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Abstract: Under suitable regularity conditions, an improved score test was derived by Cordeiro and Ferrari (1991).
The test is based on a corrected score statistic which has a chi-squared distribution to order n~' under the null
hypothesis, where n is the sample size. In this paper we follow their approach and obtain a Bartlett-corrected score
statistic for testing Ho : § = 9 where 6 is the scalar parameter of a one-parameter exponential family model. We
apply our main result to a number of special cases and derive approximations for corrections that involve unusual

functions. We also obtain Bartlett-type corrections for natural exponential families.
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1 Introduction

Three commonly used large sample tests are the score (or Lagrange multiplier), likelihood ratio (LR) and
Wald (W) tests. These three tests are asymptotically equivalent under the null hypothesis. It has been
argued that after modifying their critical regions to force the three tests to have the same size to order n—1!,
where n is the number of observations, the score test is usually more powerful than the LR and W tests to
order n~'; see Chandra and Joshi (1983), Chandra and Mukerjee (1984, 1985) and Mukerjee (1990a, 1990b).
Another advantage of the score test is that it only requires estimation of the unknown parameters under
the null model. All three tests rely on a first order asymptotic approximation which may be a poor one in
samples of small to moderate size. It is possible to improve the chi-squared approximation to the LR test by
multiplying the test statistic by a scalar correction factor known as the Bartlett correction; see Lawley (1956),
Hayakawa (1977), Cordeiro (1987, 1993a) and the references therein. Recently, Cordeiro and Ferrari (1991)
obtained a Bartlett-type correction to the score statistic. Their correction is defined as a second degree
polynomial on the score statistic with coefficients that depend on cumulants of log-likelihood derivatives.
Both unmodified statistics have a Xg distribution to first order under the null hypothesis Hy, where ¢ denotes

the number of restrictions imposed by Hy. On the other hand, the modified statistics have a )(3 distribution
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to order n~" under Hy. In other words, Pr[S < z] = Pr[x] < z]+o0(1) and Pr[S* < z] = Pr[x] < z]+o(n™"),
where S and S* represent the unmodified and modified statistics, respectively. The finite-sample accuracy
of these corrections has been extensively evaluated through Monte Carlo simulation; see Cordeiro (1993b),
Cordeiro and Cribari—Neto (1993), Cordeiro, Cribari-Neto, Aubin and Ferrari (1995), Cordeiro, Ferrari and
Paula (1993), Cribari-Neto and Cordeiro (1995), Cribari-Neto and Ferrari (1995a, 1995b), Cribari-Neto and
Zarkos (1995) and Ferrari and Cordeiro (1995). Such experiments have shown that Bartlett and Bartlett-
type corrections usually lead to improvements in the size behaviour of the likelihood ratio and the score tests
even in nonnormal and multivariate regression models.

The main purpose of the present paper is to obtain a general closed-form expression for the Bartlett-type
correction to the score statistic in one-parameter exponential family models. This expression can be easily
used to derive Bartlett-type corrections for many important distributions. Our aim here is to give a new
formula for correcting the score test in one-parameter exponential family models which is algebraically more
appealing for applications than the general formulas developed by Harris (1985). Unlike Harris’ general
formulas, our result can be readily used by applied researchers since it only requires trivial operations on
suitably defined functions and their derivatives. It should be mentioned that the results in the present paper
can be extended to more general problems, such as, two-parameter exponential family models.

Consider a set of n independent and identically distributed random variables with density (or probability)

function

7(y;6) = ﬁexp{—awm(y) +o(y)), (1)

where 6 is a scalar parameter, ((-), a(-), d(-) and v(-) are known functions and ((-) is positive valued. We also

assume that the support set of this distribution is independent of § and that «(+) and ¢{(-) have continuous
first four derivatives, da(6)/d# and d3(#)/d6 being different from zero for all § in the parameter space. Here,

¢'(9)
((0)a' (6)

primes denoting derivatives with respect to 8. This quantity will play an important role in the derivation of

B(6) = (2)

the correction.

In the next section, we derive a simple expression for the Bartlett-type correction to the score test in
the exponential family (1). This new expression involves only the functions «(-) and §() and their first
three derivatives, and can be easily implemented in a computer algebra system such as MATHEMATICA
(Wolfram, 1991) or MAPLE V (Abell and Baselton, 1994). In Section 3, we present a number of special cases
thus showing that our main result has a wide range of important applications. Finally, Section 4 considers
Bartlett-type corrections for the class of natural exponential families assuming different forms of variance

functions.

