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Abstract

This paper develops a consistent OLS estimate of a fractionally integrated processes'

di�erencing parameter, using continuous wavelet theory as constructed from smooth-

ing kernels. We show that a log-log linear relationship exists between the variance of

the wavelet coe�cient and the level at which the fractionally integrated processes is

smoothed. This linear relationship occurs because the self-simularity property of the

fractionally integrated process and the self-similarity of the wavelet causes the smooth-

ing level to continually appear in the wavelet transformation. Since the wavelet coe�-

cient can be interpreted as the kth order details of the series at some level of smoothing,

we also show that the above log-log relationship can be derived from the variance of

the 1st order derivative of the time series smoothed by a kernel that is well localized in

both time and frequency space. Lastly, we derive the asymptotic biasness and variance

of the OLS estimate and test our consistent estimate with a number of Monte Carlo

experiments.
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1 Introduction

Wavelet analysis is a relatively new development in the area of applied mathematics that is

just now receiving the attention of statisticians1. Wavelets were �rst introduced in seismol-

ogy [Morlet (1983)] to provide a time dimension to seismic analysis that Fourier analysis

lacked. The wavelets generality and its strong results quickly revealed that they were ad-

vantageous in other areas ranging from signal [Kronland-Martinet, Morlet and Grossman

(1987)] to numerical analysis [Beylkin, Coifman, and Rokhlin (1991)].

By design the wavelets usefulness rests in their ability to localize a process in time-

frequency space. At high frequency levels, the wavelet is tight in shape (small time in-

terval) and is able to focus in on short lived phenomena like singularity points, while at

low frequencies the wavelet is stretched out in shape, making it well suited in identifying

long periodic processes. By moving from high to low levels of frequency the wavelet is able

to zoom in on a processes behavior at a point in time and identify either singularities or

alternatively zoom out and reveal the long and smooth features of a signal.

Wavelets can be thought of as the derivative at any order k of a smoothing kernel,

under the assumption that the smoothing kernel has at least k-ordered derivatives. Like

any smoothing kernel, the kernel from which wavelets are formed is well localized in time

space. But unlike normal unimodular smoothing kernels, the smoothing kernel used in

deriving a wavelet can take on negative value. This feature of the smoothing kernel enables

the wavelet to be well localized in frequency space, improving the decorrelation between

the wavelet coe�cients, and enabling the wavelet's bandwidths to be increased (decreased)

to capture the long and smooth (short and discontinuous) characteristics of a time series.

Suppose the bandwidth of a smoothing kernel is smaller than the interval over which

a time series features a periodic behavior. In order for the smoothing kernel to correctly

characterize this periodicity, convolutions of the kernel and time series must be spread out

over time and calculated often over the periodic interval. If the characteristic of the time

series involves a time interval that is smaller than the kernel's bandwidth, then a large

number of convolutions must be spread out in frequency. In both situations the smoothing

1See Donoho and Johnstone (1994), (1995a), (1995b), and Donoho, et.al. (1995)
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kernel is dependent on the chosen bandwidth. Since wavelets use every possible bandwidths

available in analyzing a time series, wavelet analysis does not su�er from these problems.

In this paper we show that there exists a log-log linear relationship between the variance

of the wavelet coe�cient and the bandwidth, equal to the fractional di�erencing parameter.

This linear relationship lends itself nicely to the estimation of the fractional di�erencing

parameter by ordinary least squares. We show that the OLS estimate is a consistent estimate

of the fractional di�erencing parameter and derive its small sample biasness and variance.

In Section 2 we provide the background and motivation for using wavelets. Some of the

material of Section 2 can be found in other treatments on wavelets [Daubechies (1988) and

Mallat (1989)], but a large percentage of Section 2 is presented in a manner that is parculiar

to a wavelet being de�ned as the kth order derivative of a smoothing kernel. Section 3

de�nes the class of fractionally integrated processes, their self-similarity and long-memory

properties. In Section 4 we draw heavily on the self-similarity property of the fractionally

integrated processes and of the wavelet to establish the log-log linear relationship between

the variance of the wavelet coe�cient and the fractional di�erencing parameter. We then

provide some of the asymptotic properties of the OLS estimate. Lastly, in Section 5 we

conduct a Monte Carlo simulation study to determine the robustness of the OLS estimate

of the fractional di�erencing parameter to di�erent values of the fractional di�erencing

parameter and signal length.

