SEMIPARAMETRICESTIMATIONOFREGRESSIONMODELSFORPANELDATA

by

JoelL.Horowitz*

DepartmentofEconomics

UniversityofIowa

IowaCity,IA52242

and

MarianthiMarkatou

DepartmentofStatistics

ColumbiaUniversity

NewYork,NewYork10027

June1993

ABSTRACT

Linear m odels w ith error components are widely used to analyze panel data. Some

applications of these models require knowledge of the probability densities of the error

components. Existing methods handle this requirement by assuming that the densities

belong to known parametric families of distributions (typically the normal distribution). This

paper shows how to carry out nonparametric estimation of the densities of the error

components, thereby avoiding the assumption that the densities belong to known

parametric families. The nonparametric estimators are applied to an earnings model using

data from the Current Population Survey. The model’s transitory error component is not

normally distributed. Use of the nonparametric density estimators yields estimates of the

probability that individuals with low earnings will become high earners in the future that are

much lower than the estimates obtained under the assumption of normally distributed error

components.

JELClassification:C13,C14,C23

* Author to whom correspondence should

be addressed. We thank Kevin Murphy, George Neumann, Whitney Newey and Gene

Savin for helpful suggestions concerning this research. Susan Greene provided research

assistance.TheresearchwassupportedinpartbyNSFgrantno.DMS-9208820.

SEMIPARAMETRICESTIMATIONOFREGRESSIONMODELSFORPANELDATA

1. Introduction

Linear models with error components are widely used in applied econometrics to

analyze panel data, and there is a large literature on how to carry out estimation and

inference with such models. Chamberlain (1984) and Hsiao (1986) review this literature.

Some applications, such as estimation of transition probabilities and first passage times,

require knowledge of the probability densities of the error components. Existing methods

handlethisrequirementbyassuming that the densities belong to known parametric families

of distributions (typically the normal distribution). In this paper, we show how to carry out

nonparametric estimation of the probability densities of the error components, thereby

avoiding the assumption that the densities belong to known parametric families. To

illustrate the usefulness of the nonparametric estimators, we use a well-known panel data

set t o estimate an earnings model. The model’s transitory error component is not normally

distributed. Use of the nonparametric density estimators yields estimates of the probability

that individuals with low earnings will become high earners in future that are much lower

than the estimates obtained under the assumption of normally distributed error

components.

One drawback of our estimators is that they converge very slowly. In an important

special c ase t hat w e i nvestigate in detail, the rate of convergence is (log n) -1 , where n is the

number of individuals in the panel. This is an excruciatingly slow rate of convergence by

conventional standards. We show, however, that it is the fastest possible rate under our relatively weak assumptions. Thus, slow convergence is intrinsic to the problem we are

dealingwith,notadefectoftheestimators.

Becauseoftheirslow rate of convergence, our estimators are likely to be useful only

with f airly l arge data sets. In the empirical parts of this paper, we use a data set consisting

of observations on 1779 individuals sampled randomly from the Current Population Survey

(CPS). Other large panel data sets that are widely used in economics include the National

Longitudinal Surveys of Labor Market Experience and the Panel Study of Income

Dynamics. We present Monte Carlo evidence that our estimators work well with panels of

1000individuals,whichisbelowthesizesofthedatasetsjustmentioned.

The main technical problem that we must solve is deconvolution of a probability

density. In deconvolution, one wishes to estimate a certain density function but cannot

sample the random variable that has this density. Instead, one samples a random variable

whose density is the convolution of the density of interest and another density. The

problem of deconvolution has been investigated by Carroll and Hall (1988), Stefanski and

Carroll(1990,1991),andFan(1991)inthecontextofestimatingerrors-in-variablesmodels.

Although the models we are concerned with here are different from those considered by

theseauthors,ourtechniquesare similar to theirs, and we use several of their results in our

analysis.

The remainder of this paper is organized as follows. Section 2 presents the model

we analyze and gives an empirical example that illustrates why density estimators that do

not r equire p arametric assumptions may be useful for the analysis of panel data.Section 3 presents o ur e stimators and describes their properties. Section 4 describes the results of a

Monte Carlo investigation of the behavior of the estimators. Section 5 illustrates the use of

the estimators in an application. Section 6 presents the conclusions of the paper. The

proofsoftheoremsareintheappendix.

2. TheModelandanExample

a. TheModel

Weconsiderthefollowingmodel:

__________

Y=β’X+U+ε;j=1,...,n;t=1,...,T(2.1)

jtjtjjt

__________

where Y

jt is the observed value of the dependent variable for individual j at time t, X

jt is a

vector of observed explanatory variables for individual j and time t; β is a conformable

vector o f p arameters to be estimated; U

j is an unobserved, random, individual effect; and ε

jt

is an unobserved random variable that is independently and identically distributed across

bothindividualsandtimeperiods.WeassumethatUandεareindependentofone another

andthattheirdistributionssatisfyregularityconditionsthatare given below. In what follows,

we will refer to U as the permanent component and ε as the transitory component of the

total e rror U + ε. We shall be concerned with the situation in which n is large but T may not

be.Thus,asymptoticdistributionalresultswillbedeveloped under the assumption that n →

∞whileTstaysconstant.

The standard methods for estimating the parameters of (2.1) are based on least

squares.SeeHsiao(1986)foradescription.Theonlyinformationaboutthedistributionsof

U and ε provided by these methods consists of variance estimates. Thus, applications

requiring knowledge of the distributions of U and ε are possible only if these distributions

areknownuptoscale. This can lead to difficulties for reasons that are illustrated in Section

2b.

b. AnExample

To i llustrate w hy n onparametric density estimators may be useful in models such as

(2.1), we consider a model for annual earnings estimated using a panel of length T = 2.

The estimation data set consists of 1779 white, male, full-time workers, aged 18-65 years,

sampled randomly from the matched March 1986 and 1987 CPS. Each individual is

includedinthesampleforeachyear,sothedataformapaneloflengthT=2.

In this section, we are concerned with investigating the distribution of the transitory

error c omponent ε. We do this by examining the empirical distribution of the residuals from

ordinaryleast-squaresestimationofthedifferencedmodel

__________

Y-Y=β’(X-X)+ε-ε;j=1,...,n(2.2)

j2j1j2j1j2j1

__________

The dependent variable Y in (2.2) is the natural logarithm of real annual earnings from

wages.TheexplanatoryvariablesXarelistedinTable1.Thereisnointercept. 1

To illustrate why nonparametric estimators of the densities of the error components

may be useful, we carry out a graphical test of normality of the distribution of ε. If ε is

normally distributed, the residuals from (2.2) are also normally distributed up to random

sampling error. Thus, we can test for normality of ε by testing for normality of the residuals in (2.2). Let F

n denote the empirical distribution function of these residuals, and let Φ

denote the cumulative normal distribution function. If the residuals are normally distributed

up to random sampling error, a plot of Φ -1 [F

n

(v)] against v will consist of scatter around a

straightline.Figure1showsthisplot.Itisclearthat ε is not normally distributed; the tails of

its distribution are thicker than those of the normal distribution. The implications of this

findingforapplicationswillbeillustratedinSections4and5.

S ince t he d istribution of ε appears to be thick-tailed, one might consider approximating it

with a Cauchy distribution. If ε is Cauchy distributed, the least-squares estimator of β in

(2.2) is not consistent, but the least-absolute-deviations (LAD) estimator of β is. The

residuals from the model estimated by LAD will be Cauchy distributed up to random

sampling error, and a plot of tan{π[F(v) - 0.5]} against v will consist of scatter around a

straight line. 2 Figure 2 shows the resulting plot for our data. It is clear that ε is not Cauchy

distributed;thetailsofitsdistributionaretoothin.

Ofcourse,thefactthatεhasneitherthe normal nor the Cauchy distribution does not

rule out the possibility of finding a tractable parametric family of distributions that fits the

data.However,aparametric model that is found through a specification search amounts to

an informal nonparametric estimator whose statistical properties are unknown. We now

present formal nonparametric estimators of the densities of the error components and

discusstheirstatisticalproperties.

