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Abstract

This paper analyzes near exogeneity and weak identification in Generalized Empirical Likelithood Estima-
tors. Near exogeneity and weak identification are related to the exogeneity and relevance of the instruments,
respectively. These two issues are important from an applied perspective, such as empirical growth theory
and labor economics. In the case of empirical growth and institutional economics literature a small num-
ber of moments/instruments are used in studies. First, we analyze the limit behavior of estimators and
tests under fixed number of weak moments and near exogeneity. We show that Anderson-Rubin (1949) and
Kleibergen (2002) type of tests’ limits change when there is small correlation between the instruments and
the structural equation error. The new limits are obtained under the null hypothesis at the true vale of
the parameter. The test statistics are no longer asymptotically pivotal in the joint case of near exogene-
ity and weak instruments compared to the weak identification case. We use subsampling to get the new
critical values. Subsampling is uniformly consistent in this specific case since tests are evaluated at true
values rather than estimators. Contiguity concept also plays an important role in deriving our subsampling
proof. Simulations show that among the class of GEL estimators and the tests we analyze, Anderson-Rubin
(1949) type tests in Exponential Tilting and Continuous Updating framework have the best small sample
properties. Empirical Likelihood based tests do not have good power. We also show that when used with
the x? critical values, which are not valid in the case of near exogeneity and weak instruments, the tests
show large size distortions. Then we develop the limits of estimators and tests under many weak moments
with near exogeneity. The results are different from the fixed moments case. Estimators are consistent, and
test limits are simple, noncentral x?2.
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1 Introduction

In empirical work, finding valid instrumental variable is very difficult. The instrument should satisfy
two important criteria. The first is that the instrumental variable should be strongly correlated
with endogenous explanatory variable. The second one is instrument should be uncorrelated with
the structural errors. These two criteria may be conflicting as well. One instrument may be weak
but exogenous, hence satisfying the second condition but not the first one, and vice versa. To give
examples, in a study by Angrist and Krueger (1991) it is argued that quarter of birth may be used
as instrument for educational attainment. Educational attainment is endogenous in an earnings
equation. But several authors contend that quarter of birth is weak as an instrument, not correlated
well with educational attainment. We can also see the case of instrument being not exogenous as
well. In a study by Angrist (1990), the effect of serving in the Vietnam war on the earnings of men
is considered. Clearly the participation in the military is endogenous. So Angrist (1990) uses the
low draft lottery number as an instrument for participation. However, it is argued by Wooldridge
(2002) that if we do not control for education in the earnings equation, lottery number may be
endogenous.

Similar problems can also be seen in the empirical growth literature. One of the major ques-
tions is whether political institutions cause economic growth. There have been numerous papers
analyzing this relation. Some of them Acemoglu et.al (2001, 2002) and Glaeser et. al (2004) use
instrumental variable estimation. Acemoglu et.al (2001, 2002) show that settler mortality and
population density in year 1500 predict institutional quality and the level of economic development
today. The institutional quality then predicts economic growth in a structural equation. However,
Glaeser et. al (2004) object to using settler mortality and population density in 1500 as instruments
for political institutions. They show that settlement patterns influence growth through channels
other than institutions, hence these instruments are correlated with error in the structural growth
regression. This is the problem of near exogeneity we want to analyze. They also show that if you
use the definition of political institutions as constitutional measures of checks and balances (i.e.
plurality of the political system, proportional representation) then settler mortality and population
density in 1500 is very weakly correlated with plurality and proportional representation. This is
the problem of weak instruments. We think that these two problems are pervasive in the literature
and hence methods robust to these problems should be useful. Importance of joint problem of near
exogeneity and weak instruments are also mentioned in Stock, Wright, and Yogo (2002).

Bound, Jaeger, and Baker (1995) point out that even a small correlation between the instrument
and the endogenous variable exacerbate the weak instruments problem in simultaneous equations
setup. This small correlation may increase the finite sample bias and inconsistency of the estimators
may be larger. Then they analyze Angrist and Krueger (1991) study and claim that quarter of

birth used as an instrument for educational attainment is a weak instrument as described above.



But also, by using economic, educational, and psychiatric evidence they show that quarter of birth
is not exogenous as an instrument and overidentification tests fail to detect this.

A somewhat related literature is the analysis of misspecified models. In the case of GMM,
Newey (1985), and Hall and Inoue (2003) analyze local, and global misspecification of the model,
respectively. They develop tests of detection of misspecification and inference procedures under
misspecification. Our analysis considers validity of instruments rather than modeling issues. To
give an example from linear structural equations model, we assume the linear structural equation
is correctly specified but the instrument may be weakly correlated with structural error.

In this article we model near exogeneity as the local to zero correlation between the instruments
and the structural error in the linear simultaneous equations case. In the nonlinear case, this is
modeled as the local to zero population orthogonality conditions at the true value of the parameter
vector. Weak identification is modeled as in Stock and Wright (2000). In our model, when sample
size goes to infinity identification is not possible, but we have exogenous instruments. This way of
modeling shows the tradeoff between the identification and exogeneity.

This paper analyzes the joint problem of weak identification and near exogeneity in Generalized
Empirical Likelihood Estimators (GEL). These estimators have desirable properties and asymptot-
ically pivotal tests are available in the case of weak instruments compared with two-step GMM, as
can be seen from the articles by Stock and Wright (2000), Guggenberger and Smith (2005), Newey
and Smith (2004). Also with this type of analysis we can learn which GEL estimator (Empirical
Likelihood, Exponential Tilting, Continuous Updating) has better small sample properties when
faced with these problems. Empirical Likelihood is introduced by Owen (1990), Imbens (1993) and
analyzed in large samples by Qin and Lawless (1994). Asymptotic theory of Exponential Tilting
estimator is analyzed by Imbens, Spady and Johnson (1998), and Kitamura and Stutzer (1997).

As discussed above, two strands of economic literature show different characteristics. Empirical
growth and institutional economics work with smaller data sets. They have problems of near
exogeneity and weak identification in their instruments, but the number of moments/instruments
is small. On the other hand, labor economists work with large data sets. The models have many
moments/instruments with near exogeneity and weak identification as discussed by Bound,Jaeger,
and Baker (1995). We analyze asymptotics of these two cases. First one is near exogeneity and weak
identification with fixed number of moments. Weak identification with fixed number of moments is
analyzed by Stock and Wright (2000) for GMM and then Caner (2004), Guggenberger and Smith
(2005) analyzed this for exponential tilting and GEL estimators, respectively. In this article we
extend these former work to the important problem of joint analysis of near exogeneity and weak
identification in GEL. The second case is near exogeneity with many weak moments. In the case of
linear and nonlinear GMM papers by Chao and Swanson (2002), Bekker (1994), Han and Phillips
(2004) analyze many weak moments problem and derive the limits of estimators. GEL with many

weak moments is considered recently by Newey and Windmeijer (2005). We extend this work to



near exogeneity. Furthermore we show that limits in the cases of fixed and many moment scenarios
are different for estimators as well as test statistics. In addition to that because of near exogeneity,
compared to exogenous cases analyzed before, the tests are no longer pivotal.

This study establishes the limits of GEL estimators under near exogeneity and weak identi-
fication. In the case of fixed number of moments we show that the bias of the estimators may
be larger compared to only weak identification case of Guggenberger and Smith (2005). Then we
analyze the limits of Anderson-Rubin (1949) and Kleibergen (2002) type of tests in the joint case
of weak instruments and near exogeneity. Guggenberger and Smith (2005) show that the limits
are x2 in the case of weak instruments. Here we show that the limits change when we also have
near exogeneity, so these tests’ limits are not robust to this problem. Next we subsample test
statistics to have the data dependent critical values. We prove that subsampling is consistent in
this joint case. We subsample the tests at 6y not 6. So subsampling works for Anderson-Rubin
(1949) and Kleibergen (2002) type of tests. Simulations show that Anderson-Rubin (1949) type of
tests in Exponential Tilting and Continuous Updating frameworks have the best size and power
combination. We also introduce an overidentifying restrictions test in GEL framework. But we
think that as long as there are constraints on our choice of instruments, it may be better to use
subsampling in Anderson-Rubin (1949) type of tests. In the case of many weak moments with near
exogeneity, Anderson-Rubin type tests are invalid, but we can subsample Kleibergen (2002) type
of test.

Dufour (2003), Dufour and Taamouti (2004) analyze the exact version of excluded instruments
setup. This excluded instruments setup is clearly different form ours, since we consider the case of
instruments weakly correlated with the structural equation error, and the endogenous explanatory
variables. Sections 2-4 analyze fixed number of moments case. Section 2 introduces the model
and assumptions. Section 3 deals with estimation. Testing is analyzed in Section 4. Section 5
provides subsampling technique in our case. Section 6 introduces many weak moment asymptotics
under near exogeneity. Section 7 introduces simulations that compare various test statistics and
GEL estimators for the fixed number of moments case. Section 8 concludes. Appendix contains
all the proofs. The following notation is used. £>,:>,i> represent convergence in probability,
weak convergence, and convergence in distribution respectively. C” (A) denotes j times continuous

differentiable function.

2 Fixed Number of Moments: Model and Assumptions

First, we consider GEL estimators with fixed number of moments. We benefit from the definition
in Guggenberger and Smith (2005). Let p(.) be a real valued function, V — R where V is an open
interval of the real line that contains 0 and A, (6) = {\ € R : Ng;(6) €V fori=1,---,n}. § €O
where © is a compact subset of RP. Also define p;(v) = & p/Ov! and p; = p;(0) for nonnegative



integers j. Let py = p(0). We want to estimate the unknown 6y, which is the true parameter vector.

The GEL estimator is the solution to a saddle point problem

6 = argmin sup P(6,)),
€0 xeh.(0)

where

PO,Y) =23 p(Ngi(®)/n — 20,.
=1

In this section we model the weakly identified and nearly exoogenous GEL estimator. We
introduce the assumptions that are used throughout the paper. These assumptions define “near
exogeneity” and “weak identification”. We also show examples that clarify these assumptions
better. For each n € N, let g, be real-valued g x 1 vector of functions, z; represents the data set
which is a & x 1 real valued vector, for ¢ = 1,---,n. The following are the moment conditions that

are satisfied at the true parameter value: 8

C1
Egn(z,00) = 7 (1)
where C'1 is a constant vector. Instead of gn(2;,6) we use g;(0) to save from notation. As in Stock and
Wright (2000) specify g as a particular conditional moment restriction model: g;(0) = h(Y;,0) Q i,

where z; is the instrument vector.! So we have

C
Egi(eo) = Eh(YheO) ®$7 = n1_/12 (2)

In the case of a simple linear system we can understand the above restriction much better. Let
the structural equation be

y=Y0+u, (3)

and the reduced form is given by

Y =XII+V, (4)

where y,u € R",Y,V € R™P? X € R"*! and II € R"*?. For simplicity let the matrix Y contains
only endogenous variables. X is the set of instrumental variables. Let Y;, V;, X; denote the rows of
the matrices Y, V, X respectively. The data vector z; = (y;, Y/, X!) is k= (I+p+1) x 1. Then we
can rewrite (2) for each i =1,2,---,n as

Ch

So the instruments are weakly correlated with the structural error, but this converges to zero in
the large samples. This is called “near exogeneity”. Equation (2) defines “near exogeneity” in

nonlinear moment restrictions.

!The results in this paper are also valid for g;(§) = h(Y;,6) &) v(z;) for any known function v(.) of ;.



Now we provide the assumptions.

Assumption 1. The true parameter 6y = (), 3)’ is in the interior of the compact parameter

space © = Ax B, AC RP*,B C RP'. 8is p x 1, where p = p, + pp, and the data z; is independent.

In order to understand the next assumption better, we benefit from the identity (equation
(2.4)) in Stock and Wright (2000) but we take into account the “near exogeneity” problem as well
as the weak identification. Define ., (o, 8) = En~! 327, ¢;(6). Then add and subtract to have the
following identity:

ﬁln,(a,ﬂ) = [77%,,/(0[,/6) - mn(aoa/@)]
+ [mn(o‘l)vﬁ) - mn(o‘l))ﬁ(])]
+ (o, Bo)l- (5)
The first term in the square bracket above is set as in Stock and Wright (2000)

mln(e)
n1/2

mn(aaﬁ) - mn(a()aﬁ) =
Next, as in Stock and Wright (2000) set

mn(a(]gﬁ) - mn(a(JwBO) = m27l(ﬁ)'

Then in order to take into account near exogeneity we set

C1

T n ’ = ~17/5° 6
m (0{0 50) nl/2 ( )
Assumption 2.
e _ mia(0) Ch
En 291(9) =— 1z Tmamf)+ 5, (7)

where my,,m1 : @ = R%, mg,, ms : B — RY? are continuous functions such that my,(6) — mq(6)
uniformly on ©, m1(6y) = 0, and ma,(8) — ma(B) uniformly on B and mq(8) = 0 iff 8 = 8. Let
mgy € CY(N) where N' C B denote an open neighborhood of 3. Set Ra(3) = dm2(8)/3', which is

a g X pp matrix and Ra(8) has full column rank, C is a constant vector.

Now we consider how Assumption 2 works in linear case. So we analyze (3)-(4) with Fu; X; =

Cl/nl/Z7



En~'> " gi(0) = By — Y{0)Xi = Bu; X; + EX; X[11(6 — 6),
=1
where 8 = (o/,8") and 1T = (II,,II;), 11, = Co/n'/2,10; is a full-rank matrix. Cy is ¢ X p, and II,
is ¢ X p, matrix. So « is weakly identified, 8 is strongly identified. Assume EX,;X] = Qu. < 0.