2 Wavelet Theory

A continuous wavelet is de�ned as

 a;b(t) = jaj�1=2 
�
t� b

a

�
(1)

where a 6= 0 and b is any real number.  a;b is simply the dilation (by a) and translation

(by b) of the function  . If a > 1,  
attens out horizontally, while 0 < a < 1 tightens  .2

For this reason a is referred to as the scaling parameter. The jaj�1=2 term is a normalizing

2In theory a can take on any real value other than zero. However, we make the simplifying assumption
of restricting a to the unit interval. The results we �nd are also obtainable with scaling parameters outside

the unit interval with only slight modi�cations to the notation.
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constant that insures that  a;b has an inner product equal to one. When a > 1 the jaj�1=2

term causes the vertical height of  to be scaled down, while when 0 < a < 1 the vertical

height is increased. If  is well localized around zero, changing the value of b shifts  over

the time arguments, allowing  a;b to be well localized around the translation point b. b is

referred to as the translation parameter.

The function  (t) is commonly referred to as the `mother' wavelet. In order for a function

to qualify as a `mother' wavelet it must satisfy the admissibility condition,
R
 (t)dt =

0. This is a necessary condition insuring smoothness and localization in frequency and

time space. The admissibility condition can also be interpreted as requiring  (t) to be

nonunimodular, hence, the name wavelets.

The regularity properties of the `mother' wavelet can be extended to require  (t) to

have more than one vanishing moments or to possess higher ordered continuous derivatives,

i.e.
R
tr (t)dt = 0 where r = 0; 1; 2; : : : ;M�1, and/or  (t) 2 Ck. Increasing the number of

vanishing moments is important in the results of this paper and will become more apparent

once the theory is fully developed.

Let x(t) be a real valued time series. The wavelet coe�cients for x(t) are equal to the

inner product

< x;  a;b >= jaj�1=2
Z
x(t) 

�
t � b
a

�
dt: (2)

Later on we will show that the wavelet coe�cients f< x;  a;b >gb represent the details of

the signal x(t) at the scale a.3

Grossman and Morlet (1984), desiring to �nd a transformation who's dilations and

translation would represent a function in Hardy space and could be used to reconstruct the

function, found that the wavelet coe�cients, < x;  a;b >, completely characterizes x in the

L2 sense ofZ
j < x;  a;b > j2db =

Z
jx(t)j2dt

and could be used to reconstruct x by

x = C�1 

Z Z
a�2 < x;  a;b >  a;b da db

3Mallat (1989) used multiresolution analysis to show that discrete wavelets coe�cients represent the

details of a signal at a given scale and that the wavelet forms a basis of L2(<).
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where C�1 = 2�
R
j ̂(�)j2 j�j�1 < 1. Note that the admissibility condition,

R
 (x)dx = 0,

is implied by C�1 <1 if  (t) has su�cient decay.

Thus,  a;b constitutes a basis for the Hardy space of functions, and more regular wavelets

have been shown by others to form a basis for L2, Sobolev and H�older spaces [Meyer (1990)].

If  is carefully constructed,  a;b also provides an orthonormal basis for these function

spaces. The wavelet we have chosen to use in this paper are of this construction.

Let �(t) be a function where

Z
�(t)dt = 1 (3)Z

tr�(t)dt = 0 r = 1; 2; : : : ;M � 1 (4)

and @k�1�(t)=@t has either a compact support or

lim
t!�1

@k�1�(t)

@t
= 0: (5)

We assume that  has k ordered derivatives. In the wavelet literature �(t) is known as the

scaling function. Since in general a function only needs to satisfy Eq. (3) in order to be

a scaling function, Eq (4) and (5) de�nes a certain type of scaling function. In particular,

�(t) has some vanishing moments.

For our purposes �(t) can be thought of as a smoothing kernel who's expected value is

zero, but unlike a typical smoothing kernel �(t) can take on negative values. By viewing �(t)

as a smoothing kernel, the scaling coe�cient, < x; � >, can be interpreted as the average

value of x(t), and the dilated and translated scaling coe�cient, < x; �a;b >, represent the

average of x(t), at resolution a, around b. Note that �a;b is the dilation and translation of

�(t).

For expository purposes we de�ne the `mother' wavelet in terms of the scaling function

� as

 (t) = (�1)k@
k

@t
�(t): (6)

The wavelet admissibility condition follows as a result of Eq. (5). From this de�nition the

wavelet coe�cient can be interpreted as a measure of the rate of change (details) in the
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average of x(t) at scale a. This is found by using the de�nition of the wavelet coe�cient

and the `mother' wavelet to obtain

< x;  a;b > =

Z
x(t) a;b dt

= (�1)kjajk@
k

@t

Z
x(t)�a;b(t)dt

= jajk@
k

@b

Z
x(t)�a;b(t)dt

= jajk@
k

@b
< x; �a;b > : (7)

Thus, the wavelet coe�cient is proportional to the kth order rate of change in the average

of x(t) around b at the scale a. It follows that f< x;  a;b >gb is a measure of the kth order

details of x(t) at scale a.

