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Goodness-of-Fit for Revealed Preference Tests

Hal R. Varian

Reveded preference analysis offers necessary and sufficient conditions for choice data to be
consistent with the neoclassical model of utility maximization. These conditions, as usually
formulated, are exact tests: either the data satisfy the relevant conditions, or they don’t.

In many applications it is convenient to have tests for ‘‘amost optimizing behavior.”” Such
tests indicate the degree to which some data are consistent with an optimization model. In this
note | describe two measures for goodness-of-fit of revealed preference conditions based on a
construction of Afriat (1987) and describe how to calculate some of these measures. | apply these
measures to some consumer demand data collected by Battalio (1973) and show that the subjects

in this experiment exhibit behavior that appears to be *‘amost optimizing.”’

1. Revealed preference notation

Let (p',z?) fort =1,...,T beaset of prices vectors and consumption bundles. Define the direct
revealed preferencerelation R” by 2! RP z iff pzt > plx. Let R, thereveaed preferencerelation,
be the transitive closure of R”. The Generalized Axiom of Revealed Preference may be stated as

follows:
GARP. If 2'Rx® then p*z® < p*z?.

It is easy to see that if the data (p’, =) were generated by maximizing a nonsatiated utility
function, then the data must satisfty GARP. Afriat (1967) has shown that if the data satisfy
GARP, itispossibleto construct awell-behaved utility function for which the dataare optimizing
choices. See Afriat (1967) or Varian (1982) for a proof of these assertions.

If the data violate GARP then there is some pair of observations such that z!Rz* but
pa® > p*x’. Inthis case there does not exist a nonsatiated utility function that is consistent with

the observed choice behavior.

| would like to thank Eduardo Ley for programming assistance.



2. What doesit mean to ‘‘almost’’ satisfy GARP?

However, it is possible that the datais very close to passing GARP; in this case we may not want
to rgject the maximization hypothesis. In such a circumstance it would be very useful to have an
index of the degree of violation of GARP.

The problem is to give precise meaning to the idea that the observed choices are ‘‘close to
passing GARP.’ There have been several attempts to do this in the literature. The first, and in
many ways the most satisfactory, was proposed by Afriat (1972). Afriat defines an number called
the *‘ critical cost efficiency index’’ which measuresthe degree to which aset of datafail to satisfy
GARP. We will examine Afriat’s efficiency index below. The main difficulty with thisindex is
that it is a single number for the entire data set. Therefore, it gives little information about which
observations are responsible for the revealed preference violations.

Houtman & Maks (1985) suggest finding the largest subset of the data that is consistent with
GARP. However, this method discards observations that violate revealed preference, even if they
only violate it by a small amount.

Varian (1985) shows how to determinea‘‘ minimal perturbation’’ of the data that is consistent
with GARP-like conditions. However, thismethod isvery computation intensive and isimpractical
for larger data sets.

Gross (1989) suggests partitioning the data sets into a set that satisfies GARP and a set that
doesn’'t, as in the Houtman and Maks construction. Then he computes a violation index for each
observation that doesn’t satisfy GARP using the revealed preference information in the subset of
consistent observations. Although Gross' s suggestion is quite interesting, it suffers from the same
defect asthe Houtman-Maks procedure: observations are deemed not to satisfy reveal ed preference
even if they only violate the conditions by a small amount.

Below | define two new measures of violation that do not have the drawbacks. The indices
are analogous to residuals in regression theory in that they are a series of numbers that measure
how well each observation *‘fits’ the model---in this case, the model of optimizing behavior. The

indicesuse al of theinformation in the data, and they are easy to compute.



3. An approximatetest of revealed preference

We want to define an approximate version of G ARP to describe ‘*almost optimizing behavior.’”’
In order to do so, we follow Afriat (1987). Let ¢’ for ¢t = 1,...,T be avector of numbers with
0 < ¢! < 1. Define RP (') to be 2! RP (e!)x iff elplat > p*z. If 2'RP (") we say that 2! is
directly revealed preferredto = at efficiency level ¢f. Notethat R” (1) isthe standard direct revealed
preference relation. Afriat (1987) refersto the numbers (ef) as the allowable cost efficiencies.

Let R(e!) be the transitive closure of R” ('), and define GARP(et) to be

GARP(€%). If z'R(e!)x® then e®p*z® < p*zl.