Then by using the terms in identity above assumption 2 to have

mln(G) Cg
n1/2 - Qmmm(ao - O[),

an(ﬁ) = Qmmnb(/@o - ﬂ))
ma (0, By) = Bu; X; = i

Note that each one of these three terms above are right-hand side terms in (7). One thing to note
is this formulation illustrates the tradeoff between near exogeneity and weak identification as well
that we see in applications. When n — oo, m,(6) — 0 rendering o unidentified in the large
samples, but then the last term in (7) also converges to zero, achieving instrument exogeneity.

This formulation of Assumption 2 is different than the ones in Stock and Wright (2000) and
Guggenberger and Smith (2003) in a way that we have the additional nearly exogenous term in
(7), and this also clearly illustrates the tradeoff between weak instruments and near exogeneity
problems in selection of instruments.

We need the following assumption for the consistency and limit distribution proof. This is taken
from Guggenberger and Smith (2005). First define the following notation Q(8) = "™, g:(8)g:(8)'/n
and Q(8) = lim,—n" ' 3", Fgi(0)g;(8)". Note that Assumption 3 is Assumption M in Guggen-
berger and Smith (2005). A more primitive condition for Assumption 3i is mentioned in equation
(2.4) of Guggenberger and Smith (2005) which involves the finiteness of certain moments of g;(6).
The primitive conditions for the independent case in Assumption 3iii, which we consider is given

in Pollard (1990) and given as a sub case of m-dependent one in Andrews (1994).

Assumption 3.
OF

maxsup [1g:(8)]] = o, (n'/?);
L =10)]

(ii). Q(.) is in CY(A x {B,}) and is bounded on ©. Q(6) is nonsingular for all § € A x {B,} and

sup [|(8) — Q(8)[| = 05(1),
60

— 11 (0)g:(6)'l| _
R



(i)
v, (0) = ¥(0),
where W,,(8) = n~Y2 ", g:(8) — Eg;(0) and ¥(6) is a Gaussian process on © with mean zero and
covariance function EW(61)W¥(03) = V(61,62). Specifically for each € > 0, there exists a M. < oo
such that P(supgeaxn | (0)|| < Me) > 1 —e.
Note that all the results in Assumption 3 are for triangular arrays (data), in order to save from

notation we do not provide the additional subscript.

The following is standard in GEL literature, see Newey and Smith (2004), Guggenberger and
Smith (2005).

Assumption 4.

(i). Function p(.) is concave on V.

(ii). p(.) is C? in a neighborhood of 0 and p; = p, = —1, where p;, p, are the first, and second

partial derivatives of p(.) evaluated at zero.

3 Estimation

In this section we derive the limit theory for the GEL estimators under weak identification and

near exogeneity. First let \ denote

Ma,8) =arg max P(a,B,)).

Then B(oz) = argmingep P(a,ﬁ,j\(a,ﬁ)), and & = argmingea P(a,ﬁ(a),jx(a,ﬁ(a))), and B =
B(&).

The following theorem extends the weak IV limit of GEL estimators in Guggenberger and Smith
(2005) to joint weak IV and near exogeneity case. This is one of the main results of the paper.

Theorem 1. Under Assumptions 1-4,

(d7n1/2(5 _BO)) == (Oé*,b*),

where

b* = —[Ra(By)' e, By) T Ra(By)] " Ra(By)'Qe™, Bo) T ¥ (, By) + ma(a*, By) + Cil,

and o = argminge 4 P(a), where

P(a) = [¥(a, By) +ma(a, By) + C1 M (e, Bo)[¥ (e, Bg) + ma(a®, By) + C1,

and

M (e, B8y) = Q(aaﬂo)_l - Q(Of,ﬂo)_1R2(ﬂo)[R2(50)IQ(O‘,ﬁo)_1R2(50)]_1R2(50)19(047/60)_1-



Remark. The limit in Theorem 1 is similar to Theorem 2 in Guggenberger and Smith (2005)
which is analagous to Theorem 1 in Stock and Wright (2000) for GMM. We obtain their limit when
we set ('t = 0. An interesting sub case here is the case of all weakly identified parameters with
nearly exogenous moment restrictions. In that case the limit is (if we only have o which is weakly

identified)

= o = in P
& " = argmin (o)

where

P(a) = [¥(a) + mi(a) + C’l]'Q(a)_l[\I!(oz) + mi(a) + Cq].

This is an empirically important case since we observe there is a tradeoff between weak identi-
fication and near exogeneity. When the sample size gets large the assumptions show us there is no
identification in large samples (i.e. mq(.)/n'/? = 0) and there is exogeneity (i.e. C1/n'/? — 0) in
Assumption 2. This way of modeling reflects the idea that when we select the instruments, even
though instrument may be weakly correlated with endogenous variable, it may not be correlated
with the first order conditions.

Note that, estimation part does not change a lot of the results already established by Guggen-
berger and Smith (2005). However, it should be noted that under certain cases the bias term in
Theorem 1 may be larger than the one found in their article. So the finite sample results as well
as the large sample case may be affected when there is joint problem of weak instruments and near
exogeneity.

Another important case to analyze is what if there are strong instruments and all the coefficients
are strongly identified (i.e. Assume we have only s in our system) but we have near exogeneity.

In that case Assumption 2 is modified to

n C
En~! Z gz(ﬁ) = mQTL(/B) + nl—/lg
=1

Then the limit in Theorem 1 becomes
1/2(4 d s
n (/8 - /80) —b )

b* = —[Ra(By)'(Bo) ™  Ra(Bo)] ™ Ra(Bo) QBo) T [¥(By) + Cl,

which is a normal limit with an additional drift C5.

The most important results of the paper are provided in the inference and simulation sections.
In those sections we see how the existing inference procedures in weakly identified GEL change
asymptotically and in finite samples when we also have near exogeneity problem at hand. We also

consider the case of only near exogeneity in the system without the weak instruments problem.



4 Inference

This section develops tests in the case of weak identification and near exogeneity (Assumption 2).
First we take a look at the robust tests to weak identification problem, and try to see whether they
are robust to near exogeneity as well.

The following assumptions are weaker than the ones used for estimation, and needed for infer-
ence.

Assumption 2.
e C1
En™') " gi(60) = 12
=1

This is a modification of Assumption 2. We use (5)-(6) at 6y to have Assumption 2*.
Assumption 3*.
(i)-

max lgi(60)]| = 0p(n*/2);

(ii).
Q(60) = Q(60);
(iii).
U, (60) 5 T(6) = N(0,2(6)).

The results in Assumption 3* are for triangular arrays. To save from notation we do not include
the additional subscript. Note that in Assumption 3*ii7 the limit variance is ©(6y) which in this
case is equal to V (8g) = lim,— 0 = Y71 [9:(80) — Egi(60)][9:(60) — Egi(60)]'. This is because of (2).
This last assumption is a triangular array central limit theorem result.

In this respect we analyze first an Anderson-Rubin (1949) like test proposed by Guggenberger
and Smith (2005). This is called Generalized Empirical Likelihood Ratio statistic (GELR) and is
given by

GELR(80) = nP(8y,\(60)).

We test Hy : 0 = 0y against Hy : 8 # 8. The following theorem is one of the main results of
the paper. This result shows what happens to GELR(6) test when there is near exogeneity. In
this respect we extend the limit theory in Guggenberger and Smith (2005).

Theorem 2. Under the null hypothesis of Hy : 8 = 0y by Assumptions 1,2%,3%,4,

nP (80, M(6)) 5 x2(6),

where the distribution is noncentral chi-square with g degrees of freedom and noncentrality parameter

§ = C1Q(8p)"1Cy



Remark. This test statistic is robust to identification problem. This can be seen from analyzing

Assumption 2*

_ n C]_
En~t j{: 9i(6o) = iz (8)
=1
Regardless of the identification problems we have the same limit in Theorem 2 because of (8).

We obtain the limit obtained by Theorem 3 of Guggenberger and Smith (2005) in the only weak

2
pr

identification case when we set C'y = 0 here. In that case the limit is x%. However, the test statistic
is affected by endogeneity problem in instruments in our case. We see that even though we operate
under the null hypothesis we have a nonstandard distribution. This new limit depends on nuisance
parameters. This is unusual since this is not a power study and we are not deriving the limits
under the alternative.

Using the standard x? limit in Guggenberger and Smith (2005) in the case of near exogeneity
will cause problems in inference about 6;. We see that when Guggenberger and Smith (2005) find
the limit of GELR (6y), under the alternative (6 # ) in the case of weak identification, they have
a similar result. Their result is a typical power result, it is not unusual that the limit in their case
depends on nuisance parameters.

Now we consider a different test statistic. We will not use Assumption 3* in its derivation. We
provide an assumption that will be useful in deriving the limit theory of this test statistic Hy : 8 = 6y
against Hy : 6 # 6y. Before that we provide notation that is useful. Set dg;(6y)/00" = G;(6y) =
(Gia(60),Gip(00)) where G;(0y) is ¢ x p and G;4(0y),Gip(0y) are g X pa,q X pp respectively. The
following Assumption replaces Assumption 3* for the test statistic that follows.

Assumption 5.

(i), maxi g:(80) | = op(n}/2).

(ii).

RS Iy
- ; 9:(680)gi(60)" = Q(6o),

where () is nonsingular.

% i 19:(60)9i(60)'l] = Op(1).
=1

(iii).
U, (60) 5 W(6) = N(0,9(6))),
because of (2).
(iv). §(0) is differentiable at 6 almost surely, §(6o) is integrable, and G/(8) = LS 0gi(60)/00
is integrable, m1, € C1(8y) and Ry, (8o) = Om1,(00)/08" converges to some function Ry(o).
(v).

1 T )
- Z(vecGiA(Qo))gi(Ho)' 5 Ay,
=1

10



where A 4 is defined in (vii);

% ; Gin(00) % Ra(By).

LS IGa) i 80) 1 = 0,0,

=1

> 1CE)ai80) ] = oy (1)

1

(vii).

# Z[(’UECGZ'A(Q(J) - E’U&CG,‘A(QO))I, (gq‘ (90) - Egz'(go))’]l LI) N(O, Vl(eo)),

[ Aaa Ay
Vlw_( Al Q(%))’

and each block matrix above has full column rank, V;(6)) is positive definite. Also,
Vi(6p) = lim war ["_1/2 ;((UeCGiA(Qo))'a91:(90)1)'] ;

the dimension of V1 (6o) : (gpa +q) X (gpa + Q).

These Assumptions are providing CLT and WLLN type of results for the function g(.) and its

derivatives. Assumption 5iv allows us to change the order the of integration and differentiation in

Assumption 2. So we have

EG(QO) = n_1/231n(90) + (0, R2(By)) — (0, R2(By))-

The results in Assumption 5 are for triangular arrays (data), to save from notation we do not

include the additional subscript. Assumption 5v-vii are the ones that are used in Assumption My

in Guggenberger and Smith (2005) and Assumption 1 in Kleibergen (2002). They are technical

conditions that are helpful in deriving the limit. Now we start defining the tests that we consider.

Kleibergen (2002) type of tests in weakly identified GEL is derived by Guggenberger and Smith

(2005). They depend on the first order condition for € in GEL,

n

MBY' D" pr(A(0)'9i(6))Gi(6) /n = 0.

=1

We can further rewrite the first order condition as



where

D) =3 py (MO 5:(8)Ci(8) /.
=1

and it is ¢ X p matrix. Since 6 is inconsistent usage of @ in the test statistic does not result in
nuisance parameter free limits. Kleibergen (2002) suggests usage of 6y in test statistics. In this
way in weakly identified GEL and GMM we derive x? limits. First define the normalized version
of D(6y),

D*(6y) = D(60)A, (10)

where A = diag(nl/Q, nt2 1,1, 1) is a p x p diagonal matrix with first p4 diagonal elements
are n/2 and remaining pp are 1. This is done because of weakly identified oy need a different
normalization than B in D(6y) definition. Guggenberger and Smith (2005) suggest the following

test statistics:
S(60) = nA(60)" D*(80)[D*(60)'2(60) ™  D*(80)] 7 D* (60)'A(60), (11)
and asymptotically equivalent
LM (60) = 1g(60)'2(60) = D*(60)[D* (60)'Q(60) "' D*(60)] ™" D*(60)'(60) ~'d(60).  (12)

To get (12) from (11) we use A(6g) = —Q(80)~1§(60) + 0,(1) which can be seen from the proof
of Theorem 1. Note that the form of the test statistics S(6y), LM (6p) in (11)-(12) are needed to
derive the limits. Practitioners can use the following form (exactly the same statistics because of
(10)

S(60) = nA(60)' D (60)[D(60)'Q(80) " D(80)]~* D(B0)'M(60), (13)

and

LM (6) = ng(60)'2(60) =" D(60)[D(60)'2(60) ~" D(60)] " D(80)'2(60) " 3(60)- (14)

The following Theorem is one of the main results of the paper. We extend the limits of S(6q), LM (6y)
from the case of weakly identified GEL to the joint problem of nearly exogenous and weakly iden-
tified GEL.

Theorem 3. Suppose that at 0y = (o), 8,) Assumptions 1,2* 4,5 hold. Then under the null
hypotheses Hy : 6 = 6,

S(60), LM (80) % [W(Cy) + (' W (Ch) + ¢,

where the random W (C1) is defined in equation (34) of Appendiz. { = N(0,1,) and W(C1) and ¢
are independent.

Remarks. This limit shows that when there is no near exogeneity problem (i.e. C; = 0)
we have the limit (Theorem 4) in Gugggenberger and Smith (2003): XZQ) distribution, since from

(34) W(C1) = 0 when C7; = 0. As a more important remark, we observe that in the case of
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near exogeneity and weak identification the limit of S(6y), LM (6y) tests are no longer nuisance
parameter free. This is in contrast to only weak identification case in Guggenberger and Smith
(2005). So the limits of the tests are affected by near exogeneity. So using X;QJ critical values will
be misleading if the first order conditions are affected by near exogeneity.