2 Derivation of the correction

Consider n independent and identically distributed random variables y1, ..., y, having any regular unipara-
metric distribution with density (or probability) function m(y;8) = exp{t(y;6)}, where 6 is a scalar param-
eter, and define v,y = E{(t'(y;0))"} and v, = E{t(")(y;0)}, for r = 1,...,4, with #'(y;0) = dt(y;6)/dd



and t")(y;0) = d"t(y;0)/dA". The v’s satisfy certain regularity relations such as v; = 0, V@) = —U2,
v(3) = 2v3 — 3vy and vy = —3vs + 8ug — 6vY 4 Bvy(z), Where vy = E{(t"(y; 6))%} (Lawley, 1956).

The score statistic for testing Hy : # = #(°) against a two-sided alternative can be written as Sp =
(it (y1;01))? / (nv(s)), where v(y) is evaluated at 6(®). The evaluation of Sk does not require any esti-
mation since it only depends on the value of 8 specified under Hy. Cordeiro and Ferrari (1991) have shown
that the modified score statistic

* 1 2
SR_SR{I ﬁ(c+bSR+aSR)}, (3)
where ) ) )
Vi 3y2 — 10 51 — 37
“= 36 36 ¢ 12 (4)

has a x? distribution to order n~!. Here, 7, = 7)(3)/'[)?2/)2 and 72 = (v(4) — 3v(y))/v(y) are the usual measures
of skewness and kurtosis of the score function for a single observation.

Next, let m(y;0) be defined as in (1) so that t(y;6) = —logl(8) — a(f)d(y) + v(y). It then follows that
E{d(y)} = =0, var{d(y)} = ' /a/ , va = =/, v3 = =2a" 3 — 'B", vy = =3(a""'B' + "' B") — /" and
Uy(2) = 23’ [a’ + /2. Hence, the score statistic is given by Sg = na/(8+d)?/3', where d =n~* Y d(y;)
and 3 and ' are evaluated at #(9). Finally, using again the relations among the »’s and plugging them into

the expressions for a, b and ¢ in (4), we get

(ﬂlall _ OCI/B”)2

a = 360['3ﬁ'3 ) (5)
_ar2.n2 - Y- T/ 12212 12, m 12 21 g
B B=a" + 11/ 8'a" " — 10a* 3 3a/8"”a"" +3a"23'B
b = 3604'3,3'3 ) (6)
—4ﬂ’2a”2 _ alﬂlanﬂn + 50/25”2 + 30//8[20/11 _ 3al2ﬂ'ﬂ'”
¢ = 12a/3ﬁ13 ' (7)

Plugging (5)-(7) into (3) and evaluating o', &, /", 3, 3" and 3" at §(®) | we get Cordeiro and Ferrari’s (1991)
correction to the score statistic for testing Hy in one-parameter exponential family models. Two features of
equations (5)-(7) are noteworthy. First, ¢ is equal to the coefficient p divided by 12 which determines the
correction to the LR statistic (see eq. (4) of Cordeiro, Cribari-Neto, Aubin and Ferrari, 1995), and thus the
present paper can be viewed as an extension of their paper. Second, a, b and ¢ depend on the model (1)

only through the functions @ and 8 and their first three derivatives.

3 Special cases

In this section, we use equations (5)-(7) to derive Bartlett-type corrections to the score statistic for a number
of distributions that belong to the one-parameter exponential family (1). The calculations were done using
MATHEMATICA and MAPLE V. It should be remarked that it is not possible to guarantee that the
modified statistic has a chi-squared distribution to order n~! when the distribution is discrete. The special
cases listed bellow have a wide range practical applications in various fields such as engineering, biology,
medicine, economics, among others (Johnson and Kotz, 1970a, 1970b; Johnson, Kotz and Kemp, 1992).

