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Abstract

This article analyzes Generalized Empirical Likelihood (GEL) estimators and GMM under
nearly singular design. This design relaxes the nonsingularity assumption of the limit weight ma-
trix in GMM, and nonsingularity of the limit variance matrix for the first order conditions in GEL.
The sample versions of these matrices are nonsingular, but one or more of the eigenvalues are near
zero. In large samples we assume these sample matrices converge to a singular matrix. Usage
of the generalized inverses for the sample variance estimate does not solve this problem since the
limit variance is singular not the sample version. This kind of problem can result in large size
distortions for the overidentifying restrictions test and poor small sample performance of the esti-
mators. This nearly singular design may occur because of the usage of similar instruments in these
matrices. However, since the sample versions of these matrices are nonsingular practitioners may
ignore deleting the problematic instruments. In this paper, we derive the large sample theory for
GMM and GEL estimators under nearly singular design. We show that the rate of convergence of
the estimators and the Lagrange Multiplier in GEL is slower than root n. This rate depends on
the nature of the problem. However, the limits are the same as in the standard case. The test of
overidentifying restrictions has the same limit. We also derive higher order expansions and show
that bias converges to zero slowly compared with standard GEL and GMM. Empirical likelihood
estimator has still the best bias property among other GEL estimators, this is much more clear in

nearly singular design.
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1 Introduction

Asymptotic normality provides a poor approximation to the sampling distribution of GMM es-
timators and test statistics in finite samples. Sampling distribution of estimates can be skewed.
The tests of overidentifying restrictions exhibit substantial size distortions. These are described
in various studies such as Tauchen (1986), Kocherlakota (1990), and Hansen, Heaton, and Yaron
(1996). One possible source of these problems is weak identification as described in Stock and
Wright (2000). This is low correlation between instruments and the relevant first order conditions.
Some simulations suggest that the poor performance of the conventional normal approximation to
the finite sample distributions can be explained by the differences between the GMM weight matrix
and its population value as in Pagan and Robertson (1997).

We can relate this to the “nearly singular” design. This is a term used by Knight and Fu (2000)
in least squares case. In least squares case, they relax the assumption of nonsingularity of the limit
variance matrix for the estimators. Even though the sample variance matrix is invertible, in the
limit it converges to a singular matrix. However, in a certain locality, a positive definite matrix
exists on the nullspace of the singular variance matrix. This is obviously related to multicollinearity
problem. This problem affects the rate of convergence of the estimators that they use.

We follow a similar route in GMM and GEL estimators. In GMM, even though the weight
matrix is not singular the population value may be singular. However, there may be a matrix
which is positive definite on a certain locality of the singular matrix. These problems arise when
there are very similar instruments. The weight matrix may have one or more small eigenvalues.
This can result in large values for tests of overidentifying restrictions as seen in finite sample
studies. Empirical research is often conducted without checking this type of behavior or analyzing
the consequences of this type of problem. Since the weight matrix is invertible, even though the
eigenvalues may be small, the researchers do not delete some of the instruments or reparametrize
the problem.

Generalized Empirical Likelihood (GEL) estimators are recently introduced by Newey and Smith
(2004) as an alternative to GMM. GEL estimators have two advantages over GMM. First, the
asymptotic bias does not grow with the number of moment restrictions. Then bias corrected em-
pirical likelihood estimator is higher order efficient relative to the other GEL and GMM estimators.
However we observe data related problems such as weak instruments affect the limit distributions
of both GMM and GEL. This point can be clearly seen by Stock and Wright (2000) and Guggen-
berger and Smith (2003). GEL estimators depend crucially on orthogonality conditions and the
nonsingularity of the limit variance of the first order conditions as can be seen in Assumption 1
of Newey and Smith (2004). As suggested above, usage of the similar instruments or similar first
order conditions may render one or more of the eigenvalues to be small. Hence the sample variance

matrix is invertible but may result in poor small sample performance. We can also model this as



nearly singular design. Usage of the generalized inverses for the sample variance estimate does not
solve this problem since the limit variance is singular not the sample version.

Nearly singular design can play an important role both in large sample and small sample
properties of GEL estimators and GMM. In this paper we analyze nearly singular asymptotics
and higher order expansions. We make several contributions to the literature. First, we show
that the rate of convergence of GEL and GMM estimators are affected by nearly singular design.
The worser the problem of similar instruments, the slower the rate of convergence gets. Second,
the limits of GMM and GEL estimators do not change compared to standard GEL and GMM
estimators on the nullspace of singular variance matrix. These two findings show that we need
large samples in the case of nearly singular design to have meaningful results. Third, the limit of
the overidentifying restrictions test stays the same as in the standard case. Fourth, we also develop
higher order expansions for GMM and GEL estimators. These establish that in nearly singular
design, the higher order terms converge to zero slower compared with the higher order terms in
standard GMM and GEL of Newey and Smith (2004).

In nearly singular design we also observe that empirical likelihood estimator has better bias
properties compared to other GEL estimators. But the effect here is more important compared
with standard GEL since the bias terms converge to zero slower here, and these extra bias terms
in other GEL estimators result in poor small sample performance. We also analyze a hybrid GMM
estimator, which uses no weight matrix in the first step and uses a nearly singular one in the second
step. We compare the higher order properties of this with regular GMM and GEL estimators.

Section 2 presents the model and the assumptions. Section 3 deals with asymptotics of GEL
estimators under nearly singular design. Section 4 introduces the higher order expansion for GEL.
Section 5 examines GMM under nearly singular design. The last section concludes. The appendix
covers all the proofs except from section 5.1. Technical appendix covers all the proofs in section

5.1.

2 The Model and Assumptions

In this section we describe the Generalized Empirical Likelihood Estimators (from now on GEL)
that are introduced by Newey and Smith (2004). Let the moment restrictions at the true parameter

value By be

Egn(zi,B0) = 0, (1)

fori=1,---,n, where 3 is a p-dimensional parameter vector with g as the true value and this is

assumed to be in the interior of the compact parameter space B, B C RP, ; is the R! valued data.



In (1) we have m restrictions. We can rewrite (1) as

Eg;(Bo) =0, (2)

where g;(f) is of m dimension. We assume m > p.

Now we define the GEL estimator of Sy due to Smith (1997) and Newey and Smith (2004). Let
p be a function of a scalar v that is concave on its domain, an open interval O containing 0. Set
An(B)={ X € R™:\Ng(B) €O} fori=1,2,--- ,n. py represents p(.) evaluated at 0. The GEL
estimator is the solution to a saddle point problem

Boer = argmin sup P(B,)), (3)
PEB \ehn(B)

where

[22/) '9i(8))/n = 2p0.]

This formulation is consistent with Newey and Smith (2004) and used by Guggenberger and Smith
(2003). This provides some ease in our proofs, so we use the formulation in (3), compared to
P(B,A\) =" p(Ngi(B))/n which is used in Newey and Smith (2004).

GEL estimators are alternatives to two-step GMM. The GEL estimators that are used in the
literature is Empirical Likelihood of Owen (2001), Qin and Lawless (1994) where p(v) = In(1 —v).
The exponential tilting estimator sets p(v) = —e” and seen in Kitamura and Stutzer (1997), Smith
(1997), Imbens, Spady and Johnson (1998). Continuous Updating Estimator is just another version
of GMM and p(v) = —(1 + v)?%/2.

We define notation that is useful for the subsequent sections. Let
5(8) = 1/nY_ gi()
=1
— /2 Z[g — Egi(8)],
QB) =n"1Y"0i(B)gi(B)',
=1

Q(F) = lim Bn~'Y" 6i(8)gi(8)

i=1
The following Assumptions are needed.
Assumption 1.(Nearly Singular Design)
(i). Uniformly over f € B

Q(8) = Q(B),

where Q(B) is singular for all § € B.



(ii). However, for a, = n*,0 < k < 1, uniformly over 3

. (Q(B) — Q(B)) B D(B), (4)

where D(B) is positive definite for all B on the null space of Q(B). (i.e. for u # 0, u'D(B)u > 0,
where Q(B)u = 0 for all ) D(B) is continuous in f3.
(iii).
sup DB < oo

Assumption 2.
(i). gi(B) is independent.
(ii). sup; Esupgeg [19i(B)||° < oo, where € > 2/(1 — k).
(iii).
|9:(B1) — 9:i(B2)| < Lil 1 — Bal,

where
n
.a
lim —= ZE’L?""S < 0o
=1

n—oo N 4

for some § > 0, and L; does not depend on (3.

(iv). B is a compact subset of RP, By is in the interior of B.

Assumption 3. p(v) is twice continuously differentiable in a neighborhood of zero, p(.) is
concave on the domain of v € O, p1 represents the first-order partial derivative and ps represents
the second-order partial derivative and p1(0) = p2(0) = —1.

Note that given Assumption 2, m1(f3) is defined as uniformly over 8 € B

n—oo

lim Ea,n! Zg,(ﬂ) =m(B) < oo.
i=1

Assumption 4. m1(f) is continuous in B and m1(8) = 0 iff B = Po.

The first assumption is about the singularity of Q(8). This is the point of departure from the
GEL literature and the standard econometrics literature as in Newey and Smith (2004). Even
though €(B) is singular a suitable centering and scaling may give a nonsingular limit matrix.
The same idea is used for the least squares case in model selection literature in Knight and Fu
(2000). With this assumption we can learn what may happen when similar instruments are used.
Assumption 1 also plays a crucial role in determining the rates of convergence in the functional
central limit theorem and uniform law of large numbers. An interesting point is what if a,, = n?
The problem in our case with a,, = n, is the functional central limit theorem result is impossible
to derive because of the problems in Assumption 2ii, when x takes the value of 1. So it is not

clear how to proceed to get limits. In order to understand the nature of this assumption better we



adapt an example of Knight and Fu (2000). They analyze a case in LS and with iid errors. Set

Qpz = %Z?:l X; X! where X; represent regressors. They normalize Qe in the following way

1 Pn ces Pn
. Pn 1 s Pn
Qyy = . . . ’
Pn - Pn 1

where p, 21 and an(1 = pn) 2 7> 0. We can see that Qm converges in probability to a matrix
Q. of all 1’s. Then clearly an(Qm — Q) 2 D,, where

0 -7 —T

-7 0 —T
Dmm ==

7 e —7 0

Assumption 2 is standard in the GEL literature as can be seen in articles of Newey and Smith
(2004), Guggenberger and Smith (2003). However, Assumption 2ii ties the moment conditions to
“k” the coefficient of near singularity. Assumption 2iii is a Lipschitz condition used for obtaining
Donsker type of result in the literature as in Andrews (1994). We strengthen the moment existence
and finiteness in order to take into account the singularity problem. Because of Assumption 1 we
take fni(.) in Theorem 10.6 of Pollard (1990) to be %Qi (B) in our case. This results in the specific
rate of Assumption 2iii.