Other interpretations that aid in understanding the scaling and wavelet coe�cients are

found by expanding x(t) in a Taylor series around b. Assuming that x(t) 2 CM�1

x(t) = x(b) + x0(b)(t� b) + � � �+ 1

M � 1
x(M�1)(b)(t� b)M�1+ C(t)(t� b)M

where C(t) is a �nite constant dependent on t. Multiplying by  a;b and integrating over t

we �nd

< x(t); �a;b > � jaj1=2x(b) +KjajM�1=2
Z
tm�(t)dt: (8)

for some �nite constant K. It also follows from the above Taylor series that the absolute

value of the wavelet coe�cients,

j < x;  a;b > j � KjajM�1=2
Z
j (y)jjyjMdy: (9)

Since both the level of approximation achieved by the scaling coe�cient and the rate of

decay of the wavelet coe�cients depend on the number of vanishing moments, M , Eq. (8)

and (9) show the bene�ts of choosing a wavelet with a large number of vanishing moments.

We use the bene�t of decaying wavelet coe�cients to provide statistical inference for the

fractional di�erencing parameter.

2.1 Example
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Figure 1: Coi
et Scaling Functions and Wavelets

An example, and the chosen wavelet for the simulations performed in this paper, is the

Coi
et wavelet [Daubechies (1992) p. 258]. The Coi
et family of wavelets are derived from

a scaling functions with a nonzero zero-order moment and at least one vanishing moment

at higher orders. The corresponding wavelets have just as many vanishing moment as

their scaling function. In �g. 1 the Coi
et's scaling and wavelet functions are plotted for

M = 4; 10. Notice that in both cases the scaling functions are well localized in time around

zero. Also notice that by increasing M ,  (t) and �(t) become smoother, which in turn

improves their regularity properties.

We earlier showed that the approximating ability of < x; �a;b > and the rate of decay

in < x;  a;b > improves as M increases. However, as the number of vanishing moments

increases the size of the wavelet's support also increases [Daubechies (1992)]. If  (t) is

a Coi
et wavelet with M vanishing moments, the width of supp( (t)) = 3M � 1.4 This

property is easily seen in the scaling function of �g. 1 where the support forM = 10 extends

well beyond the support for M = 4.

4The Daubechies (1988) family of wavelets possess the smallest possible support forM vanishing moments.

If the wavelet has M vanishing moments the smallest support width a wavelet can have is 2M . Hence, the

Daubechies wavelet is superior to the Coi
et wavelet because of its support size. However, the Daubechies
wavelet is asymmetric in time dimension and for this reason we choose to use the Coi
et wavelet.
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To show how simple a function can be, and still qualify as a wavelets, we present one

of the oldest and well known wavelets. The Haar wavelet is a member of the Daubechies

class, the symmetric biorthogonal class and many other classes of wavelets, and equals

 (t) =

8><
>:

1; 0 � t < 1=2

�1; 1=2 � t < 1

0; otherwise.

(10)

Hence, it follows that the corresponding scaling function is the indicator function �(t)[0;1).

3 Fractionally Integrated Series

Let x(t) represent a time series with the form

(1� L)dx(t) = �(t) (11)

where � � N (0; �2�). Without losing any generality we assume that �2� = 1. The lag operator,

L, is de�ned as Lx(t) = x(t� 1). x(t) is an integrated series with di�erencing parameter d,

denoted as I(d), where d is normally an integer. Granger and Joyeux (1980) and Hosking

(1981) assume that, in addition to taking on integer values, d can also equal non-integer

values, in particular jdj < 0:5. Their reasoning is that many series have spectrums that

increase without bound as ! ! 0, but when the series is di�erenced the spectrum equals

zero. Furthermore, by allowing d to be a non-integer, a wide variety of processes with

spectrums of di�erent shapes are made available with the power spectrum,

S(!) � 1=j!j2d as ! ! 0: (12)

In Eq. (12), Mandelbrot and Van Ness' (1968) statistical self-similarity property is evi-

dent. For any a, Sx(!) = jaj2dSx(a!), i.e. the statistical properties of x(t) remain the same

regardless of the resolution of x(t).

x(t)'s autocovariance function is

Rx(k) = E[x(t) x(t+ k)]

= Kjkj2d�1 (13)
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as jkj ! 1, for some �nite constant K. Since

Rx(ak) � jaj2d�1Rx(k)

= jaj2HRx(k) (14)

the statistical self-similarity parameter is H = d� 1=2.