3. NonparametricEstimatorsoftheDensitiesofεandU

This section presents the nonparametric estimators of the densities of ε and U in

(2.1).Webeginwithaninformaldiscussionthatmotivatestheestimators.

a.Motivation

Let b

n be a n 1/2 -consistent estimator of β in (2.1), possibly one of the least-squares

estimatorsdescribedbyHsiao(1986),amongothers.Let{

jt

:j=1,...,n;t = 1,...,T} denote the

residualsfromthecorrespondingestimateof(2.1):

__________

=Y-b’X(3.1)

jtjtnjt

__________

In addition, let {

jt

: j = 1,...,n; t = 2,...,T} denote the residuals from the estimate of the

differencedmodelforY

jt

-Y

j1

:

____________

=(Y-Y)-b’(X-X).(3.2)

jtjtj1njtj1

___________

Observe that as n → ∞ while T remains fixed,

jt converges in distribution to the

random variable ν ≡ U + ε, and

jt converges in distribution to the random variable η that is

distributed as the difference between two independent realizations of ε. Thus, the

estimation data {Y

jt

,X

jt

} provide estimates of random variables that are distributed as ν and

η. However, the data do not provide estimates of U and ε, whose distributions are the

objects of interest in this discussion. The problem that must be solved here is to obtain

estimates of the distributions of U and ε from estimates of ν and η. This amounts to

deconvoluting two densities because the probability density of ν is the convolution of the

densities of U and ε, and the probability density of η is the convolution of the density of ε

withitself.

To see how the densities of U and ε can be estimated, let h

ν^{and h}η^{denote the}

characteristicfunctionsofνandη,respectively.Thatis

__________ ∞ ⌠izτ h(τ)=ef(z)dz ν⌡ν -∞ __________

and

__________ ∞ ⌠izτ h(τ)=ef(z)dz, η⌡η -∞ __________

where i = (-1) 1/2 , f ν^{is the probability density function of} ν^{, and f}η^{is the probability density}

function of η. Let h

U and h

ε^{denote the characteristic functions of U and} ε^{, respectively.}

Thenitiseasilyshownthat

__________

h(τ)=h(τ)h(τ) νUε __________

and

__________

2 h(τ)=h(τ), ηε __________

where • denotes the modulus of the complex variable between the bars. If the

distributionofεissuchthath

ε^(τ^{)isrealandstrictlypositiveforallfinite}τ^{,then}

__________

1/2

h(τ)=h(τ) εη __________

and

__________

1/2

h(τ)=h(τ)/h(τ). Uνη __________

It f ollows from the inversion formula for characteristic functions that the densities of ε and U

(f ε^{andf}_U^{,respectively)aregivenby}

__________ ∞ ⌠-izτ1/2

f(z)=(1/2π)eh(τ)dτ(3.3) ε⌡η -∞ __________

and

__________ ∞ ⌠-izτ1/2

f(z)=(1/2π)e[h(τ)/h(τ)]dτ.(3.4) U⌡νη -∞ __________

Equations(3.3)and(3.4)wouldsolvethedeconvolutionproblemifh

ν^{andh}η^{wereknown.}

Of c ourse, h

ν^{and h}η^{are not known in applications, but they can be estimated by the}

empiricalcharacteristicfunctionsofand.Theseare

____________

nT

-1 (τ)=(nT)ΣΣexp(iτ).(3.5) νjt

j=1t=1

___________

and

____________

nT

-1 (τ)=[n(T-1)]ΣΣexp(iτ),(3.6) ηjt

j=1t=2

___________

It is shown in the appendix that under regularity conditions,

η and _ν consistently estimate h η^{andh}ν^{,respectively.Thus,onemight consider estimating f}ε^{and f}_U^{by replacing h}η^{and h}ν

with

η and _ν in (3.3) and (3.4). In general, however, the integrals in (3.3) and (3.4) do not

exist when h

η^{and h}ν^{are replaced with empirical analogs. To overcome this problem, we}

convolute the empirical distributions of and with the distribution of a suitable continuously

distributed random variable that becomes degenerate as n → ∞. This amounts to kernel

smoothingoftheempiricaldistributionsofand.

To carry out the smoothing, let g be a bounded, real characteristic function with

support[-1,1],andletζbetherandomvariablethathasthischaracteristic function. Let {λ

nε^}

and {λ

nU

} b e s equences of positive constants satisfying λ

nε→^{0 and}λ_{nU}→^{0 as n} → ∞^{. The}

idea behind the smoothing procedure is to use the inversion formula for characteristic

functions to estimate the densities of the random variables ε + λ

nεζ and U + λ_{nU}ζ. Since λ_{nε}

→ 0 and λ_{nU} → 0 as n → ∞, the resulting estimators converge to the densities of ε and U.

Specifically, observe that h

ε^(τ^{)g(}λ_nετ^{) is the characteristic function of} ε^+ λ_nζ^{evaluated at the}

point τ, and h

ν^(τ^{)g(}λ_{nU}τ^{) is the characteristic function of} ν^+ λ_nζ^{evaluated at} τ^{. These}

quantities can be estimated by

η^(τ^)^{1/2g(}λ_nετ^{) and [h}ν^(τ^)^hη^(τ^)^{-1/2]g(}λ_{nU}τ^{). The}

correspondingestimatorsoff

ε^{andf}ν^{are:}

__________ ∞ ⌠-izτ1/2

(z)=(1/2π)e(τ)g(λτ)dτ(3.7) ε⌡ηnε -∞ __________

and

__________ ∞ ⌠-izτ-1/2

(z)=(1/2π)e(τ)(τ)g(λτ)dτ.(3.8) U⌡νηnU -∞ __________

These are the estimators of f

ε^{and f}_U^{that are proposed in this paper. We now give}

conditionsunderwhichtheyareconsistentanddiscusstheirratesofconvergence.

b. ConsistencyandRatesofConvergenceoftheEstimators

Wenowshowthatunder regularity conditions,

ε^{(z) and}_U^{(z) converge in probability to}

f ε^{(z)andf}_U^{(z),respectively,uniformlyoverz}∈^{(-}∞^,∞^{).Wemakethefollowingassumptions:}

A1. T he d istributions of U and ε are absolutely continuous with respect to Lebesgue

measure, and f

ε^{is symmetrical about 0. Moreover, f}_U^{and f}ε^{are everywhere twice}

continuously differentiable with uniformly bounded derivatives, and h

ε^{is strictly positive}

everywhere.

A2.ThedistributionofXhasboundedsupport.

A3.b

n isan 1/2 -consistentestimatorofβ.Thatis,n 1/2 (b

n -β)=O_p(1)asn→∞.

A4. Let A

nε^{= (log n)/[n1/2h}ε^{(1/}λ_nε^{)2] and B}_nε^{= 1/[n1/2}λ_n^hε^{(1/}λ_nε^{)2]. Define A}_{nU}^{and B}_{nU}^{by}

replacing λ

nε^{with} λ_{nU}^{in A}_nε^{and B}_nε^{. As n} → ∞^: λ_nε →^{0,} λ_{nU} →^{0, B}_nε^/λ_nε →^{0, B}_{nU}^/λ_{nU} →^{0,}

A nε^/λ_nε^{=O(1),andA}_{nU}^/λ_{nU}^{=O(1).}

Assumption A1 insures, among other things, that f

ε^{and f}_U^{are identified. Examples}

of distributions with strictly positive characteristic functions are the normal, the Cauchy and

scale mixtures of these. A2 can always be satisfied by dropping observations with "large"

values of X. At the expense of greater complexity in the proofs, A2 can be weakened to

permit distributions of X with unbounded support. A3 insures that random sampling errors

in t he e stimate o

f β are asymptotically negligible. A4 restricts the rate at which λ_{nε} → 0 and λ_{nU} → 0 as n → ∞. The λ_n’s must converge more slowly if the tails of h_ε are thin than if they

are thick. To illustrate, if ε has the normal (Cauchy) distribution, A4 is satisfied if λ

n

= c(log

n) -1/2

(λ_n=c(logn)-1)foranysufficientlysmallc>0.

The following theorem establishes uniform consistency of

ε^{and}_U^{. It also gives their}

uniformratesofconvergenceinprobability.

Theorem 1:Let g be a bounded, real characteristic function with support [-1,1]. If g

istwicedifferentiableinaneighborhoodof0andA1-A4hold,thenasn→∞

____________

2

sup(z)-f(z)=O(λ)+O(B/λ)+o(A/λ)(3.9) εεpnεpnεnεpnεnε z

___________

and

____________

2

sup(z)-f(z)=O(λ)+O(B/λ)+o(A/λ).(3.10)

UUpnUpnUnUpnUnU z

___________

Theorem 1 implies that the rates of convergence in probability of

ε^{and}_U^{are}

controlled by the rates at which λ

nε^{and}λ_{nU}^{converge to 0.The latter rates are controlled by}

A4. In general, faster rates of convergence of

ε^{and}_U^{are possible when h}ε^{is thick-tailed}

than when it is thin-tailed. To provide some insight into the resulting rates of convergence,

weinvestigatethemindetailforthespecialcaseofnormallydistributedε.

