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Abstract. In this paper we derive second and third order bias-corrected maximum likelihood

estimates in general uniparametric models. We compare the corrected estimates and the usual

maximum likelihood estimate in terms of their mean squared errors. We also obtain closed-form

expressions for bias-corrected estimates in one-parameter exponential family models. Our results

cover many important and commonly used distributions.
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1. Introduction

Consider the probability or density function

�(y; �) = expft(y; �)g; (1)

where � is a scalar parameter, and let �̂ denote the maximum likelihood estimate of �. Expansions

for the bias and variance of �̂ to order n�2, where n is the sample size, can be written as

B(�) =
B1(�)

n
+

B2(�)

n2
and V (�) =

V1(�)

n
+

V2(�)

n2
;

respectively. We de�ne three bias-corrected estimates, namely:

�̂1 = �̂ �
B1(�̂)

n
; (2)

�̂2 = �̂ �
B1(�̂)

n
�
B2(�̂)

n2
(3)
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and

~�2 = �̂ �
B1(�̂)

n
�
B�

2 (�̂)

n2
; (4)

where

B�

2 (�) = B2(�)� B1(�)B
0

1(�)�
1

2
B00

1 (�)V1(�);

primes denoting derivatives with respect to �. These three modi�ed estimates are bias-free to order

n�1, but only ~�2 has no bias to order n�2. Although �̂2 seems to be a third order bias-corrected

estimate, its third order bias is in general nonnull, as we shall prove later. It will also be proved

that the modi�ed estimates in (2)-(4) have the same variance and mean squared error to order n�2.

Closed-form formulas for B1(�), B2(�), B
�

2 (�), V1(�) and V2(�) for general uniparametric models

are given in the next section together with a comparison of the variances and mean squared errors

of the maximum likelihood estimate and its bias-corrected versions. Section 3 presents closed-form

expressions for the bias and variance coe�cients for one-parameter exponential family models. It

also gives bias-corrected estimates for natural exponential family models.

2. Derivation of the second and third order biases

Let y1; : : : ; yn be a set of n independent and identically distributed random variables with regular

density (or probability) function given by (1). The asymptotic expansions for the bias and variance

of the maximum likelihood estimate of � up to order n�2 were written in the previous section as

B(�) = n�1B1(�) + n�2B2(�) and V (�) = n�1V1(�) + n�2V2(�), respectively. In order to obtain

closed-form expressions for the coe�cients in these expansions, we need to introduce some notation

for cumulants of log-likelihood derivatives with respect to � for a single observation. Let

��� = Eft00(y; �)g; ��;� = ���� = E[ft0(y; �)g2]; ���� = Eft000(y; �)g;

����� = Eftiv(y; �)g; ������ = Eftv(y; �)g; ���;� = Eft00(y; �)t0(y; �)g;

���;�� = E[ft00(y; �)g2]� �2�� ; ��;��� = Eft0(y; �)t000(y; �)g;

��;���� = Eft0(y; �)tiv(y; �)g; ��;��;�� = E[t0(y; �)ft00(y; �)g2]� 2��;����� ;

���;��� = Eft00(y; �)t000(y; �)g � ������� ; �
(�)
�� =

d���

d�
; �

(��)
�� =

d2���

d�2
; etc:

Using the results in Shenton and Bowman (1977, pp.44-47) together with the notation for

cumulants introduced above and the regularity equations (Lawley, 1956) ��;� = ���� , ��;�;� =
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2���� � 3�
(�)
�� , ��;�� = �

(�)
�� � ���� , ��;�;�� = ����� � 2�

(�)
��� + �

(��)
�� � ���;�� , we get, after some algebra,

B1(�) = �
1

2�2��
(���� � 2�

(�)
�� );

B2(�) = �
1

8�3��
(������ + 12���;��� + 4��;���� + 8��;��;�� + 4��;�;���) +

1

12�4��
(13���������

� 18���;������ � 18������
(�)
�� + 36���;���

(�)
�� � 36�����

(�)
��� + 36�

(�)
�� �

(�)
��� + 18�����

(��)
�� )

�
1

8�5��
f11�3��� � 48�2����

(�)
�� + 48����(�

(�)
�� )

2g;

V1(�) = �
1

���
;

V2(�) = �
1

�3��
(���;�� � �

(�)
��� + 2�

(��)
�� ) +

1

2�4��
(10�

(�)2

�� � �2��� � 4�
(�)
�� ����):

Bias-corrected estimates can be obtained from (2)-(4) and the equations above.

