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Abstract

This article analyzes exponential tilting estimator with weak instruments in a nonlinear framework for the
first time in the literature. The limits of these estimators under standard identification assumptions are
derived by Imbens, Spady and Johnson (1998) and Kitamura and Stutzer (1997). We obtain the new limits
when the instruments are weakly correlated with the moment restrictions. In this paper, we obtain the
limits of both Lagrange Multiplier estimates and the estimates of the parameters in moment restrictions.
We show that Lagrange Multipliers are affected by weak instruments and this results in the inconsistent
estimates for the weakly identified parameters. The limit of the estimators of Lagrange Multipliers are
no longer normally distributed and depends on the limits of the parameter estimates. In this respect, weak
instrument asymptotics are different from standard asymptotics, where the two limits are uncorrelated. This
dependence affects the limit of the J statistic which is not nuisance parameter free. We suggest a new J
statistic which is robust to identification and the dependency problem. The results related to the limit of
Lagrange Multipliers and the J test are new in this literature. The limits of the parameter estimators are
also derived, and they are asymptotically equivalent to the continuous updating version of GMM in the
case of weak instrument asymptotics in Stock and Wright (2000). Tests that are robust to the identification
problem are also obtained. These are Anderson-Rubin and Kleibergen type of test statistics. The limits are
nuisance parameter free and x? distributed. We can also build confidence intervals by inverting these test
statistics.
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1 Introduction

In the recent literature Stock and Wright (2000) have shown that GMM’s asymptotic properties
change when the instruments are weakly correlated with moment conditions. They also show that
the limits are not asymptotically normal and the new limits involve nuisance parameters. This
weak instrument asymptotics, give better results in small samples. Inference that is robust to iden-
tification is also pursued by Stock and Wright (2000) and they propose an Anderson-Rubin like
(1949) test statistic. The limit is 2, with degrees of freedom equal to the number of orthogonality
conditions. Kleibergen (2002) also provides an LM-like test statistic which is nuisance parameter
free. This statistic has also x? limit with degrees of freedom equal to the number of parameters be-
ing tested. This has usually better power properties than the Anderson-Rubin like test when there
are many instruments. Confidence intervals are built by inverting these two test statistics. Confi-
dence intervals that are based on LM like statistic of Kleibergen (2002) are never empty, whereas
Anderson-Rubin based confidence intervals may be empty when the overidentifying restrictions are
invalid.

To improve the small sample properties of GMM, Newey and Smith (2004) take a different
direction. In a recent article, they propose Generalized Empirical Likelihood Estimators. These in-
clude continuous updating, exponential tilting, and empirical likelihood estimators. They compare
higher-order asymptotic properties of these estimators and GMM. They find that the bias-corrected
empirical likelihood is asymptotically efficient relative to the other bias-corrected exponential tilt-
ing, continuous updating, and GMM two-step estimators. However, as stated in Imbens, Spady,
and Johnson (1998) exponential tilting has also desirable properties compared to empirical likeli-
hood. The influence function of exponential tilting is less affected by perturbation in the Lagrange
Multipliers compared to empirical likelihood. Exponential tilting is more robust to misspecification
problems.

In this paper, we analyze exponential tilting with weak instruments. Imbens, Spady, and John-
son (1998) and Kitamura and Stutzer (1997) consider the same model with standard identification
conditions. Our paper analyzes the case with weak instruments. We consider the weak instru-
ment setup of Stock and Wright (2000). This is important to applied researchers since we have
to see how the asymptotics of exponential tilting may be changing when there is an identification
problem. We analyze both estimation and testing issues. The paper presents the first nonlinear
analysis of exponential tilting estimator with weak instruments. We analyze a model with nonlinear
moment restrictions. We show that Lagrange Multipliers associated with orthogonality conditions
are affected by the weak instruments problem. This results in the inconsistency of the estimates
of the weakly identified parameters. We also derive the limit of estimates of Lagrange Multipliers.
This is not asymptotically normal and depends on nuisance parameters. This limit depends on

the asymptotics of the parameter estimates. This is unlike the standard asymptotics covered in



the cases of exponential tilting and empirical likelihood of Kitamura and Stutzer (1997), Qin and
Lawless (1994), Smith (2000). Since the limit of J statistic in this case is not nuisance parameter
free, we propose a new J statistic that is robust to identification and dependency problems.

We also derive the limits of the parameter estimates in the moment restrictions. The limits
of the estimators are asymptotically equivalent to weakly identified continuous updating estimator
(CUE) limit as in Stock and Wright (2000).

We propose two tests that are robust to the identification problem: Anderson-Rubin and
Kleibergen type of test statistics. We show that their limits are x? and nuisance parameter free.
Confidence intervals can also be built using these test statistics. We also conduct simulation exer-
cises to analyze the small sample properties of these tests.

We should also mention that our paper is not a simple extension of Stock and Wright (2000) or
Kleibergen (2002). We deal with a constrained optimization problem and its theoretical derivations
are not obvious from the aforementioned papers. We introduce new proofs for overcoming the
obtacles introduced by the constraints and the associated Lagrange Multipliers.

Our paper is the first paper to analyze nonlinear moment restrictions with weak instruments in
an exponential tilting framework. Subsequent to our article Guggenberger and Smith (2003) wrote
an illuminating article covering all Generalized Empirical Likelihood Estimators with nonlinear
moment restrictions and weak identification. We think that there are some important differences
between the two papers.

The differences between Guggenberger and Smith’s (2003) paper and this one can be analyzed
on two levels. These are issues related to the contents of the papers as well as to the proof methods.

First of all, the limits of the estimators in Guggenberger and Smith (2003) do not include the
limit of the estimate of the Lagrange Multiplier (97 , Theorem 3 in our paper). We establish
in Theorem 3 of our paper that 47 is consistent and converges at rate T2, which is the same
rate as in the standard Exponential Tilting Model of Kitamura and Stutzer (1997). This is very
surprising since the slopes (B) are not consistent, but the Lagrange Multipliers are consistent, and
not affected by the problem of weak identification at the same degree as the slopes. This is an
important difference in content between the two papers since this finding can be used as a basis for
building overidentifying restrictions tests (J-tests). As a second important difference, Guggenberger
and Smith (2003) do not provide any J-test (overidentifying restrictions test) which is crucial in
validating implications of economic theory. It is difficult to come up with a J-test since this test
uses B , generally which is not a consistent estimate in weak identification literature. In other words,
both the form and the limit of the J-test are not easy to find. This is Theorem 6 in the paper and
new in this literature.

To see theoretical differences with the Guggenberger and Smith (2003) article, our consistency
proof, which includes Lemma 2, Lemma A.1 and Theorem 1, is new in the weak identification

literature. Only the last part of the proof of Theorem 1 extends the Wald (1949) and Wolfowitz



(1949) consistency approach to a mixed setup of both weakly and fully identified parameters. The
assumption and techniques that Guggenberger and Smith (2003) used in their paper benefit from
the approach in Newey and Smith (2004).

Section 2 introduces the assumptions and the model. Section 3 derives the limits of the esti-
mators. Section 4 considers tests that are robust to identification and confidence intervals. Section
5 conducts simulations. Section 6 concludes. The appendix contains all the proofs. The existence
of the estimator of concentrated Lagrange Multiplier is shown in the Technical Appendix. “="

represents weak convergence of random functions on compact parameter space with uniform metric.

2 The Estimator
Suppose we are given the following moment condition
E[¢($t760)] =0 t=1,-- 7Ta (1)

where x; is the data vector and v¢(z,6)is an r x 1 vector of observable real valued functions.
Let § € ©, © is a compact subset of R? and @ is in the interior of ® . EJ| represents the
expectation taken with respect to the distribution of ;. We introduce the notation that is helpful
for subsequent sections. Let 5 represent the r x 1 vector (Lagrange Multiplier) associated with
the convex optimization problem associated with the constraints in (1) as in Kitamura and Stutzer
(1997). Let v € R" and v(8) represent the function ¢(x¢,6) from now on, and r > d.

As in Kitamura and Stutzer (1997)

v(6) = argmin E[e7/¢’(9)], (2)
v
and
0 = E 7(6)I¢f(9) .
0 = argmax Ele ] (3)

In order to estimate the parameter vector, the exponential tilting estimator in Kitamura and

Stutzer (1997) is used. The estimator is

(b7, 4r) = arg max min Qr(6,7), (4)
€O v
where we set
1 T
3 —— E "41(8)
QT(Q?,‘Y) - T P 67 ‘ .

We introduce the concept of empirical process Wy () that is useful for deriving the limit of estima-

tors.