In Eq. (13), the long-term memory property of the fractional integrated model is also

evident. When d > 0 the autocovariance function decays hyperbolically, as opposed to

a short-memory processes' exponential decay. This same slow decay also occurs when

d < 0. However, instead of having positive long-term dependence the process has negative

dependence.

It is possible to write the variance of the scaling coe�cients as a function of x's autoco-

variance function, Rx(k). By taking advantage of the self-similarity of x(t), each time the

scaling factor a decreases it is like measuring the I(d) process at points found in between

those already measured. As a result of this increasing resolution the a2d�1 term continues

to pop up. If the wavelet is de�ned as the 1st order derivative of the scaling function, the

self-similarity of Rx(k) and the scaling parameter has a relationship equal to

var(< x;  a;b >) = jaj2dRx(k):

It will become more apparent how this statistical self-similarity property of an I(d)

process allows us to estimate d, but for the moment we only need to stress how important

this behavior is in reaching our results. It enables us to measure x(t) are di�erent levels of

resolution and to know that the autocovariance functions from di�erent levels resolutions

will be related.

4 OLS Estimate of d Using Wavelets

Let the series x(t) be a mean zero fractionally integrated process with jdj < 1=2, and de�ne

R(a) = E[< x;  a;b >
2]: (15)
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By the wavelet de�nition given in Eq. (6), R(a) can be written in terms of the scaling

coe�cients as

R(a) = jaj2kE
"�

@

@b
< x; �a;b >

�2
#
: (16)

Hence, R(a) is a measure of the variance in the kth order di�erence of x(t) when the series

is smoothed to the scale a.

We now draw on the statistical properties of the wavelet coe�cients as spelled out in

the following theorem to obtain a consistent estimate of the I(d)'s fractional di�erencing

parameter. From the statistical properties of a fractionally integrated process, we arrive at

the follow theorem.

Theorem 1 The wavelet coe�cients, < x(t);  a;b >, associated with a mean zero I(d)

process with jdj < 1=2 are distributed N (0; �2jaj2d), where �2 is a �nite constant.

Proof: See Appendix A.

By Theorem 1, R(a) = �2jaj2d. Taking the logarithmic transformation of R(a), we

obtain the log-log relationship

lnR(a) = ln �2 + d ln jaj2 (17)

where lnR(a) is linearly related to ln jaj2 by the fractional di�erencing parameter, d. Hence,

the unknown d of a fractionally integrated series can be calculated by the ordinary least

squares estimate, d̂.

To perform this OLS regression we require a measure for the dependent variable R(a).

Fortunately, if a large number of wavelet coe�cients are available for the scale a, the sample

variance of < x;  a;b > provides us with a consistent estimate of R(a). At scale a and x(t)

measured over t = 0; 1; : : : ; T , where T � a�1 � 1, the sample variance of the wavelet

coe�cients equals

�R(a) =
1

N(a)

a�1�1X
n=0

< x;  a;bn >
2 (18)

where bn = a � n and N(a) = a�1.
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The statistical properties of the OLS estimate d̂ can be calculated by expanding ln �R(a)

around lnR(a) in the following Taylor series

ln �R(a) = lnR(a) +
�R(a)� R(a)

R(a)
� 1

2

"
( �R(a)�R(a))2

R(a)2

#
: (19)

In order to show that d̂ is a consistent estimate of the fractional di�erencing parameter, we

need the following theorem showing that the < x;  a;b > are asymptotically independent.

Theorem 2 If  (t) has M � 1 vanishing moments with support [�K1; K2] where K1 � 0

and K2 � 0 and x(t) is I(d) with jdj < 1=2 then < x;  a;b > is asymptotically independent in

both time and scale space since< x;  a;b >'s correlation decays as O(jb1�b2j2(d�M)�1) in time

space and as O(j1=aj2(d�M)�1) in scale space, for all b1 and b2 such that jb1�b2j > K1+K2.

Proof: See Appendix B.