In what follows, we shall use some expansions to obtain the bias, variance and mean squared

error of the estimates �̂1, �̂2 and ~�2. Let H(�) be a function de�ned in the parameter space that

can be expanded in a Taylor series. Expanding H(�̂) around � we obtain

H(�̂) = H(�) +H 0(�)(�̂ � �) +
1

2
H 00(�)(�̂ � �)2 + : : : (5)

Taking H(�) = ��B1(�)=n and using (5) we get, after some algebra, that E(�̂1� �) = B�

2 (�)=n
2+

O(n�3). Similarly, taking H(�) = � � B1(�)=n � B2(�)=n
2, we obtain E(�̂2 � �) = fB�

2(�) �

B2(�)g=n
2 +O(n�3). Thus, �̂2 is, like �̂1, an unbiased estimate to order n�1. Next, letting H(�) =

� � B1(�)=n � B�

2(�)=n
2, we obtain E(~�2 � �) = O(n�3). It then follows that only ~�2 is unbiased

to order n�2. Although one would expect �̂2 to be a third order bias-corrected estimate of �, it

was shown above that the correction term B1(�̂)=n+B2(�̂)=n
2 does not make the n�2 term in the

bias expansion vanish. This leads us to consider the correction term B1(�̂)=n + B�

2(�̂)=n
2, which,

as shown, delivers a third order bias-corrected estimate.

By making use of similar developments, it is possible to show that, to order n�2, the mean

squared errors (MSE) of the three corrected estimates are the same and coincide with their respec-

tive variances. They are given by

MSE(�̂1) = MSE(�̂2) = MSE(~�2) =
V1(�)

n
+

1

n2
fV2(�)� 2V1(�)B

0

1(�)g+ O(n�3):

Therefore, from the three bias-corrected estimates, the estimate ~�2 is to be preferred since they all

have the same variance to order n�2 and ~�2 is the only one that is bias-free to this order.

Finally, it remains to compare �̂ and ~�2. The mean squared error of �̂ is given by

MSE(�̂) =
V1(�)

n
+

1

n2
fV2(�) + B1(�)

2g+O(n�3);
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and hence

MSE(�̂)�MSE(~�2) =
1

n2
fB1(�)

2 + 2V1(�)B
0

1(�)g+O(n�3):

The choice between �̂ and ~�2 is to be based on the sign of � = �(�) = B1(�)
2 + 2V1(�)B

0

1(�). For

example, when B1(�) = c, a constant, we have that, to order n�2, MSE(�̂) � MSE(~�2).

Oftentimes one is interested in the estimation of a function of �, say � = G(�), which does not

depend on n. One can reparameterize the model in terms of � and then use the results above to

obtain �̂1, �̂2 and ~�2, that is, bias-corrected maximum likelihood estimates for � .

3. One-parameter exponential family

Let y1; : : : ; yn be a set of n independent and identically distributed random variables, and assume an

exponential family form for �(�; �): �(y; �) is as de�ned in (1) with t(y; �) = � log �(�)��(�)d(y)+

v(y), that is,

�(y; �) =
1

�(�)
expf��(�) d(y) + v(y)g; (6)

where � is a scalar parameter and � = �(�), � = �(�), d(�) and v(�) are known functions, and it

is assumed that the support of �(y; �) does not depend upon �. It is also assumed that � and

� have continuous �rst �ve derivatives with respect to �, and that � is positive valued, d�(�)=d�

and d�(�)=d� being di�erent from zero for all values of � in the parameter space, where � = �(�)

is de�ned as � = (d�(�)=d�)(�(�)d�(�)=d�)�1. Many commonly used distributions in applied

research are special cases of the family of distributions in (6). Also, this family of distributions

enjoys important mathematical properties; see Bickel and Doksum (1977). We then have that

t0(y; �) = ��0f� + d(y)g, and since Eft0(y; �)g = 0 it follows that � = Efd(y)g = ��. The

maximum likelihood estimate �̂ comes from n�1
P

d(yi) = �(�̂). This equation may not be easy to

solve. It might even require the use of numerical methods.

It can also be shown that t00(y; �) = ��00f�+d(y)g��0�0, t000(y; �) = ��000f�+d(y)g�2�00�0�

�0�00, tiv(y; �) = ��ivf�+d(y)g� 3(�000�0+�00�00)��0�000, and tv(y; �) = ��vf�+d(y)g� 4�iv�0�

�00�iv � �000�000 � 3(�00�000 + �000�00). Using the results above, we can show, after some algebra, that

B1(�) = �
�00

2�0�02
; (7)

B2(�) =
�12�0�00�002 � 33�0�003 + 4�02�00�000 + 26�0�0�00�000 � 3�0�02�iv

24�03�05
; (8)

