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Abstract

This paper develops structural change tests in the continuous updating GMM framework that
are robust to weak identification. We propose likelihood ratio-like, Anderson-Rubin (1949), and
Kleibergen (2005) type of tests. Since the limits of test statistics are not nuisance parameter free,
bounds for the limit of the test statistics are derived. The bounds are nuisance parameter free
and robust to identification problems. The bound for likelihood ratio-like test and Anderson-Rubin
(1949) type of test is the same and depends on the number of orthogonality restrictions. The bound
for Kleibergen (2005) type of test statistic is different and depends on the number of parameter
restrictions. We also derive the test statistics limits’ under standard strong identification in Con-
tinuous Updating Estimator. To obtain that result we derive a new weak convergence theorem for
sequential empirical process with time series data. In order to understand how conservative the
bound is in the worst case, we compare the limit in the bound with the limits derived under stan-
dard CUE. Simulations show that Anderson-Rubin (1949) and Kleibergen (2005) type of tests are
slightly conservative, and have very good small sample properties. In the case of weak instruments,
sup LM test of Andrews (1993a), which is widely used in the structural change literature, rejects
the true null of parameter stability more than the nominal level, and also has low power in the
weak instrument setup.
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1 Introduction

In econometrics literature, one possible source of poor approximation of asymptotic normality to
finite sample behavior of GMM estimates and test statistics is low correlation of the instruments
with the first order conditions. Recently, in a seminal paper, Stock and Wright (2000) develop the
weak instrument asymptotics for GMM estimators and show that the new limits provide better
approximation for finite sample behavior of estimators. They also provide a new test statistic,
which is called S-test. S-test is the continuous updating GMM objective function evaluated at the
restriction imposed by the null. Kleibergen (2005) provides an LM-like test statistic. This test has
more power than the test statistic of Stock and Wright (2000).

Many researchers in economics and finance are interested in detecting regime changes, and
analyzing the stability of Euler equations. Andrews (1993a), in a path-breaking work, considers
structural change tests with an unknown change point in the standard two-step GMM setup.
Andrews (1993a) develops the limit theory for the structural change test based on LM-like test
and likelihood ratio-like test. However, these tests are derived under the assumption that all of the
parameters are identified. We want to learn whether the large sample distributions of the structural
change tests can provide good finite sample approximations when there are weak instruments in the
system. We also want to derive structural change tests that are robust to identification problems.

In this paper, we suggest three test statistics to test the null of no regime change against an
unknown change point. These are likelihood ratio-like, Anderson-Rubin (1949), and Kleibergen
(2005) type of tests. Under certain cases in weakly identified case, and in completely unidentified
case, Caner (2003) shows that the test statistics are not asymptotically pivotal. However, in this
paper we show that the limits are shown to be bounded with a distribution. This asymptotic
bound is robust to identification problems and nuisance parameter free. In GMM with weak
instruments, tests for structural change amounts to sub vector testing. In those cases we benefit
from asymptotically conservative methods.

We also derive the limits for test statistics under only strong identification (standard GMM).
To do that, we benefit from a result that we derive for sequential empirical processes. This result
extends the iid sequential empirical process limit theorem in van der Vaart and Wellner (1996) to
time series case. Next, we compare the limit bound in robust case to the limits that are derived in
strong identification case. This can help us in assessing the magnitude of the mistake we may be
encountering in the case of standard identification.

We conduct some simulations to understand the small sample behavior of the test statistics when
the instruments are weakly correlated with the first order conditions. We realize that Anderson-
Rubin (1949) and Kleibergen (2005) type of tests are only slightly conservative, and have very good
small sample properties. We also show that sup LM test of Andrews (1993a), which is widely used

in the literature, rejects the true null of stability much more often than the prescribed nominal



level, and has also low power.

Section 2 introduces the model, main assumptions, and an important result for sequential em-
pirical process. Section 3 introduces test statistics, and derives the distribution for the asymptotic
bound. Section 4 conducts simulations. Section 5 concludes. The appendix covers the main proofs
and the limit theory for the restricted partial sample estimator and the limits of test statistics pro-
posed. Technical Appendix contains some of the basic but tedious proofs. Let © denote a compact
parameter space, and Il denote a set whose closure is in (0,1). Let 7 € II, and = denote weak
convergence of random functions with respect to the sup norm. [T'7] denotes the largest integer
that is less than or equal to T'w. The limits of the test statistics are also derived for two-step GMM
case. These and some of the tedious proofs can be found in Caner (2003). This is available at

www.pitt.edu/ caner.

2 Partial Sample GMM Estimator with Weak Instruments

In this section we analyze the partial sample continuous updating GMM estimators. Before that

we discuss the hypothesis of interest. The null hypothesis is parameter stability:
Hy:0,=06y forall t>1 forsome 8;€© CR".

The alternative hypothesis is a one time structural change with unknown change-point 7 € (0,1).
T is the number of observations and [T'x] is the time of change, and for simplicity = is the change

point,
6, for t=1,---,[Txw
HlT(Tr) N 9,5 = [ ]
0y for t=[Tw]+1,---,T.

for some constants 61,0, € ©® C R".

2.1 The Estimators and Assumptions

We now consider the partial sample GMM estimator. We benefit from some of the arguments and
definitions in section 3.2 of Andrews (1993a). The parameter vector € takes two different values
in the whole sample. In the first part of the sample, ¢t = 1,--- [[T'w], it takes the value 0;, and
when ¢ = [T'r] +1,--- ,T, it takes the value #2. Define 6; = (o},3]) € ® = A x B C R™ x R"?,
02 = (ah,05) €O =AxB C R"xR". Set§ = (0],6,)) € AXxBxAxB C R" xR" xR"™ xR",
and nq +no = n. The parameters are in the interior of the compact set © x @ = @. The population
values of 6; and 05 are 619 = (), B1g)’, 020 = (b, B5g) respectively. The population orthogonality

conditions are, each with G equations:
E[h(Y:,610)|Ft] =0, forall t=1,---,[Tn],

E[h(Y:,b)|F] =0, forall t=[Tn]+1,---,T,



where F} is the information set at time t, and hA(.,.) is a specified RE valued function. Let Z, be a K-
dimensional vector of instruments contained in F;. The observed sample is {(Y;, Z;),t =1,--- , T},
and defined on a probability space (A,F,P) where A is the sample space.

For each potential change point # € IT C (0,1), as in Andrews (1993a), we define the estimator
that is based on the sample analogues of these orthogonality conditions. We define the unrestricted
GMM estimators as (7)) = (61(x)’,f2(m)")'.

Definition 1. The partial sample continuous updating GMM estimators {(§(x) : = € M) :
T > 1} are any sequence of estimators that minimize the objective function Sp(8,7) over 8 €

AXBxAxBCR™" xR"™xR" x R"™ for all m € Il where
ST (Q> ﬂ—) =mr (Qv 7.‘-),I/VT (Q) 7r)ﬁLT (Q) 71—)7

and
T2 5 T (64)
1/9 S r 1 Ye(62)

Pe(0) = h(Y:,0)Q Zy. Wr(8,7m) is an Oy(1) positive definite, symmetric weighting matriz with

dimensions of 2GK x 2GK. 6(.) is a random element. myp(.) is a R2SK valued function.

mr(0,m) = (1)

We now introduce the assumptions.

Assumption 1.
(T]

T2 “4y(60) = Bax(m),
t=1

where Bgg(m) is a Brownian Motion with, Bgg(7w) = Q;({?GOWGK(W)’ where War(m) is a GK
dimensional standard Brownian motion. The covariance matriz Qg, g, = limg_oc E¥7(00)¥7(6p),
where Up(6y) = T-1/2 E?:l Yi(6p). Note that Qg, ¢, is positive definite.

It can be seen that primitives for Assumption 1 can be found in time series literature for both
triangular array and strictly stationary random variables such as Andrews (1993a).

Before presenting the next assumption, we introduce the matrices that will be used in building

an efficient heteroskedasticity robust weight matrix:

Vr1(61,7) [T pa Z [¢(61) — 9 (61)][¥(61) — (1)),
1 d _ _
Vra(f2,m) = T —[Tn] t:%ﬂ[lﬁt(%) — 9(62)][¢¢(62) — ¥(62)]',

where 1(61),1(62) represent the sample means obtained from the first and second parts of the full

sample respectively. Heteroskedasticity and autocorrelation consistent variance covariance matrix



can also be formed by using the arguments in Andrews (1993a) or section 2 of Caner (2003). The

efficient weight matrix is:

Vr1(61,m) 1 0
WT (Q; 77) = " Vra(f2,m) 7t
0 1-m

We need uniform consistency of weight matrices for the limit theory under the null and at the
true values.
Assumption 2. Under the null hypothesis of no structural change and at the true value of the

parameters (010 = 029 = 0 ), and uniformly in w, for j = 1,2,

Vrj(60,m) = Qg 6,

We want to introduce a Kleibergen (2005) type of test statistic for our problem. This may have

better small sample properties. But before providing that we need the following Assumptions.