T
Wr(0) = T2 44(0) — By (0),
t=1



with variance-covariance Qg, g, = EWr(6;)Wr(62)'. Then set Wr () =T~ Zle Y (0).

We need the following assumptions.

ASSUMPTIONS:
1.E[¢(0)¢(0)'] is positive definite for all 6 € O;
2. E[supgee e9"1(0)] < oo for all vectors g in a neighborhood of the origin;
3. 1) (@) is iid,;
ii)

sup E|v:(6)*° < oo, for some § > 0;

€O
iii)

[%¢(61) — 9:(62)| < Bi|61 — 62,
where EB*™ < oo, for some § > 0;

4.

yu(0) = T 4 o),

where 8 = (¢/,8'), ais d1 x 1 and S is d2 X 1 vectors with

i) m1(6y) = 0, m1(0) is continuous in € and is bounded on ©;
ii) mo(By) = 0, ma(B) # 0, for 8 # By, R(B) = Oma(B)/08 is r x d2.R(B) is continuous, R(S)
has full column rank;

5. Uniformly in 6 € O,

Remarks. Assumptions 1-2 are used in the consistency proof and are standard in this literature,
as shown in Kitamura and Stutzer (1997). Assumption 3 is used in deriving the limits as Assumption
B’ is used in Stock and Wright (2000). Assumption 4 is the iid version of the weak instrument
assumption used in Stock and Wright (2000). In that assumption, o is weakly identified (i.e.
in large samples unidentified), and § is identified. Note that Stock and Wright (2000) used the

following as the weak identification assumption for the m-dependent random variables:

-1 d _ mlT(Q)
BT (e, ) = =757 + ma(B). (5)
t=1

Our Assumption 4 is the iid version of their Assumption. So in our case, we use

E¢t(a75) = Ei/ft(a,ﬁ) - El/’t(%ﬂ)
+  Evi(ao, B) — Evi(ag, Bo)
+  Evi(ao, Bo)- (6)



Then we assume « is unidentified in large samples, and define

By(e6) — B0, 8) = "HE) (7)

and then define Fvy(ap, ) = ma(B) and E¢(ap,Bo) = 0. Using these with (7) in (6) we obtain
Assumption 4 above.

Assumption 5 is used for the consistent estimation of variance covariance matrix.

3 Asymptotic Theory

We need a result that is helpful in deriving the limits for estimators. The following Lemma shows
that the empirical process weakly converges to a Gaussian limit. We have the following result from

section 2 of Andrews (1994):

Lemma 1. Under Assumption 3 ,
Vr(0) = ¥(0)

where W(0) is a Gaussian process, with mean zero and covariance function g, g, .

Assumption 4 links the moment condition restriction to the sample size; we can link the Lagrange
Multiplier corresponding to the constraint to the sample size as well. This is relevant in this case
since the Lagrange Multipliers are the “shadow prices” of these constraints. So, similar to (6) of

Kitamura and Stutzer (1997), we assume
vr(o, B) = arg min Ele? V()] (8)
Y

So instead of
¥(c, B) = arg min E[eV'wt(aﬁ)]
Y

which is used in (2) we use the version in (8). This formulation helps us to link the weak instruments
problem in moment conditions to Lagrange Multipliers associated with these.
Set

v(ap, B) = arg min FeY vi(aof)
¥

Before the consistency result for the identified parameters 3, we need the following Lemma.

Lemma 2. Under Assumptions 1-4,

fVT(o%ﬁ) - 7(a07ﬁ) —0



uniformly in 6 € ©, where 8 = (/,')’.

Remark. Note that the concentrated Lagrange Multipliers yp(a, 3) correspond to the orthogo-
nality condition Ev¢(c,3) =0, and y(ag, ) corresponds to Fyy(ag,3) = 0. In Assumption 4ii, it
is assumed that

0
77;11(/2) = EYi(a, B) — Eve(ap, B) — 0.

By Lemma 2 we see that the problems in identification for parameters are also reflected in Lagrange

Multipliers. Lemma 2 is used in the proof of consistency for the identified parameters (.

Now we show that the identified parameters’ estimators are consistent. To prove consistency we
use the Wald (1949)and Wolfowitz (1949) approach used in Kitamura and Stutzer (1997). However,
we take into account the unidentification of « in large samples, and show that only the estimate
of the identified parameters are consistent (). Theorem 1 in this study generalizes Theorem 1
in Kitamura and Stutzer (1997) to the weak instruments case. The major difference in this case
is usage of Lemma 2 and Lemma A.1 in the Appendix. Via these lemmata we benefit from the

identification problem for Lagrange Multipliers.

Theorem 1 . Under Assumptions 1-4,

Br L Bo.

We need the rate of convergence for the Lagrange Multiplier for the subsequent proofs and

results. To save notation set 7 = ’}T(QAT).

Lemma 3.Under Assumptions 1-5,

T?4p = 0,(1).

We need to find the rate of convergence for the identified parameter estimate before the limit

laws are established.

Lemma 4. Under Assumptions 1-5,

T'2(Br — By) = Op(1).



Let Q4 g, denote Qg 4 evaluated at § = (o/,ﬂf))' . Let BT(OZ) solve argmam/gE[;QT(oz,ﬂ,ﬁ/T(oz,ﬁ)),
and let & solve argmax,eca Qr (e, fr(a),37(a, Br(a))) and substitute S = S(&). We now intro-

duce the notation that is used in Theorem 2. Let z(a) = Q;;/[]Q,\Il(a,ﬁu), so that z(«) is a mean zero

-1/
“r” / Q

dimensional Gaussian process with covariance function Ez(on)2(a2) = Q5 Q((a], By)', (a’z,ﬁ())')Q;;ﬁO
and p(o) = Q;jg/nzlml(a,ﬁo) . Set F(a) = Q;lﬁ/OZR(ﬁO). For any nonsingular symmetric matrix
C =CV¥CY? and 01 = CV2CY7

Theorem 2 provides limits for exponential tilting estimators in the case of weak instruments
benefiting from the empirical process theory. This theorem uses the weak instrument asymptotics
for the limit of exponential tilting estimators unlike the standard asymptotics in Kitamura and

Stutzer (1997). Using the limit of the objective function in the following Theorem 2i , we establish

the limit for estimators in Theorem 2ii.

Theorem 2. Under Assumptions 1-5,
)
—2T[Qr(, Bo + b/T"? Az (e, Bo + b/T?) = Qr(ao, Bo,v(a0, o))
= [¥(,fo) +ma(a, Bo) + R(Bo)b]' 2,

[¥(a, Bo) +mi(e, Bo) + R(Bo)b]
= S(a,b),

X

(&, T (Br — Bo)') = (@', b7),
where a® = argming,e g S* (),
§*(@) = [2(a) + p(@)]'[T = F(a)(F(a)' F(a)) T F(@)'][2(a) + p(@)],

and
b* = ~[R(80)/ Q! 5, R(B)] " R(B0) 215 [2(e7) + pu(a”)],

where (Y.~ g, represents the variance covariance matriz described in Lemma 1 and evaluated at

0= (a,B,).

Remarks. Theorem 2i provides the limit for the centralized objective function . The limit is the
same as in Theorem 1i of Stock and Wright (2000) for the continuous updating estimator (CUE)
case. This can be seen by replacing the limit weight matrix in Theorem 1i of Stock and Wright
(2000) by the limit of the efficient weight matrix Q;lﬂo We explain why we have the same limit as
Stock and Wright (2000). In the proof, we first derive an asymptotically equivalent expression for



A7, by using the first order condition with respect to y. Then we substitute this into Taylor series
expansion of appropriately centered objective function. This centered objective function is shown
to be asymptotically equivalent to the centered CUE objective function.
Theorem 2ii provides the limits for the estimators. It can be seen that these are entirely different
from the normal limits by Kitamura and Stutzer (1997) in the case of identified parameters only.
When « is identified, o = ag, then p(ag) = 0, since mq(ag,By) = 0 by Assumption 3i and
z(o) = N(0,1I4). In this case we obtain the limits in Theorem 2 or Corollary 1 in Kitamura and

Stutzer (1997) for the case of iid data.

Ty — Bo) 5 N(0,[R(Bo)' Q5L 5 R(Bo)] 7).

The limits in our Theorem 2ii are equivalent to the limits of CUE estimators in Corollary 4 of
Stock and Wright (2000).

When « is completely unidentified (i.e., in small samples as well) Fvy(a, By) = 0, for all o, then
mi (e, Bo) = p(a) = 0. So the limits in Theorem 2ii simplify little so that

o = argmin 5*(a) = 2(a)'[I — F(a)(F () F ()" F (@)]2(a).