This result shows that under the null hypotheses, the limit is not pivotal. This is important
because we do not assume to operate under the alternative 6 # 6y. In misspecification literature,
this idea is used a lot, the limits are derived for the case of 8 # 8. We also observe that the limits
of GELR(8y) and S(6y), LM (6)) tests differ under near exogeneity.

We now provide an overidentifying restrictions test. Caner (2004) provides an overidentifying
restrictions test in Exponential Tilting framework with weak identification. A similar version that

is provided here for GEL estimators may detect near exogeneity.
J(80) = ng(60)'2(80) T2 Moy g 1-1/2p- 5, 2(00) T 23(60),

where My =T — X(X'X)71X".
Theorem 4.Under Assumptions 1,2*,4,5 at 6y = (o, 8),

J(60) 5 (E+ Q(00)7H2C1) Mg,y 1725 (B + Q(B0) " /2Cy),

where E = N(0,1,), and D is the limit for D*(6y) which is shown in the proof of Theorem 3.

Remark. Note that when Cy = 0, (which is the null hypotheses for J-test) the limit becomes
Xg_p, since n1/2§(6’0) is asymptotically independent from D*(6y) as seen in the proof of Theorem
3. So J test detects near exogeneity when C7 # 0. Note that J test is asymptotically independent
of LM (8y) test . This is derived from the proof of Theorem 3.

Note that based on the J-test result we can go and select new instruments that will not have near
exogeneity problem. Then to test 8 = 6y, we use GELR(60y),S(60), LM (6y) tests. But pretesting
with J-test may bring some problems into second stage of testing Hg : 6 = 8y. Another possibility
is sometimes it is not easy to find pure exogenous instruments. So what we provide and recommend
is the usage of GELR(60),S(60), LM (6) tests that will use critical values which take into account
near exogeneity problem. So we do not have to change our data set. Subsampling approach to these
test statistics provides data based critical values. Subsampling is also consistent even when there

are weak exogeneity and weak identification. The next section reviews subsampling and derives the

subsampling distribution of the test statistics GELR(6y), LM (6¢), S(0y).-

5 Subsampling

Note that GELR(6y),S(60), LM (6y) test statistics are robust to identification problem, when there
is no near exogeneity (i.e. C7 = 0). In that case the limits are Xg for GELR(0p), and X;% for
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S(6o), LM (6p). This can be seen from our Theorems 2 and 3 (when C; = 0) or by Guggenberger
and Smith (2005).

However, these test statistics are not robust to even small correlation between the instruments
and the first order conditions. In a linear model this will show itself as the correlation between the
structural equation error and the instrument selected. These tests are size-distorted in the realistic
case of picking the “not so perfect” instrument for an empirical study. As we show below even
when there is near exogeneity (C; # 0) the tests will have correct size when we subsample the test
statistics. The subsampling approach gets the correct critical values regardless of C; =0 or C; # 0
and also works in the case of identification problems. So we can use the critical values obtained
from the empirical quantiles of subsample test statistics. Subsample test statistic is obtained by
evaluating test statistic on blocks of data, when the block size is small compared to all of the data
set.

The testing case is mentioned in Chapter 4.5 of Politis, Romano and Wolf (1999), this is not

2. So we show this for our test

written formally there but it is an easy extension of their ideas.
statistics only. Our Theorem is specific to GELR(6y),S(60), LM (0y) tests. It does not cover
general testing via subsamples. So subsample tests we use will also be evaluated at 6y. We do not
use estimators @ in subsampling tests here.

The following explanations and notation are largely borrowed from in subsampling via hypoth-
esis testing in Politis Romano and Wolf (1999) . Let 2,1, Zn2, - + , Zns be a sample of n independent
observations in a triangular array format The common unknown distribution is denoted by P.
This unknown law P is assumed to belong to a certain class of laws P. The null hypothesis is
Hy : P € Py and the alternative is H; : P € P31, where Pg UP; = P. Let P,, be contiguous to
P € Pg. P, represents the probability distribution regarding Fg;(8y) = C1/n'/? (sequences), and
P represents the probability distribution regarding Cj (nuisance parameter). Contiguity plays an
important role in the proof. It enables us to work with P and then at the end using contiguity we
show that results hold for P,,.

We want to have a test which its asymptotic rejection probability under the null hypotheses
is a (the exact level). Let T}, represents test statistics: GELR(6),S(00), LM (6p). Denote these

tests more specifically as

Tn == Tntn(znly Zp2 " 7211,11,)7

where 7,, can be thought as the rate of convergence, 7, — 0o, as n — oo.

The corresponding cumulative distribution function

Gn(z,P) = Probp(Tn(zn1s2n2,*** y Znn) < 2).

2We thank Joseph Romano for pointing out that triangular array extension can be done with ease after the

material in Politis Romano and Wolf (1999).
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We now describe the subsampling test construction. First, let Yi,Ys,---, Yy, represent the
n
N, = , subsets of {z,1,2n2, -, %ny} ordered in any fashion. Each Y;, j = 1,2,---,N,

represents a block of z's with size b. Let t,;; be the “tﬁ/’b evaluated at block Y;. The sampling
distribution of T}, is approximated by

Ny
Gap(2) = N D V<o)
j=1
As mentioned in section 2.4 of Politis, Romano, and Wolf (1999), instead of N,, number of sub-

samples we can do the following. We use “n-b+1” subsamples of size b of the form {zpn;, Zni+1, s Zni+s—1}
Order of the data is fixed and retained in the subsamples. This approach is used for computational
purposes and also suggested for both iid and non iid contexts (p.52, Politis, Romano, and Wolf
(1999)).

The critical value of the subsampling test is the 1 — o quantile of G’n,b , specifically
enp(l— ) =inf{z: Gnp(z) > 1 —a}. (15)

Let Gy ;(Pn) be the sampling distribution of subsample test 15, ; = Tptnpj, J = 1,2, ,n —
b+ 1. Let G,,(Py) be the sampling distribution of the test statistic itself.

The cumulative distribution function of T}, 5 ; is
ijj (Z,Pn) = Probpn{Tbtn?bJ < Z}-. (16)

Before writing the theorem we should note that the nominal level « test rejects Hy if and only
if
Ty > cpp(l —a). (17)

The 1 — « quantile of the limit of the tests is for P € Py
c(l—a,P)=inf{z:G(2,P) >1— a}.

The following Theorem benefits from Theorems 2.6.1 and 4.2.1 of Politis, Romano and Wolf
(1999).

Now we provide one of the main contributions of the paper. Theorem 5 can be used to show
that subsampling test is robust to near exogeneity problem. Since the test statistics, are robust to
identification problems already, we can recover the limits in Theorems 2 and 3 via subsampling when
there are near exogeneity and weak identification. So subsampling test statistics are important from
the empirical point of view, since researchers can face these problems simultaneously in data. This
is a new result in this literature. Subsampling provides a solution to an empirically very important

problem.
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Theorem 5.
(a). Under Assumptions 1,2*,3%,/ and under the null hypothesis of Hy : 8 = 6y, assuming
b/n — 0, as b — 0o, when n — oo, and 17,/7, — 0 for GELR(8)) we have for P € Py

cnp(l—a) B el —a,P), (inP, probability)

and

Probp {T, > cpp(l1—a)} =«

as n — 0o.

(b) The same result in (a) holds for , S(6¢), LM (6y) under Assumptions 1, 2%, 4, 5.

Remark. Theorem shows that the subsample tests are consistent under the null, whether there
is near exogeneity or not. Furthermore, since these test work under various identification issues
without subsampling them, they are also robust to identification problem. Guggenberger and Smith
(2005) show that GELR(6y),S(60), LM (6y) are robust to identification problem when there is no
near exogeneity. However, as shown in Theorems 2 and 3 these test statistics’ limit depend on
C7 when there is near exogeneity. By introducing subsampling method here we show that these
tests are robust to weak exogeneity problem when use the subsample critical values. This is one
of the contributions of this article. In this respect, Theorem 5 shows that even though there may
be small correlation between the instruments and the first order conditions, and there also may be
low correlation between instruments and the endogenous variables, we can still make inference.

We should also note that our problem is peculiar in a way that subsampling can be applied.
It is clear from Andrews (2000) that we can not apply subsampling to the problems that involve
parameter estimation, where the parameter is local to true value. An example is mean estimation.

1/2 and we estimate p, by fi,, the limit distribution

If true mean has the structure p, = p/n
of nl/Q(ﬂ,,L — u,,) depends on p. However, since this parameter p is not consistently estimable,
subsampling fails.

In our problem, the test statistics depend on true value 6y. There is no estimation of € in our
subsampling. We just compute the test statistic on subsamples. Then our limit is continuous on
C1. Also we do not need to estimate C7. Our test statistics are continous on C7. The results
that we have is true both pointwise and uniformly over C'{. These points are illlustrated in the
proof of Theorem 5, especially in equations (35)-(38). Politis, Romano and Wolf (1999) analyze
the power property of test against a local alternative in Theorem 2.6.1iii. They also show that

subsampling is consistent in that scenario. The bootstrap fails in our case, since it uses 6 for 8

which is inconsistent due to weak identification.

5.1 Choice of Data Dependent Block Size

An important part of the subsampling method is the choice of the block size. In this part, we

mainly benefit from section 9.4.1 in Politis, Romano and Wolf (1999). We propose using two
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different methods to choose the block size. The first one is calibration method. The second one is
minimum volatility method.

We use calibration method an idea proposed by Loh (1987). This is called “calibration by
adjusting the block size” in sections 9.3.1 and 9.4.1 in Politis, Romano and Wolf (1999). This is used
in subsampling linear hypotheses in the case of identification failures for GMM in Guggenberger
and Wolf (2004). We briefly give the intuition behind the method and then provide a formal
description of the algorithm. The nominal size of the test is «. The actual size is v and different
from a. Calibration method adjusts the block size such that actual size v will be close to «. The
calibration function “h” maps the block size into actual size of the test. So if we knew “h” than we
could have adjusted block size “b” to obtain approximately a. However, we do not know “h”. Since
we also do not know the probability distribution P,, we can not simulate “h”. By generating pseudo
data from a suitable distribution P that imposes the null (i.e. Hy : 8 = 6y), we can simulate “h”
we can find the block size “b” that makes h(b) near @ as much as possible by trying various b levels.
Note that P; may be a parametric model imposing the null as described in Remark 9.4.2 in Politis,
Romano, and Wolf (1999). So we generate the pseudo data from a parametric model imposing the
null: Hy : 8 = 6y. This is plausible since the test statistics depend on #y. Similar idea for linear
inference in identification failure problems in GMM is proposed in section 4.1 of Guggenberger and
Wolf (2004). Now we provide the algorithm.

1. Have a simple grid of block sizes of b, i.e. b € [byair, bvig], Where byqu, byiy indicate the
smallest and largest values of the grid respectively.

2. Generate K pseudo sequences 2% ... 2*k L =1,... K according to a a suitable distribution
P that imposes the null hypothesis. For each sequence k, and for each block size “b” in the grid,
carry out a test of significance level «, as in (17). Denote each rejection as ¢;,; = 1, and ¢;,;, = 0
otherwise.

3. Set h(b) = K710 oy

4. Use the block size b* = arg min |A(b) — af.

In practice K > 1000 recommended.

Remarks.

1. This is not the algorithm in section 9.4.1 in Politis, Romano, and Wolf (1999) but a modifi-
cation of it as described in Remark 9.4.1 in Politis, Romano, and Wolf (1999).

2. This is not the algorithm used in Guggenberger and Wolf (2004) but this variant is mentioned
in section 4.1 of their paper. We do not use bootstrap distribution for P since in the case of weak
identification bootstrap is not consistent, see Dufour (1997). Instead we benefit from Remark
9.4.2 in Politis, Romano, and Wolf (1999) and have P} as a parametric model imposing the null
hypothesis.

3. Since the block size is data dependent, this may affect asymptotics described in the previous

theorem. However, as it can be seen from the proof of Theorem 2.7.1 of Politis, Romano, and Wolf
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(1999) if bgman — 00, bpig = o(n), then asymptotics remain intact. The critical issue in that proof
is the usage of Hoeffding’s exponential inequality as in (40) which is also valid for independent
random variables.

One of the reasons of the usage of calibration method is certain optimality properties (p.197,
Politis, Romano, and Wolf (1999)). A much general but a heuristic way is the minimum volatility
method. This is described in section 9.4.2 of Politis, Romano and Wolf (1999) as an alternative
method to calibration. We first give a simple description. The main idea is for a range of block
sizes “b” we see that rejection probability for the null hypothesis will not change so much, then
according to some arbitrary criterion we pick the best possible b among the reasonable block sizes.
The algorithm is as follows.

1. For a grid of values for b, from by, to by, compute a subsampling quantile ¢, ;(1 — «) as
defined in (15) for the desired level a.

2. Smooth the quantiles using a running mean of span m. So we replace ¢, ;(1 — «) by the
average of the values {c, p—m(l — ), ,Cpptm(l — )}

3. For each “b” compute a volatility index VI as the standard deviation of the quantiles in
a neighborhood of b. More specifically, for a small integer “s”, let VI, be equal to the standard
deviation of the values {c,p—s(1 — @), -+, cnpts(1 — )} (remember that these critical values are
already smoothed in step 2). VI, is the volatility index.

4. Pick b* corresponding to the smallest volatility index and use ¢,, 4+ (1 — ) as the critical value
of the test.

Remarks.

1. To make the algorithm computationally efficient we include every other b or every third b
between the by,,qu and by;,.