Assumption 3 describes p(.) and standard in the literature. Assumption 4 is a standard identifi-
cation condition which takes into account the nearly singular design in Assumption 1. In Assump-
tion 4 the convergence rate of the first moments a,/n provides us with the consistency. Without
this assumption consistency is not possible. In standard GEL of Newey and Smith (2004), this rate
is 1/n and in weakly identified GEL of Guggenberger and Smith (2003) this rate is 1/n!/2. This

rate in Assumption 4 is not arbitrary, this benefits from Assumption 1. This rate will be used in

getting a Uniform Law of Large Numbers in Lemma A.1.

3 Asymptotics

In this section we first provide two results that benefit the other theorems in the paper. The first
one is modified Lindeberg Central Limit Theorem. The second one is a empirical central limit
theorem which takes into account nearly singular design of Assumption 1.
Lemma 1. Under Assumptions 1, 2i, ii, on the nullspace of Q(By), the following result holds
jointly with (4)
lay/*n ™2y gi(Bo)] 5 N (0, D).

=1



Remark. This is a trivial extension of Lindeberg Central Limit Theorem given Assumption 1.
This Lemma also helps us understand where the nearly singular design will affect our problem. We

see that in contrast to usual n'/? rate for §(By) we have a}b/znl/2

because of Assumption 1 and
singularity of Q(Bp).

Now we provide one of the important results of the study. This is a Donsker type result and it
also generalizes Lemma 1. The proof of this Theorem is given in the Appendix.

Theorem 1. Under Assumptions 1-2, and on the nullspace of Q(8), the following result holds
jointly with (4)

[0}/ 20, ()] = ¥(B),

where ¥(f3) is a zero-mean Gaussian process with covariance var(¥(8)) = D(B), for all § € B.

Remark. This also shows that the empirical process ¥, (3) converges at rate a}/ ®. This is
mainly because of the finite dimensional convergence rate and the nearly singular design of Q(ﬁ)
Theorem 1 also extends the Donsker result in Pollard (1990) from standard case to nearly singular
case. This is a new result and helps us understand the behavior of estimators in nearly singular
context.

Next we provide one of the key results in the paper. This provides the consistency of GEL
under nearly singular design and provides rate of convergence for 5\, the estimate of the Lagrange
Multiplier.

Theorem 2. Under Assumptions 1-4, on the nullspace of Q(f3), the following results hold jointly
with (4)

B 5 B,
3(B) = Op(n~'2a71/%),

(iii).

A= arg max_ IB(B,)\)
A€AL(B)
erists wpal.

(iv).

A =0,(al?n11%),

Remark. This theorem provides two new results compared to Theorem 3.1 of Newey and Smith
(2004). First of all consistency is preserved even though we may have a nearly singular design
as in Assumption 1. Secondly, we observe changes in the convergence rates both in the sample

moment and the estimator of Lagrange Multiplier. The nearly singular design particularly slows



down the rate of convergence of 5\, this is unlike the standard GEL case of Newey and Smith (2004)

and the weakly identified GEL of (Guggenberger and Smith (2003)). In both standard and weakly

1/2

identified GEL, A converges at rate n'/“. This slowing down of the rate of convergence happens

because of the nearly singular behavior of ().

Now set G;(B) = a‘qa’g? ) which is the partial derivative matrix and dimension of m x p. We have
the following assumption that is helpful in deriving the limit theory.
Assumption 5. Uniformly over § € B

where G(B) = limys00 an/nY iy EGi(B), G(B) is continuous in § and G(Bo) has full column rank
p.

This Assumption is somewhat similar to Assumption 4. Note that in Assumption 4 with the
rate of a,/n we are able to derive the limit theory for B , A and this can be seen from the proof of
Theorem 3 . Without this rate, the derivation is not possible. This Uniform Law of Large Numbers
Assumption can be proven under primitive assumptions such as Assumption 2iii applied to G;(3)
(i.e. Assuming Lipschitz continuity and bounded moments). Following the proof of Lemma A1l
provides us then the Uniform Law of Large Numbers mentioned in Assumption 5.

The following Theorem is one of the main results of the paper. We derive the limit law under
the nearly singular design for GEL estimators. Set G(8y) = G for notational convenience.

Theorem 3. Under Assumptions 1-5, on the nullspace of Q(f), the following result holds jointly
with (4)

nt/?2 . IAEGTAK .
1/2 [(IB - ,80) a)‘] - N(O,dzag(E,P)),
An

where D = D(By),~ = (G'D7'G)",H =%G'D~},P=D"! - D-'G=G'D~'.
Remark. This result shows that in a nearly singular design (Assumption 1) the rate of con-

vergence slows down. If the problem is acute; for example if the instruments are very similar to

nijj — pl/2-x/2
ap

and this shows that the rate of convergence is very slow. We need very large samples to achieve

each other (i.e. large a,, large K, k is near 1) then the rate of convergence is

meaningful results in such a case. This theorem extends Theorem 3.2 of Newey and Smith (2004)
from standard GEL to nearly singular GEL.

Corollary 1. Under Assumptions 1-5, on the nullspace of Q(B), the following result holds
jointly with (4)

d
’I’LP(ﬁ, )‘) - X12n—p'

Remark. This result shows that in large samples the nearly singular design does not play an

important role in terms of the overidentifying restrictions test since the limit is the same as in the



standard GEL. Corollary 1 extends the standard GEL overidentifying restrictions test in Newey
and Smith (2004) to nearly singular case. Even though the J test has the same limit as in the
standard GEL case, as we shall see in higher order expansions the bias term converges to zero
slower than the case in standard GEL. This should affect adversely the small sample properties of
this test.

In the subsequent section we consider higher-order expansions of the estimators which provides

us some hints about the small sample behavior of estimators.

4 Higher Order Expansion

In this part we analyze the higher order properties of GEL estimators with nearly singular design.
The following assumption is needed for stochastic expansion for our estimators. Let V7 denote the
vector of all distinct partial derivatives with respect to 3 of order j.

Assumption 6.V/g(z;,3) exists on a neighborhood N of S,

max sup ||V g(zi, B)|| < I(z),
t BeN

for 0 < j <4 and for each B € N

1V4g(z4, B) — V*g(z4, Bo)|| < 1(z3)]1B = Boll,

where
lim — ZEl (z;) 10458 0,

n—oo N
=1

for 6 > 0. p(v) is four times continuously differentiable with Lipschitz fourth derivative in a
neighborhood of zero.

Using the first-order condition for GEL in (21)-(22) and set g(z;,3) = ¢:(3) we define

Gi(B)'A ) |

m(xz;,0) = p1(Ng;
(i, 0) = pa( g(ﬂ))( o:(5)

Then suppose

1/2 2 om(z;, 6 om(x;, 6

n1/2 Z [ 96/ o) - E (89' 0):| = Op(l)a (6)
at? & 8?m(z;,6) 8?m(z;,6p)

72 Z”e [ 26,00 06,00 ] = 0p(1); @



fOI‘j = ]-) ’p’p+1a"' ,m +p. 0 = (IBI’)‘I)I‘ 9] 213]7 fOI‘j = 1727'” iy and 9] = )\j_P7 for

1/2 n 3 5
anp 8 m(miaeo) 8 m({Ei,eo) _
;“ec [ 86,060,006 E 96,00,00' | — Op(1), 8)

for j,k=1,2--- ;p,p+1,--+ ;p+m.

Expressions for (6)-(8) in our case is shown in the proof of Theorem 4. These correspond to
Assumption d in iid nonsingular GEL in Lemma A.4 of Newey and Smith (2004). In iid nonsingular
case, the primitive assumptions on (6)-(8) amount to uniform bound on partial derivatives of m(.).
We discuss the primitive assumptions for (6)-(8) in our case in the proof of Theorem 4. Even though
(6)-(8) are high level, this saves a lot of notation and needed for stochastic expansion in nearly
singular design. (6)-(8) are nothing more than Central Limit Theorems for partial derivatives of
the first order conditions for GEL ( first, second, and third order partial derivatives).

As in Newey and Smith (2004) let F denote the distribution of the data x, ¥(z, F') is a function
of x and F with Et(z, Fy) =0, and ¢) = (1,11/2/121/2 Yo (x;). ¢(.) function will represent the first
order conditions in GEL as can be seen from the proof of Theorem 4.

Theorem 4.Under Assumptions 1-6, and with (6)-(8) holding we have the following stochastic
ezpansion for  on the nullspace of Q(B)

T‘n(é - 90) = '(; + Ql (%Za EL, FO)/T'IL + QQ('(/;, aa Ba FO)/T121, + OP(Tn_S)’

where v, = nl/z/ai/2 =n1=9/2 0 < k < 1. ,Q1(.),Q2(.) are Op(1) terms, and with them a,b
are all explained in Lemma A.5 and the proof of Theorem 4.

Remark. Theorem 4 is the nearly singular version of the stochastic expansion in standard GEL
of Theorem 3.4 of Newey and Smith (2004).