However, this cannot be used since « is a nuisance parameter vector and appears in the limit. The
limit for BT does not simplify much.

In this part, we derive the large sample theory for the estimators of Lagrange Multipliers
A = &T(éT) This gives us an idea whether their distribution is affected by weak instruments.
Also, the limit of Lagrange Multipliers affects the J statistic for overidentifying restrictions in ex-

ponential tilting so finding that limit is important.

Theorem 3. Under Assumptions 1-5,

T4 = Q1 [%(a*, Bo) +ma(a®, Bo) + R(Bo)b*].

Note that in standard asymptotics in the exponential tilting of Kitamura and Stutzer (1997) or
empirical likelihood in Smith (2000), 67 and A7 are asymptotically uncorrelated. Here, we clearly
see, o and b* inside the limit for the estimator of Lagrange Multipliers: 47. The main reason
for this limit in Theorem 3 is the inconsistency of &. This result for the Lagrange Multipliers
in Theorem 3 is new, and affects the limit of J statistic for overidentifying restrictions used in
Kitamura and Stutzer (1997). The limit of the J statistic will not be nuisance free in the case of
weak instrument asymptotics in Theorems 2 and 3. So we propose a new J statistic which is robust

to identification problems in section 4.



Note that when there is identification of all parameters, a* = «p, the limit in Theorem 3

simplifies. If o* = ap, mi(ag,Bo) =0, and p(op) =0,

b* = ~[R(B0)' QL 5 R(Bo)] T R(Bo)' 7 ().

Then since z(op) = Q;:é,‘o\ll(ozo,ﬂo) the limit in Theorem 3 is:

Q.1 5 {¥ (a0, B0) — R(Bo)[R(Bo)' Q. 4 R(Bo)] " R(Bo) 2t 5, ¥ (e, Bo) } = N(0,U),

where

U= vaolb’u Ofuﬁu (ﬁo)[ (50) 0'0[7’0 (ﬁo)]_lR(/BO) Otu,b’u

This last expression is the standard limit that is found in empirical likelihood in Qin and Lawless

(1994), Smith (2000), and for the exponential tilting in Kitamura and Stutzer (1997).

4 Testing

The limits of estimators depends on nuisance parameters and these estimators are not consistent
. The large sample distributions of LR, Wald, and LM tests depend on these estimators’ limits.
So these test statistics’ limits are not nuisance parameter free. We need test statistics which are
asymptotically pivotal.

In this section we introduce two tests for testing the null of Hy : 8 = 8 against H; : 6 # 6y. The
limits of these are nuisance parameter free even when there is low correlation between instruments
and first-order conditions. The first one is an Anderson-Rubin like test and the second one is an
LM-like test. In the case of weak instruments in GMM; Anderson-Rubin like test is introduced by
Stock and Wright (2000). This is called the S-based test in Stock and Wright (2000). Since we
use a variance-covariance matrix as Sp(.) in this paper we call this test Anderson-Rubin like test.
(in order not to cause confusion in notation) Here we introduce a similar test with an exponential
tilting estimator with weak instruments. First we make the following Assumptions :

Assumption T.1.

T
T7Y23 " 4 (60) 5 N (0,6, );
t=1

Assumption T.2.
(1)
= Z[¢t 60) — U (60)][+(60) — ¥ (60)]' = Qg 60
where \IIT(OO) T Et 1%t(00);

(ii).

Eegl"/)f (6) < 00,



where g is in the neighborhood of zero.

These assumptions are used by Stock and Wright (2000) and Kitamura and Stutzer (1997) as
well. This is a simple central limit theorem and a variance-covariance matrix estimation, which are
satisfied under more primitive conditions. Assumptions 3, and 5 prove the following theorem, but

Assumptions T.1 and T.2 are weaker, so we use them here:

Theorem 4. Under Assumptions T.1 and T.2, and under the null of Hy : 6 = 6,

—2T(logQr (80,37 (60))] % x2.

Therefore, the limit is a x? distribution with degrees of freedom equal to the number of orthog-
onality conditions (r). In the continuous updating GMM, Theorem 2 of Stock and Wright (2000)
used an Anderson-Rubin like test and derive the same limit. This is robust to the identification
problem.

This Anderson-Rubin like test can be linked to Likelihood Ratio test in Kitamura and Stutzer
(1997). The likelihood ratio test for Hy : 8 = 0y is

2T [logQr (07,47 (07)) — logQr (80, 47 (60))]
= 2TlogQr(fr,%r(01)) + ART(6),

LRt

where AR7(6p) is the Anderson-Rubin like test in Theorem 4

ARy (6y) = —2T[logQr 8y, 47 (80))]-

As can be seen from Theorem 2, the limit for the LR test statistic is not nuisance parameter
free due to the limit of the first term on the right hand side of the LR expression.

One drawback of the Anderson-Rubin like test is it may reject when the moment restrictions are
invalid. To see this point more clearly, we use the J statistic, which is used for testing the validity of
moment restrictions in Kitamura and Stutzer (1997) in the exponential tilting estimator. Rewrite
ARr(0y) in the following way

AR7(69) = LRy + Jr,

where Jr = —2TlogQT(éT,ﬁfT(éT)).

Note that using Theorem 2 we see that the J test is not asymptotically pivotal, also this last
decomposition above shows that violation of the moment restrictions can influence an AR test
spuriously.

Next we try to setup a test statistic that may result in higher power than the Anderson-Rubin

like test. This is similar to Kleibergen’s (2002) test statistic for weakly identified GMM . We need

10



the notation below before the following assumption. Denote

pr(bo) = Z azgz(, )|9=90'

t=1

The following assumption is first used in Kleibergen (2002).

Assumption T.3.The r X 1 dimensional derivative of 1(0y) with respect to 6;,1=1,2,--- ,d :

OY(0)

Pit(00) = =55~ loui

18 such that
Pit(00) — Elpit(00)] = Ai (¢it(00) — Elgi+(60)]),

with ¢;+(0y) : ;i X 1 and A; a deterministic full rank r x I; dimensional matriz l; < r. The joint
limiting behavior of the sums of martingale difference series ¥:(0y) and g;+(60) — E[q; +(60)] satisfy
the following Central Limit Theorem

Tl/2

N(07 V(HO))v

U7 () ] 4
ar(fo)

T ()
W, (60)

where
- Z%‘ 6o) — Elg:(6o)],
gr(6o) is of dimension Zle I, x 1, and

QHU-A‘)U E<9u,f1

V() = 5 5

q,% q,9

; ; ; . . d . d .
where dimensions of the sub matrices are Qg g, : 7 X1, Bgay ¢ Ooimg li) X7, Bgg + Ooimg li) X

(Z;-lzl li) and By, = Xy . Eazplicitly the sub matrices are

1 T T
g0 = Jim B[ > [ar(60) = Elae(00)) (601,

t=1 7=1
T
Ygq= hm E[—ZZ q:(60) — Elg:( 90)]][%(90) E[Qj(%aeo)”l?

Assumption T.4.
Eed¥(@bo) o

for all vectors g in the neighborhood of the origin;

11



Assumption T.5.

T
%Z[’(Pt(eo) — U7 (6)][1b(60) — T (60)) & Qg 60,
=1
1 < - ,
T > [#4(60) — ¥ (60)]lg(60) — Gr(60)]' = Ly 4,
t=1
LT
T > lar(80) — dr(00))lg:(60) — Gr(60))' 5 Sy,

t=1

where Gr(6y) = %Z?:l g (60).

Even though estimation is using iid DGP in section 3, since testing is done using the true value
By, we can weaken the iid assumption to martingale difference sequences as used in Kleibergen
(2002). Assumption T.3 assumes the existence of a simple Central Limit Theorem for martingale
difference sequences. This can be satisfied under weaker conditions. Note that Assumptions 3 and
4 are different from the martingale diffference sequence assumption here, so the test here is valid
under martingale difference sequence assumption.

By Assumption T.3, we can also comment on the limit of the derivative for ¥y (6p). We see
that the limit only holds for that part of the derivative with respect to 8; which lies in the span of
A;. The degeneracy of the limit can happen when the derivative of ¥¢(6y) in the moment condition
in (1) is completely spanned by the instruments. By choosing A; = 0, this can be avoided. In
that case, gr(6p) does not exist. Another possible degenerate case is when the derivative of several
elements of 1:(#) with respect to #; are identical. By specifying the appropriate gr(6y) we can
avoid this. This is why we need a limit for gr(6y) rather than pr(6p) . This is explained in greater
detail in Kleibergen (2002).