If ε _~ N(0,σ_ε2), then h_ε(τ) = exp(-0.5σ_ε2τ2). Given this h_ε, it is not difficult to show that

A4 c annot b e s atisfied if λ

nε^{and}λ_{nU}^{converge to 0 faster than (log n)-1/2. Thus, if}ε^{and U are}

normallydistributed,thefastestpossibleuniformrateofconvergenceinprobabilityof

ε^{and}_U

is (log n) -1 . In addition, it may be shown that the fastest possible pointwise rate of

convergence in probability is (log n) -1 and the fastest possible rate of convergence in

probabilityoftheintegratedsquarederrorsof

ε^{and}_U^{is(logn)-2.}

Although these rates are very slow, they cannot be increased under assumption A1

and certain additional mild regularity conditions. Slow convergence is intrinsic to the

deconvolution problem and is the price that must be paid for lack of a priori knowledge of

the d ensities o

f ε and U. To see why, first consider f_U. It follows from Theorem 1 of Carroll

and Hall (1988) that if ε

~

N(0,σ

ε^{2) and f}_U^{is assumed to have k bounded derivatives, then}

the pointwise rate of convergence in probability of an estimator of f

U cannot exceed (log n) -

k/2 .Here,weassumetheexistenceoftwoderivativesoff

U

,so k = 2 a nd t he u pper b ound o n

thepointwiserateofconvergenceis(logn) -1 .Thisistherateachievedby

U

.

Nowconsider f

ε^{. We will prove that under regularity conditions, (logn)-2 is the fastest}

possiblerateofconvergenceinprobabilityofthe integrated squared error of an estimator of

f ε^{. This is the rate achieved by} ε^{. The following notation will be used in addition to that}

previouslydefined:

ε^{= Any estimator of f}ε^{that is symmetrical about 0 and pointwise}

consistent.

η^{= Theestimatoroff}η^{whose characteristic function evaluated at the point}

τis _ε(τ)2g(λ_{nε}τ)2,where _εisthecharacteristicfunctionof _ε.

η^{’= Thederivativeof}η^.

f η^{*= The density whose characteristic function evaluated at the point} τ^{is}

h ε^(τ^{)2g(}λ_nετ^{)2.}

The following theorem, which is a modified version of Theorem 3.1 of Stefanski and

Carroll(1990),givestherequiredresult.

Theorem 2: Assume that A1 holds and that ε

~

N(0,σ

ε^{2). Suppose there are}

sequences of constants {a

n

}, { c

1n

}, { c

2n

},and { c

3n

} such that as n → ∞: a

n → 0; c_{1n}, c_{2n}, and c_{3n}

havenon-zerofinitelimits;and

__________ ∞ ⌠ (a)Var[(z)]dz=c/(na) ⌡η1nn -∞ __________

__________ ∞ ⌠3 (b)Var[f’(z)]dz=c/(na) ⌡η2nn -∞ __________

__________

∞ ⌠24

(c)[E(z)-f*(z)]dz=ca. ⌡ηη3nn -∞ __________

Then

__________ ∞ ⌠2 ISE≡[(z)-f(z)]dz ⌡εε -∞ __________

convergesinprobabilityto0ataratethatdoesnotexceed(logn) -2 .

To u nderstand the significance of this theorem, note that as a consequence of (2.2),

η is observable up to random sampling error in b_n, whereas ε in (2.1) is not observable.

Thus, any estimator of f

ε^{must be derived explicitly or implicitly from an estimator of f}η^.

Theorem 2 shows that when the estimator of f

η^{satisfies certain conditions, the}

correspondingestimatorof f

ε^{has an integrated squared error whose rate of convergence in}

probability does not exceed (log n) -2 . The estimator

ε^{in (3.7) satisfies the conditions of}

Theorem2witha

n =λ_{nε}and _ηtheprobability density whose characteristic function evaluated

at the point τ is

η^(τ^)^{g(}λ_nετ^{)2. Up to asymptotically negligible terms introduced by the}

modulusoperator,this

η^{isanonparametrickernelestimator.Specifically,}

__________

nTz- -1jt2 (z)=[n(T-1)λ]ΣΣK+o(λ), ηnεgλpnε j=1t=2nε

__________

where K

g is the probability density whose characteristic function is g 2 . More generally, a

n is

the bandwidth if (apart from asymptotically negligible terms)

η^{is a kernel estimator with a}

non-negativekernel,anda

n

=k

n

/nif

η^{isak}_n^{-nearestneighborestimator.}

The assumption that

ε^{is symmetrical about 0 does not restrict the generality of the}

conclusion of theorem 2. This is because the rate of convergence in probability of the

integrated squared error of

ε^{cannot exceed the rate of convergence of the integrated}

squarederrorofthesymmetrizedestimator[

ε^{(z)+}ε^{(-z)]/2.}

The r ates o f convergence of

ε^{and}_U^{can be increased from those discussed here by}

assumingthatf

ε^{andf}_U^{havemorethantwo derivatives. If f}ε^{and f}_U^{are assumed to have k >}

2 derivatives, faster rates of convergence can be achieved by replacing g with a bounded,

real function whose support is [-1,1] and that satisfies (0) = 1 and d r g(z)/dz

r_{z = 0} = 0 for r =

1,...,k. If this is done for the case ε

~

N (0,σ_ε2), U _~ N(0,σ_U2), the pointwise and uniform rates

of convergence in probability of

ε^{and}_U^{in (3.7) and (3.8) are (log n)-k/2. The integrated}

squared errors of

ε^{and}_U^{converge in probability at the rate (logn)-k. Arguments similar to}

those made above show that under mild regularity conditions, these rates cannot be

improvedwithoutassumingtheexistenceofmorethankderivativesoff

ε^{andf}_U^.

c. FirstPassageTimes

In Section 5, we shall be concerned with estimating the probability distributions of

certain first passage times of individuals’ earnings. In this section, we define the

distributionsofinterestandexplainhowtheyareestimated.

The first passage time for individual i is the smallest t for which Y

it exceeds a

specified threshold, say y*. In this paper, we will be concerned with the first passage time

conditional on the initial value of Y for individual i, Y

i1

, and the covariates X

it

. Given an integer θ > 1, let P(θy

1

,y*,x) denote the probability that the first passage time for threshold

y*andindividualiexceedsθconditionalonY

i1

=y

1 andX

it

=x

t

(t=1,...,θ).Then

__________

P(θy,y*,x)=Pr(Y<y*,...,Y<y*Y=y).

1i2iθi11

__________

IfUisindependentofX,somealgebrashowsthat

__________

P(θy,y*,x)=(3.11) 1

∞θ -1⌠ f(y-β’x)f(y-β’x-u)ΠF(y*-β’x-u)f(u)du, ν1i1⌡ε11εjU -∞j=2

__________

where f

ν^{is the probability density of the} ν^{= U +} ε^{, and F}ε^{is the cumulative distribution}

functionofε.P(θy

1

,y*,x)canbeestimatedconsistentlyby

__________

(θy,y*,x)=(3.12) 1 ρ nθ -1⌠ (y-b’x)(y-b’x-u)Π(y*-b’x-u)(u)du, ν1ni1⌡ε1n1εnjU -ρj=2 n

__________

where b

n is a n 1/2 -consistent estimator of β;

ε^{and}_U^{are given by (3.7) and (3.8);} ν^{is a kernel}

estimator of the density of ;

ε^{is the estimator of the cumulative distribution function of} ε^{that}

isdescribedbelow;and{ρ

n

}isasequenceofpositiveconstants that satisfies ρ

n → ∞, ρ_nsup_z

ε(z)- _ε(z)→0,andρ_nsup_z_U(z)- _U(z)→0asn→∞.

To estimate F

ε^{, observe that since the distribution of} ε^{is symmetrical around 0 by}

assumption

__________

F(z)=0.5+0.5[F(z)-F(-z)] εεε __________

__________ ∞ ⌠-1

=0.5+(2/π)τsin(zτ)h(τ)dτ. ⌡ε 0

__________

Using arguments similar to those used to prove theorem 1, it can be shown that F

ε^{(z) is}

estimatedconsistentlyuniformlyoverzby

__________ ∞ ⌠-11/2

(z)=0.5+(2/π)τsin(zτ)(τ)g(λτ)dτ. ε⌡ηnε 0

__________

ThisistheestimatorofF

ε^{thatweusein(3.12).}

d. ASmall-SampleCorrection

The results of the Monte Carlo experiments described in Section 4 show that

ε^,_U^,

and (θy

1

,y*,x) can be seriously biased in samples of practical size. We now describe

small-sample corrections for

ε^{and}_U^{that remove part of these biases.3 The arguments}

leadingtothecorrectionsareidenticalfor

ε^{and}_U^{,sowediscussonly}ε^.