Assumption 3.The GK x 1 dimensional derivative of 1(8y) with respect to 6;, i =1,2,--- ,n
M (60)
P ) = )
it (6o) 80;

is such that joint limiting behavior of the series ¥ (8y) = ¥ (00)—Ev(60) and g:(00) = (q1:(80)', - -+ 1 Gnt (90)")’
with @;+(00) = qit(60) — Eqit(6) follows the functional central limit theorems

Tx [ -
7-1/2 Y (60) ] Bgk () = B(n),
;[ 3(6o) - B (m) )

where Bgg () is GK x 1 Brownian Motion and B,gk () is nGK x 1 Brownian Motion. They
are jointly distributed B(m) = Q\2W (n), W(n) = (Wak (7)), Waak (7)) and Wag (), Wyax (T)
are GK,nGK dimenstonal standard Brownian Motions respectively. 1 is positive semi-definite,

symmetric (GK + nGK) x (GK +nGK) matriz.

990,90 ng,qo

Q= ,
quﬂn Q(IO:(IO
where Qg, 6, s GK x GK, Q0 = Qg o0 = (g 0107 Loy gom)s and Qg s GK x GK
matrices fort=1,--- ,n.
Furthermore
7125 (6
Q= lim var . 22271 ¥i(o) .
T=oo T-Y Zt:l %(90)

This Assumption is the partial sample counterpart of Assumption 1 in Kleibergen (2005). The
functional central limit theorem can be obtained as described in Assumption 1 or by Andrews

(1993a). These are standard in structural change literature.



Assumption 4. We assume the following consistency results for variance-covariance matriz
estimators, under the null of no structural change
i p
Qéoﬂo - 990190’
i p
Qéo,eo.i - quﬂo,i)
. »
Q{Imqu - Ql}ﬂ:‘lﬂ’
where j = 1,2 represents the first part of the sample (t = 1,--- ,[I'n]), and second part of the
sample (t = [T'w]+1,--- ,T) respectively.
Similar assumptions are used in Kleibergen (2005), and Andrews (1993a). Specifically, this is
the partial sample counterpart of Assumption 2 in Kleibergen (2005).

3 Tests for Structural Change

In this section we consider two structural change tests. First, we analyze an LR-like statistic. For

fixed m we define the statistic as follows:

LRy (r) = Sr(8(r),x) — St (8(r), 7). (2)
For the fixed change point 7, this represents the difference between the restricted partial sample
GMM objective function and the unrestricted version. Restricted partial sample GMM estimate,
0(r), is defined in (16) and (17).

We use the same arguments in Theorem 1 of Stock and Wright (2000) to have the unrestricted
estimates. Denote the partial sample parameter vectors by a = (of,a5)’, 8 = (81,85)". These vec-
tors have dimensions of 2n1 x 1 and 2ns x 1, respectively. Let é(g, ) solve arg mingepx 5 Sr(a, B, 7)
for all m € II. Let &(7) = argmin,eaxa ST(g,é(g, m), ) for all m € II. Then let ;ﬁ(ﬂ') = é(@(ﬂ'),ﬂ')
for all 7 € II, and 6 = (07,65)’.

We are interested in the following version of an LR-like test statistic: sup,eq LRz (7). The
null hypothesis, Hy : 81 = 82, is rejected for large values of this statistic. The LR-like test is
not asymptotically pivotal in weak instrument asymptotics setup. This limit is derived under
the assumption that {Y;, Z;} is governed by f (strongly identified parameter), not by o (weakly
identified parameter) as seen in Caner (2003). The limit of completely unidentified case and the
linear case are not nuisance parameter free and nonstandard (Caner, 2003).

The likelihood function is flat on a nonidentification subset of parameter space in simultaneous
equations models. So the likelihood ratio test may have a better chance of being boundedly pivotal
than the Wald type of tests. Dufour (1997) observes that LR statistic for testing hypothesis on
unidentified parameters are boundedly pivotal. This may be helpful in our case since we have

unidentified nuisance parameters under the null as well as the weak instruments problem.



Unlike Likelihood ratio, Lagrange multiplier and Wald tests, Anderson-Rubin (1949) type test
is asymptotically pivotal in GMM with weak instruments. This is shown in Theorem 2 of Stock
and Wright (2000). We decide to use this test for testing regime change as well. This test is based
on partial sample continuous updating objective function. So we define the test statistic based on
S-sets as follows 1:

sup S () = sup Sy (f(), ).
well w€ell

Another reason to use this test is: it may be boundedly pivotal in large samples since it is a
minimized objective function. A similar argument is made in section 6 of Dufour (1997) in the case
of the Anderson-Rubin (1949) test. We can rewrite sup S test as follows:

sup St(7) = sup LRp(m) 4 sup Jr(7),
well well well

where sup Jr(7) = sup S7(8(w), 7). J test is the overidentifying restrictions test for the partial
sample GMM in section 2.1. Even though sup S test has good properties in weak instruments
case; it may reject the true null of stability of parameters when the overidentifying restrictions
are invalid. The limit for S-based test statistic is not nuisance parameter free in weak instrument
asymptotics. This can be seen in Caner (2003). The test statistics are not asymptotically pivotal
since o cannot be consistently estimated. Therefore, we try to find an asymptotic bound which
is free of nuisance parameters. The proof of Theorem 1 can be found in the appendix. Note that
the following bound works under minimal assumptions. This bound is valid for strong, weakly
identified cases, and completely unidentified case. These are explained in detail after the proof of

Theorem 1 in Appendix.

Theorem 1. Under Assumptions 1-2, and the null hypothesis of no structural change, both
supLRp(7) and supSt(m) are asymptotically boundedly pivotal. The asymptotically pivotal bound

distribution for both test statistics are the same, and given by:

sup Wek (m) Wek () + Wer(1) = Wek(n)) (Wek (1) — Wak(r))
w€ell m l—=m

where Wk (7) is a GK dimensional standard Brownian motion.

The critical values for the distribution in Theorem 1 are calculated in Table 1. The bound
for sup S test comes from the fact that this is a minimized objective function for each w. We
can have a bound for this function by using the version evaluated at the population values of the

parameters. Then this test statistic converges to a limit which is free of nuisance parameters. This

T owe special thanks to James Stock for this suggestion.



test statistic is also robust to all the identification problems. For LR-like test, we can see that it
is the difference between sup S test and the unrestricted partial sample GMM objective function.
Since the unrestricted objective function is either zero or positive with probability one, the bound
for sup S test applies to LR test as well. The bound for LR test is conservative compared to sup S
test.

Note that by simple algebra we can rewrite the bound in Theorem 1 into the two independent
terms:

sup Wek(r) —mWek (1)) (Wek (r) — nWeak (1))

+ X% 5 3
e 77( _W) XGK ( )

where XQGK represents chi-square distribution with GK degrees of freedom. GK is the number of
orthogonality conditions. The form in (3) can be used to compare the bound with the existing
limit laws for sup LM, LR tests of Andrews (1993a) in the case of standard asymptotics of two-step
GMM. We analyze this issue after Lemma 2.

Now we provide a Kleibergen (2005) type of test statistic 2. This is based on the partial deriva-
tive of the continuous updating objective function. But before providing it, we describe notation.

Let Qée? Qéei be the covariance matrix estimators described in Assumption 4, but evaluated at 6.

Note that superscript “j” describes which part of the full sample is used. For example 7 = 1 rep-
resents the estimator which uses observations t = 1,--- | [T'w], and j = 2 represents the estimator
which uses observations ¢t = [T'n] 4+ 1,--- ,T.