If ¢! = 1 we have the standard GARP test; if ¢! = 0 we dl data trivialy satisfy the test. A
convenient measure of how close the data are to satisfying GARP isto see how close thee! can be
to 1 and till satisfy GARP(e).

Afriat (1972) proposed using a uniform bound. That is, find the largest number ¢*, such
that 2! R(e*)x® implies e*p®z® < p*z'.! This number, the Afriat critical cost efficiency index,
measures how much we have to relax every budget constraint in order for the data to appear to
be consistent with maximization. In the interest of brevity, we will call this number the Afriat
efficiency index.

The construction of thisindex isillustrated in Figure 1. Here we have aviolation of GARP:
observation 1 is revealed preferred to observation 2 and vice versa. However, the magnitude of
theviolation is not large: asmall perturbation of the budget set through observation 2 removesthe
violation. In the case depicted the Afriat efficiency index isC'/ D, anumber that is close to 1.

One way to think about the Afriat index ¢* isasfollows. Think of adirect revealed preference
comparison such asthat in Figure 1, where ptz! > plz?. Since p'2? ismuch less than p' 2!, we
are pretty surethat the consumer prefersz! to 2%. However, p? 2! isonly alittle bit less than p* 22,
S0 we are not so sure that the consumer really prefers 2 to z*.

The Afriat index alows the consumer to ‘‘waste’’ a fraction 1 — ¢* of his income at each
observation. If e¢* is small, the consumer is wasting very little of hisincome. If ¢* islarge, heis

wasting quite alot. In this sense ¢* measures the overall **efficiency’’ of his choice behavior.

L Thisis aslight abuse of notation. By R(e*) we means the revealed preference relation resulting from setting e? = e*
for all ¢.
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Figure 1. A small violation of revealed preference. A small perturbation of the budget set through

observation 2 removes the violation.

The Afriat efficiency index isanice summary statistic about the overall consistency of the data
with optimizing behavior. However, the Afriat index does not give any information about which
observations are causing the problems. It would be nice to have a somewhat more disaggregated
measure that indicated the minimal amount that one needed to perturb each observation in order

to satisfy revealed preference conditions.

4. Generalized compensation functions

We approach this problem is a somewhat indirect way. Let S be an arbitrary reflexive relation on

a set of consumption bundles and define the generalized compensation function:
m(p,z,S) = inf py.
ySx

This function measures the minimal expenditure at prices p to get abundle that is at least as good
as x, according to the relation S..

Let > be a continuous, complete, reflexive, transitive preference ordering of the usual sort.
Then m(p, z, =) is essentially the money-metric utility function described in Samuelson (1974)
and Varian (1987). Let R beareveaed preferencerelation that satisfiesG ARP. Thenm(p', z', R)

is essentially the overcompensation function in Varian (1982).2

2 Actually, Varian used a somewhat different definition for the overcompensation function called definition the
‘* approximate overcompensation function,”’ but Knoblauch (1989) has shown that the *‘ approximation’” was exact, so that
no distinction is necessary.



Now suppose that therelation R isarevealed preference relation that doesnot satisfy GARP.
As Afriat (1987) points out, the definition of m(p, =, R) still makes sense. Furthermore, since R
is reflexive, m(p, x, R) < px. Suppose that we observe a consumer choosing z! at prices p?. If
m(p?, ', R) < p'z?, then the consumer cannot be minimizing his expenditure at observation ¢.
For to say that m(p’, 2", R) < p'z' isto assert that there exists some z* such that z* Rz and
plz® < p'at. The degree to which the consumer fails to minimize expenditure can be measured

by the violation index

- m(ptv xtv R)
2 - ' ' 7

plat
If the data are perfectly consistent with GARP, we must have i = 1 foral ¢+ =1,...,T.
If there is some pair of observations z! and »* that violate GARP, we will have *Rz?, but
plat > p'a®. Hencei! < 1,andtheratio, i* = p'a* /p’x' measuresthe magnitude of thisviolation.
How does this violation index i’ relate to the idea of ‘‘almost’’ satisfying GARP that we

discussed earlier? In order to answer this question, it is convenient to establish some properties of
m(p, z, S).

Definition. Let R and S be two arbitrary relations. S is a subrelation of R if xSy implies
xRy.

Fact 1. If S is a subrelation of R, then m(p,x,5) > m(p, z, R).