Instead of Assumption 2 we use the weaker Assumption T.4, and instead of Assumption 5 we
use Assumption T.5. These assumptions are standard in this literature, as seen in Kitamura and
Stutzer (1997), Kleibergen (2002), and Stock and Wright (2000).

As in Kleibergen (2002), we benefit from the first order condition in exponential empirical

likelihood A
9Qr(0,9r(6))
00

We base this test statistic on an asymptotically equivalent form of the first order condition.

= 0.

The exact first order condition is given in the following equation (9), and asymptotically equivalent
form is shown in the proof of Theorem 5 as equation (55).
When evaluated at 6y, the first order condition is, by (25) of Kitamura and Stutzer (1997)

0Qr(0,47())

96’ |9u = 'A)’T(GO)IDT(QO)a (9)

12



where
T

Dritn) = 13- “gg e T,
Dr(6p) is of dimension r x d. Note that (9) is a simplified version of the actual first order condition
when we take the partial derivative of the objective function with respect to 6. The algebraic
simplifications to reach (9) are shown in the proof of Theorem 2 in Kitamura and Stutzer (1997).

The following Theorem extends the GMM K-statistic in Kleibergen (2002) to exponential tilting
estimators. Note that Guggenberger and Smith (2003) also consider the K-statistic in generalized
empirical likelihood models. The limit in the following Theorem 5 is the same as in Kleibergen

(2002).

Theorem 5. Under Assumptions T.3, T.4, T.5 , the K-statistic for testing Hy : 8 = 0y 1is
K(80) = TU7(80)'S1(80) Y2 Ps, (,)-1/2 5y (80)ST(80) /2T (B) 5 12,

where

Ps,(90)-1/2 Dy () = ST(80) /> D1 (60)[Dr(60)' S1(69) " D (60)] " Dr(6s) Sr(60) 172,

and Urp(Bp) =T 17 4bi(6o).

We show that in the proof of Theorem 5, the K-statistic in our case is asymptotically equiv-
alent to the K-statistic in Kleibergen (2002) for CUE. The main difference between the K-test in
Kleibergen (2002) in the case of continuously updating GMM, and the K-test developed here for
the exponential tilting estimator is the Jacobian terms of the objective functions. Given Theorem
5, the subtests can be developed easily simply by following sections 3.2 of Kleibergen (2002).

The LM test in the exponential tilting estimator in Kitamura and Stutzer (1997) has the same
form as in K-test statistic developed for exponential tilting. The difference between the LM and
K tests in exponential tilting is that the LM in Kitamura and Stutzer (1997) uses the Jacobian
estimator pr(fy) whereas the K test here uses the D7(6)) term. The large sample theory of pr(6))
is not independent of the limit of \TIT(HU). So the limit of the LM depends on nuisance parameters.
Note that in our K test the Jacobian term Dr(6) is asymptotically independent of the average
moment vector Wy (Bp), so this results in a nuisance parameter-free limit.

The K statistic in the continuous updating estimator case of Kleibergen (2002) takes the value
of zero when the GMM objective function is at its minimum, maximum, and inflection points.
Note that since the K-test that we built does not depend on an exact first order condition in (9), it
does not take the value zero when the moment restrictions are invalid. If we had instead built our
test using (9) at éT, this test could have taken the value of zero at its maximum point. However,
using an asymptotically equivalent form we avoid that problem in small samples. In terms of small

sample properties power of the K test that is built here is better when compared to an alternative
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K test which uses (9). By inverting the Anderson-Rubin like test statistic and the K tests we can
have confidence intervals for 6.

We propose a new J statistic for testing overidentifying restrictions in exponential tilting which
is robust to identification. This resolves the difficulties associated with the limits of 47, éT in
a standard J statistic. We cannot use the standard J test statistic introduced in Theorem 3 of
Kitamura and Stutzer (1997) in the exponential tilting case. We think of testing the validity of

moment restrictions
E[wt(e(])] = 07

for all t = 1,2,---7. We can test this by testing ¥ = 0 as well. However this restriction makes
¢ unidentified. We benefit from an idea in equation (17) of Smith (2000). He introduces a score-
based J test in empirical likelihood with standard asymptotics. We modify this for our case, since
a score-based J test uses éT, which results in limits with nuisance parameters in weak instrument
asymptotics. To resolve this problem we evaluate the score of exponential tilting estimator at
v = 0,0 = 6y, and base our J test on these restricted parameters. With our test, we can test the
validity of orthogonality restrictions under the null of Hy : 8 = 6y. Note that K and J tests in
the exponential tilting case introduced here are asymptotically independent using Kleibergen (p.9,
2002). This is also clear from the form of the test statistics. So we propose to use the J test in the
following manner. First test Hy : 8 = 0y by the K test. Since this is asymptotically independent
from the J test, and if we do not reject the null, we can test the the moment restrictions by the J

test. Specifically, the score of our objective function Qr7(.) in (4), evaluated at y = 0,6 = 6y is

Then J statistic is :
J(6p) =T { SC(6y) [ 5 ] SC(6y) ¢,
where Dp(6y) is defined in (9).

Theorem 6. Under Assumptions T.3-T.5,

d
J(6p) — X?«—d-
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5 Simulation

In this section we analyze the size and power of the Anderson-Rubin like test in Theorem 4 and
Kleibergen test statistic in Theorem 5. Our Monte Carlo setups use the representative agent

intertemporally separable consumption CAPM with CRRA preferences.

5.1 Size

We closely follow the setup in Stock and Wright (2000) for analyzing the size of the various test

)
r

statistics described in the above paragraph. The Euler equations are (1) with

=15 (L) R - 0@ 2 (10

where § is the discount factor , C; is consumption, R; is a G x 1 vector of asset returns, tq is a G
vector of ones, and Z; is a set of instruments. Let § = (o, )" and both parameters are bounded.
As in Stock and Wright (2000), « is deemed to be weakly identified and S is strongly identified.
The design of the Monte Carlo is due to Tauchen (1986), Kocherlakota (1990), Hansen, Heaton
and Yaron (1996). We generate the artificial data for (10). These designs are consistent with Euler
equations. This is also used and explained by section 4.2 of Stock and Wright (2000), and section
7 of Kleibergen (2002). In order to generate the artificial data, a 10> dimensional Markov chain is

calibrated to approximate a Gaussian VAR(1) fitted to consumption and dividend growth.

a \_ (0021 ( -0161 0017 A
di, 0.004 0.414 0.117 dig—1 cair )

where ¢; is the log-growth rate of US per capita real annual consumption growth, and di; is the
log-growth rate of real annual dividends on the S&P 500. The errors are independently normally
distributed with mean zero and var(e.;) = 0.014, var(e4 ) = 0.0012 and cor(eqt,€q4;¢) = 0.43.
Then this VAR(1) generates the asset returns and consumption growth series in this simulation. The
VAR(1) coefficient matrix above adjusts the degree of weak instruments. It also corresponds to weak
instrument specification in Stock and Wright (2000) and Kleibergen (2002). This simulation setup is
used by Stock and Wright (2000) and Kleibergen (2002), who assume martingale difference sequence
assumption (Assumption T.3). As they have suggested, no autocorrelation or heteroskedasticity
in the moment equations are assumed. Errors are martingale difference sequences at true values
(there are no overlapping data). Assumptions T.1-T.5 are satisfied under more primitive conditions
as shown in p.1072 of Stock and Wright (2000), and section 7 of Kleibergen (2002). Four designs
are described in Table 1.

In Table 2 we consider the size of Anderson-Rubin like test that is introduced in Theorem 4.
We use T' = 50, 100,200. The size of the test is generally very good. For the designs 1, 2, and 3

at T = 100,200, the size is approximately 5-8% at nominal level 5%. The test is conservative for
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Table 1: Monte Carlo Design

Design | «ag Bo Assets Instruments
1 1.3 0.97 ry 1,ri 1,ce-1
2 13.7 1.139 Ty I,riq,ct-1
3 1.3 097 rr! 1,ci-1
4 1.3 097 il il e

Note: ¢; = ln(Ct/C't_l),rtf,rf represents consumption growth, the risk free rate, and the stock

returns respectively.