Now we consider the asymptotic bias. This is analyzed carefully in standard GEL case by

Newey and Smith (2004). In our case

Bias(B) = E(Q1(¥,a, Fy))/r2

This is a little bit different than the one in Newey and Smith (2004). Bias declines at rate r2 =

nl=% 0 < k < 1, which is much slower than the rate “n” in Newey and Smith (2004). This is clear
from Theorem 4. The key question will be whether the nearly singular design causes changes in
the bias of standard GEL. In standard GEL of Newey and Smith (2004), the bias term consists of
optimal linear combination of G'Q(8y)~1g(z,3) and the term arising from the estimation of second
moment matrix Q(B8y). In our case Q(fy) is singular, instead we use Assumption 1. Let ¢ be an

m X 1 vector and

9%gi
c; = tr[X( nlgrgo . ZE ;ﬁ]@ﬁﬁ’o



where g;;(8) denotes the jth element of g;(8), j =1,2--- ,m.
Theorem 5.Under Assumptions 1-6, and with (6)-(8) holding we have the following on the
nullspace of Q(f)
Bias(B) = Br + (1 + p3/2)Bo + o(r;,%),

where n
.Gy
Br = H(—c+ lim . E 1 EG;Hg)/r,
C H(lim %S Boid Pa)/r?
Bo = H( lim — El EgigiPgi)/r,-
1=

Remark. This extends Theorem 4.2 of Newey and Smith (2004) to nearly singular design in
GEL. There are some differences of By, Bg terms here compared with standard GEL case. The
first and the most important one is : the bias terms converge to zero at a slower rate. This is
because of the nearly singular design. The second difference concerns the rate of convergence of
the terms in the parenthesis for the bias terms. These converge to limit slowly compared with
standard case in Newey and Smith (2004). This is due to the behavior of partial derivatives of
the first order conditions. The third difference is that the bias terms involve not (5p) but D via
matrix H. The fourth difference stems from the independent rather than iid data, this is the o(r,?)
remainder term. However, with the nearly singular design we do not see any additional bias terms
for GEL estimators. As explained in Newey and Smith (2004), B; represents the asymptotic bias
for a GMM estimator with the optimal linear combination. Bgq arises from estimation of the second
moment matrix D.

We have the special result for empirical likelihood estimator.

Corollary 2. Under Assumptions 1-6, and (6)-(8) holding on the nullspace of Q(5)

Bias(Bgr) = By + o(r7?).

This extends Corollary 4.3 in Newey and Smith (2004) to nearly singular GEL. This result is
important since the bias terms converge to zero slowly in nearly singular GEL setting . EL estimator
will have an advantage in this setting compared with other GEL estimators. This advantage is
accelerated in nearly singular GEL setting compared to standard GEL. But any GEL estimator
with p3 = —2 or with zero third moments will share this property.

Following Theorem 5 and Corollary 2 and Theorem 8 below we see that as in Theorem 4.5
of Newey and Smith (2004) asymptotic bias of EL does not grow with the number of moment
restrictions unlike GMM in some applications. Bias-corrected GEL estimators can be obtained as
in Newey and Smith (2004). Since this is the same as in their case we do not include here. In nearly

singular GEL we were not able to establish higher-order asymptotic efficiency of bias corrected EL

10



over other bias corrected GEL estimators as shown in standard GEL of Newey and Smith (2004).
Even if we had used iid setup and change our assumption accordingly, it is not clear how Pfanzagl
and Wefelmeyer (1978) article, which establishes the third order efficiency of MLE, will work under

Assumption 1.

5 Asymptotics and Higher Order Expansion for GMM

In this section we first consider the GMM estimators with nearly singular design (i.e. under

Assumption 1). GMM estimators BG wm iy minimize the following objective function over B C RP.

n

Sa(B) = "2y @B (V(B)) M n ™2 Y gi(B)],
1=1

=1
where

V(B =~ (B~ arlles(B) — al
=1

and g1 = 1/nd i, gi(Bl), 31 represents the first step GMM estimator which is assumed to be
consistent and faces also nearly singular design. We provide the limit theory for GMM estimators
with nearly singular design.

Theorem 6. Under Assumptions 1, 2, 4, 5 on the nullspace of Q(By), the following result holds

jointly with (4)

nl/2

F(BGMM ~ fo) 5 N(0,%).
Remark. Theorem 6 extends the standard GMM limit theory to the nearly singular designs for
the first time in the literature. Theorem 6 implicitly assumes the first step GMM estimator faces
nearly singular design.
Corollary 3.Under Assumptions 1, 2, 4, 5 on the nullspace of Q(By), the following result holds
jointly with (4)
nSa(B) 5 X2,

Remark. Corollary 3 follows from the proof of Corollary 1. In GMM test of overidentifying
restrictions has the same limit even though we have a nearly singular design. Even though the J
test has the same limit as in the standard GMM case, as we shall see in higher order expansions the
bias term converges to zero slower than the case in standard GMM. This should affect adversely
the small sample properties of this test.

We now introduce an Assumption which is useful for developing higher-order expansion.

11



Assumption 7. Let initial weighting matriz in GMM be W. There exists W andé such that

£

Op(ann™),
where £ = Op(n_l/zai/z), W is singular, and Ky is positive definite on the nullspace of W, {Z=
Wi §(@i), B (zi) = 0.

This Assumption is application of Assumption 1 to initial weighting matrix in GMM (near-
singularity in the first step of GMM). This extends Assumption 4 in Newey and Smith (2004) to
nearly singular settings in GMM.

The following Theorem is stochastic expansion for GMM under nearly singular design. This
extends the standard GMM expansion in Newey and Smith (2004).

Theorem 7. Under Assumptions 1-7 and (6)-(8) holding for the m(.) in GMM case (equation
(77)), with addition to Assumption 1ii of an(Q(Bo) — Q(Bo)) — D = Op(r;1), we have the following
expansion for two-step GMM (on the nullspace of Q(By) and W )

Ql(@Z, aaFO) + QQ(/J’aa Z)a FO)

T r2

ra(Bemm — Bo) =¥ + + 0p(r,, %),
where the expansion terms are defined in the proof, r, = 111/2/6171/2

Remark. The assumptions are similar to Newey and Smith (2004). The additional assumption
to Assumption 1ii and (6)-(8) are extra compared with Newey and Smith (2004). These are needed
to get a stochastic expansion in nearly singular design case. They amount to assuming central limit
theorems for the derivatives of the first-order conditions in nearly singular designs.

The following theorem provides the bias term for GMM estimators with nearly singular design.

Theorem 8. If Assumptions 1-7 are satisfied and (6)-(8) are holding and the addition to
Assumption 1ii

anQ(Bo) — an2 — D = O, (r;1),

is satisfied then on the nullspace of Q(Bo) and W
Bias(BGMM) = B;+ Bg + Bg + By + 0(7’;2)’

where n
By = H(—c+ lim 3" EG;Hg)/r?,

n—ooc N 4
=1

- _ ; ' Daq. [p2
Bg = EnlggoZ;EG’Pgl/T"’
1=

n
. Qnp,
Bo = H(lim_~* Z; Egig;Pgi)/r,

12



p
By =—HY Qu (Hw — H)'e;/r2,
i=1

where Hyy is defined in Lemma A.6.

Remark. We need m(.) term in (77) , so that we can use it in (6)-(8). This result extends
Theorem 4.1 of Newey and Smith (2004) to nearly singular design for standard GMM. We see that
by comparing two theorems, the bias of GMM goes to zero much slower in the nearly singular
case. So this shows that in order to get meaningful results in GMM with nearly singular design we
need large samples. Also we see that comparing Corollary 1 with Theorem 8 , empirical likelihood
estimator has only one bias term compared to four terms in GMM (including By). It is possible
that empirical likelihood estimator does better in terms of bias compared to GMM even in small

samples.

5.1 A Peculiar Case

We now consider some interesting issue. This involves a standard first-step GMM estimator, which
is not subject to nearly singular design. This can happen if we set the weight matrix to be identity
in the first step.

For the second step GMM estimator, we face again nearly singular design and our model is

subject to Assumption 1. So for the first-step GMM estimator,,él we have
n!/2(B1 = Bo) 5 N[O, (G'WrR) T, (9)

where W may be nonsingular limit weight or W = I. For the second-step in GMM on the nullspace

of Q(fo)
/2

=5 Barm — Bo) 5 N(0,3), (10)
Qn

where ¥ = (G'D71G)~!. These limit results are obtained via standard GMM and nearly singular
GMM decribed in Theorem 6.

Here we try to find the higher order expansion for GMM estimators in such a setup as well as
the bias term. To that effect for the first step weight matrix we use the following Assumption 4
from Newey and Smith (2004). This is independent version of Assumption 4 of Newey and Smith
(2004).

Assumption 8. There exists first step weight matrix W which is nonsingular and and estimator

W, and £(z;) such that 327, &(z;)/n = O,(n~'/?),E€(z;) = 0,
W=w+ w + Op(n7h).

The next theorem provides the higher-order expansion for GMM subject to nearly singular

design only in the second step of estimation. Proofs for this section are in technical appendix.
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Theorem 9.Under Assumptions 1-6, and 8 , (6)-(8) are holding, with this addition to Assump-
tion It
an(Q(Bo) — Q) — D = Oy(a)/*n~11?),

then we have the following on the nullspace of (o)

n/2 - Qu(,a) | Qu(h,a) | Qu(,ab)
?(5GMM —po) = ¥+ 120 T
+ M—ldiag[oa?/glm +M—1diag[0:Q~S1)2]1/; +Op(n_3/2a}/2).
nan n

The terms of the expansion is described in the proof in detail.

Remark. Note that the rates of decay to zero is different here compared to Theorem 7. Even
though the first two terms on the right hand side has the same order, the other terms mainly
converge to zero at different rates. Instead of ()1 term in Theorem 7 we have Q11,Q12 terms and
the term involving Q12 converge to zero rapidly than (nl/za,:lﬁ) rate. This will have a strong
implication when we characterize the bias term next.

The bias is defined in the following way for this case:

— EQll(":/;: a)

Bias 2
n

It can be seen that bias is defined in terms of function @Q(.) in the other sections. However,
from the proof of Theorem 9 we see that @ = Q11 + Q12 and Q12 converges to zero in probability
whereas Q11 = Op(1).

Theorem 10.If Assumptions 1-6 and Assumption 8 are satisfied and (6)-(8) are holding and

the addition to Assumption 1ii
an2(Bo) — an2 — D = O, (r; %),
is satisfied then on the nullspace of Q(By)
Bias(Baum) = Br + Bg + Ba + o(r; ),

where

By =H(—c+ lim 23" EG;Hg;)/r2,

n—oc N
1=1
— ; I Dq. |72
Bg = Znh_)rrolozlE'Gngl/rm
1=

Qnp,

n
. . Yn Al . 2
Bo = H(lim ;Egzgngz)/rm

Ty = 711/2/(13/2
Remark. This result is intuitive in the sense that, bias arising from the estimation of weight
matrix in the first step does not play any role here, since GMM estimator in this case is not subject

to nearly singular design in the first step.
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6 Conclusion

This paper covers nearly singular design for GMM and GEL estimators. We derive the limiting
distribution of the estimators and provide higher order expansions. The natural extension to this
paper involves many instruments with nearly singular design. Another extension we are considering
is the joint display of weak instruments and nearly singular design to better explain small sample
properties of GMM and GEL estimators.