First we define the restricted K-estimator

6 — arg min K7 (6 4
k(™) arg min 7(0,7), (4)

for each = € II. Upon following (12)-(16) of Kleibergen (2005) and taking into account the partial

sample nature of our problem,

[Tw] [T'w)
. 1. - _ A _ _
KT(QJT) = ;[T 1/22@/%(9)],(9-5,9) 1/2P(Qé,e)fl/?f);(e,ﬁ)(Qé,e) 1/2[T 1/2Z¢t(9)]
t=1 t=1
1 T T
+ E[Tﬂﬂ Z d’t(g)]l(ﬁzﬁrlﬁP(Qg‘e)—l/zbg(e,w)(93,9)71/2[7171/2 Z Pi(0)]. (5)
[T]+1 [Tr]+1

Terms D%(G,ﬂ'), D%(Q,ﬂ') are derived from the partial derivative of CUE objective function in
section 2 here, and
~ . . [T A . [Tw]
D%"(a ﬂ—) = [(]1T(07ﬂ') - Q;G,I(Qéﬂ)il(Til/Z Z d’t(a))ﬂ T ,an(Q,W) - Q}]OJL(Qé('))il(Til/z Z /(/}t(a))]*
t=1 t=1 (6)

2] owe special thanks to an anonymous referee who suggested this test statistic



where

(T

gir (6,7) 1/22qf (7)

1= 17 * ,
D3(0.7) = [(qir(8) — q1r(6,7)) — qu (92, -1/2 Z b0
[Tﬂ' 1+1
(g1 (0) = gur (0, 7)) — Q2 (QFg) 1 (T /2 Z $:(6))], ®)
[Tw]+1
where ¢;7(0) = 1/22t Lgi(0),i=1,---,n

The following test-statistic is suggested for testing the null of no structural change Hy : 81 = 05:

sup KT(éK(ﬂ'),ﬂ'). (9)
well

Theorem 2.Under Assumptions 3-4, and the null hypotheses of no structural change, the test
statistic in (9) is asymptotically boundedly pivotal. The bound distribution is

Sljrp (W (m) — WWnig]l_[W;)L(ﬂ) — W, (1)] 4 X727,7

where W,,(7) is n x 1 dimensional standard Brownian Motion, and X2 is chi-square distribution
with n degrees of freedom.

Remark. This is very similar to the bound for sup S and LR tests in equation (3). However,
in Theorem 2 the bound depends on number of parameter restrictions, rather than the number of
orthogonality restrictions. Since the form of two limits in Theorems 1 (equation (3)) and 2 are the

same, so the critical values can be found also from Table 1 replacing GK with n.

3.1 Standard Identified Case and Comparison

In this subsection we derive the limits of the tests under standard identification assumptions. Then
we compare the limits with the bounds in Theorem 1 and Theorem 2 to assess whether the bounds
are conservative or not. We put Kleibergen (2005) test at the end of this subsection since its
analysis and assumptions are different from the other two test statistics.

Assumption S1.

(i) {Y;, Z¢} is strictly stationary, and 8 mixing with mixing coefficients satisfy 5(s) < Ds™4,
where D > 0, and A > 2+ 4/§, for some § > 0. Note that {Y;, Z;} is strictly stationary under the
null hypothesis;

(i)

su;;l?|¢,5(0)|2""S < oo, for some § > 0;
USe



(iii)
|9e(01) — e (02)] < Bi|61 — 04,
where E(B;)*™ < oo for some § > 0.

Assumption S2.
[T7]

ET™ 1Z¢t = mm1(0),

where m(6y) = 0, my(0) # 0, for 6 # 6y. R(0) is continuous and R(6y) has full column rank.
R(6) = Om1(0)/00" is GK X n.

Assumption S3. Under the null hypothesis of no structural change (81 = 63 = 8), and
uniformly in 4 x &, for j = 1,2,

Vrij(0,7) 5 Qg g,

where V(.) is defined before Assumption 2, and Qp¢ = limp_o EV7(8)¥7r(0) and ¥r(0) =
T2 4p4(6). This is also positive definite.

Remark. Assumption S1 is used in Lemma 1 below and discussed in the proof of that Lemma.
This assumption is similar to the one used in Andrews (1993a) with one difference: we can not
allow near epoch dependent processes. Lemma 1 only works for strictly stationary g mixing random
variables. Assumption S2 is standard GMM identification condition. Assumption S3 is partial
sample counterpart of the uniform consistency of the weight matrices assumption (Assumption D”)
of Stock and Wright (2000). Primitives for these assumptions can be found in Andrews (1993a).
Note that Assumptions S1 and S3 are sufficient for Assumptions 1 and 2.

We have the following lemma which is helpful in establishing the limit law for the partial sample
GMM estimator in the strongly identified case as well as the completely unidentified case and in
certain cases of weakly identified GMM, (Caner, 2003). This is one of the main theoretical results
of this article. That is the reason we use strong Assumptions S1-S3 instead of Assumptions 1 and

2. Before Lemma 1, define the sequential empirical process as in van der Vaart and Wellner (1996):

[Tx]

¥ (6,) = T3 [14(6) = o))

Lemma 1 generalizes the weak convergence of sequential empirical process with iid data, Theorem
2.12.1 in van der Vaart and Wellner (1996) to time series context. This result also may be useful
in other problems that involve partial sample results with time series data. The proof is in the
appendix.
Lemma 1. Under the null hypothesis of no structural change, and Assumption S1, uniformly
infxmeoxIl,
Ur(0,7) = ¥(0,7),



where W(0, ) is a multivariate, GK x1, Kiefer process, which is Gaussian zero mean with a variance
covariance function EVU(0,, )W (6, m2) = (71 AT2)Q0, 6, , and Qg, o, = limr_,oc EVr(6,)P7(0;)".

For the subsequent Theorems we need to define ¥(#) which is a Gaussian stochastic process
on © with mean zero and covariance function EW(01)¥(62) = Qg, g,. More explanations of this
process are given after (26).

We now supply the limits of S and LR tests under the standard identification assumption for
continuous updating GMM.

Theorem 3. Under the null hypothests of no structural change, and Assumptions S1-53,

(a)

sup LRp(m) A sup

[(Wn(ﬁ) — 7Wa (1) (Wa(r) — an(l))]
well well .

m(l—m7)
(b)

sup St() 4 sup

[(WGK(W) — Wer (1) Wek(r) — mWer(1))
well well

(-7 ] + X& K —n>
where XQGK—n is chi-square distribution with GK —n degrees of freedom, n is the number of param-
eters, and the limit in Theorem 3b consists of two independent terms.

The proof of Theorem 3a can easily be deduced from two step GMM case of Andrews (1993a).
The proof of Theorem 3b is in Appendix. Wgg(7), W, (7) are GK and n dimensional standard
Brownian motions respectively. When GK = n, the limit in Theorem 3b consists of the first term
only.

Remarks. For sup LRy test, the distribution is exactly the same as in Andrews (1993a) for the
case of the two-step GMM, which is a standardized tied-down Bessel process of order n. We can
see that when the number of orthogonality conditions (GK) are large compared to the number of
parameters (n), the bound becomes conservative as can be seen from the limits in (3), Theorem
3a. We also observe that critical values get large with the dimension of the standardized tied-down
Bessel process, and the x? distribution. (Andrews, 1993a).

The reason that sup LR test gets more conservative can be explained in the following way. The

bound in (3) is

sup
s

[(WGK(F) — 1 Wek (1)) Wek(r) = nWek(1))

L |+ (10)

First term in (10) is a tied-down Bessel process of order GK. The limit in standard identified case

in Theorem 3a is:

sup
s

(Walm) = TWa (1)) (Wa(r) — 7Wa (1))
7(l—m) '

This last term is a tied-down Bessel process of order “n”. First of all, when GK gets larger with

respect to n, the critical values get larger when we compare these two tied-down Bessel processes

(Andrews, 1993a). Furthermore, we have an additional x% term in (10) which makes the bound

more conservative when GK is large.

10



For sup S test, the reverse is true. If we compare the bound (10) with the limit for standard
identified case in Theorem 3b, first terms are the same, but in the case of the bound we have
additional X%K term, whereas in the case of standard identified case that term is X%K—n' So when
GK is very large compared to n, the effect of n is minimal, and we see that bound in sup S test
gets less conservative.

By comparing (3) and Theorem 3, we see that if n is large with respect to GK, we expect the
bound to be conservative. To quantify this, we conduct the following exercise. First, we generate
distributions in Theorem 3, the standard identified case for n = 1,--- ,10. Then, we substitute
the 80", 90t" percentiles of the distribution of the bound (Theorem 1 or (3)) into the distribution
of Theorem 3, for n = 1,2---,10. Then we find the corresponding percentiles of these 80", 90"
percentiles in Theorem 1 in the distribution of Theorem 3. The results are in Table 2. So in
this sense LR, and sup S tests’ limits’ in strongly identified case are compared with the bound in
Theorem 3. The first column represents the percentile in the distribution of the bound (Theorem
1 or (3)). The other columns show the corresponding percentiles in the distribution of Theorem
3. We see from Table 2 that with GK = 10 at my = 0.15, when n gets larger than 6, the 90"
percentile of the bound (90" percentile is 36.7 from Table 1) corresponds to 99-99.8 percentiles in
the standard identified case of Theorem 3b. For S-test, we see that the bound is conservative when
n is large. We also see LR test is very conservative from Tables 2a-c.