Toderivethecorrectionto

ε^{,observethatby(3.7),}

__________

(z)-f(z)=Δ(z)+Δ(z),

εεn1n2

__________

where

__________ ∞

⌠-izτ1/2 Δ(z)=(1/2π)e(τ)-h(τ)g(λτ)dτ n1⌡ηεnε -∞ __________

and

__________ ∞ ⌠-izτ Δ(z)=(1/2π)e[g(λτ)-1]h(τ)dτ. n2⌡nεε -∞ __________

NotethatΔ

n2 isnonstochastic.Inafinitesample,neitherEΔ

n1

(z)norΔ

n2

(z)iszero in general,

so ε^{(z) is biased. E}Δ_{n1}^{(z) is the component of bias caused by estimation of h}ε^{, and} Δ_{n2}^{(z) is}

the component of bias caused by smoothing the empirical distribution of η. The small-

sample correction described here removes the second component of bias through order

λ_{nε}2.

To derive the correction, recall that g(λ

nετ)h_ε(τ)is the characteristic function of the

random v ariable ε + λ

n ζ, where ζ is the random variable whose characteristic function is g.

Therefore, Δ

n2

(z) is the difference between the probability density of ε + λ

n ζ and the

probabilitydensityofε.Letψdenotethedensityofζ.Then

__________ ∞ ⌠ Δ(z)=f(z-λτ)ψ(τ)dτ-f(z). n2⌡εnεε -∞ __________

A Taylor series expansion of f

ε^{(z -} λ_nετ^{) about} λ_nε^{= 0 and application of the dominated}

convergencetheoremyield

__________

222

Δ(z)=(1/2)λf"(z)σ+o(λ),(3.13) n2nεεζnε __________ where f

ε^{" denotes the second derivative of f}ε^{and} σζ^{2 is the variance of} ζ^{. The first term on}

the right-hand side of (3.13) is the smoothing bias in

ε^{(z) through O(}λ_nε^{2). This bias can be}

removedbyestimatingf

ε^{(z)with}

__________

22

(z)=(z)-(1/2)λ"(z)σ, εεnεεζ __________

where

ε^{"(z)isaconsistentestimatoroff}ε^{"(z).}

A consistent estimator of f

ε^{"(z) can be obtained by differentiating the right-hand side}

of (3.7) with respect to z and replacing λ

nε^{with a bandwidth} γ_nε^{that converges to 0 at a}

sufficientlyslowrate.Thisresultisgivenformallyinthefollowingtheorem.

Theorem 3: Let A1-A4 hold. Assume that f

ε^{" is Lipschitz continuous. Let {}γ_nε^{} be a}

sequencesatisfyingγ

nε→^{0,B}_nε^/γ_nε^3→^{0,andA}_nε^/γ_nε^{=O(1)asn}→∞^{.Define}

__________ ∞ ⌠-izτ21/2 "(z)=-(1/2π)eτ(τ)g(γτ)dτ. ε⌡ηnε -∞ __________

Then

__________

plimsup"(z)-f"(z)=0. εε n→∞z __________

A similar procedure can be used to remove smoothing bias from

U through O(λ

nU

2 ).

Theresultingestimatoroff

U is

__________

22

(z)=(z)-(1/2)λ"(z)σ,

UUnUUζ

__________

where

__________ ∞ ⌠-izτ2-1/2 "(z)=-(1/2π)eτ(τ)(τ)g(γτ)dτ. U⌡νηnU -∞ __________

A p roof i dentical to that of theorem 3 shows that

U

" i s a u niformly c onsistent estimator of f

U if

f

U

" is Lipschitz continuous, γ

nU → 0, B_{nU}/γ_{nU}3 → 0, and A_{nU}/γ_{nU}3 = O(1) as n → ∞ . Section 4

presentsMonteCarloevidenceontheextentofthebias reduction obtained by using

ε^{and}_U

insteadof

ε^{and}_U^.

4. MonteCarloExperiments

This section presents the results of Monte Carlo experiments aimed at investigating

whether

ε^, ε^,_U^,_U^{, and (}θ^y_1^{,y*,x) can provide useful information about f}ε^{, f}_U^{, and P(}θ^y_1^{,y*,x)}

insamplesofmoderatesize.

Datafortheexperimentsweregeneratedbysimulationfromthemodel

__________

Y=U+ε;i=1,...,1000;t=1,2.

itiit

__________

Thus, the simulated data correspond to a panel of length T = 2 composed of n = 1000

individuals. The distribution of U is N(0,1). The distribution of ε is N(0,1) in one set of

experimentsandthemixture0.9N(0,1)+0.1N(0,16)inanotherset. The mixture distribution

hastailsthatarethickerthanthenormaland,inthisrespect, is similar to the distribution of ε

inthemodel described in Section 2. In both sets of experiments the fastest possible rate of

convergence in probability of estimators of f

ε^{and f}_U^{is (log n)-1, so the experiments address}

situationsinwhichtheestimatorsconvergeslowly.

The s moothing function, g, used in the experiments is the fourfold convolution of the

uniform density with itself. This is the characteristic function of the density c[(sin x)/x] 4 ,

where c i s a normalization constant. The density f

ν^{was estimated using a kernel estimator}

withthestandardnormaldensityasthekernel.InestimatingP(θy

1

,y*,),wesety

1

=-1, y * =

1, and θ = 3, 5, 7, 9, and 11. 4 Since we have no formal theory of how the bandwidths λ nε

and λ

nU and ρ

n should be selected in finite samples, we used informal graphical methods.

We found through experimentation that apart from small wiggles,

ε^(τ^{) = 0 for} τ^{> 6,}_U^(τ^{) = 0}

forτ≥5,andtheintegrandinthenumerator of (θy

1

=-1,y*=1) is zero for τ ≥ 4. Accordingly,

we set λ

nε^{= 0.18,} λ_{nU}^{= 0.20, and} ρ_n^{= 4. Experimentation with other bandwidths showed}

that use of moderately larger values of λ

nε^{and} λ_{nU}^{gave results similar to those reported}

here but that use of moderately smaller or very much larger values produced badly biased

results. We set γ

nε^= λ_nε^{1/3 and} γ_{nU}^= λ_{nU}^{1/3. The experiments were carried out with a program}

written in GAUSS using GAUSS random number generators. There were 100 replications

perexperiment.

Figure 3 shows graphs of the functions

ε^, ε^,_U^{, and}_U^{obtained from the first 19}

replications of the experiment with ε

~

N(0,1). The results of the other replications are

similar but are not shown because doing so would make the plots so dense that individual

estimates could not be distinguished. Figure 4 shows similar graphs for the experiment

with ε

~

0.9N(0,1) + 0.1N(0,16). In each figure, the solid lines are estimates and the lines

with dots are the true densities It can be seen that most of the estimates are qualitatively

similartothecorrespondingtruedensities,although some estimates of f

U a re n otably w iggly and the estimates tend to be too flat. The main difference between the estimates with and

without bias correction is that the corrected estimates are shifted upward relative to the

uncorrected ones. As a result, the corrected estimates fit the centers of the true

distributionsbetterthantheuncorrectedestimatesdo.

The r esults o f e stimating P

(θy_1=-1,y*=1) are shown in Table 2. The first 5 columns

show the true values of P(θy

1

=-1,y*=1) and the means of the estimates (θy

1

=1,y*=-1).

The estimates based on

ε^{and}_U^{are biased downward by 12-20%, depending on the}

distribution of ε and the value of θ. The downward bias increases with increasing θ. When

the bias-corrected density estimates

ε^{and}_U^{are used to compute (}θ^y_1^{=-1,y*=1), the}

downward bias is reduced to 1-13%. Thus, the bias correction removes 35% to virtually all

ofthebiasof(θy

1

=-1,y*=1),dependingonthedistributionofεandthevalueofθ.