2. Simulations in Politis, Romano, and Wolf (1999) show that the algorithm is insensitive to

the choice of s and m, we employ s =m = 1.

6 Many Weak Moment Asymptotics

In this part we derive the limit for GEL estimators under many weak moment asymptotics subject
to near exogeneity. Now define GEL estimator in the following way as in Newey and Windmeijer

(2005).

b=argmin sup 3 p(Ni(6))/4u,

where g;(€) : gn x 1 unlike section 2, and ¢, increases with n, and the relationship between ¢, and n
will be made specific below in Assumptions. But ¢,,/n — 0. So ¢, will grow slower than n. This is

the approach taken by Newey and Windmeijer (2005) to control variance. The data Z; is iid. The
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domain of X is the same as in section 2, but A : ¢, x 1. © is a compact subset in R”. We normalize
p(v), v € V such that p(0) = 0,0p(0)/0v = 1,8%p(0)/0v? = —1. V is explained at the beginning of
section 2.

Denote

Q)= sup > p(Ngi(6))/qn-
XEAL(B) i=1
Then we can write

0 = arg min Q).

We define 8 slightly differently in section 2. That form helps us in inference in the case of
Anderson-Rubin (1949) tests. Since we do not have Anderson-Rubin (1949) type of tests in this
section we use the more convenient form in this section. In both sections note that 8 is exactly the
same.

Many weak moment asymptotics in GEL is derived by Newey and Windmeijer (2005). We
try to show what happens to many weak moment asymptotics under near exogeneity. Since near
exogeneity with many weak moments is a realistic setup in empirical work in labor economics as
discussed in Bound et. al (1994) we pursue this here. Stock, Wright and Yogo (2002) also discuss
the need to address the same problem.

Newey and Windmeijer (2005) have detailed explanations why GEL estimator is consistent
under many weak asymptotics whereas GMM may not be. The limit of the objective function in
GMM consists of a “noise” term and “signal” term. Noise term consists of weight matrix multiplied
by Q(0) = Fgi(8)gi(8)’. This noise does not disappear and contaminates the limit and hence leads
to inconsistency. This is shown first by Han and Phillips (2004) and then by Newey and Windmeijer
(2005). However, CUE in GEL does not have a noise term in the limit since weight matrix is Q(6)71,
and noise disappears. CUE estimator is consistent under many weak moment asymptotics. Since
Newey and Windmeijer (2005) show GEL objective function is well approximated by CUE, any
GEL estimator is also consistent. Compared to fixed weak moment asymptotics as in Guggenberger
and Smith (2005), Stock and Wright (2000), and Caner (2004), even though the moments decay to
zero at n'/2, their numbers (gn) increase. Hence information increases and we obtain consistency.

Here we provide the near exogeneity assumption first.

Assumption M1.

Boi(6) = b

/

where C1 s a qp, X 1 vector, and Cy = ( gn—1»

Cy)', Cp s an 1 x 1 vector of nonzero scalars, lis a
fized number, it does not increase with n.

This Assumption mainly shows that the near exogeneity manifests itself in fixed number of
moments not growing with n. At the end of this section we also discuss the case of C; a vector of

gn ¥ 1 with all nonzero cells. Assumption M1 is in line with empirical studies such as Angrist and
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Krueger (1991), Bound et. al (1994). Bound et.al (1994) show that Angrist and Krueger (1991)
paper suffers from near exogeneity problem.

We provide high level assumptions that are used in Newey and Windmeijer (2005). These are
Assumptions 2, 3, and 3a in their article.

Assumption M2. There is a continuous function A(a) such that A(a) > 0 for all a # 0, and
$,(6) > A([6 — Boll) where

Su(6) = —[Egi(0)/2(60) " [Eg:(0)].

q’l (3

This assumption is an identification, and uniqueness condition for 8y. This is Assumption 2
in Newey and Windmeijer (2005). The following Assumption M3i-v, and Assumption M3v is As-
sumption 3 and Assumption 3a respectively in Newey and Windmeijer (2005). Let “Eig” represent
the eigenvalue.

Assumption M3.

i) 6y € © with © compact, there is a constant C with Eigyn(2(0)) > % and Figma. (2(0)) < C
for each 6.

Eg:(8)'9:(0)) /g — O,
for each 6 € O,

sup [|(8) — Q(6)[| % 0,
€O

for (8) = 1 Y1 9i(0)gi ().
i) Sp(0) is equzcontmuous, n/qnd(68)'Q(8)~1§(8) is stochastically equicontinuous, §(6) = 3", g;(6) /n.
p(v

v)

) is three times continuously differentiable on V, and there is v > 2 such that

1/2

dn
nl/vE[SL;p||g1:(9)|ml/7 iz 0

Assumption M3 is similar to Assumptions 2-4 in fixed weak moment asymptotics case analyzed
in this paper. The primitives in linear case are shown in Newey and Windmeijer (2005). For the
nonlinear case both Newey and Windmeijer (2005) and Han and Phillips (2004) use these high level
conditions. Stochastic equicontinuity primitives can be provided by using section 2.11.3 in van der
Vaart and Wellner (1996).

The key assumption here is Assumption M3iv. The equicontinuity property of S,(8) defines
basically the many weak moment idea. Given the definition of S,(#) in Assumption M2, the

moments decay at rate nl/2 like the fixed weak moment case, however since their number increases
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with sample size we have to divide Eg;(0)'Q(0) 1 Eg,(8) by g, to control that. Assumption M3iv is
also needed for the uniform convergence results, as in Newey and Windmeijer (2005) and Han and
Phillips (2004). Assumptions M3i, M3iii are standard assumptions. Assumption M3iii can give us
the relation between ¢, and n in certain cases. For example if Eg;; (6)? is uniformly bounded in j,
qn, and @, then sufficient condition for Assumption to hold is ¢2/n — 0. Assumption M3ii is needed
to control the growth of F(g;(6) g;(8))%. Assumption M3v is standard in GEL literature, see Newey
and Smith (2004). The only difference in many weak moment case of Newey and Windmeijer (2005)
is multiplication by square root of ¢,. This is needed to get consistency and rate of concvergence
of lagrange multiplier.
Now we provide the consistency result.

Theorem 6. Under Assumptions M1-M3,

6L 0,.

This shows that even with a near exogeneity problem we can achieve consistency. In Theorem 1
in this paper, this is not the case when there are fixed number of weak moments. The main reason
that we have consistency is the availability of many moment conditions which provide information.
Also corruption of information (near exogeneity) in Assumption M1 is limited.

We now analyze the limit of GEL estimator under many weak moments and near exogeneity.
We want to provide some intuition about the results. Near exogeneity is defined in Assumption

M1. The limit depends on the partial derivative of the objective function

P | «
; 3*Q(9) 9Q(60)
/200 _ g0} = _ 1/2 7 \V0) 1
where 8 € (Qo,é). The crucial part in deriving the limit is the following expansion
Q6 5 P RY
27900 (10t 12g) 4 ) (19)

1 gn, X p matrix, Q =

n1/2 1 9g:(60)’
q})/z E o6

which is proven in the appendix. To remind notation G, =
S 1 9i(00)9:(00) /n, g = >5—q 9i(00)/n. U is the matrix of residuals from regressing the derivatives
on the moments. The expression for this is supplied in the appendix, before Lemma A.7.

These two terms on the right hand side of (19) converge to a normal distribution. They are
independent from each other. We see in the proofs that only the first term is affected by near
exogeneity, the second term is unaffected by this important problem in data. This is due to
increasing number of moments (i.e.q, — o00) and Cj containing only fixed number of nonzero

covariances as described in Assumption M1. The following Theorem, in that sense brings a new

result into the literature and shows the value of increasing moment conditions as long as dimension
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/

of near exogeneity is fixed (i.e. C; = (an_l,

C})"). Now we provide assumptions that are needed to
provide the limits of estimators.
These are used in many weak moment asymptotics GEL in Newey and Windmeijer (2005).
Assumption M4.
(i). g(0) is twice continuously differentiable in a neighborhood N of 6.
(ii).
Blgi(60)I*(22 + —

(111). For all 8 € N' we have

| 1t 1
qnnl/Q) — 07 EHag?(eU)/anH (n + qnnl/2

) = 0.

dgi(0) 0g;(6)’
08; 00,

a2g,i(9)) ( 9%g;(6)

Eigmaw (E[

I<C,

/
Eigw(E[( 5095, ) \ 76, M) h<e,
for a constant C' > 0.

Assumption M5.For all 8 € N of 6y, §(0) is defined in Assumption M3iv.

(i).0* 2 [ ! supgepr (3O, 2/ qn’ supgenr 193(8) /96,11, and n? /i’ sup e, 110%3(8) /06,06,
are bounded in probability.

(ii). Each of E|gi(0)||*/n, E||0g:(0)/50;||*/n, E||0%g:(8)/96,;00]|* converge to zero.

fiii). supyen 106) - 20| > 0, supyey [962(6)/06,—9%(6) /06, 2 0, and supye, 9°C2(6) /96,00,
92Q(8)/096,;00,|| 5 0.

Assumption M4 restricts the rate of growth of moment conditions. Assumption M5 contains
high level conditions. Condition (i) is essential in obtaining the limit. Primitives for linear case are
provided in Newey and Windmeijer (2005). Also in nonlinear case, the primitives can be supplied
using Chapter 19 in van der Vaart (2000). The following Assumption explains the nature of many
weak moment asymptotics very well, and used as Assumption 1 in Newey and Windmeijer (2005).
Note that with this kind of asymptotics the individual cells in E[0g;(6y)/6] shrink in magnitude
(weak identification, at rate of n1/2) and the number of moments grow with sample size (many
moments).

Assumption M6.
G' oG, — H,

and H is nonsingular.

Then we need the following Assumption for inference as well as limits. Denote Q(8) = 5% §(6)'Q~"§(8),
and g =351 gi(0),Q = Egi(60)gi(6o)'.

Assumption M7.52Q(0)/0006' is stochastically equicontinuous.

Now we set up the following notation. Define lim, oo Ap = limy, oo nE[U'Q_lm/qn = A*,
where U is defined in (56)-(58) and basically the same as U in (19) except that it uses population
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values of covariance matrices. A* is additional component to the variance of estimators. This is
basically the variance that comes from second right hand side term in (19).

Theorem T7.If Assumptions M1-M7 are satisfied and A,, — A* then
1/2¢) d
g,/ (0 —0y) = N(7,V),

where T = lim, oo G Q71Cy and V = H=1 + H'A*HL,

In the case of fixed number of weak moments with near exogeneity (Theorem 1) the estimator
is inconsistent and the limits are very different from the one here. Increasing number of moment
conditions here bring back consistency because they provide valuable information to system. Also as
discussed before there is no drift associated with the second term in (19) since g, — oo. This plays
a big role in getting inference results below. Compared to Theorem 3 of Newey and Windmeijer
(2005), we have an additional drift due to first right hand side term in (19).

Next we need to define notation for the inference on our parameters. Define ﬁj(@) as the

Jacobian estimated efficiently by using the probabilities in Smith (1997), Brown and Newey (1992).

. n 12 [ 94 :
Do) = [2] [fig;? - A"f(e)g(e)] =1

and D(8) = [D1(8),- -, Dp(8)], g x p matrix.

Sy gl (0)gi(8)

n

4 (6) = [ ] )",
and g/(6) = 9gi (9)/06;, 06) = Yey 6:(0)gi (9)' /.

To test Hy : 8 = 6y, we benefit from Kleibergen (2002) type test. This is generalized to
many weak moments setting in GEL by Newey and Windmeijer (2005). We use an asymptotically
equivalent form that shows the driving force behind our result.

0Q(6y)
08

] [D(Qo)lﬂ_lﬁ(%)]_l[ 20

K(80) = g l aQwo)] ’

where () = LS 1 9i(80)gi(89)'. This test has Xﬁ limit in the case of many weak moments (Theorem
5, Newey and Windmeijer 2005). Next Theorem extends their result to near exogeneity case defined
by Assumption M1. This Theorem also extends Theorem 3 here from fixed number of moment
equations to many moment setup.

Theorem 8.If Assumptions M1-M7 are satisfied and A,, — A¥,
K(80) 5 2(r'v 1),

where 'V 717 is the noncentrality parameter.
Remarks. There are two interesting connections to this limit. First when we compare this with

fixed number of weak moments (q) case (Theorem 3 here) we see that limit is entirely different

23



from here. The main reason for that comes from second term on the right hand side of (19). When
gn — o0 that term converges to zero and drift is only introduced through the first term on the
right hand side of (19). This is shown in the proof of Lemma A9. So having more information
simplifies the drift in the limit. Also note that in Theorem 3 here we use S(6y), LM (6y) which are
asymptotically equivalent to K(6y) when the number of moment equations is fixed (q).

The next interesting result is comparison of this with Theorem 5 in Newey and Windmeijer
(2005). They have a nuisance parameter free limit. However, here we see that near exogeneity
introduces a drift, and the limit is not nuisance parameter free. This clearly shows that if we do
not take into account the near exogeneity problem and use X;% values we can overreject true null.

Subsampled K (6y) test also converges to its limit. Theorem 5 applies here as well since C7 =
(Ogn _1»C}) (i.e. Cq has fixed amount of nonzero cells , not changing with n). Of course, n,q, are
provided then we choose block size “b” as described in subsampling section. However, ¢; must be
chosen by using n/g, = b/q, after choosing b.

If C'1 is an ¢, x 1 vector of all nonzero entries, then 6 is inconsistent. This can be easily seen
analyzing (49). In that case S,(6p) = O(1) when ¢, — co. So in (48) S,(8) < O(1) and hence
there is no consistency. This can also be established using argmax continuous mapping theorem
more directly. This approach is used in showing inconsistency of two-step GMM estimator in many
weak moments by Han and Phillips (2004).