Table 2: Size at 5% level

Anderson-Rubin Test Kleibergen Test
Designs 1 2 3 4 1 2 3 4
T=50 952 1148 6.16 1.24 | 3.84 4.52 5.06 5.78
T=100|7.24 848 426 0.64|5.18 5.36 4.76 8.68
T7=2001|6.61 6.44 454 032 |3.84 574 454 9.70

Note: The test statistics are compared to 5% critical values of the limits in Theorem 4 and Theorem

5. These represent the rejection rates for the corresponding nulls in Table 1. For Anderson-Rubin
test for designs 1 and 2, r = S,Xg = 7.81; for design 3 r = 4, x2 = 9.49; for design 4 r = 8,
X% = 15.51. For the Kleibergen test for all designs X% = 5.99, corresponding to d = 2. These are at
all 5% levels. We conducted 5000 trials.

design 4, rejecting less than the nominal level. At T' = 50, size increases for designs 1 and 2 to 9.5%
and 11.5%, respectively. Under the same setup, we analyzed the Kleibergen type test statistic in
Theorem 5. We used x3 at 5% nominal level as the critical value (i.e., 5.99) for all designs. The
size of the test is very good and near the nominal level even in small samples such as T' = 50 in
designs 1-3, which is better than the performance of the Anderson-Rubin like test. However, when
the number of orthogonality conditions increases to r = 8 as in Design 4, the size deteriorates in

small samples.

5.2 Power

We consider the power of the Anderson-Rubin like test and the Kleibergen test. The setup for
the power exercise is as follows: for Designs 1, 3, 4 we set 5 = 0.98 and vary o (weakly identified
parameter) at 1.0, 1.5, 2.0, 2.5. For Design 2, we set 5 = 1 and vary o = 3.7,8.7,18.7,23.7. We
report the rejection rates at 5% actual level. So the power is size-adjusted. These finite sample
critical values can be obtained from the author on request. The results are reported in Table 3.
As can be seen from Table 3, when we move away from the false null, rejection rates get larger,

and the power improves. We have very good power in 7" = 100. In some cases: when 8 = 0.98,
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a = 1.0 in designs 3 and 4, the power is around 95%. Power also improves with large samples. Both
tests show the same behavior and the results are very similar for Designs 1, 2, and 4. Only in the case
of the just identified system we see the Kleibergen-like test slightly dominate the Anderson-Rubin
like test. But we think high rejection rates, near 100%, should be interpreted with caution. In the
linear moment restriction case, Guggenberger and Smith (2003) find these tests to be inconsistent.
Even though we did not analyze this issue in our nonlinear case, this may be true in the nonlinear
case as well since the main problem is weak identification. These high rates may occur because

S7(6y)~! may be very large in some parameter settings.

6 Conclusion

This paper develops limits for exponential tilting estimators in the case of weak identification.
These are very different from the asymptotically normal ones. We also derive test statistics that
are robust to identification. Simulations show that Kleibergen type of test statistics have very good
small sample properties. An interesting topic may be developing in structural change tests within

this framework.
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Table 3: Size Adjusted Power

Anderson-Rubin Test Kleibergen Test
Design 1, § =0.98 Design 1, 5 =0.98
o 1.0 1.5 2.0 2.5 1.0 1.5 2.0 2.5
T=50 |11.34 6.82 5.62 8.34 1248 6.34 552 T7.14
T =100 | 16.38 7.74 5.96 11.52 | 20.24 7.4 4.74 10.84
T =200 12930 844 6.54 20.3 38.44 10.34 6.18 22.72
Design 2, f =1 Design 2, § =1
o 3.7 8.7 18.7 23.7 3.7 8.7 18.7  23.7
T =50 | 802 10.14 44.72 48.22 8.16 12.56 48.74 51.50
T =100 | 14.58 34.92 88.74 91.70 | 14.32 35.96 89.60 90.04
T =200 |28.92 7840 99.96 100.00 | 31.02 76.20 99.88 99.80
Design 3, 5 =0.98 Design 3, 5 =0.98
o' 1.0 1.5 2.0 2.5 1.0 1.5 2.0 2.5
T=50 |69.86 19.14 6.46 45.18 | 78.40 21.92 8.54 54.30
T=100|97.04 37.78 9.04 79.22 | 9844 42.56 13.00 &88.06
T=2001{99.96 64.20 11.58 98.06 | 100.00 74.76 25.48 99.66
Design 4, 8 = 0.98 Design 4, § =0.98
o' 1.0 1.5 2.0 2.5 1.0 1.5 2.0 2.5
T=50 |69.78 17.72 524 39.54 | 66.44 16.10 3.90 23.38
T =100 | 96.68 37.04 6.81 70.20 | 96.66 32.40 4.26 60.98
T =200 1|99.98 66.24 872 9586 | 100.00 68.30 13.12 96.64

Note: The test statistics are compared to finite sample critical values that are obtained by running
the same size program in Table 2 . These can be obtained from the author on request. We use the
designs in Table 1 with a change in the risk aversion coefficient, and fizing the time discount at

B8 =0.98 in Designs 1, 3, and 4 and 8 =1 in Design 2. We conducted 5000 trials.
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APPENDIX

Proof of Lemma 2. We want to show that first Ee?¥+(®F) is not locally identifiable at o = .
The proof of existence of min is given in the Technical Appendix. Now we analyze the expectation
term that is minimized to obtain yr(a, ) in (8). First, we can use the mean value theorem for

e7'¥1(@h) around v = 0 to have
Eev¥t(af) — 1 4 7/E¢t(a’5)€7/d’f(a,ﬁ)’ (11)

where 7 is in the line segment joining 0 and y. Technical Lemma 1 in the appendix provides the
behavior of v'¢:(8), which is useful in proving Lemma 2. Note that we use Technical Lemma 1i
in the remainder of the proof. Namely, supgee ery. [7'¥4(0)] % 0. Iy is described in Technical
Lemma 1.

We see by Assumptions 2 and 3ii, and Technical Lemma 1 that uniformly in 7,8, using the
Cauchy-Schwartz inequality (detailed proof of (12) is in the Technical Appendix)

By (0) (7 ¥1(F) — 1) — 0. (12)
By using (12) in (11), one has
BV V(&P _ (1 4~/ By (e, B)) — 0. (13)
Then note that by Assumption 4ii, uniformly in 8 € ©,
Ey (o, B) — Ey(ay, B) — 0. (14)
So we can use (14) to rewrite (13):
B — (144 Byy(ag, 5)) — 0. (15)
Next we consider
(e, B) = arg 1117in EeY¥i(o0f) (16)
In (16), note that by using the analysis in (11)- (13)
e V(e0l) _ (1 4 ' Expy(ag, B)) = 0. (17)
So clearly by (15),(17), uniformly in 8 € ©,
FeV¥i(ah) _ pev'vi(aof) _y . (18)

Then given Assumption 1, (18), the definitions of yr(a, ) and (o, ) (equations (8) and
(16)), and Lemma 3.2.1 of van der Vaart and Wellner (1996), we have the desired result. Q.E.D.

We need the following lemma for the consistency proof.
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Lemma A.1. Under Assumptions 1-4, uniformly in 6 € ©,

il Z e r(eB) () P proy(ao,f) di(ao.f)

Proof of Lemma A.1. First rewrite the term on the left-hand side of Lemma A.1,

T
(% ZGVT(aﬁ)'i/)t(a,/‘f) _ Eevﬂ%/”)'d&(m/”)) + (Ee'YT(avﬂ),"/’t(aﬁ)) ) (19)

t=1

In (19) the first term can be expressed in the following way:

T
1 ' ’
T E e'YT(avﬁ) ¢t(a76) — E67T(a=ﬁ) e (af) fyT a ﬁ

T
Z — E¢y(a, B)| + 0p(1),

by taking a mean value expansion around 0 for yr(e, ) ¢t(e, 8), and using the analysis in the
proof of Lemma 2 (equations (11)-(13)).

Then by Lemma 2, we have yp(«, 8) — v(a, 8), and y(ag, ) is bounded and away from +oo
which can be seen in the Technical Appendix. Via Lemma 1 uniformly in (¢/,8') € A x B=0,

H |

T
Z — Edi(a, ) = 0p(1).

Taking into account the results above, we obtain uniformly in 8 € ©,

T
S el vele) _ gerr(ep)velad) B g (20)
t=1

N~

Next we need to show the following to end the proof of Lemma A.1:

Eerr(ap)dilap) _y pev(ao,B)bi(aof) (21)
First use the mean value theorem as used in (11)-(13) to have
BN P = 1 4 yp (o, B) Bipy(e, B) + o(1). (22)
Then in the same manner
BeT oV €0) = 143, B) Eyu(a, 6) + o{1). (23)
Next

BV = 1 4 (a0, B) Bty (0, 5) + o(1)

= 1+’)/(O[(),/B)1E¢t(a07/8)+0(1)
_ Rerlwo®died) 4 o), (24)
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where the first equality follows by (22) and Lemma 2, the second equality by (14), and the last
equality follows by (23). So (24) proves (21).

(21) and (20) give us the desired result. Q.E.D.