The last column of Table 2 shows the means of the estimates of P(θy

1

=-1,y*=1)

that a re o btained b y assuming that ε is normally distributed when, in fact, it has the mixture

distribution 0.9N(0,1) + 0.1N(0,16). These estimates were obtained from (3.11) by

assuming that ν, ε, and U are normally distributed with means of zero and variances

estimatedfromthesimulatedsamples.Specifically,σ

ε^{2is estimated by the sample variance}

of (Y

2

- Y

1 ), σ_ν2 is estimated by the sample variance of the pooled Y’s, and σ_U2 is estimated by ν^{2 -}ε^{2, where hats denote estimated values. It can be seen that the erroneous}

assumption of normality of ε produces estimates that are biased downward by 12-36%,

whereas the downward bias is only 1-13% when the bias-corrected nonparametric density

estimatorsareused.TheMonteCarloestimatesofthevariancesof (θy

1

-1,y*=1) b ased o n

ε^{and}_U^{are all below 0.0016, so this estimator has a smaller mean square error than does}

theerroneousparametricestimatoraswellasasmallerbias.

There is a simple intuitive explanation for the severe downward bias of the

parametric estimator of P(θy

1

=-1,y*=1). The mixture distribution used in the experiments

has less probability in its tails than does a normal distribution with the same variance.

Therefore, the normal distribution has a higher probability of a transition from one tail to

another than does the mixture distribution. Since P(θy

1

=-1,y*=1) is the probability that a

transition between tails does not occur, the probabilities obtained from the normal

distributionaretoolow.

Of course, one cannot draw general conclusions from a small set of Monte Carlo

experiments. However, the evidence presented here indicates that the bias correction

described in Section 3d is useful and that the bias-corrected nonparametric density

estimators are capable of providing useful information about the densities of ε and U in

samples of moderate size. The evidence also indicates that the nonparametric estimators

can yield estimates of first-passage probabilities that are considerably more accurate than

onesobtainedfromamisspecifiedparametricmodel.

5. AnApplicationtoEstimationofEarningsMobility

In t his s ection, w e i llustrate the use of the nonparametric estimators of f

ε^{and f}_U^{in an}

application that consists of estimating indicators of the earnings-mobility of individuals. We

consider an individual whose earnings are 100(1 - α) percent of median earnings of

individuals w ith t he s ame a ge, e ducation a nd m arital s tatus, w here α =

0.10, and 0.20. We

estimate the probability that the individual’s earnings never exceed 100(1 + α) percent of

themedianinanyof the subsequent 2, 4, 6, 8, or 10 years. This corresponds to estimating

P(θy_1,y*,x),whereθ=3,5,7,9, or 11. The variable x specifies age, education and marital

status;andy

1 andy*,respectively, are 100(1 - α) percent and 100(1 + α) percent of median

earnings conditional on x. We compare the estimates of P(θy

1

,y*,x) obtained using

nonparametric estimates of f

ε^{and f}_U^{with estimates obtained under the assumption that} ε

andUarenormallydistributed.

Theestimatesarebased on model (2.1) with Y

jt e qual t o t he l ogarithm of real annual

earnings of individual j in year t. The explanatory variables are those listed in Table 1 plus

an intercept. The data are described in Section 2b. We assume that U and X are

independent and estimate β by generalized least squares (see, e.g., Hsiao, 1986, pp. 34-

38). Table 3 shows the estimates of β, σ

ε^{2, and} σ_U^{2. We used the bias-corrected}

nonparametric estimators of f

ε^{and f}_U^{and the same smoothing function, g, as was used in}

the Monte Carlo experiments. The bandwidths λ

nε^, λ_{nU}^{, and} ρ_n^{were obtained using the}

informalgraphicalproceduredescribedinSection4,andγ

nε^(γ_{nU}^{)=}λ_nε^{1/3(}λ_{nU}^{1/3).}

As is discussed in Section 2, there is strong evidence that the distribution of ε is not

normal. A plot analogous to Figure 1 cannot be made for U because realizations of U are

not observed. However, an informal graphical test of normality of U can be obtained by

plotting log[

U (τ)] against -τ2. If U is normally distributed, h_U(τ) = exp(-0.5σ_U2τ2), so the plot will

consist of scatter around a straight line. Figure 5 shows the plot (solid line) and a straight

line(dashes).Theplotsuggeststhatany departure of the distribution of U from normality is

mild.Inthedatausedhere,onlyεhasadistributionthatisdistinctlynon-normal.

Table 4 shows the estimates of P(θy

1

,y*,x). Depending on the values of α and θ,

the estimates obtained from the nonparametric estimators of f

ε^{and f}_U^{are 15-100 percent}

higher than those obtained by assuming that ε and U are normally distributed. Thus, the

assumption that ε is normally distributed leads to substantial overestimation of the

probability that an individual with low earnings will become a high earner in future. This

finding is consistent with the results of the Monte Carlo experiments, which showed that the probabilities of transitions from low to high values of Y are overestimated if ε has a thick-

taileddistributionbutisassumedtobenormallydistributed.

6. Conclusions

This paper has shown how to carry out nonparametric estimation of the densities of

the error components in a regression model for panel data. The usefulness of the

nonparametric estimators has been illustrated through Monte Carlo experiments and an

application to estimating the earnings-mobility of individuals. The estimates of earnings

mobility obtained by using the nonparametric estimators are considerably lower than those

obtained under the assumption that the error components of the earnings model are

normallydistributed.The nonparametric estimators converge slowly, but slow convergence

is i ntrinsic to the deconvolution problem that must be solved to estimate the densities of the

error components. Alternative estimation approaches, such as attempting to find a

parametric m odel t hat f its t he d ata, c annot p roduce faster-converging estimators.In further

research it would be useful to find systematic methods for selecting the bandwidths needed

toimplementthenonparametricdensityestimators.

A P P E N D I X : P R O O F S O F T H E O R E M S

A 1 .

C o n s i s t e n c y o f t h e D e n s i t y E s t i m a t o r s

T h r o u g h o u tt h i sa p p e n d i x ,λ

n r e f e r st oe i t h e rλ

nε^{o r}λ_{n U}^{. L e m m a s1 - 4b e l o w}

p r o v i d e r e s u l t s t h a t a r e u s e d i n p r o v i n g T h e o r e m 1 .

L e m m a 1:U n d e r a s s u m p t i o n s A 1 - A 3 a n d a s n→ ∞,

_ _ _ _ _ _ _ _ _ _ _ _

1 / 2 1 / 2

s u p (τ) - h (τ) = o [ ( l o g n ) / n ] + O [ 1 / ( nλ ) ] . ( A . 1 )

ηη p p n τ ≤ 1 /λ n

_ _ _ _ _ _ _ _ _ _ _

P r o o f

: B y t h e m e a n v a l u e t h e o r e m o f d i f f e r e n t i a l c a l c u l u s

_ _ _ _ _ _ _ _ _ _ _ _

n T

(τ) = [ n ( T - 1 ) ]ΣΣ e x p ( iτ η ) e x p [ iτ( -η ) ] η j t j t j t

j = 1 t = 2

n T

= [ n ( T - 1 ) ]ΣΣ e x p ( iτ η ) { 1 + O [τ( -η ) ] } .

j t j t j t

j = 1 t = 2

_ _ _ _ _ _ _ _ _ _ _

B y a s s u m p t i o n s A 2 a n d A 3

_ _ _ _ _ _ _ _ _ _ _ _

- 1 / 2

s u p -η = O ( n ) .

j t j t p

j , t

_ _ _ _ _ _ _ _ _ _ _

T h e r e f o r e ,

_ _ _ _ _ _ _ _ _ _ _ _

n T

1 / 2

(τ) = [ n ( T - 1 ) ]ΣΣ e x p ( iτ η ) + O [ 1 / ( nλ ) ] ( A . 2 ) η j t p n

j = 1 t = 2

_ _ _ _ _ _ _ _ _ _ _ u n i f o r m l yo v e r τ ≤ 1 /λ

n

. T h e c l a s so ff u n c t i o n se x p ( iτ η) ,c o n s i d e r e da sf u n c t i o n so fη

i n d e x e d b yτ f o r -∞ <τ <∞, s a t i s f i e s t h e a s s u m p t i o n s o f t h e o r e m 2 . 3 7o fP o l l a r d( 1 9 8 4 ) .

B y t h i s t h e o r e m

_ _ _ _ _ _ _ _ _ _ _ _

n T

- 1 1 / 2

s u p[ n ( T - 1 ) ]ΣΣ [ e x p ( iτ η ) - E e x p ( iτ η) ] = o [ ( l o g n ) / n ] ( A . 3 )

j t

τ j = 1 t = 2

_ _ _ _ _ _ _ _ _ _ _

a l m o s t s u r e l y . S i n c e E e x p ( iτ η) = h

η^(τ^{) , t h e l e m m a f o l l o w s b yc o m b i n i n g( A . 2 )a n d( A . 3 ) .}

Q . E . D .