Since jdj < 1=2, 2(d�M) � 1 will always be negative and the correlation will always

decay even for the least regular of wavelets, eg. the Haar wavelet. However, as we mentioned

early in Section 2, the larger the number of vanishing moments the wider the wavelet's

support, i.e. larger values forK1 andK2 and less wavelet coe�cients satisfying the condition

jb1 � b2j > K1 + K2. Thus, by choosing a wavelet with a large M , the rate of decay in

< x;  a;b >'s autocovariances will increase, but over a smaller set of wavelet coe�cients.

Fortunately, even though theory says the decay of the wavelet correlation only occur

when the di�erence in the translation parameters are outside the cone K1+K2, simulations

studies have shown that the e�ective support of a wavelet is much smaller than their the-

oretical support5. In these simulations the wavelet coe�cient's correlation were found to

rapidly decay for translation arguments inside the cone. We too have found this to be the

case as evidenced in �g. 2.

In �g. 2, we graph the autocovariance function of < x;  a;b >, where x � I(0:25) and

a = 2�8. Notice that the autocovariances easily falls within two standard errors, �2=
p
a�1,

of zero.

By Theorem 1 and 2, R(a)�1=2 < x;  a;b >� N (0; 1) and is asymptotically independent

as a tends to zero. Hence, R(a)�1
P
b < x;  a;b >

2� �2a�1 , where a
�1 is the degree of freedom.

5See Daubechies (1988), Tew�k and Kim (1992), Kaplan and Kuo (1993), and Flandrin (1991)
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Figure 2: Autocovariance Function of < x;  a;b >, where a = 2�8

It follows that �R(a) has mean R(a) and variance 2(�2jaj2d+1=2)2. Because 1
a�2

var(
P
b <

x;  a;b >
2) converges to zero as a tends to zero, by Markov's law of large numbers �R(a) will

tend in probability to R(a) as a! 0.

The above Taylor series representation of ln �R(a) can now be written as

ln �R(a) = lnR(a) + op(1):

Substituting �2jaj2d for R(a), we �nd

ln �R(a) = ln �2 + d ln jaj2 + op(1): (20)

In other words, as a ! 0 the OLS estimate of the log-log relationship's slope provides a

consistent estimate of x(t)'s fractional di�erencing parameter.

4.1 Discrete Wavelet Analysis

Because an observed I(d) processes is discrete, whereas our theory is for continuous time,

we must think of the measured data as a approximation of x(t) that has been uniformly

sampled at a scale equal to the inverse of the series' length. In other words, the measured

fractionally integrated series x(t), where t = 0; 1; : : : ; T � 1, equals the scaling coe�cients
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< x; �1=T;b > where b = 0; 1; : : : ; T � 1. From this interpretation it is safe to say that the

scaling and wavelet coe�cients associated with higher resolution (a < 1=T ) are meaningless

since there is no information contained in between the observed values of x(t). Hence, the

�nest scale the wavelet coe�cients can be calculated is a = 1=T .

When analyzing a measured time series the discrete wavelet

 2�m;2�mn(t) =  

�
t� 2�mn

2�m

�

where m = 0; 1; : : : ; log2 T � 1 and n = 0; 1; : : : ; 2m � 1, is commonly used. When a time

series has T observations we will have at most [log2 T ] observations in the regression of

lnR(a) on log jaj2. As a result, the number of observations used in the OLS regression is

dependent on the observations of x(t) doubling in number.

The scaling parameter is a multiple of 1=2 so that the wavelet coe�cients can be calcu-

lated with the Fast Wavelet Transform [Mallat (1989)]. Like the Fast Fourier Transform,

the Fast Wavelet Transform uses quadrature mirror �lters that zoom out on the original

series x(t) by a factor of 2. Both the Fast Wavelet and Fourier transformation require 2max

observations where max 2 Z+ or zero padding is used.

4.2 Biasness of d̂

Let ym = ln jamj2� 1
max

Pmax�1
k=0 ln jakj2, where am = 2�m. It follows that the OLS estimate of

the fractional di�erencing parameter, d̂ = [
Pmax�1
m=0 y2m]

�1[
Pmax�1
m=0 ym ln �R(am)]. Expanding

d̂ in a Taylor series around R(am) we �nd

d̂ =

"
max�1X
m=0

y2m

#�1 "max�1X
m=0

ym lnR(am)

#
+

"
max�1X
m=0

y2m

#�1

�
"
max�1X
m=0

ym
�R(am)�R(am)

R(am)

#
+ Op

 
var �R(am)

R(am)2

!
(21)

Substituting �2jamj2d for the �rst R(am) in the RHS of (21), the biasness of d̂ is calculated

to equal

d̂� d =

"
max�1X
m=1

y2m

#�1 "max�1X
m=0

ym
�R(am)�R(am)

R(am)

#
+ Op

 
var �R(am)

R(am)2

!
: (22)

Since �R(am) tends to R(am) as am ! 0 and
P
m y

2
m is bounded away from zero, Eq. (22)

once again shows that d̂ is a consistent estimate of the fractional di�erencing parameter.
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To determine the variance of d̂, we must calculate the variance of Eq. (22)'s �rst term.