Since the estimator is inconsistent in this case, we have to see whether K(6) converge to some
limit that can be used either by resampling techniques or directly. Note that K(6) test statistic
1/20Q(60)

06 -

depends on the limit behavior of ¢ The limit of this term is derived in Lemma A9.

Analysis is done by decomposing that expression into various terms as in (62). The last term in

(62) is

172 £g ) — UG
1/2/ — 1/2
dn an

by (72), where C4 = [A'Cy,- - -, APCy]. However if O} is g, x 1 nonzero vector for all cells then

n'?EU'Q (n

029_101 CiCl

So K (6y) % oo if Assumption M1 is changed in a way that Cy is a vector of nonzeros. This is an
all near exogenous system. The system is full of bad information. This distorts the test immensely.
So test is useless in this scenario. Only in the case of Assumption M1, with some limited near

exogeneity we can benefit from inference using subsampling.

7 Simulation

Our simulations consider fixed number of moments case. There are two reasons for that. First, this

involves more complicated and differing limits in tests. Then, this is less costly in computer time.
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We consider the linear model in (3)-(4).
y=Y0)+u, (20)

Y = XI+V, (21)

where Y : n x p, X : n x [, the number of instruments “1”

can be one (just-identified system) or two
(over-identified system). We set p = 1. There is only one structural parameter and 6y = 0. The
sample size “n” is 100. IT vector (I x 1) takes the value of 0, .1, 1 in all cells of the vector. II vector
determines the strength of instruments.

(X, u;,V;) is iid and jointly distributed as N(0,€), When [ =1

1 cov X, u; 0
Q=1 covXu; 1 0.25

0 0.25 1
When [ =2
1 0 covXyu; 0
Q- 0 1 covXou; 0 ’
covXqiu; covXouy 1 0.25
0 0 0.25 1

where covX;u; can take the values of 0.1,0.05,0 in [ = 1 case. Note that zero covariance represents
standard assumption of exogeneity of instruments. The other values considered here are consistent
with weak exogeneity issue. Also we set CovXi;u; = CovXoju; in [ = 2 case and they take the
values of 0.1, 0.05, 0.

When II vector takes the value of 1 in all cells and covX;u; = 0, this is the standard instrumental
variable estimation setup. There the instruments are strong and exogenous.The case of cov X;u; =
0.1 and II = .1 represent the more problematic case of weak instruments and near exogeneity.
In our simulation both covX;u; and II varies. As far as we know, such a joint analysis of weak
instruments and near exogeneity is new, important, and helps us to understand what may happen
in empirical studies.

We test

Hy:0p =0,

against
Hy: 0y #0.

We analyze three specific GEL estimators: Empirical Likelihood (EL), Exponential Tilting (ET),
Continuous Updating (CUE). EL, ET, CUE correspond to p(v) = In(l — v),—e”,—(1 + v)2/2
respectively in section 2. The simulation exercise considers three test statistics and analyzes their

size and power. These are GELR(6,),S(0y), LM (6y) that are introduced in the former sections.
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We use subsampling critical values and in the case of block size choice we benefit from the minimum
volatility method. We also tried using calibration algorithm in section 4.1 for block size but
minimum volatility method gave better results. The block sizes that are considered here b =
{4,6,8,10,12,16,20}, and we set the smoothing parameters s = m = 1. In this exercise we consider
three test statistics for each GEL estimator. So across test statistics in each estimator we learn
which has better size and power. Then we analyze each test statistic across three estimators
(EL,ET, CUE). We try to find which estimator has better size and power given a certain test
statistic. This exercise helps us understand not only which test statistic performs well but also
under which GEL estimator it has good properties. Another important point that is considered
is the size of the test statistics when we use asymptotic critical values. This is important because
even though theoretically we prove that the limits are changing, in actual simulations the size may

not change that much. So we want to analyze this possibility.

7.1 Size

We analyze the size of the tests that are discussed in various GEL estimators. We run 1000
iterations and consider the case of 2 instruments at 10 % nominal level. We also analyzed a just-
identified system but the results are very similar so we do not report those. Tables 1 and 2 report
the actual percentage of the rejections of the null hypothesis where the data is generated under
the null model with 8y = 0. We want to answer several questions in this size exercise. The limits
of GELR(6y), S(6p), LM (6y) tests are different when there is near exogeneity (Cq # 0), and when
there is exogeneity (Cq = 0). In the case of weak/strong/no identification Guggenberger and Smith
(2005) show that the limits of these test statistics are x? distributed. However, here Theorems 2
and 3 show that combined with near exogeneity, these limits change. So we want to observe the
magnitude of this change in small samples. Table 1 tries to answer this question.

The second question concerns how well the test statistics fare compared with each other when
we use the subsampling correction for the critical values given EL, ET, CUE frameworks. Next,
we want to see whether we can observe better size properties across various GEL estimators (EL,
ET, CUE) given a specific test statistic. We also want to analyze specific cases of near exogeneity
(cov(X;,u;) = 0.10, cov(X;,u;) = 0.05 for both instruments) with strong instruments (7 = 1). This
is more of an empirically relevant case. We also want to analyze joint problems of near exogeneity
(cov(X;,u;) = 0.10, cov(X;,u;) = 0.05) with weak instruments (7 = 0.1). In the simulations that
we conducted S(fy) fared badly across all estimators and various simulations, both in size and
power, so we do not provide it in our results. We only focus on GELR(6y), LM (6;) test statistics.

When we look at Table 1, clearly we see that GELR(6y), LM (6y) test statistics have large size
distortions when there is near exogeneity (i.e. cov(X;,u;) = 0.10,0.05 columns ). So using x? values

without taking into account the possibility of small correlation between instrument and the first
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order conditions lead to important mistakes in inference. These are true for GEL type estimators
we consider. For example, analyzing LM (6) test in the case of weak identification (7 = 0.1) and
near exogeneity (cov(X;,u;) = 0.10): we observe that size of the test in EL framework is 31.7%,
28.9% in ET, 41.5% in CUE at 10% level. The size distortions are very large when there is no
weak identification problem (m = 1) but there is near exogeneity (cov(X;,u;) = 0.10). We also
observe from Table 1 that when there is no near exogeneity (cov(X;,u;) = 0) then the actual size
in those two test statistics are around 10% level. This last result, the case of exogeneity, is in line
with the simulation reported in weakly identified GEL of Guggenberger and Smith (2005). We
also observe that even with mild level of correlation between the instrument and the structural
error (cov(X;,u;) = 0.05) there are size distortions associated with the test statistics across GEL
estimators.

In Table 2, we consider each GEL estimator and analyze how two test statistics behave in
small samples. We benefit from the subsampling critical values for the limits derived in Theorems
2 and 3. This is explained already in subsampling section. In EL, we see that GELR(6)) test
is undersized compared with LM (6y) at 10% level. For example, when there is small correlation
between the instrument and the structural error (cov(X;,u;) = 0.05) GELR(6y) has 3-5% size,
whereas LM (6p) has 10-11% size at the nominal 10% level. Considering ET, in Table 2, GELR(6)
does better than the LM (6y) in the case of near exogeneity (cov(X;,u;) = 0.10). In that case,
GELR(0y) has 14-16% size compared with LM (8y) which has 19-32% size at 10% level. In the
case of CUE both test statistics have large size distortions when cov(X;,u;) = 0.10.

Now we analyze Table 2 from a different perspective. Given each test statistic we want to
consider how the test fares across EL, ET, and CUE. GELR(6y) test statistic has the best size
in EL framework at cov(X;,u;) = 0.10, the size is between 8-10% at different identification issues.
LM (6y) test statistic also has the best size in EL framework when cov(X;,u;) = 0.10, the size
is between 10-13% at 10% level. When cov(X;,u;) = 0.05 both GELR(6y),LM (6y) do well in
CUE as well as EL frameworks. In Table 2 we also analyze specifications of near exogeneity
(cov(X;,u;) = 0.10,0.05) with strong instruments (7 = 1), since this is an empirically relevant case.
In this setup, we see that LM (6y), GELR(8) tests in EL framework give the best size results,
with sizes ranging 11-13%, and 4-8% respectively at 10% nominal level. Another interesting case
is the joint analysis of cov(X;,u;) = 0.1 with 7 = 0.1. Again in this case, GELR(6), LM (6)) tests
in EL have very good size.

To summarize all the findings in Table 2, we find the size of LM (6y) in EL framework to be the
best. Also GELR(#)) tests in EL, ET frameworks also have desirable size properties across various

combinations in Table 2.
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7.2 Power

We analyze the power properties of GELR(6y), LM (6y) test statistics under various GEL estimators
using the subsampling critical values. The data is generated according to (20)-(21) where 6g
takes the values of {—1,—0.8,—0.4,0.4,0.8,1}. We run 1000 iterations, and report the rejection
rates. We have two setups. In the first one near exogeneity with strong instruments are analyzed
(cov(Xi,u;) = 0.1, 7 = 1). The second setup involves joint analysis of near exogeneity and weak
instruments (cov(X;,u;) = 0.1,7 = 0.1). The results of the exercise are presented in Figures 1-
5. At each figure part “a” represents strong instruments case (setup 1), part “b” represents the
weak instruments case (setup 2). We want to answer two basic questions in this power part of the
simulation study.

First given a test statistic we want to know which GEL framework produces the better power.
Second, given a GEL framework, which test statistic (GELR(0y), LM (6y)) provides the better
power. Figures la and 1b provide an analysis of GELR(f)) test in near exogeneity with strong
(Figure la) and weak instruments (Figure 1b). GFELR(6)) test in EL framework has the worst
power compared with GELR(6)) tests in ET, CUE frameworks. All the tests have low power
in Figure 1b, where there are near exogeneity and weak instruments. Figures 2a and 2b analyze
LM (6y) tests in EL, ET, CUE frameworks under setups 1 and 2. Again we see that LM (6y)
test in EL framework has low power compared with the LM (8y) tests in ET, CUE frameworks.
In Figure 2a we see that LM (6y) tests in ET, CUE frameworks have good power when there is
near exogeneity and strong instruments. To answer the first question; we observe from Figures 1-2
that in EL framework test statistics provide the lowest power. Tests do well in the case of near
exogeneity coupled with strong instruments in ET, CUE frameworks.

Figures 3-5 answer the second question. In Figures 3a and 3b we compare GELR(6,), LM (6y)
tests in an EL framework. GELR(6y) has much better power than the LM () test in Figure 3a.
Figures 4-5 show that in ET, CUE frameworks GELR(6y), LM (6,) have similar power properties.
These tests have good power when there are near exogeneity with strong instruments (Figures
4a,5a), but the power suffers dramatically when there are both problems (Figures 4b, 5b).

We think that ET, CUE frameworks have high power in the case of near exogeneity since their
objective functions increase the magnitude of “near exogeneity” problem by taking exponentials,
quadratics of the sample moments.

To summarize the power results, in the case of setup 1 (near exogeneity, strong instruments)
GELR(8y) tests in ET, CUE frameworks provide very good power. Also this is true for LM (6y)
tests in ET, CUE. LM (6)) tests even do slightly better than the GELR () tests (Figures 4a, 5a).
In the case of setup 2 all the tests do a poor job regardless of the GEL estimator type. But if we
were to choose a test in that framework, these are GELR(0y), LM (6y) tests in CUE framework.

So there is no single test and framework that gives the best result in power exercise. However,
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when we look at the tests that have done well in power exercise, one of them has a better size
than the others. This is GELR(0y) test in ET framework (Table 2). Another test that has good
size with good power is GELR (6)) test in CUE framework. Unfortunately, LM tests in ET, CUE

frameworks come with a large size problem in certain cases (Table 2).

8 Conclusion

This article extends the literature on GEL estimators to the joint analysis of near exogeneity
and weak instruments. This joint problem is important from an applied perspective. We show
that Anderson-Rubin (1949) and Kleibergen (2002) type of tests’ limits change when we have near
exogeneity of instruments addition to the weak instruments problem. This is true in spite of the fact
that these tests are evaluated under the null of true parameter values. To get correct critical values
we use subsampling approach, and we provide a theoretical proof. Simulations show that Anderson-
Rubin (1949) type of tests in Exponential Tilting and Continuous Updating frameworks perform
the best in terms of size and power. Tests in Empirical Likelihood model do not perform well. An

interesting further study may be the analysis of this problem in many instruments framework.
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APPENDIX

In the appendix we begin with three lemmata that are helpful in deriving the consistency
results for the GEL estimators. These lemmata are Lemmata 7-9 in Guggenberger and Smith
(2005). These are designed for weak identification problem in GEL, however these clearly apply to
near exogeneity without any change. Addition of an extra local to zero drift term in Assumption 2
does not change any of the algebra in Lemma 7-9 in Guggenberger and Smith (2005). This can be
provided from the author on demand. Before providing these results , we introduce some notation as
in Guggenberger and Smith (2005). For n € N, let ©,, C ©. Let ¢, = n~/? max; supgeo, [l9:(0)|l,
A ={A e RT:|N| < n_1/2c,,_bl/2} if ¢, > 0, A,, = R? otherwise. “uwpal” denote uniformly over
6 € ©,, with probability approaching 1. Note that §(8) = 1/n>77_; ¢:(0).

Lemma A.l is Lemma 7 of Guggenberger and Smith (2005).

Lemma A.1.Assume max; supyce, |/9:(0)|| = op(n'/?), then

sup  |[Ngi(0)] B0,
€0, AEA,

and A, C A7l(6) uwpal. A7l(9) is defined at the beginning of section 2.

Lemma A.2 is Lemma 8 of Guggenberger and Smith (2005).