L e m m a 2:U n d e r a s s u m p t i o n s A 1 - A 4 a n d a s n→ ∞,

_ _ _ _ _ _ _ _ _ _ _ _

s u p (τ) - h (τ) = o ( A ) + O ( B )

εε p n p n τ ≤ 1 /λ n

_ _ _ _ _ _ _ _ _ _ _

P r o o f

: N o t e t h a t h

ε^{= h}η^{1 / 2. T h e r e f o r e , b y a s s u m p t i o n A 4 a n d l e m m a 1}

_ _ _ _ _ _ _ _ _ _ _ _

(τ) - h (τ) ηη 1 / 2 (τ) - h (τ) = h (τ) {1 + - 1 } εεε h (τ) η

(τ) - h (τ) ηη = h (τ)[ 1 / 2 + o ( 1 ) ] . ( A . 4 ) ε p h (τ) η _ _ _ _ _ _ _ _ _ _ _ T h el e m m af o l l o w sb y

s u b s t i t u t i n g ( A . 1 ) i n t o ( A . 4 ) . Q . E . D .

L e m m a 3:U n d e r a s s u m p t i o n s A 1 - A 3 a n d a s n→ ∞,

_ _ _ _ _ _ _ _ _ _ _ _

1 / 2 1 / 2

s u p (τ) - h (τ) = o [ ( l o g n ) / n ] + O [ 1 / ( nλ ) ] .

νν p p n τ ≤ 1 /λ n

_ _ _ _ _ _ _ _ _ _ _

P r o o f

: I d e n t i c a l t o t h e p r o o f o f l e m m a 1 . Q . E . D .

L e m m a 4:U n d e r a s s u m p t i o n s A 1 - A 4 a n d a s n→ ∞

_ _ _ _ _ _ _ _ _ _ _ _

(τ) / h (τ) - 1 = o ( A ) + O ( B ) . εε p n p n

_ _ _ _ _ _ _ _ _ _ _

u n i f o r m l y o v e r τ ≤ 1 /λ

n

.

P r o o f

: T h i s i s a n i m m e d i a t e c o n s e q u e n c e o f ( A . 1 ) a n d ( A . 4 ) . Q . E . D .

L e m m a 5:U n d e r a s s u m p t i o n s A 1 - A 4 a n d a s n→ ∞,

_ _ _ _ _ _ _ _ _ _ _ _

s u p (τ) - h (τ) = o ( A ) + O ( B )

U U p n p n τ ≤ 1 /λ n

_ _ _ _ _ _ _ _ _ _ _

P r o o f

: S o m e a l g e b r a y i e l d s

_ _ _ _ _ _ _ _ _ _ _ _

{ [ (τ) - h (τ) ] / h (τ) } - h (τ) [ (τ) / h (τ) - 1 ] ννε Uεε (τ) - h (τ) = ( A . 5 )

U U 1 + [ (τ) / h (τ) - 1 ] εε _ _ _ _ _ _ _ _ _ _ _

T h e l e m m af o l l o w sb ys u b s t i t u t i n gt h er e s u l t so fl e m m a s3a n d4i n t ot h er i g h t - h a n d

s i d e o f ( A . 5 ) .

P r o o f o f T h e o r e m 1: T o p r o v e ( 3 . 9 ) , w r i t e

ε^{( z ) i n t h e f o r m}

_ _ _ _ _ _ _ _ _ _ _ _

( z ) = I ( z ) + I ( z ) ,

ε n 1 n 2

_ _ _ _ _ _ _ _ _ _ _

w h e r e

_ _ _ _ _ _ _ _ _ _ _ _ ∞

- 1⌠

I ( z ) = ( 2π) [ (τ) - h (τ) ] g (λ τ) e x p ( - i zτ) dτ

n 1⌡εε n -∞ _ _ _ _ _ _ _ _ _ _ _

a n d

_ _ _ _ _ _ _ _ _ _ _ _ ∞ - 1⌠

I ( z ) = ( 2π) h (τ) g (λ τ) e x p ( - i zτ) dτ.

n 2⌡ε n -∞ _ _ _ _ _ _ _ _ _ _ _

D e f i n e

_ _ _ _ _ _ _ _ _ _ _ _

R = s u p (τ) - h (τ). nεεε τ ≤ 1 /λ n

_ _ _ _ _ _ _ _ _ _ _

T h e n

_ _ _ _ _ _ _ _ _ _ _ _ ∞ - 1⌠ I ( z )≤ ( 2π) Rg (λ τ)dτ n 1 nε ⌡ n -∞ 1

- 1⌠

= ( 2π) ( R /λ )g (τ)dτ nε n⌡ - 1

_ _ _ _ _ _ _ _ _ _ _

_ _ _ _ _ _ _ _ _ _

= o ( A /λ ) + O ( B /λ ) ( A . 6 )

p n n p n n

_ _ _ _ _ _ _ _ _ _

a s

n→ ∞ u n i f o r m l yo v e rzb yl e m m a2 ,A 4a n dt h eb o u n d e d n e s so fg . N o wc o n s i d e r I

n 2

( z ) .

L e t K d e n o t et h ep r o b a b i l i t yd e n s i t yw h o s ec h a r a c t e r i s t i cf u n c t i o ni sg . O b s e r v e

t h a t I

n 2 i s t h e d e n s i t y o fε +λ

n ζ, s o

_ _ _ _ _ _ _ _ _ _ _ _ ∞ ⌠ I ( z ) = f ( z -λ w ) K ( w ) d w .

n 2⌡ε n -∞ _ _ _ _ _ _ _ _ _ _ _

A T a y l o r s e r i e s e x p a n s i o n o f f

ε^{( z -}λ_n^{w ) a b o u t}λ_n^{= 0 t o g e t h e r w i t h s y m m e t r y o f K y i e l d}

_ _ _ _ _ _ _ _ _ _ _ _ ∞ 2⌠ 2

I ( z ) = f ( z ) + ( 1 / 2 )λ w f ’ ’ (ζ ) K ( w ) d w , ( A . 7 )

n 2ε n⌡ε n -∞ _ _ _ _ _ _ _ _ _ _ _

w h e r eζ

n i s b e t w e e nz-λ

n w a n d z .

S i n c ef

ε^{’ ’i su n i f o r m l yb o u n d e db yA 1a n d}∫^{w2K ( w ) d w}

<∞ ( b e c a u s egi st w i c ed i f f e r e n t i a b l e ) ,I_{n 2}( z )=f_ε( z )+O (λ_n2)u n i f o r m l yo v e rz . E q u a t i o n

( 3 . 9 ) f o l l o w s b y c o m b i n i n g t h i s r e s u l t w i t h ( A . 6 ) .

T o p r o v e ( 3 . 1 0 ) , w r i t e

U

( z ) i n t h e f o r m

_ _ _ _ _ _ _ _ _ _ _ _

( z ) = J ( z ) + J ( z ) ,

U n 1 n 2

_ _ _ _ _ _ _ _ _ _ _

w h e r e

_ _ _ _ _ _ _ _ _ _ _ _ ∞ - 1⌠

J ( z ) = ( 2π) [ (τ) - h (τ) ] g (λ τ) e x p ( - i zτ) dτ

n 1⌡ U U n -∞ _ _ _ _ _ _ _ _ _ _ _

a n d

_ _ _ _ _ _ _ _ _ _ _ _ ∞ - 1⌠

J ( z ) = ( 2π) h (τ) g (λ τ) e x p ( - i zτ) dτ.

n 2⌡ U n -∞ _ _ _ _ _ _ _ _ _ _ _

D e f i n e

_ _ _ _ _ _ _ _ _ _ _ _

R = s u p (τ) - h (τ).

n U U U τ ≤ 1 /λ n

_ _ _ _ _ _ _ _ _ _ _

T h e n

_ _ _ _ _ _ _ _ _ _ _ _ ∞ - 1⌠ J ( z )≤ ( 2π) Rg (λ τ)dτ n 1 n U⌡ n

-∞ 1

- 1⌠

= ( 2π) ( R /λ )g (τ)dτ

n U n⌡

- 1

_ _ _ _ _ _ _ _ _ _ _

_ _ _ _ _ _ _ _ _ _

= o ( A /λ ) + O ( B /λ ) ( A . 8 )

p n n p n n

_ _ _ _ _ _ _ _ _ _

a s

n→ ∞ u n i f o r m l yo v e rz ,w h e r et h el a s tl i n ef o l l o w sf r o ml e m m a5a n dt h e

b o u n d e d n e s s o f g . F i n a l l y , b y a r g u m e n t s i d e n t i c a l t o t h o s e u s e d i n o b t a i n i n g ( A . 7 )

_ _ _ _ _ _ _ _ _ _ _ _ ∞ 2⌠ 2

J ( z ) = f ( z ) + ( 1 / 2 )λ w f ’ ’ (ζ ) K ( w ) d w ,

n 2 U n⌡ U n -∞ _ _ _ _ _ _ _ _ _ _ _

w h e r eζ

n i s b e t w e e n z -λ

n w a n d z .