The following distributions are considered:



(i) Binomial (0 < # < 1, m € IN, m known, y =0,1,2,...,m): a(f) = —log{0/(1—6)}, ((#) = (1—-0)"™,
d(y) =y, v(y) =1log (7)),

(26-1) 22600 -1)+7 o(1—0)—1

T 36mo(1—9)  36mA(1—-8)° °  6mb(1—9)"

(ii) Negative binomial (0 < 8 < 1, v > 0, v known, y = 0,1,2,...): a(f) = —logh, ((A) = (1 —6) ",
d(y) =y, v(y) =log ("*¥7),

(6 +1)2 T2 +80+7  1-6(1-6)

3670 0 3670 ° °7 60

(iii) Poisson (# > 0, y = 0,1,2,...): «a(f) = —log(d), ¢(8) = exp{h}, d(y) = y, v(y) = —log(y!), a =
1/(366), b= —7/(3660), c = 1/(66).

(iv) Truncated Poisson (# > 0,y = 1,2,...): a(8) = —1log(8), ((A) = e’(1—e~?), d(y) =y, v(y) = —log(y!),

a=—{62+30+1+e (0> —30 —2) +€*}2/{360e’ (1 + 6 — %)},

b = {7+360+716%+390° + 76" + €7(—28 — 10860 — 1406> — 96> + 86")
+ (42 + 1080 + 6767 — 336° + 70*) + 3 (—28 — 360 + 267 + 30%) + 7'}/
{360 (1 + 6 — e’)?},

¢ = —{2+4660+ 1667+ 90° + 20" + ¥ (—8 — 180 — 400% — 96° — 26*)
+ (12 4+ 186 + 326% — 36° + 20") 4 €37 (—8 — 60 — 867 + 36%) + 2}/
{126€°(1 + 6 — )3}

(v) Logarithmic series (0 < 8 < 1, y = 1,2,...): a(f) = —log(d), ((A) = —log(l —0), d(y) =y, v(y) =
_log(y)7

a = —{log(1 — 0)(30 + Alog(1 — 8) + log(1 — 6)) + 262}2/{366(8 + log(1 — 6))*}.

b = [220%(0 + 3log(1 — 6)) + 6*{log(1 — 0)}*(280 + 73) + 30{log(1 — ) }* (120 + 12 — 6?)
+  {log(1—6)}*(7 + 86 + 76%)]/{366(8 + log(1 — 0))*},

c = —[26%(0+ 3log(1—0)) +86%{log(1 — 0)}2(1 + ) + 36{log(1 — 6)}*(2 + 260 — 6?)
+ 2{log(1 —6)}*(8* — 6 +1)]/{126(6 + log(1 — 8))*}.

(vi) Power Series (6 > 0,a, >0,y =0,1,2,...): a = —log(), ((9) = ZZOZO a,8?, d(y) =y, v(y) = log(a,),
(g +30g' + 6%g")?
360(g + 0g')>
79 + 3609’ + 02(699" + 2g9") + 36%(149'g" — gg"") + 0* (109" — 34'¢"")
- 366(g + 0g')? ’
2¢° + 699’ + 80°(39™ — g9") + 30°(9'9" — 99™) + 6% (59" — 399™)
126(g + 6g')3 ’

b =
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where g = g(f) = dlog ((#)/df. Note that cases (ii), (iii), (iv) and (v) can be obtained from this case
by simple specification of the function g(-).

(vii) Zeta (> 0,y = 1,2,3,...): a(6) =0 +1, C(6) = Zeta(d + 1), d(y) = log(y), v(y) =0,

gII2 1091I2 _ 3glglll o 5gll2 _ 3glglll

T R 369° 1297

where ( is the Riemann zeta-function, i.e., ((f) = Zeta(f + 1) = > .2, i~ (see, e.g., Patterson,
1988) and g = g(#) = dlog Zeta(f + 1)/d8.

(viii) Non-central hypergeometric (6 > 0, m1, ma, r are known positive integers, k1 = max{0,r — mo} <
y <min{mi,r} = ks): a(8) =6, ((§) = Do(6), d(y) = —y, v(y) = log{("') (;72) },

a = (DDs —3DyD1 D5 + 2D3})?/{36(D? — DyD5)*},

b = (10D3D3 — 48Dy Dy DsD3 + 28D2D} D3 + 45D3D? D3 — 66 Do D Dy + 22D — 3D3 D2 Dy
+ 9D3D3 +3D3D3D,)/{36(D] — DyD>)%},

¢ = (=5D§D3+18D3DDyD3 —8D3D3 D3 + 6DyD{ Dy — 2D + 3D5D>Dy — 9D} D3
— 3D3DiD4)/{12(D} — Do D»)*},

where D, = D,(f) = Zzikl yP (”;1) (T"ZQy) exp{fy}, p=0,1,2,3,4.