Using the results found in Section 4, we can show

var �R(am)

R(am)2
= 2jamj: (23)

Combining (23) with (22) we can deduce that

d̂� d = �1=2jamj1=2Z + op(jamj1=2) (24)

where � = �(a1; a2; : : : ; am) is a constant and Z is a random variable with unit variance.

5 Simulations

To determine the robustness of the OLS estimate d̂ to di�erent signal lengths and values

of d, we conduct a Monte Carlo experiment where arti�cial I(d) processes are generated.

For a number of years generating a series that exhibited long-memory has been a synthesis

problem. Many of the known methods require large amounts of memory and are computa-

tionally intensive.6 With this in mind we chose the method provided by Davies and Harte

(1987) because of its computation and memory e�ciencies.7

To insure that the results from our Monte Carlo simulations only report the statistical

properties of d̂ and not the a�ect zero padding has on the FWT, the generated fractionally

integrated processes will have length equal to T = 2max, where max = 8; 9; 10; 11. In

addition, the simulated time series will be pure long-memory processes, uncontaminated

from additive white noise.8 In each experiment, 1,000 I(d) processes are generated and

estimated.

5.1 Results

Table 1 and �g. 2 summarizes our �ndings on d̂ when the Coi
et wavelet with ten vanishing

moments is used to calculate the wavelet coe�cients and every scale parameter is included

6The method most often used to generate I(d) processes are McLeod and Hipel (1978) and Hosking
(1984). Both these methods require O(T 2) memory and take O(T 3) computations to generate an I(d)

process of length T .
7See either Davies and Harte (1987) or Jensen (1995) for a complete description on this methodology.

Also this method is very similar in nature to the approach described in Feurerverger, Hall, and Wood (1994).
8Jensen (1995) contaminated the I(d) processes to determine how well the wavelet �ltered out the un-

wanted noise.
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Figure 3: Box Plots: m 2 f0; 1; : : : ; max� 1g, a) T = 28, b) T = 29, c) T = 210, d) T = 211

in the regression, i.e. famgm=0;1;:::;max�1. Both the box-plots of �g. 2 and the mean values

of d̂ over the samples found in table 1 show that d̂ under estimates the true fractional

di�erencing parameter. This downward bias in d̂ does diminish, however only slightly, as

the number of observations increases.

One possible explanation for the downward bias in d̂ is that by using every scale available

to estimate d the gain in the number of observations is o�set by �R(am) being becoming a

poor estimate of R(am). The number of wavelet coe�cients at scale am that can be exactly

calculated from a �nite series gets to be fewer and fewer as am approaches one (m gets

closer to zero), so that at the scale, am = 1, there is only one wavelet coe�cient from which

to calculate �R(1). This presents us with a tradeo� between using all the available wavelet

coe�cients to estimate d, or using only those wavelet coe�cients which have a scaling

parameter below a speci�c level which will insure that �R(a) provides a good estimate of

R(a).

Table 2 and �g. 3 contain the results from experiments where the wavelet coe�cients
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T d Mean SD MSE

28 0.05 -0.0058 0.1498 0.0338

0.15 0.0041 0.1509 0.0346

0.25 0.1496 0.1412 0.0300

0.35 0.2439 0.1428 0.0316

0.45 0.3359 0.1596 0.0384

29 0.05 -0.0038 0.1105 0.0200

0.15 0.0663 0.1201 0.0216

0.25 0.1583 0.1198 0.0227

0.35 0.2689 0.1109 0.0189

0.45 0.3594 0.1217 0.0230

210 0.05 -0.0024 0.1038 0.0163

0.15 0.7512 0.0982 0.0152

0.25 0.1786 0.1030 0.0157

0.35 0.2730 0.1063 0.0172

0.45 0.3778 0.0949 0.0142

211 0.05 -0.0096 0.0801 0.0100

0.15 0.0853 0.0849 0.0114

0.25 0.1876 0.0847 0.0111

0.35 0.2887 0.0826 0.0106

0.45 0.3920 0.0797 0.0097

Table 1: Summary Statistics: m 2 f0; 1; : : : ; max� 1g
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T d Mean SD MSE