Lemma A.2.Suppose

[ ]

max sup [|gi(6)[| = op(n'/?);
L 6€0,

Amin (Q(Q)) > €

wwpal for some € > 0;

uniformly over 6 € ©,,;

o Assumption 4 holds, then \(8) € A,,(8) satisfying P(6, \(8)) = SUP R, (6) P(6,)) exists uwpal.
A8) = Op(n~?) and SUP A, (8) P(8,)\) = Op(n~") uniformly over ©.,.

The next Lemma is Lemma 9 of Guggenberger and Smith (2005). We first provide notation for
that. Suppose ©1 x O3 C 0,0, C RPi, p; + p2 = p. Partition 8y = (0(,;,0(:) and 6y2 € O3. For
di € ©1 define

O2(di) =arg min  sup  P((d},ds)’,\) € R™,
22€02 \e A, ((d )

0(dy) = (d},02(dy)") € R,

and 9(]1 — (d&761)2)/ € Rp.
Lemma A.3.Suppose
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max sup  [lgi(®)]] = op(n'/?);
t PEO; xO2

Amaz (Q(@dl )) < Ry

uwpal for some Kk < 00;
[ ]

sup ]5(9,11,)\) = Op(n_l),
AE[\n(le)

uniformly over d; € Oy;

o Assumption 4 holds then
9(04;) = Op(n™?)

uniformly over di € O1.
Proof of Theorem 1. First we show the consistency. Uniformly on ©

n

1
—> " gi(6) — Egi(6) 0,
n =1

by Assumption 3iii. Then uniformly on 6

En"Y " gi(0) = ma(B),
=1
by Assumption 2 and mg(8) = 0 iff 8 = B,. So we need to show §(8) = 0,(1) for consistency. In
this respect apply Lemma A.2 to ©,, = 8y to have

sup P8y, \) = 0, (n71).
AEA, (60)
Then by Assumption 3ii )\m(m(Q(é)) < k wpal for some £ < co. Then have p; = 0,p2 = p ( i.e.
O, = 0) and using Lemma A.3 we have the result §(f) = 0p(1). Rate of convergence proof follows
from the proof of Theorem 2i of Guggenberger and Smith (2005) (rate of convergence proof for
the strongly identified parameter in system with both weakly and strongly identified parameters,

equations (A.4)-(A.6), p.29-30) . So we have
AV2(5 - 8) = Oy(1).

Now we start the proof of the limits for the GEL estimators. By Assumption 3iii and the rate

of convergence (uniformly over «,b)

b
‘Iln(aaﬁo + m) == \Ij(aaﬁo)' (22)
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Then by Assumption 2, uniformly over a@ x b € A x Bj; where A X By is a compact subset of RP.

12— b b b
En~2% 7 gi(on Bot—75) = min(as ot —5)+n2man Byt —75)+C1 = mu(a, fo)+Ra(Bo)b+Ci.

] nl/2
(23)
To save notation set (o, 3y + ,n,lb/z) = 6,. Combine (22)-(23) to have
§(0ap) =720 (00) + En~H2 Y gi(0ap)] = Op(n~2). (24)

=1

Then use Lemma A.2 to have

)‘(ea,b) = O;D(n_l/2)7

uniformly over «,b. Also

POaps M0ap)) =  sup  P(Bap, ABas)),
)\EAn (ea‘b)

exists uwpal. This implies that the first order conditions for A
ntY pr(Ngi(9))gi(8) =0,
=1

has to hold at A = A(6,) uniformly over «, b with probability approaching one.

Expand this first order condition and for A € (0, Ay ) after some simple algebra
M) = ~[3 22N 0:(B0))01 B Ot /) 56100,
=1
where ¢;(0ap) = gi(e, By + #) Then substitute this into second order Taylor series expansion
2§(Ga,b)’[i P> (X 9:(00))9:(80.0)9:(Br)' /0] 3(Brs)
i=1

= [90an)Y 22 (N 6i(Ba ) gi(Bat) i (Bap) 0]

=1

[Z P2 ()\*/(J& (etl,b)).Qi(e(x,b).qi(9(1,11)’/71’]

P(ea,ba )\(aoe,b))

X
i=1

< [ 3N 0i(00))9:(00.0)9:(Ba) /0] 3(8a)]. (25)
i=1

where A* € (0,A(f)). Then by Lemma A.1 and Assumption 4

~1!
sup [p(X gi(6)) + 1] 50,

sup lp2(X g:(8)) + 1] 2 0,
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So by Assumption 3ii and above equations uniformly over o, b

[z p2(N 6i(80.0))9: (Ba )i (B ) /n] & Qa, By), (26)
=1
[Z p2( X Gi(0as))9i (00 0)gi (B )’ /1] > e, Bo). (27)
=1
So use (22)-(24) to get
n2§(0as) = (o, By) +ma(a, By) + Ra(By)b+ Ch. (28)

Next by (25) and (28)

NP (s MO ) = [T (e, Bo)Fma(a, By)+Ra(Bo)b+Cr) Qat, Bo) THE (@, Bg)+ma (e, By)+Ra(g)b+C1] = Plav,b).

Take the partial derivative with respect to b given « to have

b*(a) = _[RZ(ﬁn)’Q(aaﬁ0)71R2(/30)]71R2(ﬁn)’9(0‘v/30)71[‘1’(“»50) +myi(a, fy) + Cl]-

Then use Lemma 3.2.1. of van der Vaart and Wellner (1996) with o* = argmin, P(«,b*(a))
and b* = b*(a™) to have the limits. Q.E.D.
Proof of Theorem 2. First, use §(6y) = %22‘21 9i(60)

n1/2 1/229 00) — Egi(00)] + En~ 1/22g o).
=1

Then by Assumption 3*iii

n=1/2 Zg 80) — Egi(8) 5 ¥(8y) = N(0,9(6y)), (29)

where we have Q(6)) instead of V(6y) since Eg;(6y) = (’;}2 by (2).

T

Next "
En_1/2 Z gi(e(]) — 01, (30)
i=1
Combine (29)-(30) to have
n2g(80) = n 723" gi(60) 5 N(C1,Q(60)). (31)
1=1

Then use (25)-(27) at 6y with (31) to have the desired result.Q.E.D
Proof of Theorem 3. The proof is very similar to the proof of Theorem 4 in Guggenberger
and Smith (2005). Assumption 2* here allows also for near exogeneity compared to Guggenberger

and Smith (2005). We only consider LM (6) test statistic since S(6y) is asymptotically equivalent
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to that. Denote 1/n> ! gi(6o) by §. By following the proof of Theorem 4 (equation (A.8) and
the equation immediately after that) in Guggenberger and Smith (2005) at 8§ = 6y, using (9),
Assumption 5

vee(D*(60),nY2§) = w1 + Mv + 0,(1), (32)
where wy = vec(0,—R2(8,),0) € R®Pa*WB+1 and

_[qu AAQ(GU)_1
M = 0 0 >
0 Iq

B n~2 3" weeGia(by)
N ( n~2 Y0 6i(60) ) .

M and v have dimensions of (gpa + gpp + ) X (gpa +¢q) and (gpa + q) x 1 respectively. Our
equation (32) is the same as in the proof of Theorem 4 in Guggenberger and Smith (2005). The
reason that equation (32) is the same as in Guggenberger and Smith (2005) is the derivation does
not use any near exogeneity assumption. The near exogeneity becomes an issue in the limit for
n/2§ which is the subsequent step.

By Assumption 2*, 5iv,vii and equation (9)

v % N(ws, Vi(60)),

where

wo = [(veeRy4),C1] .

Ry 4 is matrix that is formed by same rows but only first p4 columns of R1(6)).

Now we derive the joint distribution of D*(6y) and n'/2§:

vee(D*(6y),n2§) 5 N(wy + Mwa, Va(8y)),

where
vy O 0
Va(bo) = 0 0 0 )
0 0 Q)

Uy =Axs—AsN00)" A, has full column rank. The last equation shows that D*(6y) and nl/2g
are asymptotically independent. The limits of D*(Gg),nl/Qg are respectively D,g. Then

(D*(80)'2(80) "' D* (60))"/2D* (60)2(80) M0 2g S (D'Q(80) 7 D)TVA(D'(6,) ' g)
= W(C1)+¢, (33)

where

W(Cy) = (D'Q6p) D)2 D' (6y) Ly, (34)
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and ¢ = N(0,1,). W(C1) and ¢ are independent. The result follows from the test statistic and
(33) proceeding as in the proof of Theorem 4 in Guggenberger and Smith (2005). Q.E.D
Proof of Theorem 4. First use (31) to have

Q0,) 20 %5 4 = 4 Q(6y)" 12y,

where = = N(0, /;). Then use the above result with D* () % D from the proof of Theorem 3 to
have the desired result.Q.E.D.

Proof of Theorem 5.

a) First we show a different way of writing the test statistic that will be helpful in understanding
the continuity of the limit in Cy (near exogeneity parameter) in Assumption 2*. This is also true
in the test itself.

Rewrite

nP(6y,\(0y)) = GELR(6))
= [n"2§(60)/'280) M [n/?3(80)] + 0p(1), (35)

by (25)-(27). The asymptotically negligible remainder term is derived from (26)-(27). Then in

Assumption 3* iii we have empirical process evaluated at 6

U, (00) =23 gi(60) — Egi(60). (36)
=1
Note that
n'?4(6)) = nY/? Zg 00) — Eg;(00) + En~ 1/2297 80)
=1
= n(e[)) + Cla (37)

by (36) and Assumption 2*. By ( 37) and (35)

GELR(8y) = [¥,.(60) + C11'Q(00) " [, (60) + C1] + 0,(1). (38)

It is clear from (38) that by Assumption 3* iii
GELR(8))  x3(6), (39)

where § = CQQ(G())_ICL The noncentrality parameter is continuous in C; and the noncentral y?
distribution is continuous in §. The limit in (39) is therefore continuous in Cj.

We derive the result for P € Pg, then we use contiguity to prove the result for P,.

Now we derive the result. First, 0 < an(z) < 1. CA}’,,L’b(z) is a U-statistic of degree b with
EGnu(2) = pDy i} M1 Gy (2, P) where Gy (2, P) is defined in (16). By Hoeffding’s inequality

n— b+1

35



for independent stochastic processes (Proposition A.6.1 in van der Vaart and Wellner (1996)) for
t>0

n—b+1
Probp{Giug(2) — —— f Gy (2,P) > 1) < cap{~2In/b}i%, (10)
same things hold for ¢ < 0. So
R 1 n—b+1 .
GnJ)(Z) — m lz_:l de‘ (Z,P) i) 0. (41)

Note that since Theorem 2 is for triangular arrays, and by b — co,n — c0,b/n — 0, so cumu-
lative distribution function of our subsampled tests T}, ; ; averaged over all subsamples converges

to the cumulative distribution function of the limit in Theorem 2:

1 n—b+1 ,
m_br1 Z Gyj(2,P) = G(z,P), (42)
j=1

where G(z, P) is the cumulative distribution function in the limit of Theorem 2. Then by (42) and
(41) to have

Gnp(2) B G(2,P).

Contiguity of P,toP € Pg forces these to hold under P,, (Politis, Romano and Wolf 1999, proof of
Theorem 2.6.1.iii). So it follows that ¢, (1 —a) — ¢(1 —a,P) in probability P. Then by Slutsky’s
theorem, the asymptotic rejection probability of the event T}, > ¢, (1 — ) is . Uniformity of the
results ((40)-(42)) in C; can be seen by (38). Every C in test statistic is mapped to its counterpart
in the limit, C7 is a constant vector and not a sequence.

b) Given (37) and since the limit and tests in Theorem 3 are also continuous in C4, same
approach as the proof of Theorem 5a yields the result. Q.E.D

The rest of the Appendix provides proofs for the many weak moment asymptotics with near

exogeneity. We need to introduce some notation. Let Q(0) = Eg;(6)g;(8)’, and

n

Sn(8) = 5

[Eg:(6)2(8) ™" [Eg;(6)].

Sn(8) is related to the limit of CUE objective function. First we approach the consistency issue.
The consistency proof consists of two main steps. First it has to be shown that

sup [Q(6) — Q(6)] = 0, (43)
60

where Q(0) = 1/2 + S,,(6).
To show (43), some intermediate steps are needed. Newey and Windmeijer (2005) show that
GEL objective function converges uniformly in 6 to CUE objective function. Then CUE objective

function converges uniformly over 6 to its limit 1/2 4+ S,,(0).
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The second step in consistency proof is identifiability condition and this is analyzed in detail in
this paper.

The following Lemmata are used to get (43). Note that these lemmata do not warrant the usage
of moment conditions at the true value of the parameter 6. Neither they use the sample moments
at the true value. These are already obtained in Newey and Windmeijer (2005) and Assumption
M1 is not used in derivation. These are Lemmata A.3, A3a, A3b in Newey and Windmeijer (2005)
respectively. Let “wpal” denote with probability approaching one.

Lemma A.4. If Assumptions M2 and M3 are satisfied, then

sup |Q(8) — Q(6)] = 0,
feO

where Q(8) = 72-(6)'Q(6)714(6).
Lemma A.5. If Assumptions M2, M3, M/ are satisfied then for wpal,

(Z)‘ n
5\(9) = arg max Zp()\'gi(e))/qn,
erists for all 6 € O©.
(ii).
sup | AO)[| = Op(an/*/n'7?).
/e

Lemma A.6.If Assumptions M2, M3, are satisfied then

sup |Q(8) — Q*(6)| & 0,
PED
where Q*(6) = 5-3(6)'Q(6) "' 3(6), Q(6) = Li—; 6i(0)gi(8)' /n-
Proof of Theorem 6. Proceeding as in the proof of Theorem 1 in Newey and Windmeijer
(2005) using Lemmata A.4-A.6 we obtain

sup [Q(6) — Q(8)] 0,
HEO

which is equation (43). We should note that from Lemmata A.4-A.6 derivation of (43) is not trivial
but the moment functions at true value of the parameter (i.e. Fg;(6y)) or the sample version at
the true value does not play any role in achieving this via Lemmata A.4-A.6. Following Newey and
Windmeijer (2005) after Lemmata A.4-A.6 provides (43).

