over economic agents is a relevant factor, since we find greater loss in tracking ability with simulated data
from one consumer than with the economy's aggregate per capitd dataddition, it is interesting to observe from the
data that under risk aversion, the unadjusted Divisia index is more volatile than the exact aggregate. Since the risk adjuste
Divisia index, (4.12), can be expected to track the exact aggregate very accurately (in fact perfectly in continuous time), we
find that the risk adjustment to the user costs tends to smooth the volatility of the Divisia monetary aggregate.

For details about the parameter estimation and data, see Barnett and Yue (1991), and for details of the solution fo
the endogenous variables conditionally upon the exogenous processes, see Jensen (1995). At this point, we are not
comfortable about reaching stronger conclusions in this regard, since competing approaches to solving rational expectatio
models may be preferable in some of the cases considered above, and hence we cannot be certain of the degree to whict
conclusions have been affected by inaccuracies in the solution method used. It would be useful to repeat these experimel
with the alternative solution methods proposed by Coleman (1990, 1991), Baxter (1991), or Baxter, Crucini, and
Rouwenhorst (1990).

8. Velocity Function Behavior under Risk

8.1 Introduction

26Marcet and Marshall (1992) provide a set of conditions and an alternative PEA approach that overcomes the
problems associated with unstable solutions. They advocate taking a larger number of samples of random
disturbances to generate the exogeneous state variables and use the sample average of the polynomial's coefficient
estimatesy;'s, as the coefficients for approximating the expectation operators.

27Regarding the results with aggregate per capita data, see Barnett and Liu (1996) and Barnett, Kirova, and
Pasupathy (1995).
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Having established the relationship between interest rate risk and asset user costs along with the extended
aggregation theory for aggregation over assets, when the relevant user costs are the risk adjusted user costs, we
now turn to the exploration of the implications of these theoretical results for the behavior of the velocity function
under interest rate risk.

Explanation for the behaviour of money velocity go back to as early as the seventeenth century (see
Humphrey (1993) for a review). But instability of the money velocity function since the late 1970's in the U.S. has
called for a reexamination of the traditional views. See, e.g., Stone and Thornton (1987). One line of research
focuses on the correct measurement of money snd challenges the traditional practice of ignoring the aggregation
problem in monetary economics research and policy dé8igar example, Barnettr al (1984) found that the
coefficients in a conventional demand-for-money equation using Divisia monetary aggregation are more stable
than those in the same equation with simple sum monetary aggregation on quarterly data from 1959:1 to 1982:4.
Another line of research focuses on the effects of institutional change on money velocity. See, e.g., Bordor and
Jonung (1981, 1987, and 1989). Another hypothesis, proposed by Friedman (1983), attributes the several
substantial declines of M1 velocity since 1981 to the increased money growth variability following the change of
Federal Reserve operating procedures in October 1979. However, empirical tests of his variability hypothesis have
not provided uniform evidenc®.More recently, some research has investigated whether the observed variability
of money velocirty can be explained in monetary general equilibrium models since Lucas (1978), Svensson (1985),
and Lucas and Stockey (1987). With the cash-in-advance specification, simulation results for money velocity in
general equilibrium models have been generally disappoionted. See, e.g., Hetrdli¢k991) and Giovannini
and Labadie (19980

In the rest of this paper we explore the determinants of money velocity and the causes of the instability of a
traditional money velocity fucntion in a monetary general equilibrium model. One difference between our model

and the previous ones in the monetary economics literature is that monetary assets in our model pay interest.

28For the measurement of money, see Barnett (1980, 1987), Betrabtt 991), Belongia (1995), and Serletis

(1995).

29 See Belongia (1985), Fisher and Serletis (1989), Hall and Noble (1987), Mehera (1989), and Thornton (1995) for
empirical evidence of the variability hypothesis.