APPENDIX

First we provide a lemma that is useful for the proof of Theorem 1 and the consistency result.

Lemma A.1. Under Assumptions A.2t,ii1

-1 p
sup |a,n gi(B) — Eg:(B)| = 0.
sup Z

Proof of Lemma A.1. Theorem 21.11i in Davidson (1994) shows that Assumption 2i,iii
gives stochastic equicontinuity condition for Uniform Law of Large Numbers. Then again using
Assumption 2iii with the stochastic equicontinuity (Theorem 21.11i of Davidson (1994)) Theorem
21.9 of Davidson (1994) provides the Uniform Law of Large Numbers for triangular arrays. Q.E.D.

Proof of Theorem 1.

First rewrite Q(3) as

n
N a n /

a(B) = — > 4i(B)ei(B)
=1

= =23 10i(B) — 3 +3lla:(8) — 5+ 3l
=1
= anv(/g)_"anggla

where g =1/>""_, gi(8) and
Z[gz — gllgi(B) — g!".

But then via Lemma A.1
angg = op(1).
This means

. U(B) = a,V (B) + 0p(1). (11)

So Assumption 1 with (11), Assumption 2i, ii satisfy finite dimensional convergence and hence
satisfy conditions ii and iv of Pollard (Theorem 10.6, 1990). Assumption 2 i, iii satisfy the stochastic

equicontinuity condition in Theorem 10.6 of Pollard (1990). This can be seen easily since our
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Assumption 2 implies conditions i, iii,v of Theorem 10.6 of Pollard (1990) with the choice of a
simple modification of pseudometric in Andrews (1994). This can also be seen by the proofs of
Theorems 1 and 2 of Andrews (1994) given our Assumption 2. Q.E.D

To prove the consistency of the GEL estimators we follow closely the proof of consistency in
Newey and Smith (2004). The notation is similar to the one used in Guggenberger and Smith
(2003) since their proofs cover more general case than the iid case covered in Newey and Smith
(2004).

For n € N, let B, C B. Let ¢, = n=120? max; supgep, [19:(B)|l and A, = {A € R™ : [|A|| <
n_1/2a,11/zc;1/2} if ¢;, # 0 . The case for ¢, = 0 is trivial and without losing any generality, we will
not be dealing with it as in Guggenberger and Smith (2003). Note that in our case ¢, converges
slowly to zero compared with Guggenberger and Smith (2003). This is because of the singularity
of the variance covariance matrix of the sample moments. “uwpal” denotes uniformly in 3,, with
probability approaching one. “wpal” denotes with probability approaching one.

We need the following three lemmata to have the consistency result for B and the rate of
convergence for A

Lemma A.2. Assume max;supg, [|9:(8)] = op(nl/Qa,Zl/Q), then

sup IX'g:(8)] = 0,
BEBn AEAR 1<i<n

and A, C Ay(B) uvwpal.
Proof of Lemma A.2. First

en =m0/ maxsup 5 ()| =m0, (n17/%) = 0,(1),
for 0 < ¥k < 1 and a, = n”®. Then

sup |Ngi(B)] < n‘l/zai”c;”zmgxs%p||gi(ﬁ)||
= 2120120 /212

= 2= op(1).

This result also implies the second result of Lemma A.2.Q.E.D

Remark. Also sup; Esupg [|gi(8)||° < oo, for some £ > 2/(1 — x) implies the assumption of
Lemma A.2. The proof of this assertion can be seen in equation (2.4) of Guggenberger and Smith
(2003).

See that compared to Guggenberger and Smith (2003) and Newey and Smith (2004) nearly
singular design warrants the existence of higher moment conditions. The existence of moment

conditions are tied to the “near singularity coefficient” k. Lemma A.2 is similar to Lemma A.2 of

Newey and Smith (2004) and Lemma 7 of Guggenberger and Smith (2003).
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Lemma A.3 Assume max;supg ||g:(8)| = op(nl/zaqfl/z), for any B B By where B € B,,
(B) = Op(n_l/za,:l/z), and Assumptions 1-8 hold then on the nullspace of Q(Bo),

A =arg max_ }3(5,)\),
AeAR (B)

exists wpal,

A= 0y(a*n”12),

and

sup  a,P(B,)\) = Op(n~ta,).
A€AL(B)

Remark. Lemma A.3 is similar to Lemma A.2 of Newey and Smith (2004). When we compare
Lemma A.3 with the standard GEL of Newey and Smith (2004) and weakly identified GEL of
Guggenberger and Smith (2003), we see that A converges to zero at a slower rate than n/2. This
happens because 3 depends on the behavior of Q(B) which has nearly singular design.

Proof of Lemma A.3. Assume A, is compact since without losing any generality ¢, # O.
Define A € A, such that wpal

P3N = ineg\fp(ff_,/\)-

This holds by Assumption 3, Lemma A.2 and A,, being compact. Next we show that wpal
P(B,A\)= sup_ P(B,\).
AeAn(B)

To show this last equality first we have to prove Ae int(A,) wpal. To show this use a Taylor series

expansion around A = 0 then multiply the term by a, and A\* € (0, 5\)
i1 2 (A 4i(B))9i(B)gi(B)

n

0 =a,P(B,0) < anP(B,A) = —2a, N §(B) + Nan A (12)

Note that as in Newey and Smith (2004) max; po(\* gi(8)) < —C1 wpal, where C; > 0. Then
wpal

0=anP(F,0) < anP(B,}) < =20, )'4(F) — C1X (an2(B))A. (13)
Then use Assumption 1 to have wpal (on the nullspace of Q(5))
0 < auP(B,3) < 2a4 | MIIG(B)I — C2lIAII%, (14)
for Cy > 0. So
Co/2| Al < anllg(B)I- (15)
Then by (15) and [|§(B)|| = O,(n="2ay'/?) we have

1M = Op(n™2a32) = 0p(n~H2az/2c;7?). (16)
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So 5\ int(A,) wpal because of (16). The first order conditions for an interior maximum hold

,A)/OX = 0. . Next by Lemma A.2, A € A,(B) wpal. By concavity of P(3,)) over the convex

QJ
%\l
>

P(B,))= sup_P(B,\).
AEAL(B)

So A = X and the first conclusion is derived. The second conclusion of the Lemma A.3 is reached
by (16) and the above result. Then the last conclusion follows by applying the first equality of (16),
3 ~1/2,-1/2
3(B) = 0p(n~2a;"?) to (14). Q.E.D.

Lemma A.4. Under Assumptions 1 and 3 and max; supg ||g:(8)[| = op(nl/za,flp) then on the
nullspace of Q(f)

13(B)]| = Op(n=2a1/2).

Proof of Lemma A.4. Let A = —n_l/Qa,l/QQ( )/I3(B)|]. Note that A € A, and by Lemma
A.2, max; |/~\'gl(,['})| 50,50 X € /\n(,éA’) wpal. Then have a second degree Taylor series expansion
around A = 0 and for A" € (0, )

[Zz 1P2()\ gl(ﬁ))gz(lé)gl(/é)’]j\ (17)

n

P(B,X) = —2XN§(8) + X

First, as in Newey and Smith (2004), p2(A'gi(8)) > —Cs wpal with C3 > 0. Then multiply the

term by a, and use X definition to have wpal
P(B,}) > an(2n™2a}2)13(B)]) — Cs N [anQ(B)]A. (18)

anP(B,)) > 2n~ 123/

> §(B)l — Ca(n™?a}/?)?
on—1/2, 3/2

§(B)Il = Ca(an/n), (19)

where Cy > 0 . Clearly by Lemma 1, the hypotheses of Lemma A.3 are satisfied at 8 = fo,
d(Bo) = Op(n_l/Qagl/z). Since A and A are saddlepoints, and by Lemma A.3 at 8 =

a,P(B,)) < a,P(B,)) <an sup  P(Bo,\) = Op(anyn™h). (20)
AEAR(Bo)

Combine (19) and (20)

2~ Y26321§(B)]| < Caann™ 4 Op(ann™h),

which provides us the desired result.Q.E.D.
Proof of Theorem 2. By Lemma A.4



since a,g(f) = Op(a:,l/zn_l/Q) = 0p(1), and by a, = n*,0 < kK < 1. Then use Lemma Al (or
Theorem 1 with Slutsky’s Lemma) to have

n

sup [ =2 3" (6i(8) - Eai () 0.

L
Since g;(83) is continuous %= 3" | Fg; (B) 2 0 by triangle inequality. Note that by Assumption 4
we know that lim, o Fann™ 3% g;(8) = m1(B) is zero iff B = By. So outside the neighborhood
of By, m1(B) must be bounded away from zero, so B4 B.

Next the second conclusion follows by Lemma A.4, then using the consistency and Lemma A.3
we obtain the existence of A and A = Op(n_l/Qa}z/Q). Q.E.D.

Proof of Theorem 3. This proof is similar to the derivation of asymptotic theory of estimators
in Newey and Smith (2004). The main difference is Assumption 1 here. We assume a nearly singular
design in this article. This is not a trivial change since this affects central limit theorem and rate
of convergence rates. The proof consists of two major steps. First step involves the existence of
first order conditions wpal. The second step is to use the first order conditions and a Taylor series
expansion to derive the limit.

Benefiting from Theorem 2, Assumption 1 (nonsingular D(f)), Assumption 3, Lemma A.2 and

Lemma A.3 shows that A exists wpal and the first order conditions are satisfied wpal.