B�

2 (�) =
1

24�04�05
(12�02�002�00 + 18�0�0�00�002 + 15�02�003 � 6�0�02�00�000 � 8�0�02�00�000

� 16�02�0�00�000 + 3�02�02�iv); (9)

V1(�) =
1

�0�0
; (10)

V2(�) =
2�0�00�00 + 5�0�00 � 2�0�0�000

2�03�04
: (11)
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It is noteworthy that the expressions for B1(�), B2(�), B
�

2 (�), V1(�) and V2(�) given in (7)-(11)

only require knowledge of �, � and their �rst few derivatives with respect to �. Unlike the general

expressions given in the previous section, these expressions do not require the evaluation of moments

or cumulants. Formulas (7)-(9) can be implemented in a computer algebra system such as Maple

(Abell and Braselton, 1994) or Mathematica (Wolfram, 1991) to obtain bias-corrected estimates

with minimal e�ort. They are capable of generating both simple and complex expressions for

di�erent special cases. Also, it is possible to use the expressions above to examine under what

conditions the maximum likelihood estimate of � is unbiased to a certain order of magnitude. For

example, equations (7) and (8) imply that the second and third order biases vanish when �00 = 0.

It is possible to check equations (7)-(9) from �rst principles for some special distributions.

The simplest special case is the normal distribution with mean � and variance � for which B1(�)

and B2(�) vanish. Here, �̂ =
P
(yi � �)2=n � ��2

n=n and �̂ =
P

yi=n are clearly unbiased

estimates. It is also easy to verify that the same happens for the following distributions: binomial,

Poisson, exponential, Laplace, truncated extreme value and inverse Gaussian with known scale

parameter �. For the inverse Gaussian distribution with known mean � > 0 and scale parameter

� > 0, for which �(�) = �, �(�) = ��1=2, d(y) = (y � �)2=(2�2y) and v(y) = �flog(2�y3)g=2,

�̂ = n�2f
P
(yi � �)2=yig

�1 � n�=�2
n . By Taylor series expansion we can prove that E(�̂ � �) =

2�=n+ 4�=n2+O(n�3), in agreement with the corresponding expressions for B1(�) and B2(�) that

are obtained using (7) and (8). For the gamma distribution with known index k > 0 and scale

parameter � > 0, for which �(�) = �, �(�) = ��k , d(y) = y and v(y) = (k � 1) log(y)� logf�(k)g,

�(�) being the gamma function, the distribution of �̂ is 2nk�=�2
2nk . Thus, by direct expansion

E(�̂ � �) = �=(nk) + �=(nk)2 + O(n�3), as can be obtained from (7) and (8).

For the Pareto distribution with k > 0 known (y > k) and scale parameter � > 0, where

�(�) = � + 1, �(�) = (�k�)�1, d(y) = log(y) and v(y) = 0, 2n�=�̂ � �2
2n, we have that E(�̂ �

�) = �=n + �=n2 + O(n�3), leading to the corresponding expressions for B1(�) and B2(�). The

maximum likelihood estimate �̂ of � 2 IR for the extreme value distribution, � > 0 known, for

which �(�) = expf�=�g, �(�) = � expf��=�g, d(y) = expf�y=�g and v(y) = �y=�, reduces to

�̂ = �� log(n�1
P

e�yi=�) and we can also show that E(�̂� �) = �=(2n)+�=(12n2)+O(n�3). This

result again agrees with the expressions of B1(�) and B2(�) obtained from (7) and (8). Finally,

it is of interest to note that for the lognormal distribution with known location parameter � > 0

and scale parameter � > 0, where �(�) = ��2, �(�) = �, d(y) = flog(y) � �g2=2 and v(y) =

� log(y) + flog(2�)g=2, �̂2 � �2�2
n=n. The resulting expansion E(�̂ � �) = ��=(4n) + �=(32n2) to

order n�2 follows after some algebra, which agrees with the results from (7) and (8).

Next, we obtain the bias-corrected maximum likelihood estimates of the canonical parameter

� = �(�) in uniparametric natural exponential family models. The one-parameter exponential

family (6) parameterized in terms of the canonical parameter � = �(�) has the form

�(y;�) =
1

�(�)
expf��d(y) + v(y)g; (12)

where �d(y) is the canonical statistic and �(�) is its cumulant generating function. Similar condi-
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tions to the ones stated for the probability or density function in (6) are assumed to hold.

The rth cumulant of �d(y) is �r = dr�(�)=d�r, for r = 1; 2; : : : Letting �(�) = �0(�)=�(�)

we write the (r + 1)th cumulant of �d(y) as �r+1 = dr�=d�r , for r = 1; 2; : : : From now on

primes will denote derivatives with respect to �. The mean and variance of �d(y) are �1 = � and

�2 = d�=d� = �0. The variance function �0 uniquely characterizes the distribution in (12) and does

not depend upon the particular parameterization used.