(ix) Maxwell (6§ > 0, y > 0): a(f) = (20%)71, ((0) = 62, d(y) = y>, v(y) = log(y>\/2/7), a = 2/27, b =
~11/27, ¢ = 1/9.

(x) Gamma (k> 0,60 > 0,y > 0):

(a) k known: a(8) = 0, C(6) = 0%, d(y) =y, v(y) = (k—1)log(y) ~log{T'(k)}, a = 1/(9k), b= ~11/(18k),
c=1/(6k).
(b) 6 known: a(k) =1k, (k) = 6T (), d(y) = log(y), v(y) = ~0y,

_ N, 109N 3 R R) B (R — 3 () (R)

T3k T 360 (k) ¢ 129/ (k)? ’

where T'(-) and ¢(-) are the gamma and digamma functions, respectively.

(xi) Burr system of distributions (§ > 0, b > 0, b known, y > 0): «(f) = 0, {(8) = g(6)/6, d(y) =
—log G(y), v(y) = log{|dlog G(y)/dy|}, a = 1/9, b = —11/18, ¢ = 1/6, where the functions g(.) and
G(.) must be positive. Different choices for g(f) and G(y) lead to different distributions; see Burr
(1942). Burr I and Burr IX distributions do not belong to the exponential family.

(xii) Rayleigh (6 >0, y > 0): a(f) =672, ((8) = 62, d(y) = y?, v(y) =log(2y), a =1/9, b= —-11/18, ¢ =
1/6.

(xiii) Pareto (8 > 0, k > 0, k known, y > k): a(f) = 8 +1, ((8) = (k%) d(y) = log(y), v(y) = 0,
a=1/9, b=—11/18, c = 1/6.



(xiv) Weibull (# > 0, ¢ > 0, ¢ known, y > 0): «(f) = 072, () = 6%, dy) = y°, v(y) =
log(4) + (¢ — 1) log(y), a =1/9, b= —11/18, c=1/6.

(xv) Power (§ > 0, ¢ > 0, ¢ known, y > ¢): a(f) = 1 -6, ((6) = 0 '¢%, d(y) = log(y), v(y) = 0,
a=1/9, b=—11/18, c = 1/6.

(xvi) Laplace (# > 0, —oo < k < oo, k known, y > 0): a(f) = 671, ¢(0) =20, d(y) = |y — k|, v(y) = 0,
a=1/9, b=—11/18, c = 1/6.

(xvii) Extreme value (—oco < 0 < 00, ¢ > 0, ¢ known, —co0 < y < o0): a(f) = exp{f/¢}, ((0) =
pexp{—0/¢}, dy) = exp{—y/¢}, v(y) = —y/d, a =1/9, b= —11/18, ¢ =1/6.

(xviii) Truncated extreme value (§ > 0, y > 0): «(f) = 071, ((0) = 6, d(y) = exp{y} — 1, v(y) = v,
a=1/9, b=—11/18, c = 1/6.

(xix) Lognormal (6 > 0, —oco < p < oo, p known, y > 0): a(f) = 672, ¢(0) = 6, d(y) = (logy — p)?/2,
v(y) = —logy — {log(27)}/2, a =2/9, b= —-11/9, ¢ =1/3.

(xx) Normal (f >0, —oo < < 00, —00 < y < 00):

(a) p known: a(f) = (20) %, ¢(0) = 62, d(y) = (y — p)*, v(y) = —{log(2m)}/2, a =2/9, b=—11/9, c =
1/3.