30Hordrick et al (1991) and Giovannini and Labadie (1991) find an almost-constant money velocity in their
simulation results. A constant velocity level is apparently counterfactual. It is, however, frequently assumed in a
traditional quantity theory of money. Recently, a constant growth rate of velocity has been assumed in testing the
quantity theory by Bullard (1994).
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Another feature of our model is that the principle of monetary aggregation theory are imposed. When nominal
interest rates are certain, it is found that the unadjusted user cost (3.1) is the relevant determinant of money
velocity. Under risk aversion the adjusted user cost defined in Section 4.1 is the determinant of money velcoity.
We find that the uncertainty of nomal interest rates and the degree of risk aversion play an important role in
determining the stability of the money velocity fucntion. If the covariances change between interest rate and
consumption growth rate or between interest rate and the real money growth rate, the model predicts that the usual
money velocity function, defined without a CAPM risk adjustment internal to the function, will shift. Hence the
coefficients of the usual money velocity fucntion may change, if time-varying risk is present, as for example could
be generated by an ARCH type proc&sk fact, anything that causes covariances to change between interest rates
and the consumption growth rate or between interest rates and the real money growth rate will contribute to a shift
of the usual money velocity function. These causes could include financial innovations or money growth
variability, 32 as previously investigated in the literature. In this sense, our study provides a general and coherent
theoretical explanation for the instability of money velocity and nests many earlier explanations as special cases.
In addition, our approach derives the money velocity function that internalizes the risk correction and hence
remains stable, even if the interest rate processes exhibit stochastic volatility (i.e., variations in variance over time).

We simulate the process of the slope coefficient of a simple traditional money velocity function based on U.S.
guarterly data from 1960.1 to 1992.4 and find that the theoretical model's explanatory power is moderately high,
especially during the 1973-1976 and 1979-1982 periods. The Swamy and Tinsley (1980) random coefficient model
for money velocity is estimated to compare the behavior of the estimated stochastic coefficients with the simulated
coefficients from the theoretical model. There are some important similarities between the estimated stochastic
coefficient process and the simulated stochastic coefficient process.

The remainder of Section 8 is organized as follows. Section 8.2 develops a monetary general equilibrium model
in which monetary assets provide monetary services as well as interest income. Section 8.3 derives the theoretical
results for money velocity under the assumption that nominal interest rates are known. It is shown that Latane's

equation (Latane (1954)) is a special case of the model developed in this section. Section 8.4 generalizes the result

31Time-varying coefficient models of money velocity are increasingly used in the literature. See, e.g., Dueker
(1993,1995).
32 For the effect of financial innovation on the economy, see recent work by Thornton (1994).
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when the assumption of certain nominal interest rates is relaxed. The effect of risk aversion and interest rate
uncertainty is investigated. Section 8.5 presents the results from model simulation and from estimation of a random
coefficient model. Section 8.6 provides concluding remarks regarding the behavior of velocity.

8.2 Assumptions and Theoretical Specifications

In this section we outline an infinite-horizon, representative-agent model with a set of monetary assets

which pay interest. Suppose that there existdnetary assets. Monetary asset i pays nominal returrjtratetre

end of time period.tMoney supply is assumed to be exogenous and serves as a moving endowment point in the

consumer's budget constraint. There exists one nominal bond with holding period;ypelaift the end of
period t. We assume that
Rt 2 max{rit,i=1, ...k}, Ot,
so that monetary assets are dominated in holding period returns by the nomial bond, which is assumed to yield no

monetary services. Hence the nominal bond in this model is the benchmark asset. The price for the bond in period

tis Ppt, There exists one equity asset, which is the exogenous endowment asset and yields resoyredflow d
The price of one unit of the equity igfPand dividend gper unit is paid before the share is sold. The only
consumption good is the resource floywdhcih is perishable. The price of that consumption good:s isnpperiod
t. There are finitely many idntical consumers with utility fucntiontMtg ), which is continuous, increasing, and
concave in all its arguments, wheggscthe demand for consumption goods, amd- (myt, Mt ..., Mkt)' is @
vector of real monetary assets held during period t

The exogenous supply of monetary assetperiod tis Xt , and let 2!‘=1 % = X be the simple aum
aggregate of money supply. The representative consumer is assumed to maximize the infinite lifetime expected
utility (2.1) in the form (7.1), which can be written as

T=E, 3" Vict, o). (8.1)

The budget constraint from Problem 1 in Section 2.1 becomes:
* * k *
PGy +PgSy + Py + 0y 3 My <54 (dipy +Pg) +Pp i qb 1+ Ri—y)
i=1
K " (8.2)
Mg () P-g + S IXG — (T o)X )
i=1 i=1
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wheres; is the quantity of equity, and ts the quantity of bonds held during time periogft
As in the earlier sections of this paper, we continue to introduce money through the money-in-utility-
function approach, with the utility function viewed as the derived utility function that must exist, if money has
positive value in equilibrium. Alternatively, in a cash-in-advance model, it is difficult to justify the existence of
multiple monetary asset that pay different interest rates. In cash-in-advance models, there exists only one monetary

asset in the equilibrium of an economy.