To test for Hy : oy = ag, we can use sup Sp(&(r), B(&(r),r),7) as a test statistic. The limit
distribution can be found using Caner (2003). However, the test statistic is not asymptotically
pivotal. A nuisance parameter free asymptotic bound can be derived using the technique in the
proof of Theorem 1. An important issue is to do subtests of either weakly or strongly identified
parameters. This is rather difficult and beyond the scope of this paper, however, one possible
approach is to use Dufour and Taamouti (2001).

Now we analyze Kleibergen (2005) type of test statistic under standard identification which is
introduced in (9). First we provide the assumptions needed for the standard identification case for
Kleibergen (2005) type of structural change test.

Assumption S4.

(i).

sup E|gi+(0)[*T° < oo,  for somed > 0,
e

fori=1,--- ,n, where qi+(0) = 94 (0)/06;.

(ii).qi+(0) is continuously differentiable in 6, i=1,2,--- ,n.

Assumption S5.lim7_,oc ET1 Z,[Q{] qit(0) exists uniformly over (0, 7) and equals wq;(0) where
qi(0) is finite and nonrandom.

Assumption S6.We assume the following consistency results for variance-covariance matriz

estimators, under the null of no structural change
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(1)-

Q] & q,0,79
P
Qg = Qoo
where j = 1,2 represents the first part of the sample (t = 1,--- ,[I'n]), and second part of the
sample (t = [T'w|+ 1, ,T) respectively. The results are uniform over 8 x w. The limit matrices

are described in Assumption 3 but evaluated at 6y there.

(it). We also assume Py _1/2 ) 9561/27711(9) # 0forf # 6y. my(6) is explained in Assumption
66

S2 and D(0) is explained in (77)(.6)

Assumptions S4 and Sb are helpful to provide a functional central limit theorem for the partial
derivative ¢;(6) like Lemma 1 for the function ;(#). Assumption S6 is strengthened form of
Assumption 4. Similar Assumptions are used in Andrews (1993a). Assumption S6ii, regarding the
weight matrix is needed for consistency of Ok () . Since the estimator minimizes a Kleibergen type
of test statistic in equation (4), this condition is essential in deriving consistency. This is similar in
nature to positive semidefinite weight matrix used in GMM literature.

Now we provide the limit result for Kleibergen (2005) type of test for structural change in the

case of standard identification.

Theorem 4. Under the null hypothesis of no structural change, and Assumptions S1-52, 54-S6

sup Kr(fg(n),7) = sup [Wa(m) — WW”EPIEWS(W) —wWa(1)]

Remark. Note that this is the limit result found in Andrews (1993a) for his LM test as well as
the limit for the LR test.

We also compare the limit in Theorem 4 with the bound in Theorem 2 to see how conservative
the bound is. We see that the bound and the limit does not depend on number of orthogonality
conditions (GK) but only depends on number of restrictions (n). The bound should not be affected
when the system has large number of moment conditions. The bound gets conservative when we
test large number of restrictions. To quantify this we generate the distribution of Theorem 4. Then
substitute 80, 90" percentiles of the distribution of the bound (Theorem 2) into the distribution
of Theorem 4 for n =1,2,..- ,10. The corresponding percentiles give us an idea how conservative

the bound is. The results are in Table 2d. We also see that the bound here is conservative.
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TABLE 1: Critical Values for the Asymptotic Bound
mo = 0.05 mo = 0.10 mo = 0.15

20% 10% 5% 1% | 20% 10% 5% 1% | 20% 10% 5% 1%
GK =1 7.8 96 11.3 15.1 | 7.3 9.1 109 144 | 6.9 8.7 104 14.0
GK=2 | 118 13.8 157 198 | 11.2 13.4 154 19.9 | 10.7 129 14.8 185
GK=3 | 151 175 19.6 24.1 | 14,5 16.7 188 23.3| 14.0 16.4 185 23.2
GK =4 |182 207 231 280|176 20.1 225 27.5 | 17.0 19.7 22.0 27.1
GK =5 |21.4 242 26.5 316|206 234 259 309|200 228 254 30.7
GK =6 | 242 27.2 297 346 | 235 264 29.0 35.5 | 228 259 284 33.7
GK =7 |271 30.1 328 387262 29.2 31.7 37.7| 256 28.7 313 37.0
GK =8 |299 331 359 416 |29.0 321 352 41.0| 284 31.6 34.5 40.5
GK =9 | 326 359 39.0 453 | 31.8 349 379 442 |31.1 346 37.6 44.0
GK =10 35.2 38.6 41.4 479 | 344 379 41.0 475 | 33.4 36.7 40.2 46.4

Note: GK represents the number of population orthogonality equations (G) multiplied by the number of

instruments (K). We use 10000 repetitions. IT = [m,1 — mg] and GK = 1,2,--- ,10. m takes the values of

0.05, 0.10, 0.15, which are used in practice. We approximate the distribution by a grid that is defined by

II(N) =[mp, L =mo]N{w=4/N:5=0,1,--- ,N}, N = 3600 as in Andrews (1993a).

Table 2a: Comparison of Identified GMM and The Bound Distributions

Test | Percentile | n =1 2 3 4 5 6 7 8 9 10

LR 80 100.0 | 100.0 | 100.0 | 100.0 | 100.0 | 100.0 | 99.9 | 99.9 | 99.5 | 99.4

LR 90 100.0 | 100.0 | 100.0 | 100.0 | 100.0 | 100.0 | 99.9 | 99.9 | 99.8 | 99.8
S 80 83.1 86.3 | 89.3 | 91.7 | 94.2 96 97.5 | 97.9 | 98.9 | 99.3
S 90 91.8 93.7 | 95.3 | 96.7 | 97.8 | 98.7 99 |99.5 | 99.6 | 99.8

Note: We conduct 10000 trials and generate the distributions in Theorem 3, for GK = 10,7y = 0.15, for
n = 1,2---,10. Then we substitute 80,90 percentiles of the distribution of the bound in (3) (33.4,
36.7 respectively from Table 1) into the distributions in Theorem 3. Then we report the corresponding
percentiles in the distribution for Theorem 3. The first column represents two tests analyzed. The second
column represents the percentile in the distribution of the bound (Theorem 1 or (3)). The other columns
show the corresponding percentiles in the distributions of Theorem 3.

Table 2b: Comparison of Identified GMM and The Bound Distributions

Test | Percentile | n =1 2 3 4 )

LR 80 99.9 [ 99.8 | 99.5 | 98.6 | 97.5

LR 90 100.0 | 99.9 | 99.8 | 99.5 | 99.2
S 80 85.6 | 89.7 | 92.5 | 95.2 | 97.4
S 90 93.3 | 95.7 | 96.8 | 98.1 | 99.1

Note: We conduct 10000 trials and generate the distributions in Theorem 3, for GK = 5,7y = 0.15, for
n=1,2---,10. Then we substitute 80", 90*" percentiles of the distribution of the bound in (3) (20.0, 22.8
respectively from Table 1) into the distributions in Theorem 3. Then we report the corresponding percentiles

in the distribution for Theorem 3.
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Table 2¢: Comparison of Identified GMM and The Bound Distributions

Test | Percentile | n =1 2

LR 80 97.9 | 92.6

LR 90 99.3 | 96.8
S 80 87.3 | 92.1
S 90 94.5 | 96.7

Note: We conduct 10000 trials and generate the distributions in Theorem 3, for GK = 2,7y = 0.15. for
n=1,2---,10. Then we substitute 80*",90*" percentiles of the distribution of the bound in (3) (10.7, 12.9
respectively from Table 1) into the distributions in Theorem 3. Then we report the corresponding percentiles
in the distribution for Theorem 3.
Table 2d: Comparison of Identified GMM and The Bound Distribution
Test | Percentile | n =1 2 3 4 5 6 7 8 9 10
K 80 89.2 [ 925 | 945 | 96.0 | 97.5 | 97.7 | 98.6 | 98.8 | 99.3 | 99.3

K 90 95.0 [ 97.0 | 97.8 | 98.5 | 99.1 | 99.3 | 99.5 | 99.6 | 99.8 | 99.8
Note: We conduct 10000 trials and generate the distribution in Theorem 4, 7 = 0.15, for n = 1,2--- ,10.

Then we substitute 80*", 90" percentiles of the distribution of the bound in Theorem 2 into the distributions

in Theorem 4. Then we report the corresponding percentiles in the distribution for Theorem 4.