Proof of Theorem 1. The first part of the proof proceeds exactly as in equations (13)-(14)
of Kitamura and Stutzer (1997). So we repeat the analysis here. Assumption 4ii implies that there
is a unique saddle point (ag, B0, v(ao,80)) of the function M = EeY#(®H) which is exactly as in
Kitamura and Stutzer (1997), because P(«y,B0) = i, y(,80) = 0, and the value of the saddle
function M (v, Bo,v(c0,B0)) = 1. Assumption 4ii also implies, at & = «ay and 8 # By, that we
have equation (13) of Kitamura and Stutzer (1997) :

M (g, B,7(a,8)) < M (g, Bo,v(w, o)) = 1. (25)

Let I'(,6) denote an open sphere with center § and radius §. Next proceed exactly as in p.869 of
Kitamura and Stutzer (1997), replacing 3 there with (ap, ) as in our case, using Assumptions 1-3

and analyzing the parameter space ® — I'(fy,d) we obtain

E| sup  erleof)vilafN] =1 _9p, (26)
B'eO—-T(So.8)

where h = min; h;. Use Lemma A.1

T
P[  sup LN prr@s)vn(as’) _ poraof oo s) < h] < €/2. (27)
B'EO-T(Bu,d) £ 1

Consider (26)-(27) to have

T
1 AY Qr
P[  sup N\ (e pelaf’) 5 h < ¢/2.

preo-T(pos) T i
By (16)-(17) of Kitamura and Stutzer (1997) , noting that 47(.) is defined in (4) and yp(.) is defined
in (8),

T T
1 . 1
7 Z eIr(af)d(a,f) < 7 Z e r(@B)di(a,f) + Op(l).

t=1 t=1

For large T, therefore,
T
LS (et

P[  sup — ) TOPIPHRaT) 51 — h] < €/2. (28)

pre0-T(ps) I 1=
But from Lemma A.1 and equation (27), it is clear that in the large samples « is not identified and

only the consistency of § is relevant. Then we analyze the behavior of the objective function at

(e, Bo)- So by (19)-(20) of Kitamura and Stutzer (1997) we have

T
1 PRV
Pl Y eirteofoldiento) < 1 p/9) < e/2. (29)
t=1
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Then Lemma A.1 and (27)-(29) imply consistency of ,é . The main difference with the consistency
proof for all well identified parameters in Kitamura and Stutzer (1997) is Lemma 2, Lemma A.1,
and equation (27). These show that weakly identified parameter vector is not consistent. Q.E.D.

Before the rate of convergence proof, we need a result for the variance-covariance matrix esti-
mation, and to show consistency of ’yT(dT,,BAT), (i.e., 7 5 0).

First, for the variance covariance matrix estimation

1 T
T;wt(e)

where U7 () = %Zle Y1(0). Then see that

T
Z (Ol (8) — T (0)] + Uz (6)¥r(6), (30)

H |

Z Ye(0) — Ei(0) + Eve(6).

In the above equation by Lemma 1 and Assumption 4, we have

uniformly in 6 € ©.
Use (31) and Assumption 5 in (30) to get

T
Z "5 Qg+ ma(B)ma(B) (32)

uniformly in 6 € ©.

To save us from further notation, set 47 = ’}T(&T,BT). The proof for consistency for 47 is
the same as it is in the well identified case of Kitamura and Stutzer (1997). The proof crucially
depends on the usage of an asymptotic bound which is robust to identification (p.871 of Kitamura
and Stutzer (1997)). So simply replacing the variance-covariance matrix estimation in that proof
with (32) here proves the claim. Here we show the proof.

By Kitamura and Stutzer (1997,p.870-871), and using (32) here we obtain the following

U (07 )0 (O7) 1y + 0p(1).

IIMH

T
L L 1 R
Qr(07,7) — Qr(6r,0) = fV'Z%(QT) +7']
t=1
Use the definition of 47(67) and the above result to get

fr(67) = ——ST or)” Zwt Or) + 0,(1), (33)

where

)¢ (07)".

IIMH



Note that by (32)
St(01) = Op(1). (34)

Then, in order to prove that the estimate of the Lagrange multiplier converges in probability

to zero, and since we have (33) and (34), we need to show the following

T
> wnlfr) = O,(T?). (35)
t=1

Let g7 = T?/Q , where g is an arbitrary r dimensional vector, and note that

—2TlogQr(07,97) < —2TlogQr(0r,47)
< —2TlogQr (80,47 (60))- (36)
But the last expression is x? distributed by using the proof of Theorem 3 of Kitamura and Stutzer
( 1997) or p.871 of Kitamura and Stutzer (1997). (An alternative proof is given in the proof of our

Theorem 4). Next, having a Taylor series expansion as in p.871 of Kitamura and Stutzer (1997),

we see by (32), and the definition of gr ’s, to have the asymptotically negligible term:

—2TlogQr(0r,97) = _2Tg§"z¢t(1?T)

T 6 or)
S —

which equals by (34)

~2g 3" wnlr) + 0,(1) = 7o' S ulOr) + O,(1).

Via (36), the last equation is asymptotically bounded by x2, so we obtain (35) which shows that
47 5 0 through (33) and (34). Somewhat similar arguments can be found in Newey and Smith
(2004).

Proof of Lemma 3. As in equation (21) of Kitamura and Stutzer (1997), consider the first

order condition concerning 4y

T
> u(ar, fr)eirtianin) — o, (37)

t=1

Expand V7%t (é1.81) ip g Taylor series around 0 to get
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XT: (b, fr)ea¥Grir) - = %XT:¢ (&, Br) + XT: Yu(éer, Br) (G, Br)'Ar
t=1 t=1 =
1 & =1 L
+ o7 ;@b +(6m, Br) 2. ]!(?'Ti/)t(dTaﬂT))”
L T
= 7 ;%(QT,ﬁT Z¢t &g, fr)vi(ér, Br)'yr
+ Op(l21)- (38)
In the last equality we use
Zwt Uil6))/2 = 0,(1).

by Assumption 2 or 3ii via Uniform Law of Large Numbers.

Set .
Srllr) = 7Y tnOr)Or),
t=1
where 87 = (&r, 7). By (37) and (38)

) + S (07)4r = Op(||47

%).

IIMH

Then, use the above equation

Sr(0r ¢ (0r) + Op(I1371I%),

IIMH

and proceed

PO (48)
T1/2

%40 = — [ Sr(0r) 7| + Op (T l32]). (39)

In (39) see that O,(TY?||57]|?) = 0,(T/?
of Lemma 3. Next, by (34) and (35)

4rll), since 47 = 0p(1), which is shown before the proof

.
[$e(6r)™] 2= 200 _ o, 1)

If T1/2 is the right rate of convergence for 47, then (39) simplifies and we have

.
1% = — [$r(0p) ] 2= 200 o ) (10

It is also clear that the right hand of the above equation is Op,(1). When we try another rate such

as T2+ where 1 > 0, the right hand side of (39) converges to infinity because of (34) and (35).
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Also when n < 0, the right hand side terms in (39) converge in probability to zero by (34) and (35).
So we establish the rate of convergence as TY/2.Q.E.D

Proof of Lemma 4. The goal of the proof is to write our objective function in such a way that
we can solve the rate of convergence from the proof in Stock and Wright (2000). First, we get an
asymptotically equivalent expression of 4p from its first order condition. Then we substitute this
into the Taylor series expansion of the objective function. By appropriately centering this objective
function, we can show that the problem is asymptotically equivalent to the continuous updating
GMM case in Stock and Wright (2000). First, we derive an asymptotic approximation for 4. By
Lemma 3 and the last equation in the proof of Lemma 3, we establish the following asymptotic

approximation
7 .
1= S (b) 2= 0O o gy (41)

Approximate QT(éT, 47) to the second order, where the equality after (38) explains the deriva-

tion of the order of the remainder
T 1 T
Qr(0r,4r) =1+ Z Fripe(Or) + _TZ ¥ (61))% + Op (12 )?.