We first assume that tRnd § are known to consumers at the beginning of the time peraditin
Section 8.4 we will relax this assumption. Imgbe the user cost price aggregate that is dual to the exact monetary
quantity aggregate, M According to Fisher's factor reversal test, expenditure on an exact aggregate must equal

expenditure on the components, so tigahust satisfy

k
_Zlﬂitmit = My, (8.3)
i=
where
Re=r:
Tt = TrRe (8:4)

as in equations (3.1). We now defing,fsuch that
k
‘21(1+ Mig)Mit =(1+ Rye) M, (8.5)
|:
Note that Ryt can be interpreted as the aggregate rate of return dual to the exact monetary aggregate. To formalize

this important concept, we state the following definition:

Definition 2: The aggregate rate of returnpRdual to the exact monetary aggregatdsvhe solution for R to

equation (8.5).

Dividing equation (8.5) by (1HRand adding the resulting equation to equation (8.3), we have
K

1+ Ry
Mt = (T + "5 )Mt (8.6)

33For convenience, we drop the subscript 1 framsk that k now is theqkof section 3.
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LetM P be the nominal supply-side exact monetary aggregate. We assume that the monetary asset markets are in

equilibrium whenM»?thpt where Mpt is the nominal demand side examinetary aggregaf.Under these

assumptions the budget constraint can be written as

* * 1+R *
PrCt +PgiSt + Ppibt +prM (T + I—J,R”EI) < s-1(dipt + Pst)

+p{4(1+ R )M -1 + boa(1+ Re1)Po o1 + M (e + 5552 (8.7)

-MI (A+R )
The representative agent chooses contrpfs(, Mt, &, by) for t> 1 to maximize expected lifetime utility (8.1)
subject to constraint (8.7) with giveng\nd @. The exact monetary aggregate appears in both the utility function
and budget constraint, and the macroeconomic "dimension reduction" is completely consistent with the

microeconomic theory of monetary aggregation.

Let zt = (Mt-1, -1, bt-1, &-1, B , Pst Pot Rt M P) be the set of state variables, and define
T(zt)= z{";optF(ct,Mt)., where recall FggMy) = V(c,my). In equilibrium, Tg) must satisfy the following
Bellman's equation

T(z) = nl]?XF(Ctth) +BET (z¢+1)}

when the following market conditions are satisfied:

Ct = ¢k,

st=1,

bt =0,
and

MP=Mtp: )

The equilibrium condition on equities is a normalization, while the equilibrium condition on bonds states that
bonds are privately issued by some consumers and bought by others, and the net demand for bonds is zero in

equilibrium. Recall that the representative agent is aggregated over consumers under Gorman's conditions for the

34 Actually there is a possible regulatory wedge between the supply and demand side aggregator functions, when
required reserves pay no interest and thereby produce an implicit tax on the supply side. For more discussion of this
issue, see Barnett (1987), who provides the formulas for both the demand and supply side exact monetary
aggregator function.
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existence of a representative consumer. Hepds et per capita borrowing among consumers, where lending is
negative borrowing. If interest rates are out of equilibrium, net borrowing need not 5& zero.
8.3. Money Velocity with No Nominal Interest Rate Risk
In this section we derive the necessary first order conditions and the equations for money velocitry, under
the assumption that nominal interest rates are known, although other sources of risk still exist, including unknown

future income and money supply. The first order conditions for the maximization problem are