(b) 8 known: a(u) = —u/6, C(u) = exp{?/@0)}, dly) = y, vly) = —{y? + log(2nd)}/2, a = 0,
b=0, ¢c=0.
(xxi) Inverse Gaussian (# > 0, u > 0, y > 0):
(a)  known: a(8) = 6, C(6) = 6772, d(y) = (y — w?/(2y), v(y) = —{logmy®)}/2, a = 2/9,
b=—11/9, c=1/3.
(b) 0 known: a(u) = 0/(2152), C(1) = exp{—6/u}, d(y) = v, v(y) = —0/(2y) + oa{6/@ry)}/2, o =
//’/(49)7 b= _5:“/(40)7 c=
(xxii) McCullagh (§ > —1/2, =1 < p < 1, p known, 0 < y < 1): a(f) = -0, ((0) = 479 B(§ + 1/2,1/2),
d(y) =logly(1 —y)/{(1 + n)* — 4uy}], v(y) = —[log{y(1 — y)}]/2,
@O +1)—9"(0+0.5))?
~36(y'(0+0.5) — (0 +1))3°
—10(y" (0 + 1) — 3" (6 + 0. 5)) 3@ +1)—¢'(0+0.5) ("0 +1)—¢"(0+0.5))
36(¢' (6 +0.5) —¢'(0 +1))3 ’
50+ 1) — 9" (0 +0.5) =340 +1) — ' (04 0.5)) (" (0 + 1) — 4" (6 +0.5))
B 12(¢"(6 + 0.5) — ¢'(6 + 1))3 ’
where B(,-) is the beta function (see McCullagh, 1989).

b=

~— —

(xxiii) von Mises (6 > 0,0 < p < 27, p known, 0 < y < 27): a(f) = —60, ((0) =271 (0), d(y) = cos(y — ),

v(y) =0,
_r(9)? _—10r"(8)% + 3/ (6)r"" (9) . 5r"(0)% — 3r' (6)r'" (9)
S 36r'(9)3 36r'(9)? T 12r'(6)3
where I,(+) is the modified Bessel function of first kind and vth order, and r(8) = I} (0)/1(6).
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(xxiv) Generalized hyperbolic secant (—7/2 < 8 < w/2, r > 0, r known, 0 < y < 1): «a(f) =0, ((9) =
m(sech)", d(y) = —log{y/(1 —y)}/m, v(y) = —log{y(1 — y)}/2,

. 1 — (cosh)? b 11 — 14(cosf)? . 1 — 4(cosh)?
N or T 18r T 6r '

Among the cases studied here, the following distributions were previously considered by Cordeiro, Ferrari
and Paula (1993): binomial, Poisson, gamma (case a), inverse Gaussian (case b) and normal (case b). The
latter case corresponds to testing the mean of a normal distribution with known variance and is the only
one for which @ = b = ¢ = 0 which is in agreement with the fact that in this case Sg has an exact x}
null distribution. An interesting feature of the results obtained here is that several cases correspond to
the following constants a = 1/9, b = —11/18 and ¢ = 1/6, thus implying that S} = Sg{l — (3 — 11Sg +
25%)/(18n)}. Since a, b and ¢ determine the expansion to the distribution function of the score statistic to
order O(n~") under the null hypothesis (see Cordeiro and Ferrari, 1991), an interesting conclusion is that the
score statistics for such examples have the same distribution to order O(n~!) and not only to order O(n°). It
is easy to verify that a, b and ¢ equal the constants given above when one of the following conditions holds:
(a) a(B)((0) = c; or (b) a(f) = c10+ ¢z, (c1 and ¢y are usually equal to 1 or —1) and ((8) = c3/(8cf), where
c1,...,cq are known scalars. These conditions are individually sufficient, but not necessary.

For some of the special cases considered here, the correction has a very simple form and for some of
them the correction does not even depend on 6. In some cases, however, the correction is a very compli-
cated function of 6 (e.g., McCullagh, von Mises and zeta distributions) requiring the evaluation of Bessel,
polygamma and zeta functions. In order to simplify the evaluation of the Bartlett-type correction in such

cases, we shall derive simple approximations for a, b and c.

We start by considering the corrections that involve polygamma functions. For large values of k,

1 1 1 1 1
IV S S -9
ViR = 5 F 55z T 300 T o T O )
Then, for the gamma distribution ( known)
_ 1 1 _4 _ 1 _ 1 _ 1 —4 — _ 1 _ 1 1 —4
=g T TR g e e PO c= T T e o O
for large k.