Using the notation introduced in Section 1, let �̂1, �̂2 and ~�2 be the bias corrected maximum

likelihood estimates de�ned by equations (2), (3) and (4), respectively. The n�1 and n�2 biases

of the maximum likelihood estimate �̂ of � are obtained from equations (7) and (8) as B1(�) =

��00=(2�02) and B2(�) = (�33�003+26�0�00�000�3�02�iv)=(24�05). Also, formulas (10) and (11) yield,

to order n�2, var(�̂) = V1(�)=n+ V2(�)=n
2 with V1(�) = 1=�0 and V2(�) = (5�002� 2�0�000)=(2�04).

Let 
21 = �002=�03 and 
2 = �000=�02 be the third and fourth standardized cumulants of �d(y). From

the equations for the mean squared errors given in Section 2 we �nd, after some algebra, that to

order n�2

MSE(�̂1) = MSE(�̂2) = MSE(~�2) =
1

n�0
+


21
2n2�0

and

MSE(�̂)�MSE(~�2) =
9
21 � 4
2

4n2�0
:

Since �0 > 0, it is clear that MSE(�̂) < MSE(~�2) when 9
21 � 4
2 < 0 and MSE(�̂) > MSE(~�2)

when 9
21 � 4
2 > 0. The values of 
1 and 
2 must satisfy the inequalities 
21 + 
2 + 2 � 0 and


2 � 
21 � 1. Then, the sign of 9
21 � 4
2 determines the best estimate of �.

We shall now derive simple expressions for the biases B1(�), B2(�) and B�

2 (�) for a special

family of variance functions: the power variance function de�ned by �0 = �p=c, where c > 0 and

we assume that � > 0 for p 6= 0. Here, p = 0; 1; 2; 3 for the normal, Poisson, gamma and inverse

Gaussian distributions, respectively. Other values of p de�ne a number of distributions which have

been classi�ed by J�rgensen (1987). Cases with power 0 < p < 1 do not correspond to distributions

in (12).

For the power variance function we get B1(�) = �p=(2�), B2(�) = p(p� 6)(p+ 1)�p�3=(24c)

and B�

2 (�) = p(p� 3)(p� 2)�p�3=(24c). Note that B1(�) > 0 for p < 0 and B1(�) < 0 for p � 1.

Also, B2(�) is positive for �1 < p < 0 or p > 6 and negative for p < �1 or 1 < p < 6. Clearly, p = 0

yields B1(�) = B2(�) = 0, as expected, and p = �1 and p = 6 lead to B2(�) = 0. B�

2(�) vanishes

when p = 0; 2; 3, being positive for 1 < p < 2 or p > 3 and negative for p < 0 or 2 < p < 3. A

check of the expressions for B1(�) and B2(�) is provided for the Poisson and gamma distributions.

For the Poisson distribution (p = 1) � = log(�), c = 1 and d(y) = �y (since � = � > 0). By

Taylor series expansion we can �nd E(�̂ � �) = �1=(2n�) � 5=(12n2�2) + O(n�3), which agrees

with the formulas of B1(�) and B2(�) for p = 1. For the gamma distribution with known scale

parameter k (p = 2) � = ��, c = k and d(y) = �y (since � = k=� > 0). Direct expansion yields

E(�̂ � �) = �=(nk) + �=(n2k2) + O(n�2), in agreement with the values of B1(�) and B2(�) for

p = 2.
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For the power variance function, the n�2 term in the variance of �̂ reduces to V2(�) = p(p +

2)=(2�2), which vanishes for p = 0 and p = �2. The mean squared errors can be expressed in the

forms

MSE(�̂1) = MSE(�̂2) = MSE(~�2) =
c

n�p
+

p2

2n2�2
+ O(n�3)

and

MSE(�̂) =
c

n�p
+
p(3p+ 4)

4n2�2
+O(n�3):

Therefore,

MSE(�̂)�MSE(~�2) =
p(p+ 4)

4n2�2
+ O(n�3):

This equation shows that, to order n�2, MSE(�̂) > MSE(~�2) for p < �4 or p > 1, and MSE(�̂) <

MSE(~�2) for �4 < p < 0. For p = �4 or p = 0, MSE(�̂) = MSE(~�2).

Bias-corrected maximum likelihood estimates for other families of variance functions can also

be obtained using our results. For example, one can use the results in this paper to obtain the

second and third order biases of the maximum likelihood estimate for quadratic (Morris, 1982),

cubic (Letac and Mora, 1990) and Babel variance functions.
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