Z p1(N3:(B))3i(B) =0, (21)

> (Vai(B)Gi(B)'A =0, (22)

=1
where G;(8) = 9¢i(8)/0p" and g;(B) is defined before equation (2).
Now we have a Taylor series expansion for (21) and substitute (22) together with 8 = (8, ')’
and 6y = (By,0")’, then multiply each side of the first order conditions by ai/z/nl/2 to have

0 _ nt/2 .
0= ( 20155 ) + (anM) (?(9 - 90)) : (23)

i1 = ( 0 LS, o (Vg ()G >
i (N Gi(B)Gi(B) 3 iy p2(N'9i(B))9:(B)g: (B)
and X € (0,)) and 3 € (Bo, B).
Then by Assumption 3, Lemma A.1, and Theorem 2

where

p1(Ngi(B)) B -1, (24)
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p2(Ngi(B)) * —1. (25)

Use Assumption 5 in combination with (24) and Theorem 2 to have
Z (Ni(B))Gi(B) = ~G- (26)

Using Assumption 1, on the nullspace of Q(f8y), rewrite (23)

0 1/2
0= ( —nl/za,lz/zg}(ﬂo) > + M <7‘L1/2 (9 90))
(o %)
M=- .
G D

Then we use Assumption 1 and Theorem 2 in combination with (25) and (24) to have (on the

nullspace of Q(8y))

where

. 1 0
W(e —b6) = M ( n1/2a?11/2g(130) ) + Op(l)
= —(H',P)'In'a}/?§(Bo)] + 0p(1), (27)

g[S H
\w P/’

Then use Lemma 1 to have the desired result.Q.E.D

where we use

We should note that here the limit results for estimators (the proof of Theorem 3) are holding
on the nullspace of Q(8y), however in consistency proof we need the results to hold on the nullspace
of Q(B). Because all results of this paper depend on consistency we denote that all the statements
of Theorems include “results hold on the nullpsace of Q(3)”.

Proof of Corollary 1. First we have the Taylor series expansion, on the nullspace of Q(3)
Al A Qnp, " Qnp, . Qn, - A —
and(f) = = Z =" gilBo) - (; > G (ﬂo)) (B = Bo) + op(n~a}/?)
(B 0) — GH(axg(Bo)) + op(n™'%a,/?),
by Assumption 5 and (27), §(80) = 1/n> i, 9i(Bo). Next using D~}(I — GH) = P, and by (27)

@§(B) = DPanj(Bo) + op(n~?a}/?)
= —DX+oy(n"%al/?). (28)
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Furthermore a Taylor series expansion of A around 0 provides (on the nullspace of Q(3))

P(B,3) = —2X(aag(8) + N[22 Y pa(Ngi(8))9i(B)gi(B)1A

=1
= —2XN(and(B)) + N DX + op(n"tan), (29)

where we use (25) and (27) and Assumption 1.
Next use (28) in (29) to have

. P(B,}) = [aag(B)]' D and(B)] + 0p(n~"ay).

Using the above equation and expressing the objective function in the following way

nP(B, ) = n'?a,25(B) D~ [n"2a;/25(B)] + 0p(1). (30)

Note that by using Taylor series expansion

1/2 n 1/2 n n nt/2 .
n'/? 1/2 1/2 291 = 1/2 Zgl (Bo) — (; ZGi(ﬁ0)> 1—/2(5 — Bo) + Op(n_l/za}zm)
2=1 an
4 N(0,D - GEG"), (31)

where we use Lemma 1, (27) and Assumption 5 in the last step. Then combine (30)-(31) to have

n]b(,[’},j\) 4 X?Qn—p'
Q.E.D
The following Lemma extends Lemma A.4 of Newey and Smith (2004) to nearly singular de-
signs. The proof is similar but takes into account nearly singular design for the variance-covariance
function for the vector function for first order conditions and its partial derivatives. We need to
introduce some notation that will be necessary to understand the results and the proofs. First let
F denote the distribution of the data x, ¥(z,F) a function of x and F with Ey(z, Fy) = 0, and
n1 /2 ZZ 1 ¥(x;). We suppress the F argument. The assumptions ¢ and d can be obtained
under more primitive conditions and these are discussed immediately below the proof. This is a
general result than for GEL estimator, then we supply the specific result in Theorem 4.
Lemma A.5. Suppose that the estimator 6 is a g X 1 vector and vector of functions m(z;,6)

satisfy

(a).

(b).



(c). m(z;,8) is three times continuously differentiable on T, where
Ty ={6: 116 — 6ol < n™*/2ay/2c; /%)
wpal. For 8 € T,

93m(z;,0) 3 33m(zi,00)

< d(z;)||6 —
”aejaekael 06,001,06, II'< d(@:)[16 = ol

where

lim — Z Ed(z 2+5

n—oc N

for some § > 0;
d). First we need the following notation, for 7,k =1,2,---q,i=1,---,n
( g b .7’ b b q? b b J

M(Q) _ %Z om(z;,0)

~ oY
) an 9*m(x;,0p)
M; = lim F—
I aSs T 86;06'

\_ Om(z,6) om(z;,6o)
Ale) = —gg— ~F 55
8?m(z;,6) 0*m(z;,6)
Bilw) = 5000~ on,000
anda’(mi) = UeCA(mi)a b(xl) = Uec[Bl(xi)’ te an(mi)] = 1/2 Zz 1 A( ) = 1/2 Zz 1 B; ( )

a = vecA, B]' = vecB]-.
We state Assumption d as follows
v 8% M (8o)
”W — M|l =
(1)- a=0 p(1),b; = 0,(1), j =1,---q,
(iid). B I, m(wi,00) = Op(1);
(e). Em(z;,60) =0, M(6p) B M, and M exists and nonsingular.

Then under Assumptions a-e, we have the following expansion on the nullspace of Q(f)

Op(n_l/Zai/Z)afOTja k= 1,2,---q

1/2

a0 00) =+ Q1B 8) (el + Qa5 D) 0/ + Oy (G )

n

where Y(z;) = —M " m(z;,00) and ¢ = Z%z o w(w),

q
Qu(,a) = —M7[AY + > 9 M;ih/2,]

J=1
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q
) = —MAQ1(Y,a) + > _{v;M;Q1(¥,a) + Qu; (3, &) My + ¥ B} /2

=1

q
+ Y M /6).
7,k=1

S

Q2(1Z: aa

Remark. The difference in the Lemma compared to Lemma A.4 of Newey and Smith (2004) is
the rate of convergence. There in their article the rate of convergence was n/2 and in this article
due to the the near singularity this is n1/2/a,1%/2 = n(l_”)/Q,O < k < 1. So we need large samples
in this setup. Assumptions a and b are similar to the Assumptions a-b of Lemma A.4 in Newey
and Smith (2004). The difference is the rate of convergence in a and multiplication of the first
order conditions by a,/n in this article compared to 1/n in Newey and Smith (2004). Assumption
d provides high-level conditions but this saves a lot of notation. For example instead of providing
@ = Op(1) in Assumption d, we could have written instead that

T aleda) o

n

5 Dy,

an

EM is singular and D 4 is positive definite on the nullspace of Q4.

where Q4 = lim,_ o0
Further assume that sup; E|la(z;)||* < co, and a(z;) being independent. These three conditions
provide primitive assumptions for @ = O,(1). This can be seen by applying Lemma 1 to the
primitives.

Similar primitive conditions may be provided for Assumptions d-i, d-iii and B]- = Op(1).

~

Proof of Lemma A.5. First take a Taylor series expansion around 6y for m(6)

m(B) = (o) + M(60)(6 — 60) + > (6, — 650) [aﬂg;f%)] (6 —60)/2
i=1 J
q R N 2470 N
£ 306 60)6e — b) %Bf)] (6 60)/6, (52)
j k=1 J

where 8 € (6y,6). Then we consider the fourth term on the right-hand side of (32). By triangle

inequality

d%M (6) O’M(9) &M (6p) 8% M ()
| - — M| < || - - =+ ,
961,00, 96,00, 96,96, 961,96,

= Mgl (33)

In (33) apply Assumption c to the first right hand side term and apply Assumption d to the second
right-hand side term to have

PM(O) an 7] ~1/2.1/2
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n

Then apply Assumption ¢ and use Lemma A.l1 proof to have [“7" Doy d(:cz)] % D, where
D, =limy, o E% 3" | d(x;) which is finite. Then benefit from Assumption a to have

0% M (6 -
1 Sane — Ml = Oy~ P2alf), (35)
Use Assumption b with (35) and Assumption a to rewrite (32)

0 = 1n(6o) + [M(6) — M + M](8 — 6o)

b 36— 6) [aM(eo)

20 M]'—f—M]'
=1

(6 — 60)/2

g

+ ) (B — 6k0)(6; — 6,0) M;i(6 — 60) /6 + Op(n%a3).
k=1

(36)

Now rewrite (36) using the definitions of ¥, A, B]-, Assumption e and benefiting from the first
and second right hand side terms in (36)

1/2 % 1/2 5,4
n an Y _q.an "A(0 -6
0-0) = ¥y 2O

nl/2

q 1/2B

Z (6 — 60) /2+Z 0= i L(6 — 60)/2
+ ) 6

7,k=1

—8;0)(Or — Ox0) M;1(8 — 60) /6] + O, (—%)

(37)
We consider the right-hand side terms in (37). First by Assumption d and a
1/2
A(9 6o) O
nl/2 = OP(;) (38)
By Assumption a
LI A a
S (65 — 000 M; 6 — 0) /2 = 0,(22). (39)
7=1
By Assumptions a and d
q 1/23 232
S5~ 00) g (6 - 80)/2 = 0y (Sa). (40)
7=1
Also by Assumption a
a ) ) S
> (6 — 050)(6x — O1o) M (6 — 60) /6 = Op(#)- (41)
Jk=1
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Then use (38)-(41) in (37) to have

A a:TlL/Q’lZ an

Then see that the last three terms (including the remainder term) on the right hand side of (37) is

/ A ~
of order Op(:ﬁ’—/z) (specifically by (40)-(41)). So we replace 6 — 6y by a:,l/zq,b/nl/z in the second and

/
third right hand side terms of (37) (this also generates an error of Op(?‘i’s;—/z)) to have

1/2 7 o 4 Ak 3/2
A _ Qn 77/) -1 anAd} an Z]’:l 'l,b]M]'I,b Qn
(9_90) - nl/2 -M [ n + I ]+Op(n3/2)
ar/*

= nl/2 + aan(QZJ, a)/n + Op(ai/Qn_S/Q)’

where Q1(.) is defined at the beginning of Lemma A.5.

Then replace as in Newey and Smith (2004) 6 — 6, in the second and third terms of the equation
(37) by ai/zz/j/nlﬂ + anQ1(1),a)/n and in the fourth and fifth terms replace 6 — 6y by ai/Q@Z/nl/Q
to have the desired result.Q.E.D.