4 Small Sample Properties

Our Monte Carlo setups use the standard consumption-based asset pricing model, the representative
agent intertemporally separable CCAPM with CRRA preferences. In the simulation setup, we try
to answer the question of how the existing structural change tests, sup LM and likelihood ratio-
like (QLR) test of Andrews (1993a), and the tests proposed here, sup LR, sup S perform in small
samples when there are weak instruments. Andrews’ (1993a) LR-like and sup LM tests are as
follows:

QLR = SUE[mT(éTSH ) Wr.auu(Op, ™)y (Ors,7) — mr(0rs, ) Wr.gum (@ p, 7Yz (Ors, 7)),
(S

supLM = SUP[LET(@TS:7")/‘7_1]3([3,‘7_1[))_1[)1‘7_1 1.7(075,7)],
ren (1 — )
where the weight matrix in the QLR test, T/VTG]V_U\/[(QAFj71')7 has the same form as the weight
matrix in Assumption S3. However, WTGMM(QAF,?T) uses first step estimates. We use only the
unrestricted efficient weight matrix in QLR. Let Org be the full sample standard two-step GMM
estimators used in the standard GMM literature. In the QLR test, the second term in the brackets
is the unrestricted partial sample two-step GMM objective function. This can be obtained by using

Definition 1, replacing the continuous updating GMM with two-step GMM estimates. The other
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terms in the test statistics are defined as: Iy 7(f7s,7) = %E?:{] U (Or5),
1z ) T i i T )
V=2 [WiOrs) = 1/T D b(0rs)|[ve(frs) — 1/T D 4;(rs)],

T
t=1 j=1 j=1

and D _ 1 T ad’t(éTS).

T t=1 o6’
We closely follow the setup in Stock and Wright (2000) for analyzing the small sample properties

of the various test statistics described in the above paragraph. The G Euler equations are

Ciy1
Cy

v 0) =3 (E2) R - (1)

where ¢ is the discount factor, v is the parameter for risk aversion, C; is the consumption, R; is a

G x 1 vector of asset returns, and ¢g is a G vector of ones. Then

6 =15(S2) R -6l @ 2 12

where Z; is a set of K instruments. Let 6§ = (v,§), and assume parameters are in the interior
of compact subset of R2. As in Stock and Wright (2000), v is deemed to be unidentified in large
samples and § identified. The errors are martingale difference sequences at true values so correction
for autocorrelation is not used. There are no overlapping data as well. However, for sup Kr,
and sup LM tests we try also heteroskedasticity-autocorrelation correction for variance-covariance
matrix estimator but this did not make any difference, so we use the less computationally intensive
heteroskedasticity corrected variance covariance matrix estimators. The designs in the Monte Carlo
are due to Tauchen (1986), Kocherlakota (1990), and Hansen, Heaton, and Yaron (1996). These
designs are consistent with the Euler equations. Four designs are described in Table 3. Their
method fits a VAR (1) to approximate consumption and dividend growth. Let ¢; be the log growth
rate of US per capita real annual consumption and d; the log growth rate of real annual dividends

on the S&P 500. This is given by

ct 0.021 —0.161 0.017 Ci—1 €ct
= + + : (13)
dy 0.04 0.414 0.117 di—1 €dt
where vareg = 0.014,vare = 0.0012, cov(€pt, €g¢) = 0.00177. This is the setup for Tables 3 and 4.

In Table 4, we consider the rejection rates of Sup LR and sup S tests under the null of no
structural change for the models in Table 3. The critical values are in Table 1. We also analyze the
sup LM and LR-like tests of Andrews (1993a) in Table 4. The limits of the sup LM and LR-like
tests of Andrews (1993a), and the critical values are tabulated in Table 1 of Andrews (1993a).

The rejection frequencies of sup LR and sup S tests are slightly above the nominal level of 10%.

These improve when the sample size increases from 100 to 200. However, the LR-like and sup LM
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Table 3: Monte Carlo Design

Design | g do Assets Instruments
1 1.3 0.97 ry 1,ri 1,ce-1
2 13.7 1.139 Ty I,riq,ct-1
3 1.3 097 rpr! 1,ci-1
4 1.3  0.97 rf,rtf 1,Ct—1a7“f—1»7“tf—1

Note: ¢ = In(Cy/Ci—1), rtf, ri represent consumption growth, the risk free rate, and the stock returns

respectively. The program for Monte Carlo study can be obtained from the author on request.

tests of Andrews (1993a) have large rejection rates of the true null of no structural change. In
Table 4, we do not see declines in these rejection rates when the sample size increases for the sup
LM test. In Design 4 when GK = 8, the size is very large for sup S, sup K, and QLR tests at
T = 100, however when the sample size increases to 200, sup K test performs the best among the
tests with 8% size.

The sup LM test of Andrews (1993a) is used extensively in the literature. Under weak instru-
ments, sup LM test statistic may lead to finding structural change even when the parameters are
stable. This has strong implications for applied work, especially in the case of asset pricing models
and regarding the stability of Kuler equations in those models.

We also run size exercises to see how tests fare under standard identification. These are given by
two designs used in Kleibergen (2005). So we analyze Design 1 in Table 3 but with (13) coefficient
matrix on (c;—1,d¢—1)" multiplied by two. This is strong identification setup. This is called Design
5. Another possibility is using the same setup as Design 5 but changing the covariance between
¢t,dy in (13) to 0.0039. This is called Design 6. The results are in Table 5. In Table 5, we see that
all tests have good size. Only sup K test is oversized at 18.9% for T' = 100 in Design 5. However,
clearly sup LR test is conservative. Then we compare the results in Table 5 with Design 1 in Table
4. This is comparison of a strongly identified systems with weakly identified one. We basically
see a slight decline in size in all tests when there is strong identification. But we see that in small
samples, the tests are not very conservative except from sup LR.

To see the degree of the conservativeness of the bounds we replicate Table 4 size exercise with
T = 400 for Designs 1-3. Design 4 is very computationally intensive at this large sample size, so
we are not able to analyze that. We see declines in size with this large sample size. The results are
in Table 6. For example in Design 2 we see that at 10% nominal level, actual size is 6% at 7" = 400
for sup.9,sup K tests. We also see that QLR test has better size compared to Table 4 when the
sample size is large in the case of weak identification. But the problem with sup LM test persists
in the case of Design 2.

We analyze the power of the tests in Tables 7-8. The power is adjusted by using the finite
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Table 4: Rejection Frequency of True Null at 10% level, Weak Instruments

T =100 T =200
Tests Design 1  Design 2 Design 3 Design 4 | Design 1  Design 2 Design 3 Design 4
sup St 11.1 12.7 18.8 57.8 3.9 7.0 7.8 19.3
sup LRt 1.5 2.8 1.8 4.3 0.0 0.1 0.1 0.1
sup K7 5.7 8.6 13.4 39.5 3.6 7.0 4.8 8.0
sup LM 17.9 28.1 16.9 9.3 15.2 30.5 19.8 14.4
QLR 16.9 17.2 1.6 49.0 13.3 16.0 1.2 26.8

Note: DI1-4 represents the designs for Monte Carlo described in Table 3. The critical value for the
test statistics sup S and sup LR is 16.4 for D1-2 for GK = 3 in Table 1, and 19.7 for D3, GK = 4,
for GK = 8, the critical value is 31.6. The critical value for sup K is 12.9 for n = 2. The critical
values of QLR (the LR-like test of Andrews) and the sup LM of Andrews (1993a) is 10.01 cor-
responding to p = 2, Table 1 of Andrews (1993a), at the 10% level. 1000 repetitions are used to

generate the table.

Table 5: Rejection Frequency of True Null at 10% level, Standard Identification

T =100 T =200
Tests Design 5 Design 6 | Design 5 Design 6
sup St 7.9 10.3 5.5 5.8
sup LRy 0.7 1.9 0.1 0.3
sup Krp 18.9 7.0 8.9 6.1
sup LM 12.2 3.5 7.7 4.2
QLR 14.6 0.1 10.1 0.0

Note: D5-D6 are described in section 4. The critical value for the test statistics sup S and sup LR
1s 16.4 for GK = 3 in Table 1. The critical value for sup K is 12.9 for n = 2. The critical values
of QLR (the LR-like test of Andrews) and the sup LM of Andrews (1993a) is 10.01 corresponding
top =2, Table 1 of Andrews (1993a), at the 10% level. 1000 repetitions are used to generate the

table.