28 0.05 -0.0077 0.1104 0.0155

0.15 0.1046 0.1103 0.0142

0.25 0.2140 0.1126 0.0140

0.35 0.3175 0.1122 0.0136

0.45 0.4332 0.1135 0.0131

29 0.05 0.0069 0.0842 0.0089

0.15 0.1136 0.0866 0.0088

0.25 0.2157 0.0942 0.0101

0.35 0.3238 0.0910 0.0090

0.45 0.4323 0.0853 0.0076

210 0.05 0.0152 0.0696 0.0061

0.15 0.1172 0.0692 0.0059

0.25 0.2268 0.0698 0.0054

0.35 0.3280 0.0729 0.0058

0.45 0.4366 0.0711 0.0052

211 0.05 0.0172 0.0584 0.0045

0.15 0.1204 0.0588 0.0043

0.25 0.2256 0.0591 0.0043

0.35 0.3340 0.0603 0.0039

0.45 0.4381 0.0617 0.0039

Table 2: Summary Statistics: m 2 f1; 2; : : : ; max� 1g
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Figure 4: Box Plots: m 2 f1; 2; : : : ; max� 1g, a) T = 28, b) T = 29, c) T = 210, d) T = 211

with scaling parameters am, where m = 1; 2; : : : ; max� 1, were used to estimate d. Com-

paring these results to those found in table 1 and �g. 2, we �nd the mean squared error

decreases when the coarsest wavelet coe�cient is left out of the regression, regardless of the

value of d or T . In addition, the biasness found in table 1 and �g. 2 becomes insigni�cant

and each of the 25th-75th quantile boxes in �g. 3 contains the true value of d.

Even though the results found in table 2 and �g. 3 are an improvement over those found

in table 1 and �g. 2, �R(a1) is a sum of only two wavelet coe�cients, f< x;  1=2;2n >gn=0;1,

Whereas �R(a2) has the four wavelet coe�cients f< x;  1=4;4n >gn=0;1;2;3. Hence, to improve

the regression at the expense of decreasing the total number of observations, we choose to

use the wavelet coe�cients with scaling parameters, am, where m = 2; 3; : : : ; max � 1 to

estimate d. The simulation results using these scaling parameters are respectively listed

and plotted in table 3 and �g. 4.

The improvement from table 2 and �g. 3 to table 3 and �g. 4 are not as dramatic as those

found when we left out the coarsest resolution of the wavelet coe�cients. The main e�ect

of dropping the next coarsest resolution from the regression was to improve the estimate

of d when it is close to zero, especially when d = 0:05. In addition, our simulation results

17



Figure 5: Box Plots: m 2 f2; 3; : : : ; max� 1g, a) T = 28, b) T = 29, c) T = 210, d) T = 211

suggest that a sample size of T � 28 is large enough for the asymptotic properties of d̂ to

take hold. Notice that increasing the sample size above 28 only marginally improves the

statistical inference of d̂ as measured by the MSE and mean of the Monte Carlo experiment.

6 Conclusion

In this paper we have shown that the log-log relationship exists between the variance of

the wavelet coe�cient and the fractional di�erencing parameter of a fractionally integrated,

and that this relatioship provides a simply method to estimating the di�erencing parameter.

The OLS estimate of the fractional di�erencing parameter is shown to be consistent when

the sample variance of the wavelet coe�cient is used in the regression.

The Monte Carlo simulation bore this out, but only after the two sample variances at

the coarsest levels of smoothing were left out of the regression. When all the available

wavelet coe�cient's sample variance were included in the regression, the OLS estimate of

the fractional di�erencing parameter found in our simulations tended to be slightly biased

in the downward direction. When the two coarsest sample variances were left out of the

18



T d Mean SD MSE

28 0.05 0.0238 0.0961 0.0099

0.15 0.1266 0.0905 0.0087

0.25 0.2351 0.0931 0.0089

0.35 0.3413 0.0933 0.0088

0.45 0.4472 0.0943 0.0089

29 0.05 0.0248 0.0686 0.0053

0.15 0.1353 0.0686 0.0049

0.25 0.2412 0.0703 0.0050

0.35 0.3472 0.0681 0.0048

0.45 0.4479 0.0717 0.0051

210 0.05 0.0328 0.0055 0.0033

0.15 0.1363 0.0570 0.0034

0.25 0.2424 0.0547 0.0031

0.35 0.3457 0.0558 0.0031

0.45 0.4521 0.0539 0.0029

211 0.05 0.0317 0.0463 0.0025

0.15 0.1383 0.0432 0.0020

0.25 0.2402 0.0451 0.0021

0.35 0.3452 0.0473 0.0023

0.45 0.4473 0.0427 0.0022

Table 3: Summary Statistics: m 2 f2; 3; : : : ; max� 1g
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regression, the downward bianess was no longer present at of the sample sizes used in

the Monte Carlo experiments. In addition we found that the OLS estimate reacheds its

asymptotic properties with a time series of atleast 28 observations.