Then substitute (41) and use 47 = O,(T~?) in the above equation to get

Qr(6r,4r) = 1——Z¢t ))'Sp(br)” Zwt

S e (Or)Ye (Br)' 4
T

T
+ %[Ziﬂt(éT)]'gT(éT)_l[ ]ST(éT)_l[Zlﬁt(éT)]+op(T—1)

t=1
T
= 1-— Z¢f )'Sr(6r) MY we(br)]
o - . t=1 A
+ oD D) Sr(Or) T ve(fr)]
t=1 t=1
+ Op(T_l)
T T
_ _ %[Et—%z/;fz(e'f)]lsﬂ (9“ )—1[Zt:%11€;( T)]+Op(T 1) (42)
Similarly
T
Qr (60,47 (60)) = 1 - o7 (Zf %52(60)> St (80) 7 <w> +0,(T7Y), (43)

where Sg(6) = 2= TACHICS
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Then by (42) and (43)

o
—T(QrBr,316r) - Qrl60,n80)) = [=Llilr) }fﬁ';( ")y ()22 }32(6”1
T
(Et %3};(90)) S7(00) (Et;iffiw) +op(1)
< 0 (44)

Furthermore, using the empirical process definition and Assumption 4,

Sy i (fr)
T1/2

T
- T}/Q > _(Welbr) — Ey(Br)) + T2 By (Or). (45)
t=1

Use (45) to rewrite the right hand side of the equality in (44)
[Wr(67) + ma (67) + TV ms (Br)) Sz(6r) " W (6r) + ma(br) + T *ma(Br)] — [¥r(60) S1(b0) ™" U (60)] + 0p(1) < 0.
(46)
Equation (46) has the same structure as equation (A.1) in p.1091 of Stock and Wright (2000) in
their rate of convergence proof (except from the o,(1) term). The only difference is the weight
matrices. In the rate of convergence proof in Stock and Wright (2000), they have a generic weight
matrix with the assumption that the weight matrix Wy (6) & W (8) uniformly over 6 where both
matrices are positive definite. Here, instead of that case, we have Sp(8) = %23:1 Wi (0)1h:(6) B
Q(0,60) + ma(B)ma(B) by (32) uniformly over § € ©. This is positive definite by Assumption
2. Using that information and proceeding exactly as in (A.1)-(A.5) of Stock and Wright (2000)

provides the result.Q.E.D
Proof of Theorem 2i. By (44) we have

—QT[QT(UM/%+b/T1/2a“AYT(OZ,/30 +b/T1/2)) - Q (o, Bo,v(ao.Bo))]
1/2)
[Et L Pl (YT/19/02+ b/T ST(OtJj)U +b/T1/2)71

X

OP(l)v (47)

Et L (e, Bo +b/T1/2)
T1/2

since QAT(O[(),ﬁo,’)/(Oé(),Bo)) = 1 as y(ap,B0) = 0 in the proof of Theorem 1. Then note that
we can obtain a limit for the right-hand side of the above equation as an empirical process in
(/,0') € A x B where B is compact.
So
T

T2 “(a, By + b/TH?) = Wr(a,By +b/TH?)
t=1
+ ma(a,Bo + b/TY?) + T my (8o + b/TH?).
By Lemmata 1, 3, and Assumption 4,

Wr(a, B+ b/T'?) = W(a, fy), (48)
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my (e, Bo + b/TY?) — my(a, o), (49)

TY2ma (8o + b/TY?) — R(Bo)b. (50)
By Assumption 5 and (32), and benefiting from my(5y) = 0 in Assumption 4ii,
S’T(aaﬁo + b/T1/2) £> Qa,ﬁ'm (51)

where €, g, denote (6, 8) evaluated at § = (o/, 8())’. All the limits are uniform in (¢/, V') € A x B.
Use (48)-(51) to have the desired result.Q.E.D

Proof of Theorem 2ii. This is immediate from Theorem 1ii of Stock and Wright (2000).
Q.E.D.

Proof of Theorem 3. The consistency of 47 is shown in (30)-(36) before the proof of Lemma

3. The rate of convergence is shown in Lemma 3. Then use (40) to have

o
1247 = —[ST(QAT)]AW + op(1).

Then by (32), Theorem 2ii, and ma(y) = 0 (for this last point see Assumption 4):

Sr(07) L Qs gy

Rewrite the following term using the empirical process and Assumption 4

T T T
TN "br) = TP (Whi(0r) — Eve(6r)] + T2 " Ey(6r)
t=1 t=1 t=1
= Up(fr) +my(6r) + TYma(Br).

By Lemma 1, Theorem 2, and Assumption 4, we derive

T
T2 " gy (0r) = (a*, o) +m (o, Bo) + R(Bo)b".
t=1

Using this last result and the limit for ST(éT) derived above, we have the desired result. Q.E.D.
Proof of Theorem 4. This proof shows that we can derive the limit under weaker conditions
than the proof of Theorem 3 in Kitamura and Stutzer (1997). Under Assumptions T.1-T.2, following

the proof of Lemma 3 very closely, we derive

T
r(00) = ~5r(00) 1 =) o pirey (52)

Note that the proof of Lemma 3 works under 6 = 6y, with Assumptions T.1-T.2 instead of As-

sumptions 1-5.
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As in the rate of convergence proof (Lemma 3) using the approximation of QAT(QO,’)/T(QO)) to

the second order and substituting (52), we have

T
Qr(th,A7(th) =1 - (L jl,ff;(e(’ ) 7(60) 7" (72?1:%(90)) +o,(T7H). (53)

Here we show that we can derive (43) under much weaker conditions than in the rate of con-

vergence proof. Using (53), and the Assumptions T1-T2, under the null

T ! T
—2T[log(Qr (00,47 (00)))] = <w> Sr(6o) " (W) + 0p(1)

Q.E.D
Proof of Theorem 5. Note that by using (52) where we benefit from Assumptions T.1, T.2,

we obtain
41(60) = —S7(60) 17 (8p) + 0,(T7?), (54)

where ¥ () = M By comparing Assumptions T.1, with T.3, it is clear that (54) can be
obtained using Assumption T.3 as well.

Then our test statistic uses the first term on the right-hand side of (54) and ignores o, (T1/?)
term. This means that instead of (9) we use the following asymptotically equivalent form to build

the K statistic

—S7(80) " 7 (69) Dr(60), (55)
where

= 1 oY (ze, 6 . e
DT(GO) = Z Mbue’yﬂeo) P t,80)

So the K test is
K (80) = TUr(80) Sr(00) ™"/ P, (3,)-1/2 (6 ST(60) "> ¥ (6p),

where Py, represents the projection matrix with respect to the terms in the subscript.
We try to asymptotically approximate Dp(6p) term in (9). Consider each Dr;(6y) for i =
1,2,--- ,d.

Dri(60) = 3%&

M

|‘90i

0
+ TZ U)oy et )5 o), (50



where v € (0,%7(60)). This is obtained by expanding the exponential term in Taylor’s series about
0 to first order as in (26) of Kitamura and Stutzer (1997). Taylor’s theorem ensures the existence

of vectors ;. Next substitute (54) in (56)

Dri(h) = 7 Z ), — Br(60)Sr(80) r (60) + 0, (Br(80)T /%), (57)
where T
Br () = %; algtéf) o, e (80)€744(%0).
We have to show that -
Br(60) 5 A%y 005 (58)

where A; is r X I[; and X, ¢, is [; X 7 and is described in Assumption T.3.
By Assumptions T.3 and T.4 and using 47 (6o) %0, in combination with Holder’s inequality as
in (27) of Kitamura and Stutzer (1997), we get

Za“’* ey - LS~ OO, gy (50
t=1 t

Furthermore, rewrite

Z 2, oo

— Z[a¢t Boi a‘PT(G) |9m’][1/’t(90) o ‘i}T(GO)]’

06;
V(6 - ,
+ ;; Do, (00’ (60)
where Ur(8)) = T~ S0, 1(60) and 220, =71 0L 2000,
In (60) on the right-hand side, we analyze the second term. In the second term consider
6o) =7 Z Yi(6) = (61)
by Assumption T.3. Then consider
T
a\I/T 81/11‘ 01 () 1 O (0)
= - )+=> E 2
g, = Z o, - B( 90, 1)+ 7 2 B (g~ ) (62)
By Assumption T.3
T
1 oY (6) oY (6)
— —FE :

t=1

it (60) — E[pi(00)]

I
N =
MH

1=

o
)
Il
L
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and by definition or by (15) of Kleibergen (2002)

TZ (200, = o).

The results above, in combination with (61) and (62) provide for the second term in (60)

OUr(6)

26, |60, @7 (60) 2 0. (63)
Then clearly in (60)
Zawt | _ L2 a\vT() PR
60 ¥t(60) = TZ[ 26, |60, — |60, 1[¥¢(60) — ¥ (60)]" + 0p(1)

-
Il

1

T
= A > (e 80) — 30 (00)) (0 (80) — T (60))’
t=1

5oAx (64)

qi,%0>

and by Assumptions T.3 and T.5. §+(6o) = 1/T°)"¢i+(6y). Therefore, we obtain (58) by the
definition of Br(6y) immediately after (57), and the results (59), and(64).
By Assumption T.5

Sr(60) & Qg, 6, (65)
Now we simplify Dr;(6p) using (64) and (65) in (57)
Dr.i(60) = pri(6o) — AiZy, 0, ", U1 (60) + 0,(T1?), (66)

where

pr,i(6o) =T~ ZPM (60) = Z&pt 195,

So,
Dr(60) = [Dr1(60),- -+, Dri(60), -+ , Drn(60)].