Fer = APt (8.9)
* 1+R *
Fmt = APt (T +_m'tl+ )~ PEdAta]d+ Rm)py, (8.10)
t
A tPst = PE¢[A a1 (Gh-4aPta1 + P el (8.11)
At = PE[A+1](1+Ry), (8.12)

where Rt and Ryt are the marginal utilities of consumption goods and aggregate monetary services respectively,
andA; is the Lagrange multiplier of the budget constraint (8.7). Equation (8.10) is the first order condition for
monetary services. Equations (8.11) and (8.12) are standard Euler equations for stocks and bonds.
From equations (8.9) and (8.12), we have:
F
mp =M (8.13)
Fet
That is, the marginal rate of substitution between consumption goods and aggregate monetary services equals the
aggregate user cost of the monetary serds. the aggregate case, observe the analogy to Definition 1 in
section 3. Assume that the utility function takes the constant relative risk aversion form
1 51—
F(ct, M;) “Toa (p(ctsl\/l% $YI7®  when pz1
= In(M{™S),  wheng=1,
where, as above, {is the real exact monetary aggregaté€] (8,1) is a constant, amgl] (0, «) is the coefficient

of relative risk aversion. We get the following relationship:

l1-sc
== 8.14
e =—2 M, (8.14)

35Similarly, see Marshall (1992, p. 1321) and Boyle (1990, p. 1042).

36 We can get the same result if we start with the maximization problem in terms of the original disaggregated
monetary assets. See Barnett and Xu (1995).
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When solved for Il equation (8.14) is the equation of demand for the exact monetary aggregate tGideard
the parameter s, the only determinant of the demand for monetary services in equilibrium is the user cost aggregate,
8. Although other factors, such as the inflation rate, are not in this equation directly, they may affect the demand
for money through the user cagt which is a function of the nominal interest ratg@Rd §;. Given these
equilibrium conditions, we can examine the behavior of money velocity.

Traditional money velocity is usually defined as the ratio of nominal income to the simple sum monetary
aggregate
 d

Vi = E)'(—tl.
We define the aggregation theoretic exact money velocity by replacing the simple sum monetary aggregate with
the exact monetary aggregate to get

v = &Lt

*
Using the definitiongt = (Rt - 1it)/(1+ Ry, the identityrgM ¢ = 3 ¥, T my;, and the equilibrium condition K= o

mijt, we have the following results from equation (8.14):

T (8.15)
Vis 1Tss Mt (8.16)
where
e élZT.‘E:i; . (Rt - Rsm/(1+ Ry)
with
Rsmt =3 K1 0t it ,
and

Bit =Xit / 31Xt .
Observe thafflt is the weighted average of the user cogtswhich are the opportunity costs of holding monetary

assets instead of the bond. Equations (8.15) and (8.16) both say that money velocity is a function of the user costs
{mt,i=1,2, ..., k}. If we define velocity in the traditional way as tien the corresponding determinant should
be a weighted average of the user cogtswith the weights being ratios of thegtXo the simple sum aggregate

Xt. If alternatively we define money velocity relative to the theoretic exact monetary aggregate, then the relevant



32
determinant is the user cost aggregateual to the exact monetary aggregate. Both velocity functions have the

same form with the key elements being the user costs of monetary assets. The equivalence of the forms of the two

velocity function (8.15) and (8.16) depends upon our specification of the utility function.

Note that if all monetary assets yield no interest sojttmarfor all i, thentg =Mt = RY/(1+Ry), as in Boyle

(1990) and LeRoy (1984). In this special case, the inverse of money velocity is a linear function of the inverse of

interest rates:
S

1-s

S
+ —
1-s

=1Ir
Py PN

This equation was first estimated be Latane (1954) without rigious derivation and reestimated by Christ (1993) for
M1 velocity. According to this equation, variations in velocity are caused solely by fluctuations in the benchmark
interest rates RBut when monetary assets themselves yield interest fateslocity could fluctuate even when

the benchmark rate does not vary.

In short, money velocity is a variable rather than a constant in the model developed in this section. The
opportunity cost and the taste parameters determine the stochastic behavior of money velocity. Observe that
equation (8.15) or (8.16) have no intercepts and have constant slope. These implications conflict with many
published results. In the next section, when interest rate uncertainty is introduced, we show that the intercept

becomes nonzero, and the slope may be time-varying, if time-varying risk is present.

8.4 Money Velocity With Nominal Interest Risk

In this section we relax the assumption that nominal interest rates are known, but we keep the assumption
that economic agents are risk averse. We focus on the question of whether the model can use the interest rate
uncertainty to explain the instability of money velocity reported in the literature.