A Proof of Theorem 1

Let x(t) be a mean zero I(d) process with jdj < 1=2 and �2� = 1. The expected value of

< x;  a;b > can easily be shown to equal zero, since

E[< x;  a;b >] = jaj�1=2
Z
E[x(t)] 

�
t � b
a

�
dt:

The variance of the wavelet coe�cients, R(a), equals

R(a) = E
�
< x;  a;b >

2
�

= jaj�1
Z
dt

Z
dsE[x(t)x(s)] 

�
t� b

a

�
 

�
s� b

a

�
:

Using the fractionally integrated processes' autocovariance function found in Eq. (13) and

by a change of variables

R(a) = �Kjaj2d
Z
dt

Z
ds jt� sj2d�1 (t) (s)

= K0jaj2d
Z
dt jtj2d�1�(1; t)

where �(1; t) =
R
 (s) (s�t) ds is the wavelet transform of the `mother' wavelet. Collecting

terms we �nd

R(a) = �2jaj2d

where �2 = K0
R
dt jtj2d�1�(1; t) <1 since �(1; t) is �nite. Thus, < x;  a;b >� N (0; �2jaj2dj).

Q.E.D.

B Proof of Theorem 2

Let  (t) have M � 1 vanishing moments and � = a�1(b1 � b2). Using the steps found in

the proof of Theorem 1, the corr(< x;  a;b1 >;< x;  a;b2 >) can be written as

corr(< x;  a;b1 >;< x;  a;b2 >) =

R
dt
R
ds jt� s+ �j2d�1 (t) (s)R

dt
R
ds jt� sj2d�1 (t) (s)

= K0

Z
dt

Z
ds jt+ �j2d�1�(1; t) (25)
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where �(1; t) =
R
ds  (s � t) (s) and K0 is a �nite constant. Let j�j > K1 + K2, i.e.

� 62 supp(�(1; t)), so that jt+�j2d�1 is continuously di�erentiable. By the binomial theorem

jt+ �j2d�1 = j�j2d�1j1 + t

�
j2d�1

= j�j2d�1
(
1 +

1X
i=1

 
2d� 1

i

!�
t

�

�i)
(26)

Substituting Eq. (26) into Eq. (25), the correlation becomes

corr(< x;  a;b1 >;< x;  a;b2 >) = K0j�j2d�1
�Z

dt�(1; t)

+

Z
dt

1X
i=1

 
2d� 1

i

!�
t

�

�i
�(1; t)

)
(27)

Since  (t) hasM vanishing moments, �(1; t) �rst 2M moments are zero (See Jensen (1995)

for the proof of this result). Hence,

corr(< x;  a;b1 >;< x;  a;b2 >) = C1jaj�2(d�M)+1jb1 � b2j2(d�M)�1 +R2M+1 (28)

where

C1 = K0
(2d� 1)!

2M ! (2(d�M)� 1)!

�Z
dt tM (t)

�2

and

R2M+1 = K0j�j2d�1
(

1X
i=2M+1

 
2d� 1

i

!�
s� t
�

�i
 (t) (s) dt ds

)
(29)

Since M � 1 and jdj < 1=2

jR2M+1j � C2j�j2d�1
1X
i=1

sup
(t;s)2


����s� t

�

����
2M+i

where

C2 = K0

�����
 

2d� 1

i

!�����
�Z

j (t)jdt
�2

and the set 
 = f(t; s) : �K1 � t; s � K2g. Since

sup
(t;s)2


����s � t�
���� < 1:

it then follows that

jR2M+1j � C3jaj�2(d�M)jb1 � b2j2(d�M) (30)
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where C3 is a �nite constant. It follows from Eq. (28) and Eq. (30) that

corr(< x;  a;b1 >;< x;  a;b2 >) = O
�
jb1� b2j2(d�M)�1

�

and

corr(< x;  a;b1 >;< x;  a;b2 >) = O
 ����1a

����
2(d�M)�1

!
(31)

for all b1 and b2 such that jb1 � b2j > K1 +K2. Q.E.D.
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