S i n c ef

U

’ ’ i s u n i f o r m l yb o u n d e db yA 1a n d∫w 2 K ( w ) d w

<∞,I_{n 2}( z )=f_U( z )+O (λ_n2)u n i f o r m l yo v e rz . E q u a t i o n( 3 . 1 1 )f o l l o w sb yc o m b i n i n gt h i s

r e s u l t w i t h ( A . 8 ) . Q . E . D .

A . 2

P r o o f o f T h e o r e m 2

S e t

η^=ε^{2. T h e n a s t r a i g h t f o r w a r d c a l c u l a t i o n g i v e s}

_ _ _ _ _ _ _ _ _ _ ∞ - 1⌠ 1 / 2 1 / 2 2

I S E = ( 2π) [ (τ) - h (τ) ] dτ ⌡ηη -∞ _ _ _ _ _ _ _ _ _ _

_ _ _ _ _ _ _ _ _ _ ∞ - 1⌠ 1 / 2 1 / 2 2 4 ≥ ( 2π) [ (τ) - h (τ) ] g (λ τ) dτ ( A . 9 ) ⌡ηη n -∞ _ _ _ _ _ _ _ _ _ _

f o r a n y p o s i t i v e s e q u e n c e {λ

n

} . C h o o s e {λ

n

} s u c h t h a t a s n→ ∞,

_ _ _ _ _ _ _ _ _ _

p s u p (τ) - h (τ)/ h (τ)→ 0 ηηη τ ≤ 1 /λ n

_ _ _ _ _ _ _ _ _ _

T h e n

_ _ _ _ _ _ _ _ _ _

2 [ (τ) - h (τ) ]

1 / 2 1 / 2 2ηη

[ (τ) - h (τ) ] = ( 1 / 4 ) [ 1 + o ( 1 ) ] ηη h (τ) p η _ _ _ _ _ _ _ _ _ _

u n i f o r m l yo v e r τ ≤ 1 /λ

n

. I t f o l l o w st h a tt h er a t eo fc o n v e r g e n c ei np r o b a b i l i t yo ft h e

r i g h t - h a n d s i d e o f ( A . 9 ) i s t h e s a m e a s t h e r a t e o f c o n v e r g e n c e o f

_ _ _ _ _ _ _ _ _ _

2 ∞ [ (τ) - h (τ) ] ⌠ηη 4 J≡ g (λ τ) dτ n⌡ h (τ) n -∞η _ _ _ _ _ _ _ _ _ _

_ _ _ _ _ _ _ _ _ _ ∞ ⌠ 2 2 2 2 4 = [ e x p (στ ) ] [ (τ) - h (τ) ] g (λ τ) dτ ⌡εηη n -∞ _ _ _ _ _ _ _ _ _ _

i fε

~

N ( 0 ,σ

ε^{2) . L e t} η^{* (}τ^{)=} η^(τ^{) g (}λ_nτ^{)2 a n dh}η^{* (}τ^{)=h}η^(τ^{) g (}λ_nτ^{)2. T h e nE ( J}_n^{)=J}_{n 1}^{+J}_{n 2}^,

w h e r e

_ _ _ _ _ _ _ _ _ _ ∞ ⌠ 2 2 2

J = [ e x p (στ ) ] E [ * (τ) - E * (τ) ] dτ

n 1⌡εηη -∞ _ _ _ _ _ _ _ _ _ _

a n d

_ _ _ _ _ _ _ _ _ _ ∞ ⌠ 2 2 2

J = [ e x p (στ ) ] [ E (τ) - h * (τ) ] dτ.

n 2⌡εηη -∞ _ _ _ _ _ _ _ _ _ _

B y J e n s e n ’ s i n e q u a l i t y

_ _ _ _ _ _ _ _ _ _ ∞ ⌠ 2 2 τ E [ * (τ) - E * (τ) ] dτ ∞⌡ηη ⌠ 2 2 -∞ J≥ E [ * (τ) - E * (τ) ] dτ •e x p σ n 1⌡ηη ε∞ -∞⌠ 2 E [ * (τ) - E * (τ) ] dτ ⌡ηη -∞ _ _ _ _ _ _ _ _ _ _

_ _ _ _ _ _ _ _ _ _ ∞ ⌠ V a r [ ’ ( z ) ] d z ∞⌡η ⌠ 2 -∞ = V a r [ ( z ) ] d z•e x p σ ⌡η ε∞ -∞⌠ V a r [ ( z ) ] d z ⌡η -∞ _ _ _ _ _ _ _ _ _ _

_ _ _ _ _ _ _ _ _ _

c c

1 n 2 2 n

= e x pσ ( A . 1 0 )

n a η 2

n c a

1 n n

_ _ _ _ _ _ _ _ _ _

I n a d d i t i o n

_ _ _ _ _ _ _ _ _ _ ∞ ⌠ 2 J≥ [ E * (τ) - h * (τ) ] dτ n 2⌡ηη -∞ _ _ _ _ _ _ _ _ _

_ _ _ _ _ _ _ _ _ _ ∞ ⌠ 2 = [ E ( z ) - f * ( z ) ] d z ⌡ηη -∞ _ _ _ _ _ _ _ _ _ _

_ _ _ _ _ _ _ _ _ _

4

= c a . ( A . 1 1 )

3 n n

_ _ _ _ _ _ _ _ _ _

T h e r i g h t - h a n d s i d e o f ( A . 1 0 ) d o e s n o t c o n v e r g e t o 0 u n l e s s

_ _ _ _ _ _ _ _ _ _

2 σ c 1 / 2 ε 2 n

a > nc l o g n

1 n

_ _ _ _ _ _ _ _ _ _

f o r a l l s u f f i c i e n t l y l a r g e n , i n w h i c h c a s e ( A . 1 1 ) y i e l d s

_ _ _ _ _ _ _ _ _ _

2 σ c 2 ε 2 n J≥ c . n 2 3 nc l o g n

1 n

_ _ _ _ _ _ _ _ _ _

T h e r e f o r e ,

_ _ _ _ _ _ _ _ _ _

2 σ c 2 ε 2 n E J≥ c .

n 3 nc l o g n

1 n

_ _ _ _ _ _ _ _ _ _

I t f o l l o w sf r o mM a r k o v ’ si n e q u a l i t yt h a tt h er a t eo fc o n v e r g e n c ei np r o b a b i l i t yo fI S E

d o e s n o t e x c e e d ( l o g n ) - 2 . Q . E . D .

P r o o f o f T h e o r e m 3: D e f i n e

ε^(τ^)≡η^(τ^)^{1 / 2. T h e n}

_ _ _ _ _ _ _ _ _ _

" ( z ) - f ( z ) = I ( z ) + I ( z ) ,

εε n 1 n 2

_ _ _ _ _ _ _ _ _ _

w h e r e

_ _ _ _ _ _ _ _ _ _ ∞ ⌠ - i zτ 2

I ( z ) = - ( 1 / 2π) eτ [ (τ) - h (τ) ] g (γτ) dτ

n 1⌡εε nε -∞ _ _ _ _ _ _ _ _ _ _

a n d

_ _ _ _ _ _ _ _ _ _ ∞ ⌠ - i zτ 2

I ( z ) = - ( 1 / 2π) eτ [ g (γτ) - 1 ] h (τ) dτ.