For the McCullagh distribution, we use the equation 9'(z + 1) — ¢'(z + 1/2) = 2¢/(2) — 4" (22) — 272,
to obtain
D) 1 3 _3 1 3 _3
a=§—m+0(0 ) b=—§+6w+0(9 ), c=§+8?+0(9 ),
for large values of 6. For the von Mises case, the correction involves the function r(-) and its first three

derivatives. For large values of § (Abramowitz and Stegun, 1970, pp.416-421)

1 1 1 25 13 n
20 89> 8A3 1280*  326°

By making use of this expansion, we get

_2, 1 23
“T 9T 82 T 4g03

+O0™), b=———— — L0, c=-———— 100



for large 6. For small 8, we have (Mardia, 1972, p.63)

9 92 9
r(0):§{1—§+ﬁ—---}

and it then follows that

92 A 1 1962
=35 +0(0"), b=—g-—¢

+0(8Y), c=<+—=+0(0").

| w

Finally, consider the zeta distribution and let

m . .
s (logk)!  (logm)’*!
%= Hm {Z o j+1 [’

k=1

j=0,1,2,3, 7o being Euler’s constant, i.e., 7o = 0.577. It is possible to obtain

1 1 4 1
a=g+ (08 +2n)8° — 5(273 + 6771 + 372)0° + 5(2173‘ + 847371 + 5497 + 307072 + 1073)0" + O(6°),

w

11 7 31 1
= 5 5(73 + 271)0% + 3(273 + 67071 + 372)8° — 5(17473 + 6967271 4 44177 + 2557072

+  8573)8% + O(8°),

1 . 11 1
c=g5+ 2(vg +2m)0° — 3(273 + 6771 +372)6° + 5(69761 + 276757 + 17177 + 10579072 + 3573)0" + 0(6°)

for small values of 6. It is possible to use MAPLE V (Abell and Baselton, 1994) to numerically evaluate the
~’s and simplify these expansions as

1 7099 ,, 15043 , 24134 , ;

@ = 5% Tiasse’  soraio’ T azeor OO
11 18068 , 2 244

, o 1 g2, 208355 24407
18 29741 ' 83788 62468

1 , 1 1762
o= 1,709, 137395, 17620, 0

6 18926 362472 39036

6* + 0(6°),

The approximations given above are not expected to work well in practice for all values of 6 in the
parameter space. Some of them are good approximations for “large” € and the others, for “small” 6. Strictly
speaking, an approximated corrected statistic obtained through these approximations does not have a x}
distribution to order n~' under Hy. However, if the approximations are good, the approximated corrected
statistic and the exact corrected statistic are approximately equal, any difference being negligible. An
interesting question is then: How large or how small # should be for obtaining good approximations to a, b
and ¢? To shed some light on this issue, we present plots of a, b and ¢ against 6 in Figure 1 for the gamma and
McCullagh distributions. For the gamma distribution, our approximation works well when k > 2, whereas
for the McCullagh distribution the approximations become reliable when, say, 8 > 4. A similar graphical
analysis can be performed for the other approximations obtained above. This is not done to save space. For
the von Mises distribution, the approximations work well for § < 1.5 and 6 > 5 for small and large values of

0, respectively. The zeta distribution requires 8 < 0.3 for the approximations to work well.
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Figure 1. Aproximations for the gamma (6 known) and McCullagh distributions. The top two
panels show the approximations for a and b for the gamma distribution (small k), the two panels
on the second row show the approximations for ¢ for the gamma distribution (small k) and for a
for the McCullagh distribution (large ), whereas approximations for b and ¢ for the McCullagh

distribution (large #) are given in the bottom two panels, respectively. Solid lines indicate exact
values and dashed lines indicate approximations.



4 Natural exponential family

In Section 3, we presented the Bartlett-type correction for the score test in the one-parameter exponential
family parameterized in terms of the parameter  (see eq. (1)). This parameterization is quite convenient for
studying how the correction varies with 6(°). However, it is also informative to write the correction for the
exponencial family parameterized in the natural form. By doing this, it is possible to write the coefficients
a, b and ¢ in a very ellegant and simple way, and also give an interpretation for these coefficients.