Proof of Theorem 4. This is similar to the proof of Theorem 3.4 in Newey and Smith (2004).
We have to verify assumptions of Lemma A.5 for the GEL case. Let 8 = (8',X), 6y = (8(,0"), 6
is the GEL estimator. Then use (5) and we see that by Theorem 3, § = 6, + Op(n_l/Qa}L/z) and by
first order conditions (21)-(22) we have

n

C;—" Zm(xl,é) =0,

=1
wpal since a, = n%,0 < £ < 1. So Assumptions a and b of Lemma A.5 are easily satisfied in
GEL with nearly singular design. Next we want to verify assumption c in Lemma A.5 for the GEL
estimators with nearly singular design. By Lemma A.2 and using Assumption 6 and since p;(v) is

three times continuously differentiable on 7;, of Lemma A.5, following equation (A.17) of Newey

and Smith (2004)

I Bm(z;,0)  3m(z;,60)
06,060,006 06,060,006

1< (Cli)*)ll6 = 6. (43)

We obtain (43) under Assumption 6. The only difference with the Assumption used in Newey and
Smith (2004) is they use iid DGP and have El(z;)® < co. In our case we need lim a,,/n S ", El(z;)!0+% <
oo in our Assumption 6. So Assumption ¢ of Lemma A.5 is verified for GEL with nonsingular design,
when d(z;) = I(z;)°.

First of all, to verify Assumption d of Lemma A.5 in GEL case, we set the first order conditions

(21)- (22) evaluated at 8y and to save from unecessary notation setting g;(80) = gi,

m(zi,00) = — ( 0 ) . (44)
iy
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Then Assumption diii is satisfied by Lemma 1. To verify Assumption dii, we set up

Als) 0 G, — EG! 45)
;) = — ’
G; — EG; g¢ig. — Egig!

which is equation (A.18) of Newey and Smith (2004), and can be obtained from (21)(22) easily
applying A(z;) definition in Lemma A.5 with (5).
So Assumption dii is

1/2 n

a"n,
2 Zvec(Gi — EG;) = 0,(1), (46)
=1
CLl/2 n
_n;L/z > vec(gig: — Egigl) = Op(1). (47)
=1

First of all in the case of iid, nonsingular GEL of Newey and Smith (2004) (46)(47) amounts to
moment bounds in partial derivatives of g;. This is Assumption d of Lemma A.4 in Newey and
Smith (2004). Our case is nonstandard and we consider nearly singular design with independent
9i- So to derive (46)(47) from primitive assumptions we need Assumption 6 as well as the near-
singularity of the variance covariance for G; and g;g; like Assumption 1. Since these become
cumbersome we chose instead to keep (46), (47) and this is basically (6). To have b; = O,(1) for
j=1,---,p,p+1,--- ,p+ m, we specify by (A.19) of Newey and Smith (2004), for j < p,

0*m(wi,00) 0 G’ (48)
06,06 G! glo+aigl )

where G{ = 829;(B0)/0B;08 and glj = 09:(Bo)/B;. For j > p, t = j —p and t denoting the t th

element of a vector, e; denotes the t th unit vector,

ym@ﬂwz_[—ymmmmw'aﬁg+%@ (49)

06,00 gie1Gi + Gigit —P39itgid;

Then use definition of Bj(z;) and impose (7) to have 5]- =0,(1)forj=1,2,--- ,p,p+1,--- ,p+m.
So Assumption dii in Lemma A.5 is satisfied with (6)-(7) given the form of the second-order partial
derivatives above. For verifying Assumption di in Lemma A.5 for GEL we need to write the third
order partial derivative of m(z;,6y) with either using first order conditions (21)(22) or by (A.20)-
(A.22) of Newey and Smith (2004). Set G{k = 839:(Bo)/0Br0B;08 and gfk = 629:(Bo)/8B1rOB;, for
7=1---,p,p+1,--- ,p+ m. For the derivatives corresponding to § with 7 < p, k < p,

OPm(wi,00) ( 0 ¥ >

961,060,060 GI" ggi+ gl +gFgl +gig]

26



For the cross partial derivative between A; and 3; with j < p,k > p,t =k —p,

O®m(z;,00) B 2944 (Bo)/0B;0808' Gietg{' + Gfletgé + Git; Gl + gith,
06,060,006 gleiGi + gierGl + Git;Gi+ g Gl —pa(Girjgid, + 9it (9 gi + 9ig’ )

For the partial derivative between A\; and A, with 7 > p,k > p,t=j—p,u=k —p:

(93m(m,-, 00) _ _G{iete{uGi - G'Ileueéaz P3(9itG;€u + gzqullet)g;
00,0000 < p39i(giten,Gi + gineiGi) P49it Giugid; )
9it0%giu(Bo) /0BOB' + 9iudgit(Bo)/OBOB'  —p3gitgin G,
B ( — P39t Gin G 0 )

Use these third order partial derivatives and substitute them into definition of M} and *M (60)/06;00,.
Then Assumption di is verified for GEL case. Note that we do not provide the primitive condi-
tions for Assumption di but rather we provide instead (8) with the definitions of the third order
derivatives used above in GEL.

To apply Assumption e of Lemma A.5 to nearly singular GEL note that

Em(z;,6p) = — 0 =0
K Egi(Bo)

om(zi,)) [ 0 G
a0’ h Gi g, ’

0o«
M=—(G D), (50)

using Assumptions 1 and 5. Then since all the Assumptions of Lemma A.5 are satisfied by the

and since

we have

nearly singular GEL, stochastic expansion given in Lemma A.5 is satisfied. From the definition of

1) in the statement of Lemma A.5 we have

b= _M_lz?zl m(mz‘,90)’ (51)

T'n

/2. For GEL estimators with nearly singular design, then substitute (44) and

where r, = a;ll/z/n
(50) into (51) to have ¢. Q1, Q2 is given in the statement of Lemma A.5, and can be obtained by
the expressions used in this proof and using r,, = a,l/Z/nl/Z.Q.E.D
Proof of Theorem 5. We first derive an alternative expression for Ql(@/;, a, Fy) using Assump-
tion 1. In Lemma A.5 .
Qu(,a, Fo) = =M™ [Ap + > b M;1)/2).

J=1
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We analyze the following term

MQ

q
G3[2= 3T 2

Il
—

i
Next see that by independence of ¢ (z;) and Assumption 2
~ o~ an n o an
P'= D @)D v(w) = Zd) 2i)P(i)’ + op(1)- (52)
=1 =1
Then by Assumption 1 and ¢(z;) definition (on the nullspace of ©(5))
an i _ [ HE®E T g)H H(% L, 6i9)P
" P(r 3 i1 9ig)H  P(% 500 9igi) P

p HDH HDP ¥ 0
= (53)
PDH PDP 0 P
by HDP =0,HDH' =¥, PDP = P. So by adding and subtracting and by (53)-(52)
g B q
D 9iMp/2 =" Mjdiag(S, P)'e;/2 + 0p(1). (54)
Now we can express
_ e
Q1(,d, Fo) = —M ™' [A) + Y M;diag(S, P)'e;/2] + 0,(1).
i=1
So ignoring the asymptotically negligible term
~ o«
EQi(¢,a,Fy) = —M™'E[AY + Y M;diag(, P)'e;/2]. (55)

i=1
In this proof we want to specify these terms for GEL estimators. Let g;;(8) denote the jth

element of g;(3) and e; the jth unit vector. We benefit from Theorem 4 and the proof of Theorem

4. In our case by independence of z;

EAy=FE

%ﬂ > A($i)¢($i)] ;

=1
and ¥ (z;) = —[H', P]'g; ,H = ©G'D~1, A(z;) is described in (45). Then use (45) with the definition
of ¥(;)

- o S B[G!Pg;
EA¢=<G :22_1 G} g]I > 56)
do N L E[GiHg; + gig.Pgi
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Usung the definition of M; in Lemma A.5 and (48)-(49) we specify M; in our case, for j =
la2 »P (fOI‘ /8)

0 lim,, 00 B2 GY
M] —_ . ., . ] ' (lm —>a nn sz—ll 1 ) j’ ] . (57)
(limpoeo B9 > 5im1 G5)  (limnosoo B 30000 9,95 + 9i97 )
For j =1,2--- ;m (for X\)
u limy 00 B2 Y70 82[e;9i(B0)]/0BOB" limy oo B4 Y7 Glejgh + g, G
Jtp = T . a n . a n
limy, o0 B2 Y 000 9i€5Gi + Gigij —p3limpoc B2 370 1 9i59:9; (58)
Let us suppose we use (54)
q p m
> Mjdiag(3, P)e;/2 =Y M;[5,01'e;/2+ Y M;1,[0, Pe;/2. (59)

For the first term on the right-hand side of (59) by (57)
d 0
M;[2,00'e;/2 = — | . (60)
; e ; limpy e 23011 EG e /2
Then consider the second term on the right hand side of (59) by ( 58)

(61)

m | (limpsoe 9200 E[Glejgi + giiGil) Pej/2
D Miapl0, Ple;/2 == [ e e
—p3 (limp— o0 n 2ui=1 E(gijgigi]) Pe;/2

We can simplify (61) by noting > 72, Gie;g;Pe; =3 1L, Gieje’Pg; = GiPg; and )7, g;;G} Pej =
> je1 GiPejgi; = GiPg;. So (61) can be rewritten

[ —lim, 00 @ Y| EGPy; (62)

p3/2limy oo %20 Egig;Pg;
Now combine (62) (60) into (55) to have

L - —lim, 00 2230 | EGLPg;
EY 4Mp/2 = ( o W 2t >
= (63)

(p3/2) limpyoo 2 o) EgighPgi — Y0_ 1 limy oo 2 Y1) EGY e /2

These are finite terms by Assumptions 2 and 6 and (7).
Now we can add and subtract to simplify (56)
gij = | limn_,oon%" S " EG!Pg; )
limp, o0 22 7 | E[GiHgi + 9igiPgi]
SN RGP — limp e 2 Y EG)Pg;
ic1 E[GiHgi + gig; Pgi] — limn—oc %2 >0 E[GiHgi + 9i9; Pgi

_ lim, o0 4 Y31 EGiPgi
limp oo %370 E[GiHgi + 9i9: Py

] > + o(1), (64)
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by (6), Assumptions 2 and 6.
Then add (63)(64) to have

0
—c+ (limp 00 52 Yoic1 EGiHgi) + (1 + p3/2)(limy— oo = > i1 E9igiPgi)

+ 0(1)} .