We start with the monetary aggregation problem. In the previous section, the exact monetary quantity
aggregator function M= M(m¢) can be tracked accurately by the Divisia monetary aggregdiesmlce that
tracking ability is known under perfect certainty. However, when nominal interest rates are uncertain, we have seen

above that the unadjusted Divisia monetary aggregate's tracking ability can be somewhat compromised. That

compromise is eliminated by using the extended Divisia monetary aggregate defined by (4.1ﬁ. dendik the
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extended Divisia monetary aggregate over the monetary assets. The only difference bq?\/\mmh I\Mj is the

user cost formula to compute the prices in the Divisia index formula.

In accordance with Fisher's factor reversal test, we define the extended (or generalized) aggregate user cost

ntG dual to M[G to be the solution fontG to:

k

G _ GG
_ZlT[it My = T4 My,
i=

and let

be the weighted average of the indidual generalized user costs of monetary assets. We have the following
proposition:

Proposition: When nominal interest rateg (Rt) are not known with certainty at the beginning of period t,
an equation analogous to equation (8.13) still holds, and money velocity is a function of the aggregate generalized

user cost, which equals the marginal rate of substitution between consumption goods and monetary services, so

that

F

Mt _ G (8.17)

Fet
S _G

Ve=Tom (8.18)
S G

Vt = 1TS I'It (819)

Proof. See Barnett and Xu (1995).

Equation (8.17) can also be proven from the maximization problem without prior aggregation over monetary
assets. See Barnett and Xu (1995).

We can simplify the generalized user cuﬁ to get a more intuitive equation for money velocity V
Dropping the remainder term of a second order Taylor series approximation to the objective function, Barnett and
Xu (1995) prove the following. Let1kbe defined such that

ki=(- Ctact 1|t)/( ) B(1-s+sq)
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where T is as defined in (8.1) and whegrednotes evaluation of the derivative at time t. Theris khe

discounted relative risk aversion parameter, which in our specification is a constant. Similarly, glefink that

92T aT
_— /[ (—)=B(1-s)(1-
I k) (act) B(l-s)1- @)

kp = (M¢
Now assume that

Orc = COV(R, Cra1 / Ct)
and
Orm = Cov(R M1/ ME)

are constant, so that the effect gfriRk on the consumption of goods and monetary services is time-invariant. Let
6. = Cov(R,,0T/dc, )
Lo T/ ac,

and
_ Cov(ry,0T/dc;44)

%2 =" 3T /ac,

Then it follows that
81 =k20/m = K10y¢
82i = ka0im —ki0ic
where
Oic =Cov(rit, Cr+1/ Ct)
Tim = Cov(rit, MEsy /MP)
are assumed to be time-invariant. It follows that
TE =1 + (L= 71)8y ~62;
= (1-6y) T +(81-62;)

Let 62 be the weighted average of g such that

=13 K X
Barnett and Xu (1995) find that
V=ap+a Mt (8.20)

where

s
ag :1__3(91‘92),
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S
a’l - 1_ S(l_el) ’
and

X .
sy 1 Xy

IM*

ne =

Note that if the covariancesc , oim , Orc and orm are time-varying, thengaand g are also time-varying, and
equation (8.20) is a time-varying or random coefficient model. Hence, a time-varying coefficient model of money
velocity can be justified by the fact that interest rate uncertainty may change over time, as for example from an
ARCH process.

It is worthwhile to look at the effect of risk aversion and interest rate uncertainty on money velocity in
more detail. Note that under our assumptions about the parameters of the model, we have

k1 >0,
and
ko>0 if ¢<O.

For expositional purposes, we cad) > 1 high risk aversion ang < 1 low risk aversion.

In the low risk aversion case,dftm < 0, then the larger the value @l |, the larger the value of gand
the smaller the value ofaThe net effect of an increase ofrin | in this case is to reduce the money velocity,
since M¢ < 1 and the magnitude of the decrease of the intercept is larger than that of the incrg@ise.of a
Therefore, if increased money growth variability raises the valuesgt, | , and if jojm | are not affected, then
money velocity will decline. In the high risk aversion case, the results are just the opposite. An incregad of |
will lead to higher money velocity. It follows that Friedman's (1983) hypothesis that the increased money growth
variability causes money velocity to decline can be justified in our model by eithep:<(@L)andoym <0, or (2)
¢>1andorm > 0. Also note that the magnitude of the effect of money growth variability on money velocity
depends upon other parameters of the model, such as the parameter s.