Proof. By definition of subrelation, theset {y : ySz} iscontainedin {y : yRx}. Hence

m(p,x,S) = minpy > minpy =m(p, z, R).
ySx yRx

The result now follows. il

Fact 2. If S is a subrelation of R, then the transitive closure of S is a subrelation of the

transitive closure of R.
Proof. If 2°Sa! and 2! Sz then we must have =° Rzt and 2! Rz*. 11
Fact 3. If f' < e' then R(f") is a subrelation of R(e").

Proof. Under the stated condition, if fip'z! > p'x then efplz! > plat. Henceif 2! RP(f1)x we

must have z! R” (e*)z. The result now follows from Fact 2. I
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Proposition 1. The data satisfy GARP(i?).

Proof. Since R(:") isasubrelation of (1), Fact 1 implies

.8 t.,.s
4 X

. . T
= min < min P .
zsR(1)xt ptl't zs R(ve)x?t ptl't

Cross multiplying, we seethat :‘p'z! < plz?® for z° R(:)x!, whichisGARP(:!) Il

This says that if we perturb each budget constraint by i thiswill be sufficient to eliminate all
revealed preference violations at cost-efficiency level :*. Hence :' can serve as a measure of how

much the observed choices violation the optimization model.

5. An improved violation index

It is clear from the proof of Proposition 1 that (:) is not, in general, not a minimal perturbation
of the budget sets. If many observations are involved in a cycle the :!’s associated with these
observations will al be less than 1. But often perturbing only one of the budget constraintsin the
cycle will be enough to eliminate the revealed preference violation.

In this section we refine the i’ s described in the last section so as to construct a““minimal’’
perturbation of the budget constraintsthat will satisfy GARP. Essentially we will start with avector
of 1's, find the revealed preference cycles, and then **break’” each cycle using the minimum value
of i* over that cycle. We repeat this process until no cycles are | ft.

The values of i’ that we use will vary as we iterate through the process. Let i{. be the value of
i! at the k" iteration. The :* defined above is:. Our fina output will be a set of numbers (v?).
Again, these will change as we iterate through the agorithm, so we let v be the value of v* at
stage k.

Givenan observationt, and an arbitrary set of numbers(c?), define C (¢, '), the cycle containing
t by

C(t,e) =al s suchthat z° R(e")z" and p*z® > p*z’.

If there are no observations that are revealed preferred to z* and cost less than z?, then C'(¢, ¢f) is
the empty set.

Algorithm for construction (v?)

0. Initialization stage. Set k =0andv{ =1fort=1,...,T.

6



1. Compute R(v) andil. If GARP(v}) is satisfied we are done. Set v* = v} and terminate.

2. Otherwise, for each observation ¢ find the maximum nonunitary value of ; over al s inthe
cycle containing ¢. Let m be the observation where the maximum occurs so that 27" > ¢} for

al sinC(t,v}) suchthat i5 < 1.

3. Letvl, =e;.Setk=Fk+1landgotostep 1.

At each stage the algorithm picks out the largest value of ¢! that is not 1. Then it uses these
maximum of these values over the cycle to **break’” each cycle. If GARP (v ) isnot satisfied,
it repeats the operations. Eventually all cycles are broken and the algorithm terminates.

Note that breaking all cycles at the first stage doesn’'t necessarily eliminate al **subcycles.”
For example, supposethat »! Rz? Rx! and 2! Rz? R Rxt. At thefirst stage of the cycleit may be
that v§ isthelargest nonunitary value of the violation index, so that the budget constraint associated
with observation 3 isthe one that is perturbed. But it may well happen that this perturbation is not
sufficient to remove the cycle involving observations 1 and 2, so the algorithm needs to continue
to the second stage in order to break this cycle.

The algorithmto calculate (v*) involves the same sort of cal culations necessary to compute (i)
so it isalmost as easy to compute. If we want to use a single number to describe the “* efficiency’”’
of the choice data, we can use v* = min; v!. This gives us an alternative measure of efficiency to
the Afriat index described earlier.

6. An example

Here we describe an example of the computation of the indices described earlier. We use the
data set collected by Battalio (1973). This consists of observations of 38 long-term patients who
operatedin a‘‘token economy’’ at the Central Idlip State Hospital. As part of their treatment, these
patients worked for tokens which they could redeem for various items such as cigarettes, candy,
milk, locker rental, clothes, admission to adance, etc. During a seven-week period, the relative of
various groups of these goods were doubled or halved. Since the prices of some of the goods were
halved some weeks and doubled other weeks, pricesvaried by afactor of four. Datawere collected
on how the expenditures of each individual responded to the price changes. For more details on

the experimental design, see Battalio (1973).