EQl(Q;’&aFO) = _M_l {

Use [I,,0]M ! = [%, —H], and the previous equation to have the result in Theorem 5. Q.E.D.
Proof of Theorem 6. Rewrite S,,(3) by multiplying and dividing by a,

1/271 12n

n1/2 Zgl )'anV (8] 1/2 Zgz (65)

Then use ¥,,(8) definition to have

50(8) = [a2W(8) + al?n=2 S Bgi(B)[anV (B (e, (8) + X ?nY/2 Y Egi(B)]

=1

Next multiply S,(8) by an/n to have

5u(8) = [ 373V (B) + Baun™ s Ofen¥ (B 2V (B) + Bayn™" > (6)]
Then by Theorem 1, uniformly in 3
%\Pn(ﬁ) L)

Use Assumption 4 and (11) with Assumption 1 to have on the nullspace of Q(8y)

%Snw) — m1 (8) D™'mi (8).

theorem, Corollary 3.2.3 of van der Vaart and Wellner (1996), to have the consistency result. Now
we try to find the limit.
The first order conditions for GMM objective function provides

1/2 n

1/2 n / .
[ 1/2 ZG ,BGMM)] [anv(ﬂl)} [ 1/2 Zgz ﬂGMM]

wpal, by using also (65). Then take a Taylor series expansion for g;(Bgarar) around By and after
some simple algebra 8 € (,BO,BGMM)

[anv(él)} 1[ xziG ,BGMM)] }_
REINES ]

) 1/2 n
(Bemm — Po) = {[ 7 ZG (Bomm)

1/2 n
l 1/226' (Bamm)

X
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Next multiply each side of the above equation by nl/z/aqlz/z, and use Assumptions 1, 2,4, 5 with
consistency of Bl, Lemma 1 to have the desired result. Q.E.D.

The following Lemma is needed for the higher order expansion for the first-step in GMM esti-
mators. For standard GMM, this higher order expansion is established as Lemma A.5 in Newey
and Smith (2004).

Lemma A.6.Suppose that Assumptions 1-7 are satisfied and (6)-(8) are holding with m(.) given
in (67). On the nullspace of W, let Sy = (G' Ky G)™Y, Hw = SwG' K3, Pw = Ky — K GHwy,
i = —[Hw, Plylgi, G2 = B[25)]

om(z;,0o) 0 G
M= TRE000) .
09 G T +E()

0 ¢
M=- :
G Kw

-Yw Hw
-1 _ _
w w

0 limy 0 @ Y, EGY ,
Mj=—( o - ' , J<p,
limg, oo S g EGY 0
: an N1 &gij(Bo)
My =— limp o0 §2 2 i1 B~ O . j<m.
0 0
Then for the first step GMM estimates 81, and A1 = 15(81), 61 = (B, X)) and for 9, @ and

Qi(.) as in Lemma A.5 we have on the nullspace of W

01—90+¢/7‘n+Q1(¢a )/T +0( )a

where r, = (n/a,)/? =n1=%/2 0 < k < 1.
Proof of Lemma A.6. First see that

S . gz
1/2)‘ = —[a.W nl/2 Zgz Br). (66)

Then apply Assumption 7, and a Taylor series expansion for g,-(,él) in (66) around Sy and using
consistency and Lemma 1 with Assumption 5 supplies us
1/2

“ah = 0y(1).

Next by the result above and Theorem 6 we have ; = 6, + Op(n_l/ 2a,11/ 2). Furthermore set

m(2:,0) = ~(X0g(z:, 5)/08, 9(zi,8) + X[ + £(z0)])" (67)

n
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By this choice of m(.) we obtain M;, M;.
Then by m(6;) = D D m(z;,61), and first order conditions for GMM with \; definition

0 = m(f1) +[0, N (an(W — W) — Ky — §)]'
= (1) + 0p(a3*n32),

since W is singular, and when 5\'1 is in the nullspace of W, 5\’1W = 0. Next expand rh(él) as in the
proof of Lemma A.5 to have the desired result. Q.E.D

The following Lemma is nearly singular counterpart of Lemma A.6 of Newey and Smith (2004).
This provides an expansion for the weight matrix in GMM for the second step of GMM.

Lemma A.7. Suppose that Assumptions 1-7 are satisfied with the addition to Assumption 1ii

an(Q(Bo) — R(Bo)) — D = Op(n~'a,/?),
and (6)-(8) holding for the m (.) function given for GMM case (67), then on the nullspace of Q(By)

aa[Q(B1) = Q(Bo)] = D + [an(0) — axQ(Bo) — D]
2o Qe j=1 26,501
(n 1/2/a1/2) (n/ay)
Z ﬂ, ﬂbW E?,k:l Qﬂk,ﬁj“";”zweﬁzw
(n/ an) (n/an)
with oW, QW is coming from the Conclusion of Lemma A.6. (i.e. 1, Q1(,) in Lemma A.6 respec-
tively)

+ +0y(n~?a}/?),

+1/2

We should remind that in Lemma A.7 we consider the case when both steps in GMM face nearly

singular design. The limit theory associated with those designs are:

nl/2

W(ﬁl—mim (G'Ky'G)™),

/2 4
—173 (Bamm = fo) = N(0,%),
an

¥ = (G'D71G)~L. The notation in Lemma A.7 is as follows:

Qﬂ] lim Zann E'Qzﬁ],

n—00
=1

Qip; = 019i(B0)9i(Bo)'1/9B;-
1/2 n

=5 Z Qug, — E[0g:(Bo)g: (B0)')/ 085,

zn:an _1E32[gz‘(ﬁo)9i(f30)'].

Q = lim )
P ™ nsoo £ 98,08

n—oo
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Proof of Lemma A.7. First have the following Taylor series expansion with the order of the

remainder explained immediately below. Note that Q() matrices are defined as in section 2.

p
anQ(pr) = Z (B — Bjo)

Q2 2

+ 1/2 Zﬂﬁ] /81] ﬁ]O)

+ Z Qp, 5, (Brj — Bjo) (Br1 — Bro) /2 + Op(a/?n=3/2). (68)

Jk=1
Now we give the proof of the order of the remainder in (68). By Assumption 6, as in the analysis
of (33)-(35), and Theorem 6

n = 82 4 3 2 3)! n - 821' 1 ! n - 3 -
E> 9%9:(B)gi(B) _ oy Pgi(Bo)ailbo)' (Z2 Y 1@l = ol = Op(n™a}/?).
=1 1=1

08,08, 0B108; ;

/Bk ﬁ] :Bk :B] =1 (69)

Then (7) implies
an x~ 0%i(B0)gi (Bo)' ., an ~~ 8%9i(Bo)gi(Bo)' ~1/2 1/2
I 2 25,08, —E;;—aﬂkaﬂj I = Op(n™"?a}/?). (70)
Then by (69)-(70)

an 89i(B)gi (B)' an ¢ 829i(Bo)gi (Bo)' _ -1/2 _1/2
IIFEW—E;;WH—%W ay 7). (71)

Since the remainder term in (68) is (71) multiplied by (61, — B;0)(Bix — Bro), by Theorem 6, the
order of the remainder is the one shown as the last term on the right-hand side of (68).

Then add and subtract D and a,Q(8o)

an[Q(B1) — QBo)] = D+ [an(Bo) — axQ(Bo) — ZQ (B1; — Bjo)

Q2 2

+ 1/2 ZQﬂ] ﬂl] /B]O)

+ Z s, 5;(Brj — Bjo) (Brs — Bro) /2 + Op(a¥/?n=3%). (72)

7,k=1

Via the stochastic expansion for GMM in Lemma A.6

A e"’(/;W .
— ] -
B1j — Bjo = W + Op(n™ " an)
1 W 1 OW
= O S o, (73)

—1/2 -1
nl/2an / NGy
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Then substitute the first equality for the last two terms in equation (72). For the last term on
the right-hand side of (72)

P . . 1 P e;@weiﬂzw 5 s
E:Qmm@u—ﬁwwM—ﬁmV%=§E:Qmm——————+0An ay,)- (74)

j1k=1 ],k‘:]_

Then operate on the following term on the right hand side of (72)

1/2 p 0 wW
7z 2 Py =) = PR 2L+ 0y (0. (75)
j=1 "t
Substitute second equality in (73) for the third term on the right hand side of (72)
P Qp. 'YW Qg.e.QY
Z 131] /3]0 ﬂjf]—l/Q + Z M Op(n—3/2a?l/2)_ (76)
j=1 j=1 nl/Qan j=1 nan

Use (74)-(76) in (72) to have the desired result. Q.E.D

Proof of Theorem 7. This is similar to the proof of Theorem 3.3 of Newey and Smith (2004).
Note also that YW = ey le/(nlmaglﬂ), Y = —[Hw, Pj;]'g; as in Lemma A.6.

First for the second step in GMM

m(zi,0) = —[NGi(B),9i(B) + X (gig} — Bo) + Y _ Qg efp¥ )] (77)

i=1

Then use 1 (f) = %= Yoy m(zg, 6), and adding and subtracting D

n

(9 )——[A’“"ZG (Banm), Zgz (Bemm) + N (D + €2 fnt2a7112)],

=1

where
éD

—1/2
nl/2q; /

2 O, oW
= a2 Q(Bo) — an®(Bo) — D + Z]:f/?f _Jf :
Matrices, M, M;, M; will be as in the first step GMM expansion of Lemma A.6 but substi-
tute D for Ky, H for Hy, P for Py, ¥ for . Furthermore, see that o; = —[H, P')g;,v) =
Yoy @bi/(nl/za;l/z). Q@1(.) is defined as in Lemma A.5.

Also

0 &' — EGY
Bl r,) = — . . ¢ ! ) ] S I
() (@_E@ 0 ) (4 <p)

9%9i;(Bo) _ 129%9i;(Po) 0
() =— [ PP 2508 (G < m).