Table 6: Rejection Frequency of True Null at 10% level, T = 400

Tests Design 1 Design 2 Design 3
sup St 3.3 6.0 4.4
sup LRr 0.2 0.4 0.0
sup Krp 2.2 5.4 3.4
sup LM 10.0 29.0 22.6
QLR 0.8 8.1 2.7
Note: The critical values are described in Table 4.
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sample critical values in Designs 1-3 under the null. Qur design is as follows:

E[MY;,010)|F)] =0, fort=1,2,---[T/2], (14)

E[M(Y;,020)|F] =0, fort=[T/2+1,--,T, (15)

where 619 = (710,610) = (1.3,0.97) and 029 = (y20,820) = (13.7,1.139). The first half of the data
is generated from Design 1 in Table 3, and the second half is generated from Design 2. In setup
1, the null is Design 1 and the finite sample critical values are used from Design 1 in the power
exercise. In setup 2, the finite sample critical values are obtained from the null in Design 2 in
Table 3. The finite sample critical values for each setup and test statistics can be obtained from
the author on request. We also calculate size unadjusted power. This is more practical compared
to size adjusted power. The results are in Table 7 too. First the rejection frequencies at 10%
level calculated when the data is generated according to (13)-(15). The critical values are 16.4
(corresponding to GK = 3,mg = 0.15 in Table 1) for sup .S,sup LR tests, and 12.9 (corresponding
to n = 2 in Theorem 2) for sup K test. For sup LM,QLR tests of Andrews (1993a) the critical
value for p = 2 in his Table 1 is 10.01.

From Table 7, we see that the sup S test has the best power among the four. At 7" = 100, the
sup S has moderate power whereas the other tests have low power. When T = 200, the sup St
test has a 91-94% rejection rate whereas the other tests reject at a 41-59% rate. In the unadjusted
power case, we see dramatic increases in power when the sample size increases from 100 to 200.
Also we observe that sup S test dominates the others with 88% power, the next best is sup K test
at 79% rejection rate. We also try the power exercise with different weights attached to Design 1
and Design 2 rather than equal weights of 50% each, but again the results stay the same: the sup S
test has better power than the others.

Next, in Table 8 the first half of the data is generated as in Design 5, and the next half is
generated according to Design 2. This involves standard identification in Design 5, and weak iden-
tification in Design 2. So the DGP follows (14)-(15), and the parameters are described immediately
below (15). However, in Design 5 we use two times the coefficient matrix in front of (ct—1,di—1)" in
(13). Design 2 only uses (13) for generating instruments. In Setup 3, the null design is Design 2
and the finite sample critical values are used from Design 2 in size adjusted power and critical value
for the unadjusted power is the same as in Table 7. Setup 4 uses the finite sample critical values
from the null of Design 5 in size adjusted power, the critical values used for unadjusted power in
Table 8 are the same as in Table 7. We see from Table 8 that at 1" = 200 sup S test has the best
power among the tests for both size adjusted and unadjusted cases. For example, sup .S test has
86.4% power whereas sup K test has 65.3%, and Andrews (1993a) sup LM test has 77.6% power
in the unadjusted case for T' = 200. Furthermore, at Setup 3, sup S test has 86.4% power whereas
sup K has 77.3% power and sup LM test has 20.9% power.
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Table 7: Power at 10% level, Weak Instruments

Size Adjusted Power Unadjusted Power
T =100 T =200 T =100 7T =200
Tests Setup 1 Setup 2 | Setup 1 Setup 2

sup St 53.5 40.2 94.0 90.7 50.2 88.0
sup LRy 27.3 23.3 41.5 40.0 7.3 14.0
sup K 49.0 28.5 82.8 71.1 27.6 79.4
sup LM 29.8 19.2 57.3 23.2 444 70.2
QLR 23.3 23.1 58.9 29.2 41.1 63.5

Note: The numbers represent rejection frequency of the false null against the alternative (14)-(15).
Setup 1 shows the power when the finite sample critical values are generated according to Design 1
in Table 3. Setup 2 shows the power when the finite sample critical values are generated from the

distribution according to Design 2 in Table 3. 1000 replications are used.

Table 8: Power at 10% level

Size Adjusted Power Unadjusted Power
T =100 T =200 T =100 7T =200
Tests Setup 3 Setup 4 | Setup 3 Setup 4

sup St 6.5 54.1 86.4 92.7 48.2 86.4
sup LRy 0.05 13.3 8.4 21.7 0.11 0.5
sup Kr 31.8 12.6 73.3 68.9 29.3 65.3
sup LM 9.0 34.2 20.9 81.1 38.4 77.6
QLR 12.5 30.6 42.8 69.9 37.7 69.9

Note: The numbers represent rejection frequency of the false null against the alternative (14)-(15).
Setup 3 shows the power when the finite sample critical values are generated according to Design 2
in Table 3. Setup 4 shows the power when the finite sample critical values are generated from the

distribution according to Design 5 in section 4. 1000 replications are used.
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Table 9: Results from the Empirical Exercise

Model  Assets GK Instruments | sup St supLRr sup Kr sup LM QLR
CRRA1 SR 3 SR,CG 11.6 3.2 14.2* 3.1 12.6*
CRRA2 SR 3 DY,CG 19.1* 7.1* 14.3* 7.9 12.9*
CRRA3 BR 3 BR,CG 22.2% 17.5* 8.4 15.4*  16.7*
CRRA4 BR 3 SP,CG 22.5% 17.1* 10.6 18.0*  12.6*

Note: * indicates rejection at 10% level. The critical values for sup LRp,sup St tests are 16./
for GK = 3, for sup Ky test the critical value is 12.9 for n = 2, from Table 1. (m = .15). GK
represents the number of Fuler equations multiplied by number of instruments. n represents the
number of parameters tested. The critical value for QLR and sup LM is 10.01 from Table 1 of
Andrews (1993a). This corresponds to n = 2 (two parameters) and m = .15. SR = Stock returns.
CG =Consumption Growth. BR =Bond Returns, DY =Dividend Yield, SP=Spread. All the

instruments are lagged once.

5 Empirical Results

In this section we consider CRRA model that is used for simulation in section (i.e. equations (11)-
(12)). The data set is the same one used in Stock and Wright (2000). We take v to be the weakly
identified parameter and § to be the strongly identified parameter as given in Stock and Wright
(2000). We conduct four different test statistics for structural change : sup S,sup LR, sup K which
are proposed in this article and LR like (QLR) and sup LM tests of Andrews (1993a).

The data set is the updated version of Campbell and Shiller’s (1987) annual data, covering
the period 1889-19913. Tt consists of U.S. stock returns, bond returns, consumption, spread, and
dividend yield. Consumption is the real consumption of nondurable and services per capita. The
bond returns are calculated using the nominal interest rate for prime 4-6 month commercial paper.
The stock returns are obtained by using the Cowles Commission index and by following the annual
average price of S&P monthly composite index. The returns are real (i.e. the producer price
index is used). Spread is the difference between the yield on long term US treasury bonds and the
commercial paper rate. The details are in Campbell and Shiller (1987), Shiller (1982).

We see that in all of the cases, sup LM test is in total contradiction with sup K test. sup K
test has very good size and power and less conservative compared to other tests. These results are
due to bad small sample properties of sup LM test as can be observed in simulations. sup S test
is different from sup LM in one case, namely CRRA2. For calculation of the heteroskedasticity
and autocorrelation consistent variance covariance matrix we use Bartlett Kernel with bandwidth
size of 4 which is picked according to Andrews (1991). We also experiment with other bandwidth

choices , but the results do not change.

*We thank J.Wright for pinpointing the typo regarding the period of the dates of this data set in their article
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6 Conclusion

This paper develops weak instrument asymptotics for structural change tests: the likelihood ratio
and S-based tests. Even though the test statistics are not asymptotically pivotal, they are asymp-
totically boundedly pivotal. In simulations, we realize that sup S and sup K tests have good sample
properties. Another interesting topic to search may be structural change tests in the framework of

many weak moment conditions.
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Appendix

The main proofs are collected here.

Proof of Theorem 1.

Consider ST(é(TF), 7) which represents objective function at restricted partial sample continuous

updating estimator where

o(m) = min S7 (0, 7 16
( ) arg 19619 T( 9 )a ( )
fOI' all T € H7 and

T-1/25 gy (0)

=125y oy 1 [ Vouem
Sr(6,m) = Lz ) . )

)1 —
T e raga $e(0) 0 e || T g ¥4(6) (17)
So by (16) for all 7 € II,
ST(é(ﬂ'),ﬂ') S ST(Q(],TF). (18)

By (18), and LRrp(w) definition in (2)

sup LRp(7) < sup[St(0y,7) — ST(Q(W),W)].
w€ell well

Note that the second term on the right hand side of the inequality is positive with probability
one in the case of overidentification, and zero when there is exact identification. So the limit for
supL Rp(7) is bounded above by the limit for the first term on the right hand side of the inequality.
In order to find the limit of sup Sy (6y, ) see that by (17)

[T

sup Sp(fo,7) = sup(T 1/22¢
IS

[T=]

7VT1(007 ™) ][T 1/2Z¢t 6o)]

4 sup[T—V/? Z (6 [VT2(9U,) ][T 1/2 Z D (60)].