n 2⌡ nεε -∞ _ _ _ _ _ _ _ _ _ _

D e f i n e

_ _ _ _ _ _ _ _ _ _ _ _

R = s u p (τ) - h (τ). nεεε τ ≤ 1 /γ nε _ _ _ _ _ _ _ _ _ _ _

T h e n

_ _ _ _ _ _ _ _ _ _ _ _ ∞ - 1⌠ 2 I ( z )≤ ( 2π) Rτ g (γτ)dτ n 1 nε ⌡ nε -∞ 1

- 1 3⌠ 2

= ( 2π) ( R /γ )τ g (τ)dτ nε nε⌡ - 1

_ _ _ _ _ _ _ _ _ _ _

_ _ _ _ _ _ _ _ _ _

3 3

= o ( A /γ ) + O ( B /γ )

p nε nε p nε nε

_ _ _ _ _ _ _ _ _ _

_ _ _ _ _ _ _ _ _ _

= o ( 1 ) ( A . 1 2 )

p

_ _ _ _ _ _ _ _ _ _

a s

n→ ∞ u n i f o r m l yo v e rzb yl e m m a2 ,t h eb o u n d e d n e s so fg ,a n dt h ea s s u m e d

b e h a v i o ro f{γ

nε^{} . N o wc o n s i d e rI}_{n 2}^{( z ) . O b s e r v et h a tI}_{n 2}^{i st h ed i f f e r e n c eb e t w e e nt h e}

s e c o n d d e r i v a t i v e o f t h e d e n s i t y o fε +γ

nεζ a n d f_ε, s o

_ _ _ _ _ _ _ _ _ _ _ _ ∞ ⌠ I ( z ) = [ f " ( z -γ w ) - f " ( z ) ] K ( w ) d w .

n 2⌡ε nεε -∞ _ _ _ _ _ _ _ _ _ _ _

_ _ _ _ _ _ _ _ _ _

= o ( 1 ) ( A . 1 3 )

_ _ _ _ _ _ _ _ _ _

u n i f o r m l yo v e rzb yL i p s c h i t zc o n t i n u i t yo ff

ε^{. T h et h e o r e mf o l l o w sb yc o m b i n i n g( A . 1 2 )}

a n d ( A . 1 3 ) . Q . E . D .

R E F E R E N C E S

C a r r o l l ,R . J .a n dH a l l ,P .( 1 9 8 8 ) . O p t i m a lr a t e so fc o n v e r g e n c ef o rd e c o n v o l v i n ga

d e n s i t y ,J o u r n a l o f t h e A m e r i c a n S t a t i s t i c a l A s s o c i a t i o n, 8 3 , 1 1 8 4 - 1 1 8 6 .

C h a m b e r l a i n ,G .( 1 9 8 4 ) . P a n e lD a t a ,i nH a n d b o o ko fE c o n o m e t r i c s,v o l2 ,Z .G r i l i c h e s

a n d

M .

I n t r i l l i g a t o r ,e d s . ,A m s t e r d a m ,N o r t h - H o l l d a n dP u b l i s h i n gC o m p a n y ,p p .

1 2 4 7 - 1 3 1 8 .

F a n ,

J .

( 1 9 9 1 ) . O nt h eo p t i m a lr a t e so fc o n v e r g e n c ef o rn o n p a r a m e t r i cd e c o n v o l u t i o n

p r o b l e m s ,T h e A n n a l s o f S t a t i s t i c s, 1 9 , 1 2 5 7 - 1 2 7 2 .

H s i a o , C . ( 1 9 8 6 ) .A n a l y s i s o f P a n e l D a t a, C a m b r i d g e , C a m b r i d g e U n i v e r s i t y P r e s s .

P o l l a r d , D . ( 1 9 8 4 ) .C o n v e r g e n c e o f S t o c h a s t i c P r o c e s s e s, N e w Y o r k , S p r i n g e r - V e r l a g .

S t e f a n s k i , L . A . a n dC a r r o l l , R . J . ( 1 9 9 1 ) . D e c o n v o l u t i o n - b a s e d s c o r e t e s t s i n

m e a s u r e m e n t e r r o r m o d e l s ,T h e A n n a l s o f S t a t i s t i c s, 1 9 , 2 4 9 - 2 5 9 .

S t e f a n s k i ,L .a n dC a r r o l l ,R . J .( 1 9 9 0 ) . D e c o n v o l u t i n gk e r n e ld e n s i t ye s t i m a t o r s ,

S t a t i s t i c s, 2 , 1 6 9 - 1 8 4 .

T A B L E 1 : V A R I A B L E S O F T H E E A R N I N G S M O D E L

V a r i a b l e D e f i n i t i o n

A G E A g e o f t h e i n d i v i d u a l i n y e a r s

A G E 2 S q u a r e o f A G E

E D U C E d u c a t i o n o f t h e i n d i v i d u a l i n y e a r s

E D U C 2 S q u a r e o f E D U C

H I 1i ft h ei n d i v i d u a lh a sc o m p l e t e dh i g hs c h o o l( E D U C≥ 1 2 ) ,0

o t h e r w i s e .

C O L 1 i f t h e i n d i v i d u a l h a s c o m p l e t e d c o l l e g e ( E D U C≥ 1 6 ) , 0 o t h e r w i s e .

M A R 1 i f t h e i n d i v i d u a l i s m a r r i e d , 0 o t h e r w i s e

T A B L E 2 : R E S U L T S O F M O N T E C A R L O E X P E R I M E N T S W I T H E S T I M A T O R O F

P (θy_1 = - 1 , y * = 1 )

M e a n o f E s t i m a t e s

D i s t r . T r u e W i t h W i t h o u t A s s u m i n g

o fεθ P r o b a b i l i t y B i a s C o r r . B i a s C o r r . N o r m a lε

N o r m a l 3 0 . 8 9 0 . 8 8 0 . 7 8

5 0 . 8 1 0 . 7 7 0 . 6 9

7 0 . 7 4 0 . 6 9 0 . 6 2

9 0 . 6 9 0 . 6 2 0 . 5 6

1 1 0 . 6 4 0 . 5 7 0 . 5 1

M i x t u r e

o f

N o r m a l s 3 0 . 8 6 0 . 8 3 0 . 7 4 0 . 7 6

5 0 . 7 6 0 . 7 1 0 . 6 3 0 . 6 0

7 0 . 6 7 0 . 6 1 0 . 5 5 0 . 4 9

9 0 . 6 0 0 . 5 4 0 . 4 9 0 . 4 1

1 1 0 . 5 5 0 . 4 8 0 . 4 4 0 . 3 5

T A B L E 3 : R E S U L T S O F E S T I M A T I N G T H E E A R N I N G S M O D E L

V a r i a b l e E s t i m a t e S t d . E r r o r

I n t e r c e p t 6 . 0 8 9 0 . 2 7 6

A G E 0 . 1 2 5 0 . 0 0 9 3 3

A G E 2- 0 . 0 0 1 3 6 0 . 0 0 0 1 1 3

E D U C 0 . 1 0 9 0 . 0 4 0 3

E D U C 2- 0 . 0 0 3 9 0 0 . 0 0 1 8 7

H I 0 . 2 3 5 0 . 0 6 9 2

C O L 0 . 3 7 3 0 . 0 8 6 9

M A R 0 . 3 0 8 0 . 0 3 6 4

σ_ε2 0 . 1 9 5 σ_U2 0 . 3 0 2

T A B L E 4 : S E M I P A R A M E T R I C A N D P A R A M E T R I C E S T I M A T E S O F P (θy

1

, y * , x )

F O R T H E E A R N I N G S M O D E L

E s t i m a t e o f P B a s e d o n

N o n p a r a m e t r i c A s s u m p t i o n t h a tε a n d U

αθ D e n s i t y E s t i m a t e s A r e N o r m a l l y D i s t r i b u t e d

0 . 1 0 3 0 . 7 0 0 . 6 1

5 0 . 5 8 0 . 4 3

7 0 . 5 0 0 . 3 3

9 0 . 4 3 0 . 2 6

1 1 0 . 3 7 0 . 2 2

0 . 2 0 3 0 . 9 4 0 . 7 2

5 0 . 8 6 0 . 5 6

7 0 . 7 9 0 . 4 6

9 0 . 7 3 0 . 3 9

1 1 0 . 6 8 0 . 3 4

FOOTNOTES

1. Since every individual’s age changes by 1 year between 1986 and 1987, the age

variableisequivalenttoaninterceptterm.

2. The cumulative standard Cauchy distribution function is P(x) = π -1 tan -1 x + 0.5. Thus,

tan{π[F(v)-0.5]}istheinverseCauchydistributionfunctionevaluatedatF(v).

3. The biases of interest in this section are those of estimators of the stated functions,

notofestimatorsofmeansorotherparametersofthedistributionsofεandU.

4. Since there are no explanatory variables in the Monte Carlo experiments, we drop x

fromP(θy

1

,y*,x)inthissection.