These data have been examined using reveaed preference techniques by the original experi-
mentersand by Cox (1989). Battalio et. al. used only the observations on purchases of three groups
of goods. Cox attempts to take into account labor supply and savings decisions of the group. Both
papers find some violations of revealed preference, but the authors argue that the violations are
“small.”’

Battalio (1973) indicate smallness both as a percentage of total expenditure and in terms of
measurement error in tokens. For example, they say ‘... for at least 5 of these subjects, an error
of 1 token would have been sufficiently large to prevent [aviolation of revealed preference].’”

Cox (1989) used the Afriat efficiency index to measure the degree of violation of revealed
preference. He used only 5 weeks of data and found that most of the subjects satisfied GARP(1).
The few that failed GARP(1) had high values of the Afriat index, especially compared to his
estimate of the measurement error in the data.

In this paper, | apply the notions of “*smallness’ developed above. Table 1 presents the values
of «* and v} for the subjects who violated GARP(1). The subscript on v}, indicates how many
iterationsit took to convergeto aset of v*’sthat satisfied G ARP. Note that 9 agents out of the 38
exhibited some violations of GARP during the 7-week experiment. The column labeled ** Index’’
give the values of i* and of v;. The number v}, can be taken as an index of the magnitude of the
perturbation on expenditure necessary to make the data consistent with GARP(v}.). The number
under the subject number in the first column is the minimum value of v, over thet’s. Aswe have
seen, thisin general is alower bound on the Afriat number; however, for these data it turned out
that ¢* = v* for al subjects.

Note how close to 1 these numbers are. There were 38 x 7 = 256 bundles chosen in the
seven-week experiment. All but 14 of these were fully efficient. Of the inefficient choices, 8
were 97--99 percent efficient, 4 were 93--96 percent efficient, 1 was 91 percent efficient, and one
was 81 percent efficient. If we choose a 95% efficiency level as our critical value---perhaps for
sentimental reasons---we find that fully 251 of the 256 choices, or 98% percent of the choices were

at least 95% efficient.



7. Summary

We have developed two new measures of the goodness-of-fit of revealed preference conditions.
Oneistheviolationindex !, which measures how much each budget constraint hasto be perturbed
to eliminate to satisfy therevealed preferenceconditions. The efficiency indicesv? arearefinement
of the ! measures.

We calculated these measures for 38 subjects in a 7-week experiment in which relative prices
varied by afactor of 4. We found that this choice behavior was very close to satisfying GARP,

which is evidencein favor of the neoclassical model of consumer behavior.



Table 1. Calculation of :¢

Subject | Index | Week 1 | Week 2 | Week 3 | Week 4 | Week 5 | Week 6 | Week 7

1 it 0.98 1.00 0.95 0.81 1.00 1.00 1.00
.98 vl 0.98 1.00 1.00 0.98 1.00 1.00 1.00
8 it 1.00 1.00 1.00 0.97 1.00 0.70 0.73
97 vl 1.00 1.00 1.00 0.97 1.00 1.00 1.00
10 it 1.00 1.00 1.00 1.00 0.85 0.95 1.00
94 vl 1.00 1.00 1.00 1.00 1.00 0.94 1.00
12 it 0.71 1.00 1.00 0.77 1.00 1.00 0.91
91 vl 1.00 1.00 1.00 0.97 1.00 1.00 0.91
17 it 0.95 1.00 1.00 0.90 1.00 0.81 0.93
93 vl 0.95 1.00 1.00 0.94 1.00 1.00 0.93
24 it 0.95 1.00 1.00 1.00 1.00 1.00 1.00
99 vl 1.00 0.99 1.00 1.00 1.00 1.00 1.00
28 it 1.00 1.00 1.00 1.00 0.92 1.00 1.00
99 vl 0.99 1.00 1.00 1.00 1.00 1.00 1.00
29 it 0.64 0.59 0.94 1.00 0.61 1.00 1.00
81 vl 1.00 1.00 1.00 1.00 0.81 0.99 1.00
35 it 1.00 1.00 1.00 0.75 1.00 1.00 1.00
.99 vl 1.00 1.00 1.00 1.00 1.00 0.99 1.00
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