T t=[Tx]+1 t=[Tx]+1

Then by Assumptions 1 and 2,

.. [Bax(1) - Bax ()0 [Box(1) — Bor(x)]
sup Sr(Bo,m) 5 sup Bor(n)| = Bo(r) + up et
' 1) — ! 1) —
= sup Wer (m) Wk (r) + sup Wer (1) = Wek (m)]'[Wek (1) = Wek ()] . (19)
well ™ T€ell 1—7

The results for sup Sy test statistic follows from (18), (19) . O
We now discuss why the limit in Theorem 1 is robust to identification problems. This is clear

from the proof of Theorem 1, but we want to discuss this in detail. First let us take the case of
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weak identification, using the partial sample version of the identity in Stock and Wright (2000) we

have
[T'7]

ET—l Z¢t(9) = ﬁ’LT(Oz,ﬁ,ﬂ') = ﬁ’LT(OZO,ﬁ(),TF) + Tth(Ol,ﬁ,?T) + ThZ(/B:ﬂ-):

t=1
where 7 (e, 8,7) = mr(a, B, 7) —mr(ao, 8, 7) and mar (8, 7) = mr (e, 8, 7) — mr(ao, Bo, ) for
all 7 € II. Note that for all = , mr (e, Bo, 7) = 0. Then set mor(B8,7) = mmao(B) to simplify the
notation. As in full sample case in Stock and Wright (2000) set

m1(6,m) .

77~’L].T(eﬁﬂ—) = Tl/Q

Note that to find the limit (19) in the weakly identified case instead of 7~1/2 21[57;7{] Yi(6p) we could

have used
(] [Fr]
T7-1/2 > (Wi(60) — Exu(60)) + ET/? PIEACHE (20)
t=1 =1

See that in the weakly identified case

1 ] mar (oo, Bo)
BT (60) = — 2t ™ma2(Bo),
=1

where at the true value of the parameters we know that
[T7]
ET™Y2Y " 4y(80) = 0.
t=1

So there is no point in adding and subtracting ET~'/2 El[‘zq] Y(0y) as used in weak identification
literature. In other words, weak identification assumption as in equations before and after (20) are
irrelevant.

In the unidentified case for «

(7]

ET! Z¢t(9(J) = mm2(Bo),
t=1

but again we know that
(T']

ET™Y2Y " 4hy(8)) = 0.
t=1

So there is no point in adding and subtracting the expectation term to 771/2 Zl[iq] Yi(6p) . The
limit is definitely robust to identification and works under weak assumptions. Clearly assumptions
1 and 2 are enough to obtain the limit of the bound.

Now we provide the proof of Theorem 2. This is similar to the proof of Theorem 1.
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Proof of Theorem 2. First of all, by the definition of 8 () in (4) it is clear that
sup K7 (0 (), ) < sup K7 (6, 7),
where we can set up K7 (6g,7) as

Kr(6y,7) = K#(8y,7) + K2(6y, ),

where
1 [Tn) . [T
Kﬂl"(aoﬁ) = ;[Tﬁl/z Z 'I/Jt(go)]/(Qbu,e ) 1/2P ) 1/2 DL (8g,m) (Qeo o )71/?[T 12 Z ?/’t 90
t=1 t=1
K76y, 7) = —[T H2 Z Pi(60)]' (25,.0,) zp(fzgn_%)—1/2D,2T(90,w)(nge) Rl A Z P (6o)],
[Tr]+1 ' [Tr]+1

These are basically taken from equation (5)-(8) and evaluated at 6;. We consider the limit of

Kx(8y,7) first. The analysis for K2 (g, ) is the same. First, note that by (6)

[T=]
D’}'(QOa 7T) = [q1T(907 7‘-) - Q;U(-)U, (QOOO 1/? Z ’wl‘ 90 7q".T(90a 77)
) ) [T'r)
Qoson(Uos,) L2 D 7 4u(60))],
t=1

where g;r(6y,7) is defined in equation (7) at 6. Define J'(6y,m) = limp_,o E[T! E,[LT:] q:(60)]

and ¢ (6g) = OYi(6p)/08' (GK xn) is the partial derivative. Note that adapting Kleibergen (2005)’s

ideas for our partial sample case J (6, 7) can have a fixed full rank value, or a weak value in which
Ch

T1/2’

JH(8y,7) =

where C7 : GK x n matrix. The other possibility is that J!(8y,7) = 0, the case of no identification.
We want to analyze Kleibergen (2005) type of test that is used in Theorem 2 under these three

conditions, and show that the bound is the same regardless of identification issues. See that
fox 0 ] Rl vt ]
Tr] —
| T2 e (00)
_ [ p-1/2 Z[TW] Ui (60)
| Dy (60, 7) = J*(60,7)

[ Bk () ]
| Baa(m) ,

o1 ~ .
_quﬂo (990,90) InG’K

(21)

by Assumptions 3 and 4. Since this is true for any value for J!(.) this is robust to identification

issues. Note that Bs1(7) is a Brownian Motion and
Ba.1(7) = Bugr (1) = Qgq 6, (Q65.60) " Bare(7),
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and Boq(m) = Q;{;UQUWRGK(W) and Qgig000 = Qgoqo — qu9er_01(iOQ9oq0' Clearly Bs () is inde-
pendent of Bgg (7). This result (21) is the partial sample counterpart of Lemma 1 in Kleibergen
(2005). Then via (21), since DX (6, 7) is asymptotically independent from 7~1/2 Z[Tn] ¥ (0p)

following the proof of Theorem 1 in Kleibergen (2005) for the partial sample case we derive

(22)
where W,,(7) is n dimensional standard Brownian Motion.
Use (22) in K4(6p, ) to have
W"l ,W’ll
K (60, m) = 2D Wl (23)
In the same manner
n 1) - n ! n 1) - n
y.m) s (Fall) = W) (1) = W, ) o
(1—m)
Then (23)-(24) provides
W (m)' W, Wi (1) — Wy (7)) (Wa (1) — W,
o i ) s [T ) | 00 ) = WV ) W]
T T s - T

Then simple algebra after (25) provides the result. O

Before proving Lemma 1, we need Ottaviani’s inequality for o mixing variables in Theorem 8
of Doukhan (1994, p.43). Since o mixing implies 5 mixing, we can use the inequality for the g
mixing variables. Lemma A.l1 holds only under the null hypothesis of no structural change, since
the random variables are strictly stationary. Lemma A.1 holds under Assumption 1.

Lemma A.1. (Ottaviani’s inequality for B mizing random variables) Let X; be a strictly
stationary random sequence centered at expectation such that E|X:|*t% < oo for some § > 0 and
Sp = Zle X;, then if the sequence is  mizing with B(s) = O(s™4) for some A > 24 4/§, there
exists positive C, ¢ with

1 iy 550w (g 502) <522 7

A+9) 4
202+9+A4)

Note that there are two typographical errors in o mixing coefficients in Doukhan (1994). First,

2(42(137;2) > 1. Another typographical

error in Doukhan’s inequality involves sum Sp. It should not be divided by 7%/2 in the statement

forz>0,y>c,and0<d<
the correct coefficient should be A > 2+ 4/6 since we need

of the inequality.

Next, we need the following result before the proof of Lemma 1. Under Assumptions S1i-iii,

uniformly in 6, setting Wp(0) = T~1/2 Zt 1[0 (0) — B (6)],

Ur(0) = V(0), (26)
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where ¥(9) is a Gaussian stochastic process on © with mean zero and covariance function EW(01)¥(02) =
Qg, 6, -

The m-dependent version of this is given as Assumption B of Stock and Wright (2000). Equation
(26) is already shown in Doukhan, Massart and Rio (1995, application 2 of Theorem 1) and the
same result is given in Andrews (1993b, p.200). The mixing rate assumption here is stronger than
the one in Andrews (1993b). This is due to the fact that a new rate is needed to ensure the
Ottaviani’s inequality (Lemma A.1) is holding.