However, Eg¢;(6y) plays a crucial role in the second step of the proof of consistency: identifiability

condition. By (43), for any ¢ > 0, wpal

Q) < Q) +¢, (44)

Q(6o) < Q(bo) + ¢, (45)
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wpal. Then from the definition of 6

Q(8) < Q(60). (46)
So, wpal by (44)-(46)

Q(8) < QB) +¢ < Qo) + ¢ < Q(6y) + 2. (47)

Then since Q(#) = 1/2 + S,,(#) by definition in Newey and Windmeijer (2005) we can rewrite (47)
as wpal

Sn(é) < S’n(e(]) + 2< (48)
By Assumption M1 we have wpal

019(90)_101
2qn '

" [Egi(00)) 260) " [Eg:(60)] =

(49)

Note that S,,(6y) = o(1) as g, — oo by Assumption M1, and M3. Then by Assumption M2, (48)

and the above fact we have wpal
A([16 = 6oll) < Su(B) < 2¢.

Since ¢ > 0 it follows that A(||6 — 6||) & 0 which implies § 5 6,.Q.E.D
Now we want to prove the limit theory for GEL estimators with many weak moments and near

exogeneity. To that end we need the following notation, used in Newey and Windmeijer (2005).

. j 9gi(6o) g
For each J = 1)' Py, §i = 92(90)’.9{ - 90((9 : g = Ill,ZZ 19i *Qn X lvectors

n

é7 = ZgZ/na qn X 1

=1
~ - n ~
A= (3" glgl /)Y, gu X ga
=1

U =G — Egg —Alg, g, x 1.

cc k)

Basically for each Uj represents the residuals from projection of derivatives on the moment

functions.

By the proof of Lemma A3a in Newey and Windmeijer (2005)
sup p2(Ngi(8)) + 1] £ 0, (50)

where A € (0,A). Also this can be shown by using A = O,(1/gn/n), Lemma A5 and Assumption
M3v and py = —1 in this paper.
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Then we also need the following result which is in the proof of Lemma A3b in Newey and

Windmeijer (2005)
A6) = 20)7'3(0) + 0p(y/an/n)], (51)
where §(6) = 2 32", g;(0). Then note that we have the mean value expansion for A = A(6o),

! ) - ~1 —
p1(Ngi) = p1+ N gipa(N'gi) = 1+ X gipy (N gi). (52)
Then using (50) we can rewrite (52) as
o1 o1 P
pi(ANgi) —[1—Ng] = 0. (53)
Use the envelope theorem, (51),(53)

90(6y) 0|21 p(Xi(8)/au] lo=,
Var a6; v 08,

= Y eV va = Yo~ Ve al /v + apl1)
=1 =t

nl/2 nl/2 1/2

a Aea . q,n
= @@ -A90 tnll2g+ o 1z) +op(l)
qn dn
nl/2 1,1/2 1/2 1,1/2,/7.1/2
= 1/2(EgZ)Q n'?g + nt20I0- n/g/q/ +0,(1), (54)
qn

where in the last step we add and subtract "1/2 (Egzv)’Q_lnlﬂg and use the definition of U7 above.
q,

Now stack over “j” in (54) and use G,, = llijagé(:,o).
Qo . . N
q;/zig ;/0) = 07+ P o, 1), (55)
an

where U = [Ul, e ,0P], Ui, j=1,---pis defined above in notation explanation before (50).
We need the following Lemma, which is Lemma A.10 in Newey and Windmeijer (2005).
Lemma A.7.If Assumption M/ is satisfied, then for each j =1,---,p

a2 -all &o,
/|47 = AT|| B0
where @ = Bgigl, A1 = (Eglg)) 2",
Lemma A.10 in Newey and Windmeijer (2005) stays the same even when there is near exogeneity,
since the proof does not depend on either g, or Fg;.

We need to simplify the expression in (55) so that we can benefit it from the limit of estimators.

In that respect define
‘ i (6c i
i 0ai(60) _ dai(60)
! 08; 08;

— Alg,, (56)
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and

07 =S U, (57)
=1
for j=1,---,p. U7 :q, x 1 vector.
U=[0--,0", g x p. (58)
Then use Lemma A.7, and Assumption Mbi

|n1/2(UjIQ_1 _ ﬁj’Q—l)nl/zg/q}l/2|

<
< CllglP/gn)at/* A7 — ATl + C(n/an)lld' AT Q7Y l|gllgl 21 —
B 0

Also similarly

GO0 25— nl2g 4o (60)
Then use (59)(60) in (55) we have

g2 9Q(60)
" o0

n

= G%Q_lnl/zg + nl/QfJ'Q_l721/25}/(]1/2 + 0p(1), (61)
where U = [ffl, e ,l~JP] : ¢, X p matrix. Rewrite that adding and subtracting

aQ(# _ N TV R
2?80t g — ) + (0 — BOYQT (G~ 59)/gl))

+ [0 2Eg) + nMPET'Q 02 (5 — Eg) /gt
+ [0 - BUYQ ' 2Eg/q,?) + ' PEU'Q T 0 P Eg g,/ + 0,(1). (62)

The third, fourth, fifth, sixth terms on the right hand side are nonzero because of the near exogene-
ity. These terms are zero in many weak moment asymptotics of Newey and Windmeijer (2005). In
(62), note that

nPEU = nl/Z[Eifl, e Eifp],

where n'/2EUT = ¥, E[jf/n = AT Y™ | Eg;/n = AJCy by Assumption M1. So
n'PEU = [A'Cy,- -, APCY] = Cy, (63)

where this is a ¢, X p matrix.

We need the following central limit theorem for our estimators. This is Lemma A.2 in Newey
and Windmeijer (2005).

Note that W;, F; are g, x 1 iid random vectors with fourth moments (these can depend on n,
but suppressed for notational convenience) in Lemma A.8, and be specified for our case in the proof

of Lemma A.9.
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Lemma A.8.Define EW;W! = U, if EW; = EF, = 0, EF,F! = I,,, EF;W! = 0,,,
nal,a, — H,n?tr(¥) — A*, n3a! Wa, — 0,tr(¥2)/(tr¥)? — 0,
nE[|al, Fi|]* — 0,n LE[|F{W2|*]/[tr¥]? — 0,nE[|F/W;|?] = 0, then

Z al F; + Z Z W!F; % N(0, H + A*).
i=1 i=1j=1

Now we provide one of the main results of this study, we provide the limit for the score of the
objective function in the case of near exogeneity, and many weak moment asymptotics.

Lemma A.9.If Assumptions M1, M4-M6 are satisfied then

8Q(89) 4 .
%,/ZT — N(m,H + A"),

where G Q711 — 7, and LEUETU0E gy,

Proof of Lemma A.9. We derive the limit using (62), and Lemma A.8. First, take any

nonzero p X 1 vector £. Set
, _ €607
n =" 172
Fy=Q7'?(g;— Egi),
— Q-1/2(U; — EU)¢
L 1/2
ngn

H=¢HE,

also note that
U/ - EU! = g/ — Eg] — A(g; — Eg;)

and

U,— EU, = (Uil —EUi17~~,Uf—EUf)),

which is a ¢, X p matrix, and

EU; = [A'Eg;,- -, AP Eg;]. (64)

Note that F;, W; definitions are slightly different here compared with Newey and Windmeijer (2005)
since we demean the random variables here because of near exogeneity.
We try to satisfy the conditions of Lemma A.8 for the first two terms on the right hand side of

(62). Clearly EW,; =0, EF; =0, then

_aq

n ]9_1/2 - IQ717

EFF =Q '?E(g; — Eg;)(g: — Eg:)Q'* = Q7'/2[Q

by Assumption M1.

Next
B2 (gi — Bgi)€' (U — BU)' Q717

1/2

EF{W; =

— Og,,»
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by the form of U; — EU;, and g; — Fg;. These terms are asymptotically uncorrelated since U; is
the matrix of residuals from the regression of moment functions on the partial derivatives of these
moment functions.

Now consider

nalnan = nglG;zQ_lGng — ngf = Ij[?

via Assumption M6.

Another condition to be satisfied in Lemma A.8 is

! o NO-1(77. _ .

qn
_ EEURTIU)E  E(EU)QTHEU)E
dn dn
_ BUOTIU)E doinTioe
dn gnm '

Note that in the above equation the last term is obtained by using EU,; definition in (64) and
Assumption M1. Then 059—101 < C by Eigmaz(ﬂ_l) < C and the definition of C7 in Assumption

M1. So el
ciQ—C
75 1 i€ — 0.
gnn
Then since

¢ E(UIQ1U;)¢
qn

— &A%,

we obtain
n?tr¥ — €A
Next consider the following condition in Lemma A.8,
flG;Q_lE[(Uz’ — EUi)Ef/(UZ‘ — EU,')/]Q_:lan

qn
= G QLE[UEEUNTIGLE /gn + o(1),

3,/ —
na,¥a, =

by the definition of EU; in (64) and Assumption M1. Then

p . -t
EUE'U < C Y Eglgl <C. (65)
j=1

by Assumption M4. So use these in the equation above to have
€GO BUEE U™ G [gn < CEGLAT GrE /g0 — 0,

by Assumption M6. So n3a/ ¥a, — 0. Similar to this as in Newey and Windmeijer (2005) we
obtain tr(¥W)/[tr¥]? — 0. Next, since ||G,Q7 || < C, by Assumption M6, then use Assumption
M4 and M1 to have

nEl|a, Fi|*] < CE|G,Q (g — Egi)||*/n < CE|lgil|*/n — 0.
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Then in the same way by Assumption M4 and Assumption M1 we have
n~LE|F{W,|*/[tr¥]* — 0,
nE|F/W;)? — 0.

So all the conditions of Lemma A.8 are satisfied for the first two terms on the right hand side of
(62)
G Q0?5 — Bg) + nY* (U — EUYQ 'n'?(5 — Eg)/q}* 5 N (0, H + A). (66)
Now we consider the third term on the right hand side of (62).
G O ! Eg = GO0 2y EnTlg = GLO7IC,
=1

by Assumption M1. Then we know that
Gala <G atc) <c.
So define 7 as the limit of that expression, where
G'Q7lcy — T (67)

This term is the drift due to near exogeneity. This happens because of nonzero mean of the sample
moment function (i.e.£§ # 0)in the third term. The remaining terms on the right hand side of (62)
are more complicated. The interaction between the moments and the residuals that are obtained
by regressing the moments on partial derivatives play an important role.

Now consider the fourth term on the right hand side of (62). Rewrite that by (63)

1/2(5 _ 14 11 -1 n o )
1201 -1 (G — EJ) o §C,Q * (9 — Egi)
n/gEUQ s = q1/2 pYE )

n

(68)

Then define the following a!, = 6'0149_1/2/(%%,/2711/2), and F; = Q~Y2(g; — Eg;). We can think of
(68) as ) 0, 7
Clearly Fal F; =0, then note that

Ed F;Fla, = d,a, + o(1),

by F; definition and Eg; = Cl/nl/Q. Next we analyze the variance

1~ -1
nfCAQ CAS%O

Ngn

Y BlanF)? = naga, +o(1) = : (69)
=1

since Cy = [AYCY,-++, APCy] and C1 = (0/ _,,C})'. So clearly the fourth term on the right hand

Qn_l’
side of (62) converges in probability to zero.

nPEU'Q 01 ?(5 — Eg)

A"

— 0. (70)
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Remark. There is no drift occurring due to fourth term. This happened because the nonzero Cj
is fixed in number where as the number of moment restrictions g, is growing. So here in this
sense, quality information (i.e. 04, _; in C7 ) dominates bad information (i.e.C} in C4). This can be
seen from (69) clearly if g, were to be not changing with n , the fourth term clearly would not be
converging in probability to zero. Also fifth and sixth terms on the right hand side of (62) share
this property when ¢, is not changing with n.

Now consider the fifth term on the right hand side of (62). We want to rewrite that term. We
use the terms in deriving the limit for the first two terms on the right hand side of (62). Define

_ Q7V2(U; - BU)E

1/2
nqn/

w;
Note that this notation is used at the beginning of the proof of Lemma A.9. Then we can rewrite

nt2(U — EU)YQ 'n2Eg/ql/* = n'? > wiQ™/2Cy.
=1

To get the above equation we benefit from the definition of Uij — EUf at the beginning of the proof
of Lemma A.9 and F§ = Cl/nl/z. Note that VV;Q_l/QCl is scalar so

n'?E(CQY2W;) =0,

by the definition of W,;. Then we analyze

O-12p Q12(U; — EU,)EE (U; — BU)
n2qy

M ERPCQTPWE = nf0 Q20
1=1

CIQ L E[(U; — EU;)EE' (U; — EU;)' 1010y
gdn
CiQ_lE[UifflUﬂQ_lcl
q"L

by the definition of EU; in (64) by Assumption MI1.
Then note that
EULE'U; < C,

by (65). Then by Eig,..(Q27!) < C,and the inequality above

CLOT B[ULEUIOTCL _ (CICL
q’I’L q’IL

0,

where we use C7 definition in Assumption M1. This clearly shows that the random variable

nl/2 Y, CLQ7V2 W 5 0. So

nt/2(U — EUYQ 2B /ql? = n'2 > wia™t2C, 5 o. (71)
=1
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Now analyze the sixth term on the right hand side of (62). Use (63) and Assumption M1

nPEU'O WP Eg/qt? = ¢ Cy /gt = 0, (72)

/
gn—10?