But there remains the effect of uncertainty of the individual monetary assets' own rates of return. Note that

the covariancesjm are not important in determining the magnitude of sipalthough those covariances are

important in determining the value of the velocity function's intercept. Therefore, a shift in the valuegf the |

will lead to a shift in the intercept of the money velocity function. If increased money growth variability raises both
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lorm | and ¢im | , and if oym and ojm have the same sign, then the effect of money growth variability on money

velocity throughorm will be partially offset. The complicated nature of the effect of money growth variability on

money velocity partially explains the comtroversies in the empirical literature.

In short, ifg# 1, the money growth variability will affect money velocity, but the direction and magnitude
of the effect depend upon the degree of risk aversion and the correlation between interest rates and real money
growth. If all the covariances are zero, as would be the case under perfect certainty, then (8.20) reduces to (8.16),
as we would expect.

To further explore the economic interpretation of the coefficients in the money velocity function, note that
from the first order condition on the bond price

At =pE[At+1(1+Ry)]

the parameted1 can be written as
T
01 =1-E¢(1+ R)E[—H]
Tet
Teia
Tet

where E[ ] is the expected growth rate of the marginal utility of consumption goods. Therefore, the slope

coefficient of the money velcoity function is

s Tet
a1 =-— Ei(1+ R)E{[—1]
1= B+ ROE T ]

If we useEt(Rt - Rsmy as theindependent variable in the money velocity function, rather than the uséi ?,qst

we have
Vi = et + by Et(Rt - Rsmi) (8.21)

where

T
b, = S Et[JJLl].

T 1-s Tet

The subscript tingand @t is used to indicate that the values pabd gt may not be time constant. In our
model, given the specification of the utility function, we have
Bs c —o-1.ME 1o
by = 1 =5 BICEHITOTTENTOES), - 8.22)
t Mt

From equation (8.22), it can be seen that the slope coeffigidepbnds upon both the growth rate of consumption

and the growth rate of the real money stock. If the conditional expectation operator depends upon the second or

higher moments of the growth rate processes, the slope preeafigiepend on the variability of both the
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consumption growth rate and the real money growth rage=I1, the expected growth rate of the real money stock
will not affect the coefficient f since in that case, the marginal utility of consumption goods does not depend on
the real money stock.

This section provides a theoretical avenue to examine the effects of money growth rate and consumption
growth rate and their variability on the stochastic behavior of money velocity. It is shown in this section that the
expected real money growth rate or its variability will affect money velocity by shifting the coefficients of the
traditional money velocity function. The magnitude of this effect is also determined by other parameters in the
representative agent's preference, such as risk aversion. If the representative agent in this model is risk neutral, the
changes in money growth rate and its variability will not affect the stability of the money velocity function in
equilibrium. On the other side, the higher the degree of risk aversion, the larger the effect of real money growth

rate and consumption growth rate and their variabilities on the stability of the money velocity function.

8.5 Some Empirical Results

In this section, we first simulate the model using quarterly data over the period of 1960.1 to 1992.4 for
some specifications of parameters, to examine the stability of the coefficients in the traditional money velocity
function implied by our theoretical model. We then estimate a random coefficient model of moeny velocity to
examine the stability of the coefficients empirically. The random coefficient model approach we follow is Swamy
and Tinsley's (1980). The results from both the empirical estimation and the theoretical simulation are compared to
see whether the empirical behavior of the money velocity can be explained by the model developed in this paper.

The data on monetary assets and their corresponding yields were provided by the Federal Reserve Bank of
St. Louis. Output data are GNP. The inflation rate is the growth rate of the price deflator for GNP. The benchmark
asset return path is approximated by the upper envelope of the three month Treasury bill rate path and the time
paths of each individual monetary asset's own rate of réfufifhe growth rate of consumption is replaced by the

real GNP growth rate. With M1, which includes no assets having high risk rates of return, the regular Divisia

37Even the upper envelope is too low, since the theoretical benchmark asset is completely illiquid and therefore
must have higher expected yield than the upper envelope over any yield-curve-adjusted rates of return on monetary
assets providing any monetary services.
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monetary aggregate closely tracks the generalized Divisia monetary aggregates. Hence we use ordinary Divisia M1
to measure the theoretical monetary quantity aggregate.