The one-parameter natural exponential family is written as

w(y;0) = Fla)exp{—ad(y) +o(y)}, (8)

where « is the natural parameter and —d(y) is the canonical statistic. Since (1) and (8) define a one-to-one
correspondence between § and «, the coefficients a, b and ¢ given in (5)-(7) reduce to the corresponding
expressions in (4) with v2 = 3"2/8" and v, = 8""/3"%, where 8 = dlog{d(a)}/da, with primes denoting
derivatives with respect to a. In order to give an interpretation for the coefficients a, b and ¢, it should
be noticed that for distributions in (8) one has that §(«) is the cumulant generator of —d(y) with the
(r 4+ 1)th cumulant given by d"3/da”. Hence, v7 and ~y, are the third and fourth standardized cumulants of
—d(y). Then, a is proportional to 42 which is the usual measure of skewness of —d(y) and c is proportional to
5v# — 372 and may be viewed as a measure of nonnormality or noninverse normality of —d(y) (see McCullagh
and Cox, 1986). The coefficient b is a linear combination of a and c.

When the cumulant generating function of —d(y) can be written as §(a) = exp{co + c1a + caa®}, where
co, c1 and ¢y are arbitrary constants, we have that a = b = ¢ = 0, that is, the Bartlett-type correction
vanishes. This is the case for the normal distribution with known variance. On the other hand, if

8(a) = exp{coa}(ka +c¢;) "/ OF ¢y, (9)

where g, ¢1 and ¢, are any real numbers and k > 0, we have that a = k, b = —11k/2 and ¢ = 3k/2. For 13
of the cases considered in the previous section, a, b and ¢ are constant with a > 0, and it is possible to show
that their cumulant generating functions satisfy (9) and that the above relations hold.

Next, we shall derive simple expressions for the coefficients a, b and ¢ in terms of the mean (3 of the
canonical statistic —d(y) for some subclasses of distributions in the one-parameter exponential family. First,
it should be noticed that there is, up to a linear tranformation, only one distribution in (8) with a specified
variance function (Jorgensen, 1987) and hence ' uniquely characterizes any distribution in (8). The following

families of variance functions are considered (cp,...,c3 € R) :
(1) Power variance function: 8" = P /cq, for p <0 and p > 1, ¢y > 0:

PP p— _PUp+ 3)pr—2 _p(3—p)pr _

3600 ’ 3660 ’ 1200

Here, p = 0,1,2,3 for the normal, Poisson, gamma and inverse Gaussian distributions, respectively.
For other distributions in this class, see Jorgensen (1987).

(2) Quadratic variance function: 3 = co + ¢13 + 23, where a, b and ¢ are given by the corresponding

expressions for the cubic variance function (see below) with ¢z = 0. Morris (1982) showed that there
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are only six distributions in this class, namely: normal (¢ =6, ¢; = c2 =0, > 0, 8 known), Poisson
(o = c2 =0, ¢; =1), binomial (¢ =0, ¢; =1, co = —1/m, m € IN, m known), negative binomial
(co =0,¢c1 =1, ¢ = 1/v, v > 0, known), gamma (¢cg = ¢; = 0, c2 = 1/k, k > 0 known) and
generalized hyperbolic secant (co =, ¢; =0, co = 1/r, r > 0 known).

(3) Cubic variance function: 3 = co + ¢18 + c23% + c34°:

a = (360")""{c? — dcoca + 337 (6¢1 + 8c2f + 9c3 %)} + dea,

b= (368")"1{-7(c — 4coca) + c38(18¢co — 24c1 8 — 38¢2 3% — 45¢3%)} — 22¢s,
c=(608")"Hci — dcoes — c38(9¢co + 3¢1 B + c232)} + 2¢s.

Letac and Mora (1990) showed that there are only six distributions in this class with ¢35 # 0, namely:
Abel (o =0,¢1 =1, c2 =2/p, c3 = 1/p%, p > 0 known), Takdcs (co =0, ¢; = 1, c3 = (2m + 1)/ (mp),
cz = (m+1)/(mp?), p > 0 and m > 0 are known), strict arcsine (co = co = 0, ¢1 = 1, c3 = 1/p?,
p known), large arcsine (cg = 0, ¢; = 1, ¢ = 2/(mp), c3 = (1 +m?)/(mp)?, p >0 and m > 0
are known), Ressel (co = ¢; = 0, c2 = 1/p, ez = 1/p?>, p > 0 p known) and inverse Gaussian
(co=c1=c2=0,c3 =-1/6,0 >0, 6 known).

(4) Babel class: ' = coA+ (¢1 8+ ¢2)A'/?, where A is a polynomial of degree smaller than 3 which is not a
perfect square. For this class a, b and ¢ are easily obtained using MATHEMATICA but the resulting
expressions are very cumbersome and consequently they are not presented here.
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