(66),(67),(70),(71),(72) to the right hand side of (62) we have the result. Q.E.D
We need the following Lemma from Newey and Windmeijer (Lemma A.1, 2005). This is used in

“1)7

since C1 = ( C})" and Cj is fixed dimension subvector of nonzero constants. So by applying

the subsequent proofs, specifically in the proof of Lemma A.11 below. We use notation in Lemma
A.8. Set general ¢, x 1 random variables. They are iid, may depend on n, but the additional
subscript is avoided in this Lemma for notational convenience. A is a ¢, X g, matrix. Both

F;,W;, A will be specified in subsequent Lemma A.11. Set also

_ » F,
F=%=="" = EF;, YSpp = EFF!, Spw = EF;W!, Syyw = EW,W..
Lemma A.10.If Eigna.(AA) < C, Eigmae:(A'A) < CEigmae: (Xrr) < C, Figmaz (Sww) <

C,E(F[F;)?/(ng;) — 0, E(W[W:)?/(ngz) = 0,n(pp) tp/an < Conluw) by /an < C then

nF' AW [qn = tr(AXpy) /qn + n(pup) Apyy /qn + 0p(1).

We now provide another Lemma which is useful in deriving the limits for estimators.

Lemma A.11. If Assumptions M1, M4-M7 are satisfied for any 6 2 6,

2*Q(0)
sgag

The result here is the same as in Newey and Windmeijer (2005). So under near exogeneity, we do
not observe change in the limit of the derivative of the score.

Proof of Lemma A.11. First of all, we can consider CUE objective function (Q*(6)) rather
than GEL (Q(6)) by Lemma A6 here or the proof of Lemma A.12 of Newey and Windmeijer (2005).
Then even with near exogeneity (Assumption M1) we can obtain
”5@*(9,) _ 3@(90/)

0606 0606
where Q(8) = 2;—2@(9)’(2(9)_1@(9), Q0) = X711 9i(0)g:(0) /n. This is equation (7.7) in Newey and
Windmeijer (2005). This is not affected by our Assumption M1. To obtain (73) Assumption M7

[ (73)

and consistency is used. Next we want to prove the following

82@(90) P,
—=5 — H.
o008
Let QLJ = 7%29?(6?9[;) so we have to prove for j,k=1,---,p
Qrj & Hyj. (74)
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We now introduce some notation. Let Og;(6¢)/00) = gfﬁk =", g ki, g7 _ Qgi(eo)/39k36’j,§kj _
Y1 9; 7/n Also we set

, S .
U, = Eglgl, Tivj = Elgf — aillg! — i1’ Ty = Ellg;” — Gny) il

Also denote the first order partial derivative of (0) with respect to 6y evaluated at true value

as (1, and the second order partial derivative with respect to 8;,0; evaluated at true values as
;. Then
Qi =Ty + T,

Qrj; =Tij + Ty + T + Ty +o(1),

since Fg; = Cl/nl/Q, and Fg; — 0, by Assumption M1. Then also denote the partial derivative of
g(0) = n1/2§(0)/q717,/2 with respect to 8; at true value as g, and second order partial derivative of
G(8) with respect to 6;,6; evaluated at true values as gy;. Set also § = §(6y) for ease of notation.

Note that by simple differentiation we have

Qui = 3, '5+5.97'
- 070 570 1QLQ g

+ §o7,07 00 - —gQ 0,01

First we need to consider the asymptotic behavior of the following terms in order to evaluate
-1~ gz 90 _1 1 “
Q1 —Y " g:(60)] -
9t [ Z 50,00, ] ln;g'( 0)]
Then we use Lemma A.10 for the term above. First, Eigm..(Q271Q7!) < C by Assump-
tion Mb5ii. Then Eigm(,,m(ng]gf]) < C by Assumption Mdiii, Figme.(Q) < C. Also we have
E[(gf] gz’j)Q]/(nq,,%) — 0 by Assumption M5ii, E[(g5:)%]/(ng?) — 0 by Assumption MB5ii as well.

Next nngj,ngj/qn < C by Assumption M5i, nEgiEg;/q, = C1C1/qn < C by Assumption M1.
Next via Assumption M5, Assumption M1

nl/2 L ! . nl/2 nl/2 . ! [ Cy
( 72 29 R 172 = 1/2E Te 7| 0

So we satisfied all the conditions in Lemma A.10 for the term we analyzed, via Lemma A.10

32715 = tr(Q18) /ga + 0p (1) (75)

Then exactly as in Newey and Windmeijer (2005)

~1 =15 nt/2 k / -1 n!/2 —1yv
G g = | 7z Fai | @ 7z 73 Bl | + (7T ) /gn + 0p(1)-
Gn

qn
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Next see that

! !
n1/2 . . n1/2 ) 77/1/2 . . Cl
dn dn dn dn

!
nl/Z N . . . nl/Z R Cl . 1 1 Cl

by Assumptions M5 and M7.

Then use same analysis as in (75) and apply the results immediately above to have

7 MO g = tr (0TI /g0 + 0, (1),
FO 007 =t (Q7 ) /g + 0p(1),
JO7r07 07 g = tr(Q71,9710) /gn + 0p(1).

Collecting all these results in the expression for Q;‘,_j above

~ 711/2 . ' _ n1/2 F'e
Qr; = (WEgi-”) Q7 Bl | +op(1). (76)
gn dn

Then clearly by (76), Assumption M6 and 82Q(8,)/8006'" definition we have

82Q(60)

i AN VA -1 ] ' .
EYET G, Gy +o0,(1) = H

Q.E.D

Proof of Theorem 7. The proof follows from Lemma A9, Lemma All and (18).Q.E.D

We need the following Lemma to establish limits for test statistics. This extends Lemma A13
of Newey and Windmeijer (2005) to nearly exogenous systems. The limit result is the same as in
Newey and Windmeijer (2005).

Lemma A.12. If Assumptions M1,M3-M7 are satisfied, A,, — A*

D(6y)Q1D(6y) B H + A*.

Proof of Lemma A.12. Using definition of 15(9()) after Theorem 7 we can show easily that
1D(60)' 2™ D(80) — D(8s)' 2~ D(80)[| 0,
where

5oy — /2 | 99 s
Do) = 22| o8- ).

for j =1,2,---,p. D(8y) is a g, x p matrix where columns are f)j (8). A is defined in the statement
of Lemma A7.
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We now apply Lemma A10 to prove the result.
D(60)Q~1D(6y) B H + A*.

Set A=Q7 L F; = —8955)(:0) —Alg; = g{ —Alg;, W; = _Bgaig(}in) — Akg, = gk — AFg,. We show that with

these choices, conditions of Lemma A10 are satisfied.

Eigma:(Q71Q71) < C is satisfied by Assumption M3. Use A7 = (nggﬁ)(Egth)_l definition
to have Figne.(Xrp) = Eig,,,mw(nggf, — A~7E'g,;gg,) < C by Assumption M4. Same is true for
Eigma:(Sww) < C.

Now we have to show in Lemma A10
B(ELF)/(ng) — 0.
First in our case
B(F/F)*/(na;) = Elg! g — g:(A) ] — gl A'g; + gi(A) A gi]/ (ng}) = 0,

by Assumption Mbii. In the same way E(W/W;)?/(ng?) — 0. Consider the following condition in
Lemma A10

n(up)pip/dn = n(Egl — AVEg) (Egl — AEg;)/qn
n(Egl) (Egl)/q. — n(Egl)' A’ Egi/qy
— nEg(AYEg! /g, +n(Eg) (A7) A Eg; /qn,

where Fg; # 0 because of Assumption M1. This is the main difference between the proof of Lemma
A13 in Newey and Windmeijer (2005) and this one. Consider the last term above, using Assumption

M1 it
i ATC

dn
by Assumption M4iii and Cauchy-Schwartz inequality we have FEtgax (Aj,Aj ) < C. Then the
first term n(Egg)'(Egg)/qn < C by Assumption M6. The second and third terms are bounded by

n(Eg;) (A7) A’ (Eg;)/qn =

b

a constant using the analysis for first and last terms. Now we can apply Lemma A10, since all
conditions of that Lemma are satisfied.

First in Lemma A10,
n ; : _ A ]
n(ur) Aty /9. = ~[Bg] — A Bgi) Q™" [Eg — A" Egi). (77)

Note that in Newey and Windmeijer (2005) Eg; = 0, so terms in (77) simplify. In our case, we
have Assumption M1, so Eg; = C1/n'/?. Analyze following term in (77)

. . 12k
2 (gey A7 0 gk = (S AT (2,
dn Qn/ qn/
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Note that Eigmas (Aj/Q_l) < C by Assumption M3 and Md4iii. So

n o Cl
q—n(Ega:)'A] Q'Egk < O(p)l(

nl/zng
—im ) — 0,
q”b
by Assumption M1 and M6 (i.e. Definition of G,). Next
" (Bgi) AT Q7 AT (Eg;) — 0,
dn

by the same analysis in (78). So using definition of G, and (78)(79) we can rewrite (77)

n 'A
w = eQG;LQ_lG,Lek + 0,(1),

where e; represents the j th unit vector. Next,
(A W) /40 = tr (@ BURUT ) go + 0p(1) = ¢ Aner/an + 0p(1),
by Assumption M1 and A, = nE[U'Q~10]/q,. Then combine (80)(81) to have
D;(60)'Q7 ' Dy(60) = € G, Q2 Grey, + €jAner/qn + 0p(1) = Hjp + €Aner/an + 0p(1).

Conclusion follows by Assumption M6 and A, - A*.Q.E.D
Proof of Theorem 8. Apply Lemma A9 with Lemma A12.Q.E.D
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Table 1: Size of Tests using x? critical values

GELR (¢,), EL
cov(Xj,u;) =0.1 | cov(X;,u;) = 0.05 | cov(X;,u;) =0.00
T=1 36.2 16.0 13.0
™ =0.1 35.5 17.4 11.7
m=20 35.5 18.8 12.4
GELR (6;), ET
T=1 35.3 17.1 10.9
m=0.1 34.9 17.8 12.6
=0 38.7 19.5 11.6
GELR (6y), CUE
=1 33.9 17.3 11.2
m=0.1 33.0 16.2 10.3
m=20 33.4 17.1 9.0
LM (6,), EL
T=1 40.1 20.0 10.7
m=0.1 31.7 18.7 10.6
=20 28.6 15.6 9.8
LM (6o), ET
m=1 39.6 20.9 9.0
m=0.1 28.9 16.9 9.3
T=20 27.0 15.5 11.5
LM (6y), CUE
T=1 45.3 28.0 15.5
m=0.1 41.5 18.4 9.3
m=20 38.4 18.0 9.9

For GELR(0y) test we use x7 distribution at 10% level. The critical value is 2.71. For LM (6;) test
we use x3 at 10% level. The critical value is 4.61. The columns refer to covariance between the
instruments and the structural error. Both instruments have the same covariance. The reduced

form coefficient ® comes from the model (20)-(21), and determines the strength of instruments.
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Table 2: Size of Tests using Subsampling Approach

GELR (6,), EL
cov(Xi,u;) =0.1 | cov(X;,u;) = 0.05 | cov(X;,u;) = 0.00
m=1 8.2 3.9 2.9
m=0.1 8.3 3.6 2.5
=0 9.5 4.7 1.8
GELR (6o), ET
=1 15.1 5.7 4.7
m=0.1 16.0 6.3 4.3
=0 13.9 6.1 4.5
GELR (), CUE
=1 20.9 10.4 6.7
m=0.1 22.8 10.1 4.9
m=0 19.8 9.0 6.6
LM (6y), EL
=1 13.4 11.3 10.2
7 =0.1 9.7 10.8 10.5
=0 114 10.8 9.5
LM (6,), ET
m=1 31.5 15.7 7.9
m=0.1 20.7 10.6 7.3
=0 19.3 10.6 3.3
LM (4o), CUE
=1 21.4 10.2 6.2
m=0.1 24.7 9.9 6.7
=0 241 11.1 7.3

The columns refer to covariance between the instruments and the structural error. Both instruments
have the same covariance. The reduced form coefficient = comes from the model (20)-(21), and

determines the strength of instruments.
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Figure 1a: Near Exogeneity and Strong Instruments: cov(X,u)=0.1,t1 =1

| - — — _ N - \ — - o
~ — _ _ \ - — — -
TN % ~ _

= o —— - GELR. EL N 9 I o B
— - — GELR, ET _ —— — = J

—_ GELR. CUE \ / ~

/ \
- \ A
- / / 3
— N s
AN \ /
N N / \
N /
B " N P \ |
/
N AN
N v
- / / \ 3
DN / \
| | |
—-1.0 -0.5 0.0 0.5 1.
@O
Figure 1b: Neaor Exogeneity and Weak Instruments: cov(X,u)=0.1,t =0.1
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Figure 2a: Near Exogeneity and Strong Instruments: cov(X,u)=0.1,t1 =1
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Figure 2b: Neaor Exogeneity and Weak Instruments: cov(X,u)=0.1,t =0.1
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Figure 3A: Near Exogeneity and Strong Instruments: cov(X,u)=0.1,71 =1
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Figure 3b: Neaor Exogeneity and Weak Instruments: cov(X,u)=0.1,t =0.1
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Figure 4A: Near Exogeneity and Strong Instruments: cov(X,u)=0.1,71 =1
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Figure 4b: Neaor Exogeneity and Weak Instruments: cov(X,u)=0.1,t =0.1

- GELR, ET

M. ET




Figure 5A: Near Exogeneity and Strong Instruments: cov(X,u)=0.1,71 =1
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Figure 5b: Neaor Exogeneity and Weak Instruments: cov(X,u)=0.1,t =0.1
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