To simulate the processgin equation (8.21), we first st= 0.99, s = 0.972, ang{ {0.5, 2, 5}. The three

different values ofp are chosen to capture the influence of different degrees of risk aversion on the stability of the
coefficient . The parameter s mainly affects the sample meap @b estimate a VAR (vector autoregressive)
model of real moeny and GNP growth rates using quarterly data from 1960.1 to 1992.4. The estimated VAR model

is then used to estimate the conditional expectation

E, [(EL-I-_’L)S(]-—(P) -1 (Mt_-t'_‘l. )(1—(P)(1_5)]_
c, M

t
The estimatediprocess is plotted in Figure 15. From Figure 15, it can be seen thatpwleh (low risk

aversion case), the simulated slope processdimostconstant. When the value @increases, the variability in b
also increases. Wheq = 5, the process Bhows a lot of variability. There are two periods during whidk b
extremely volatile. One is from 1972 to 1976 and the other is from 1979-1982. The latter period approximately
corresponds with the episode of the "monetarist experiment" of the Federal Reserve Systgprotkedalso
shows some variability in the recent years of 1991-1992. These simulation results confirm the theoretical
prediction that if the degree of risk aversion is higher, the traditional money velocity function will be less stable.

These theoretical results from model simulation can be compared with empirical estimation. We estimate

equation (8.21) with stochastically varying coefficients. We use the Swamy and Tinsley (1980) asymptotically

efficient estimation procedure. Letting = (apt, bt), we assume, as in Swamy and Tinsley (1980):
ar=a0+gq,

wherea0 is a vestor of constants, and

g=dre1+P2e-2+ U,
where®3 and ®2 are matrices of parameters to be estimatad y is a random vector with mean zero and
convariance matrif. The estimateditprocess for M1 money velocity is plotted in Figure 16. We estimateg the b
process with both prior information incorporated and with no prior information (i.e., with diffuse prior
information) about p The two processes show almost the same movements. From Figure 16, it can be sgen that b
is very volatile during the periods from 1972 to 1974 and from 1979 to 1982. This approximately coincides with

the simulation result with moderate risk aversion.
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Overall, the results from model simulation and from model estimation of a random coefficient model

indicate that our model can capture the main features of the coefficient prpiceeeliraditional money velocity

function.

9. Conclusion

In earlier research on aggregation theoretic foundations for monetary modeling, the primary issue has been
to explore the degree of the tracking error of the unadjusted Divisia monetary index, derived from the first order
conditions under perfect certaintly, to the degree of risk aversion. In this paper, we develop a CCAPM adjustment
to user costs that permits the Divisia index to be derived directly from the Euler equations under risk, so that the
tracking error produced from risk aversion disappears, since the risk is internalized within the resulting extended
Divisia index. Further details regarding that derivation can be found in the closely related working paper by
Barnett and Liu (1995).

Using the components of the usual monetary aggregates, we find that the CCAPM adjustment to user costs
is very small, and the gain from moving from the unadjusted Divisia index to the extended index seems slight, at
least with those relatively low risk components. These results are very similar to related results on the equity
premium puzzle, since the small adjustment in both cases result from the very low covariance between rates of
return and the consumption stream. We then explore the possibility that aggregation over economic agents may
have smoothed that covariance, or the possibility that earlier results on the tracking error of the unadjusted Divisia
index may have been produced by specification error in the parametric model of the utility function. We do so by
producing simulated data from a modeled rational consumer. The procedure used to solve the Euler equations is
that in Jensen (1995). We find that the tracking error of the unadjusted index is nontrivial under risk aversion, and
depends upon the degree of risk aversion. Hence the CCAPM adjustment to user costs and the risk-adjusted
Divisia index can be expected to be needed, when modeling the behavior of one economic agent under risk
aversion. How to progress further in the direction of aggregation over economic agents is not explored in this
paper.