Bl
pt+i 0 0

Set A = —(Q(51)) "' §(Bgurar). Then rewrite that

TLl/2 . . 1/2 n
W)\ = —[aa 2(B1)]” 1/2 Zgz Banm)
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Then by Assumption 1, and a Taylor series expansion around [y for Qi(BGMM), coupled with
Theorem 6, Assumption 5 and Lemma 1 shows that A= Op(a;ll/zn_l/Q). As in Newey and Smith
(2004)

Q2 = Q21($,8,b) + M~ diag(0,Q7)/(n/an),

where Q21(.) above is Q2(.) in Lemma A.5 and

P P P
QP = Z Q[gjeggzw + Z QﬁjegQ?/ +1/2 Z Qﬂk,ﬂjegz/jwe%@/jw.
j=1 J=1 5,k=1
QIfV is described in Lemma A.6, and the other terms are described in the statement of Lemma A.7.
We can proceed as in the proof of Theorem 3.3 in Newey and Smith (2004) to have the result by
seeing r, = n1/2/a711/2. Q.E.D
Proof of Theorem 8. By the proof of Theorem 7 and r, = n1/2/a}/2,

¢ P 0 1w
g = [anQ(,BO) —a,Q(Bo) — D] + M

r'n, r’l’L
Use Lemma A.7 to claim

~

an(Q(B1) — QBy)) = D+ [anﬁ(ﬁb} — a,Q(Bo) — D]
Z?:l Qﬂje;‘@bw

_ p. & -
= D+>—+0,(7%).

+0p(r?)

Then using W = Q(Bl), substituting W = Q(8p), Kw = D, and also benefiting from the addition
to Assumption 1lii

an()(ﬂo) —a,Q—D = Op(r,jl),

we have ED/'rn = O,(r;') is satisfied. So Assumption 7 is satisfied for the second step in GMM as
well. By (55)
Bias = EQ1(,)/r5,

where .

EQ1(4,a) = —M AP+ M;diag(S, P)'e;/2).

j=1
See that
BA) = g2zl A(Qxi)w(wi)
TI'I'L
- 0 G! H
- ZE{ / / ZP O . o o)W gi}/r'?"
=1 Gi g9ig; — Egigi + 3 25_, Qp; €9 p
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by using the independence, A(z;) = 61”%?,’90) - Ea1n(6zei,’9°), and m(z;,0) in (77), ¥; = —(H', P) g,

YW = —(HY,, Pw)'gi. Given the Mj, M,; definitions in Lemma A.6 and following the proof

2

of Theorem 4.1 in Newey and Smith (2004) using “r,” instead of “nt/2» gives us the desired
result.Q.E.D.
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TECHNICAL APPENDIX:

This appendix deals with the proofs for section 5.1. We provide now a Lemma that is useful in
deriving the higher order expansion for the peculiar GMM estimator.

Technical Lemma A.1. Suppose that our GMM estimator follows (9)-(10) and Assumptions
1-6 and 8 are satisfied and with the additional Assumption to 1ii of

an(Q(Bo) — QBo)) = D + Op(n?a;1/?),

then on the nullspace of Q(f)

a,[Q(B1) — (Bo)] = D+ [an(Bo) — an(Bo) — D]
n E§=19ﬁ169¢w n Z?=lﬂﬂfe;¢w
172 n/a}l/z
P QpeQv 132 _ Qs e P
n 2j=1 nﬁ] j ¥l +§Zj,k—l ﬁk?ff i¥ Sk —|—Op(n_3/2a71/2),

where Qﬂj, Qﬁj’ﬁﬁk,ﬂj are described in Lemma A.7. Also¢® = S i /nM? e = —[H., P,)'gi, Hy =
S.G'W-1, P, = W - W-'GH,, %, = (G'W-1G)~L.

q
Q= =M '[AP + gy Mpg /2],
j=1

. — om(z; .6 1w w . — ?m(z;,0
where M, = lim, o0 En=1Y 0, 530, 0), A¥ = # Yo Azg), Mg =limy 00 En Dy W
and m(z;,0) = —(N'9g(z;, B) /0B, g(xi, B) + A\[W +£&(x;)]). These terms are from the standard GEL

of Newey and Smith (2004), since now the first step of GMM has no near-singularity problem.

Remark. The terms in the expansion are different than the ones in Lemma A.7 . Except from
the first two terms on the right hand side of the expansion the other terms on the right hand side
of Technical Lemma A.l converges to zero at a faster rate than in Lemma A.8. This is because of
the standard behavior of the first-step GMM estimator here in Technical Lemma A.1 compared to
nearly singular behavior of both first and second steps in GMM in Lemma A.7.

Proof of Technical Lemma A.1. Instead of the Taylor Series expansion that is used in the

proof of Lemma A.7, (72) we have

p
an[Q(P1) — QB0)] = D+ [aa2(Bo) — an(Bo) — DI+ > _ g, (B1; — Bjo)
=1
a1/2 P . ’
+ # > g, (615 — Bio)
7=1
p
+ ) Qp, 5, (B — Bio) (Bx — Bro) /2 + Op(ay/*n™3/2). (78)

7,k=1
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The difference between (72) and (78) is in the remainder term. The order of the remainder term

here is determined by the first step GMM estimators (Blj—,@jo) = 0,(n"1/?), (Bix—Po)
(equation (9)) and by (70)-(71).

Then use independent data version of Lemma A.5 of Newey and Smith (2004) to have

. e _
B1; — Bjo = # + Op(n7h),

! I
; el Q‘”
B1j — Bjo = 1/2 4o

+0,(n3/?),
Substitute (79) for the last two terms on the right-hand side of (78) to have

1327 k=1 Do, €59 it
2 n

1 . .
o) > g, 5,(B1j — Bjo) Bk — Bro) = + 0,(n7?),

7,k=1
and

G2 P P Qg '

= ,3 _

anQﬂJ Brj — Bjo) = == 1/ i+ Op(n™?ay/?).
an

Next substitute the expansion (80) into the following term in (78)

P . ZPZ Qﬁ.614 QZw EPZ Q,B .e'.Q“’
Zﬂﬂ] (131] - /8]0) = . 1n1/2] . + = n I + Op(n_3/2)a
7=1

Then combine (81)-(83) into (78) to have the result.Q.E.D.
Proof of Theorem 9. Let

m(z:,0) = —[NGi(B), g:(B) + A’(D fadi— Q> Qb o]
j=1

Then using 1 (§) = 2= "7 m(z;,6), by adding and subtracting D

m(f) = —[NV 2 Z Gi(Bamm), Z gi(Barar) + N (D + €L /nt/2a12)],

where

£D n A =1 0,69
€ 2im®) 6 80) = an(fe) — D+ %

—1/2 -1
n1/2an / nan,

= Op(n_l/z)

(79)

(80)

(82)

(83)

Note that 1/7“’ =y, @b;f’/nl/Q, since the first step GMM estimator is not subject to nearly singular

design in this peculiar case.

We have to introduce more notation. To form A(z;) = M; — EM;, where M; =

0 G
Mi == ! P O 1,/ ’
G gigi — QBo) + 251 Qi [an
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Om(zi,60)
o6’

we use

(84)



Also see that by Assumption 1

om(z;,60) 0 ¢
_nh—{%o;ZE 06’ __<G D/

M;, Mpy; are given in Lemma A.6.

B(z) 0 ¢! — EGY .
g xl = — . . —_— )
! G! — EG! 0 7P

99i;(Bo) _ [p99ij(Bo)
Bl (z)=—[ o907 o507 i<m
p+5 \Li 0 0 SR

Let A = —(Q(,{-}l))—lg(BGMM). Then by Assumption 1, and a Taylor series expansion around

gi (BGMM) at By, coupled with limit for Bgarar and Assumption 5 we have A = Op(a}/Qn_l/Q).

Next define ,
Q= Qg el
i=1

p

p
Q=) _Qp,€5Q7 +1/2 > Qp, g€ erih®.

J=1 7,k=1
By first order conditions for GMM and Technical Lemma A.1

~0 =0
0 = ﬁz(é) + [0, —5\1( Q % + Op(n—3/2a}l/2))]

= (@) +[0,— N —A’Q12]+0( o). (85)

We need to expand m(é) as in Lemma A.5. However, there will be differences here, because of
the nature of the first step GMM estimators in this peculiar case. So Q1(.) is defined as in Lemma
A5

q
Q1= —-M7AP+ ) i Mjep/2],
7=1
where A = :}f—iz Sor  Alwi), by (84) and A(z;) = M; — EM;,

Ale ( 0 Gi — EG; >
;) = — = :
Gi — EG; gigi — Egig; + ) __, Qpei4¢ [ay

Then we can decompose A(z;) into two

A(z;) = A1(zi) + A2 (i) /an,

(e 0 G\ — EG!
;) = — ’
' G — EG; gig\ — Egig!

where Aj(z;) is
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and As(z;) is

As(z:) 0 0
olx;) = — _ .
0 Zf:l Qﬁ]e;’w;‘)

1/2 n

n1/2 Z

nt/2q 712 n1/21/2

— A1+Aw/a1/2

Then

o
|

where Ay = S°" | Ao(z;)/n'/?, and AY = O,(1) since the first step GMM is not subject to nearly
singular design. A; = O, (1) by (6)-(8). Using this decomposition we can rewrite Q; as

Q1 = Qu(¢,d) + Quz/ay/?,
where
~ ~ ~ q ~ ~
Qu,d) = —M A+ P Mjep/2),
7=1
Qu2(,d) = —M A5,
Now we proceed as in Lemma A.5 and have the Taylor series expansion for ﬁz(é), and noting

that @21(.) is Q2 in Lemma A.5, so by (85)
P Qui(¥,a) Q12(¢, “)  Qa(¥,a,b)

6 = 6+
- -1 - -
nl/2q; /2 na, nay n3/2a;,°/?

. AQ
+ Mo, N Q_111/2 ,\’Q12]+0( Q).
n

n

Since N'Q% /(nan 1/2) 0,(n3"a,), and by X = [0, I,,]4/ (na;1)!/? substituting that in the above

expression

P Qu1(4, a) Q12(1/), )+Q21(1Z,a,bl)

—1/2 —1 —1/2 —1/2
nt/2q na;, nayY n3/2q7

+ M™'diag[0, Q11)%/(n*?a;") + M~ diag[0, %10/ (n*?ar®?) + Op(n~ay).

é=90+

Then arranging gives us the desired result.Q.E.D

Proof of Theorem 10. The proof is the same as in Theorem 8 given the new bias definition.
However, from analyzing the proof of Theorem 8 and the proof of Theorem 9, when GMM is subject
to nearly singular design only, we donot use Q12() term which basically resulted in By in Theorem
8. The relationship between By and @12 is also very well illustrated in the proof of Theorem 4.1
of Newey and Smith (2004).Q.E.D.
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