Dy (8y) is asymptotically equivalent to the term in equation (17) of Kleibergen (2002) divided
by T. In other words, if we denote the Dr(6;) term in Kleibergen (2002) (i.e., equation (17) in
Kleibergen (2002) divided by T) by Drx (6) to differentiate from our corresponding term, we have

the following relation:
Dr(8) = Drx(8o) + 0, (T71/?).

Then using this asymptotic equivalence and the order of the asymptotically negligible term, via
Assumption T.3, we obtain Lemma 1 and 2 of Kleibergen (2002) by following the exact same steps
in the proofs of Lemma 1 and Lemma 2 in Kleibergen (2002). This leads to Theorem 1 in Kleibergen
(2002), and hence the desired result.
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In terms of the notation in the K-statistic in Kleibergen (2002) (i.e., equation (22) there),
instead of fr(6y)/T there we have Ur(6), and instead of V¢() there we have asymptotically
equivalent S7(6y). Q.E.D.

Proof of Theorem 6. We can rewrite the J statistic using Wp () = 7~* 2:{:1 Y (6o)

J(60) = T{Pr(60)[Sr(%) " = Sr(60)*Dr(bo)(Dr (bu) Sz (6) * Dr(60))* Dr(60)' Sr(bo) 19z (60) }

= T {\IJT(GO)/ST(GO)_1/2M{5T(50)—1/2DT(GO)}ST(GU)_I/Z@T(GU)} s (67)

where M{Sr(eu)—l/zDT((io)} =1 — P{ST(HU)—l/ZDT((io)}‘ Rank of M is r — d.
Note that

T
- SRIAC
TY257(80) "2 Wr(6)) = sT(eo)—l/zzt—Tlff;( 0)

4 N(0,1,). (68)
Using (68) in (67) we have the desired result. Note that by equation (67) asymptotically
J(6y) = ARr(6) — K(60),

where ARr and K tests are asymptotically independently distributed with X%,xi, respectively.
Q.E.D.

TECHNICAL APPENDIX

Here we can analyze the issue of existence of v(#) and 97(0). We provide proof based on
Lemmata A.1-A.3 of Newey and Smith (2004) or Lemmata A7-A9 of Guggenberger and Smith
(2003). Now we can show that alternatively we can replace inf with min.

Technical Lemma 1. Under Assumptions 3i,ii

(i)

)
max  sup  [y'4:(6)] 50
1<t<T e, yelr ,

(1)
I'r C 1:‘T (9),

uniformly in 6 € O, v.w.p.a.1. where I'r = {7]||7|| < T_l/Qc;l/Q} and

—7-1/2 0
cr 112%}% Zlelg IEACHIE

Tr(0) ={y e R : ¢ (8) €V,t =1,--- , T} ,V is an open interval containing zero.
Proof of Technical Lemma 1. First, by Lemma D.2 of Kitamura, Tripathi, and Ahn (2004)

under Assumptions 3i,ii

OVl = o (T1/(2+3) 69
s s [44(6)] = o/, o
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for some & > 0. Then, without losing any generality as in Lemma A.7 of Guggenberger and Smith

(2003), we assume cp # 0. Then
cp =T71/? max sup 1 (8)]| 2 0,
b8
by (69). So ¢ = 0p(1). Then by cp definition

max sup |y¥(0)] < T_l/Qc;l/2 max sup |1+ (0)]|
t 4cO€rr t g
_ T—l/QC;l/QCTT1/2

1/2 1
= cT/ £>0,

which immediately implies part ii of Technical Lemma 1. Q.E.D.
Next under Assumptions 1, 3, 4, 5, and Technical Lemma 1 following Lemmata A.2-A.3 of
Newey and Smith (2004) or Lemmata 8-9 of Guggenberger and Smith (2003)

T

yr(0) = arg min A

verr(o) 1 i

exists uniformly with probability approaching one. Similar result holds for v(€). So we are able to
replace “inf” with “min”.

Proof of equation (12). First, by the Cauchy-Scwartz inequality and using 8 = (¢/, ')
By (0)(e7V0) — 1) < [B(|¢(0)])] P [E(je7 ) — 1)1/,

By Assumption 3ii, the first square bracketed term on the right-hand side of the above equation is

bounded and finite. For the second term first use the expansion for exponential term

VPO 1 = 54, (0) + w + ...

By Technical Lemma 1 we have

V) — 1 = 79 (0) + o(7 e (6)).
Then use this last equation and Technical Lemma 1i
O AP < (oup () + of1)
Y
50
Then via Theorem 18.8i of Davidson (1994)
(E|e7"®) —12)1/20.

This last result combined with the boundedness of the first term in the Cauchy-Schwartz inequality

gives the desired result.

32



REFERENCES

ANDERSON, T.W., AND H.RUBIN (1949): “ Estimation of the Parameters of a Single Equa-
tion in a Complete System of Stochastic Equations,” Annals of Mathematical Statistics, 20, 46-63.

ANDREWS, D.W.K. (1994): “Empirical Process Methods in Econometrics,” Handbook of
Econometrics Vol.4 ed. by R.Engle and D.McFadden. Amsterdam:North Holland, 2247-2294.

DAVIDSON, J. (1994): Stochastic Limit Theory. Oxford University Press.

GUGGENBERGER, P. AND R.J. SMITH (2003): “Generalized Empirical Likelihood Tests un-
der Partial , Weak and Strong Identification,”. Working Paper, UCLA , Department of Fconomics.

HANSEN, L.P., J. HEATON, AND A. YARON (1996): “Finite Sample Properties of Some
Alternative GMM Estimators,” Journal of Business and Economic Statistics, 14, 262-280.

IMBENS, G.W., R.H. SPADY, AND P. JOHNSON (1998): “Information Theoretic Approaches
To Inference In Moment Condition Models” Econometrica, 66, 333-357.

KITAMURA, Y. (1997): “Empirical Likelihood Methods with Weakly Dependent Processes”
Annals of Statistics, 25, 2084-2102.

KITAMURA, Y. AND M. STUTZER (1997): “An Information-Theoretic Alternative to Gen-
eralized Method of Moments Estimation” Fconometrica, 65, 861-875.

KITAMURA, Y., G. TRIPATHI, WITH H.T.AHN (2004): “Empirical Likelihood Based Infer-
ence in Conditional Moment Restriction Model” Econometrica, Forthcoming.

KLEIBERGEN, F. (2002): “Testing Parameters in GMM Without Assuming That They Are
Identified,” Revised version of Tinbergen Institute Discussion Paper , TT 01-067/4.

KOCHERLAKOTA, N. (1990): “On Tests of Representative Consumer Asset Pricing Models,”
Journal of Monetary Economics, 26, 285-304.

KUNSCH, H.R. (1989): “The jackknife and the bootstrap for general stationary observations,”
Annals of Statistics, 17, 1217-1241.

NEWEY, W.K. AND R.J. SMITH (2004): “Higher Order Properties of GMM and Generalized
Empirical Likelihood Estimators,”. Econometrica, 72, 219-255.

QIN, J. AND J. LAWLESS (1994): “Empirical Likelihood and General Estimating Equations,”
Annals of Statistics, 22, 300-325.

SMITH, R.J. (2000): “Empirical Likelihood and Inference,” in Application of Differential Ge-
ometry to Econometrics,ed. by M.Salmon and P. Marriot. Cambridge: Cambridge University
Press.

STOCK, J.H., AND J.H. WRIGHT (2000): “GMM With Weak Identification,” Econometrica,
68, 1055-1096.

TAUCHEN, G. (1986): “Statistical Properties of Generalized Method of Moments Estimators of
Structural Parameters Obtained from Financial Market Data,” Journal of Business and FEconomic

Statistics, 4, 397-425.

33



VAN DER VAART, A. W., AND J.A. WELLNER (1996): “Weak Convergence and Empirical
Processes,” New York and Springer.

WALD, A. (1949): “Note on the Consistency of the Maximum Likelihood Estimate,” Annals
of Mathematical Statistics, 20, 595-601.

WOLFOWITZ, J. (1949): “On Wald’s Proof of The Consistency of the Maximum Likelihood
Estimate,” Annals of Mathematical Statistics, 20, 601-603.

34