We then used the above theory to explore the determinants of money velocity. The effects of risk aversion

and interest rate uncertainty on money velocity are examined within a monetary general equilibrium model. This
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paper indicates that if covariances between interest rates and consumption growth or between interest rates and
money growth are generated by an ARCH type process, the traditional moeny velocity function will become
unstable. Both model simulation and estimation produce significant varability in the slope of the traditional money
velocity fucntion, especially during 1972-1974 and 1979-1982 periods. This study sheds some new light on the
nature of the instability of traditional money velocity functions. For further details regarding this aspect of this

ongoing project, see Barnett and Xu (1995).
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APPENDIX: Aggregation Theorem

Itis clear that equation (2.3) does define the exact monetary aggregate in the welfare sensg, since M

measures the consumer's subjective evaluation of the services that he receives fronmigoltogrever it also

can be shown that equation 2.6 defines the exact monetary aggregate in the aggregation theoretic sense. In

particular, the stochastic procesg Ms3t, contains all of the information abouog that is needed by the consumer

to solve the rest of his decision problem. This conclusion is based upon the following theorem, which we call the

consumer's aggregation theorem.

k1 * *
Let Ds=Is+ } [(1+fis-1) Pg_q Mi,s-1-Pg Mis],
i=1
and let
n
D(s) ={(s xs, A9 OY: % pisxis =
i=1
k2 * * * *
*+ 2 [(I+is-1) Ps_q Nis-1-Pg his] + (1+Rs-DPg_q As-1-Pg As+ Dsl- (A1)

i=1

* *

*
Let (@g Xg /Ag ), S *t, solve Problem 1, and assume that the utility functiog g xg) is weakly separable in

Mg, SO that there exists aggregator function M and utility function U such thangMg xg)=u(ms,hg,xs).

*
Consider the following decision problem, which is conditional upon prior knowledge of the aggregate process M

* *
=M(mg ), although not upon the component processgs

Problem 2 Choose the deterministic poinlf, xt, At) and the stochastic procesg ks Ag), s=t+1, ..., t0

maximize

UMy hex) +BL 3 ) STUMG . hs xs)] (1.2
s=t+1

subject to lis, Xs, Ag) 0 D(s) for s 3t, and also subject to

1
im Et (1_+E )$StAs=0,

S 00

*
with the process | given for s 3 t.
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Theorem Al (Consumer's Aggregation Theorem): Let the deterministic pointrit,ht,xt,At) and the stochastic

processifig, hs, Xs, Ag), S=t+1, ..., t+T solve Problem 1. Then the deterministic pbin{At) and the stochastic

*
processtisxsAg), s = t+1, ..., t+T, will solve Problem 2 conditionally ugdg = M(mg) fors =t, ..., t+T.

Proof: Let (nghgXs, Ag), S3t solve problem 1, but lehdxgAg), s 3 t, not solve problem 2 conditionally upon the

process I\g = M(mg) given fors =t, ..., t+T. Then there exﬂi;g,f(s,,&s) 0 D(s), s, satisfying the
transversality condition, such that (A.2) evaluate(jl:%tis,As), s%t, is strictly greater than (A.2) evaluated at
(hsXs,Ag), s 3t, conditionally upon &I = M(mg).
Hence (2.1) evaluated aing, ﬁs,is,,& s), S%t. is strictly greater than (2.1) evaluatedad lig, xsAg), S3t. But
since(ﬂs,is,,&s), s, is feasible for problem 2 conditionally upog=¥l(myg), it follows that (ns,ﬁs,is,,&s), s%t, is

feasible for problem 1. Our assumption thagbsXs, Ag), S 3t, solves problem 1 is contradicted.

Q.E.D.

Clearly this proof by contradiction applies not only whegi®produced by voluntary behavior, but also when the

Mg process is exogenously imposed upon the consumer, as through a perfectly inelastic supply funciiondoséd by

central bank policy. In that case, Problem 2 describes optimal behavior by the consumer in the remaining variables. Cle:

the information about Mis needed in the solution of problem 2 for the processpss(Ag). Alternatively information

about the usual simple sum monetary aggregate over the componets aff no use in solving either problem 1 or 2.

unless the monetary aggregator function M happens to be a simple sum. In other words, the simple sum aggregate contz

useful information about behavior only if the componenthgare perfect substitutes in identical ratios (linear aggregation

with equalcoefficients).
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