Proof of Lemma 1. The proof is very similar to Theorem 2.12.1 of van der Vaart and Wellner
(1996) for iid data. We replace Ottaviani’s inequality for independent data with our Lemma A.1.
We also use (26) in the proof rather than weak convergence of iid empirical processes. Here we
provide the proof. The pseudometric that is used is |71 — m| + p(61,62) (on [0,1] X ©) where
p(01,602) = [E(:(01) — ¥+(62))P]'/? , p > 2. Note that the proof is for real valued /;(.). The
extension to the multivariate case is at the end of the proof of Lemma 1.

As in Theorem 2.12.1 of van der Vaart and Wellner (1996), we have to show that, given Assump-
tions S1i-iii, (26) implies Lemma 1. We have to show the asymptotic equicontinuity of Wz (6, 7).
Denote the set of functions ¥(6) € F satisfying Assumptions Sli-iii. Then set, as in van der Vaart
and Wellner (1996), Fr = {1+(01) — ¥+ (02) : ¢¥:(.) € F,p(61,62) < 7}. Denote ||.||£., ||| as the

uniform norm for maps from F,, F to R respectively. By the triangle inequality

sup |Ur(01,71) — W (B2, m2)| < sup ||[Wr(01,71) — Wr(01,m2)||F
m —m2|+p(61,02)<T |y —m2|<T
+  sup |[[¥r(01,m2)|| 7, (27)
0<m<1

For the second term on the right-hand side of (27), we discretize mo such that it takes the value

k)T with k =1,2,--- ,T. We can rewrite the sequential empirical process as
[T=]
Tr
Ur0.7) = S 0hl0) ~ B(0) = Vw4 0), (28)
\/,
where Wip(0) = L TW][z/)f( 0) — E(0)]. Use (28) and discretization of mo to rewrite the

VI[T7]
second term on the right hand side of (27) as

sup ||¥r (61, 72)||7, —HﬂXll\/ ‘I’k Mz, - (29)

0<72<1

Next analyze (29) via Lemma A.1, for all € > 0 and d in Lemma A.1,

k
——maxP\/ (6]l > ¢ <1;§%<\/f||wk<e>||ﬂ>2e)

By (26), ¥r(0) is asymptotically equicontinuous, so the right hand side of the inequality in (30)

< P(1er(®)ll7, > €) +CT™
(30)

converges to zero as T' — oo followed by 7 | 0. We analyze the first term in square brackets on
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the left hand side of (30). When k < Tp, Vk||W4(8)|| . is bounded. This can be seen in van der
Vaart and Wellner (1996, p.227) regardless of the time series nature of the data. For large Tj, when
k > Ty, the first term with square brackets on the left hand side of (30) is bounded away from zero.
This is obtained by asymptotic equicontinuity of Wr(8) via (26). Therefore, the second term on
the right hand side of (27) converges to zero in probability as T' — oo, followed by 7 | 0.

We need to prove the same result for the first term on the right hand side of (27), so we have
to show that the following converges to zero:

P( max sup  |[Wrp(01,m1) — Y (01,57)l|F > 2¢), (31)
0978 jr<m <(j+1)7

where j7 helps discretize mo—7 and w247 in (27) as in van der Vaart and Wellner (1996, p.227). By
stationarity of increments of ¥ (0, 7) in 7 (by Assumption S1), probability in (31) can be bounded

by
1
|:—] P( sup ||[¥r(01,7m1)]|F > 2¢).
T 0<m <71

Again discretize 71, and use Lemma A.1 and (28) to have

k k
[1/2—;;1[%{10(\/;nwe)nwe)}] x H P<ég%§@||wk<9)||f>ze>

[%] P ( @H\II[TW](G)H}' > e) +CT % (32)

<

Benefiting from (8), and using the portmanteau theorem in van der Vaart and Wellner (1996,
Theorem 1.3.4iii) as T' — oo, the limit superior of probability of the right-hand side term in (32)
is bounded by P(||®(8)||+ > ¢/7'/?) . Since norm of the Gaussian process ¥(6) has moments of
all orders by Proposition A.2.3 of van der Vaart and Wellner (1996), limit for the probability of
the right-hand side term converges to zero faster than any power of 7 as 7 | 0. So the right hand
side term in (32) converges to zero as 1" — oo followed by 7 | 0. By a similar argument as before,
the first term with square brackets on the left hand side of (32) converges to 1/2. This proves that
probability in (31) converges to zero. We show that both of the terms on the right-hand side of
(27) converge to zero in probability. So the stochastic equicontinuity of the sequential empirical

process is proved. So we have
Ur(6,m) = ¥(6, ). (33)

However, in Lemma 1 ¢(.) is of GK > 1 dimension. Therefore, we have to extend the result
(33) to the multivariate case. In order to do that, we have to show Wrp(6,7) is stochastically
equicontinuous in the multivariate case. Then we have to show the convergence of finite dimensional
distributions of ¥ (0, 7) in the multivariate case.

First, we analyze stochastic equicontinuity. Note that vector ¥r (0, 7) is asymptotically tight

if, and only if, the components of vector are asymptotically tight by Lemma 1.4.3 of van der Vaart
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and Wellner (1996). So we have to show the component random elements of the vector Ur(6, )

are asymptotically tight. Note that by (33) we have
’YI‘IIT(Qa 7T) = 7/\11(9a 7T)a

for all v € REX. Let UB(S) represent uniformly bounded functions on S where S is an arbitrary set.
Then UB (F x [0,1])%K is separable and complete by metric d(f1, fo) = supg . || f1(0, ) — f2(8, )]
where ||.|| is the Euclidean norm and f € UB(.) (van der Vaart and Wellner 1996, p.29-30). Now
we can use the converse of Prohorov’s Theorem (van der Vaart and Wellner 1996, Problem 1.12.4,
p.74) to obtain asymptotic tightness of component random element of W1 (6, 7). This provides the
stochastic equicontinuity of the vector W (0, w).

Now we show finite dimensional convergence. For 81,02 € ©, 0 < m; < w3 < 1, we want con-
vergence of [Up(01,71)", Ur(fa,m2)]'. This is possible when [¥r (61, 71), Op (0o, 71)", Up(ba, m2) —
U (6s,71)'] converges. But this can happen if we have asymptotically independent increments in
7 given # and weak convergence of Wp(6a,m3) — WUrp(fa,m), for all 0 < 7 < me < 1.

First by (33) we have, for all v € RCK,

’Y,\IIT(97 7T) = P)/I\Il(ev 7T)'

This implies weak convergence of v/ Wr(0y,m0) — v Uy (6a,71) to v/ W(0a, 70) — 4" ¥(02,71). This in
turn implies weak convergence of Uy (6a, m2) — W (62, m1) to U(ha, wa) — ¥(f2,71) by Cramer-Wold.
Now we show asymptotically independent increments in 7 given 6. Set 0 < g < w1 < 7o < 1.

Note that for 61,6, € O,

d
Y197 (02,m2) — 41 U7 (02,m1) + v5¥7(01,m0) = N(0, (w2 — 71)7100,,6,71 + 7072206, 72)

by (33) 8 mixing property of ¥1(6), and the nature of the variance covariance matrix of the limit

in Lemma 1. Then we have

< Ur(03,7m3) = Cr(02,71) ) 0y (0’ [ (m2 = 71) Q0,0 D |
W (61, m0) 0 708, 6,

which proves asymptotically independent increments in 7 given 6. Note that, instead of W (61, )
we could have used ¥ (02, 7) in the result above; this does not change the result of asymptotically
independent increments. O

Proof of Theorem 3b. The proof for Theorem 3b basically consists of three main steps. In
the first step, we need the limit for restricted CUE estimator. This is shown in Technical Lemma
A.2. Then we substitute this result into sup St test statistic and derive the limit. In the third step,
the limit expression is put into a useful form for comparison by benefiting from the properties of

Brownian Motion.
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We can immediately benefit from the limit of
TY2(6(r) — 6p) = u*,
where
¥ _ - - —-1/2
u* = —[R(600)' L, R(00)] L [R(80)' . 4 Wer (1))

where Wg g (7) is a GK dimensional standard Brownian motion, whereas W (1) is a GK dimen-
sional standard normal vector. This is established in Technical Lemma A.2.

Using the test statistics

sup S7(8(r), ) = sup S(u*, 7). (34)
Using (17)
~ ~ ~ 9 ), m) "t ~ ~
Sp(0(rm),7) = [Pp(f(nm),7)+ T1/271'77L1(G(W))]’W[‘IIT(H(W),W) + T2 7my (6(7))]

’ VTz(é(Tr)v 77)_1

1—m

+ [Tr(8(r)) = Uz (6(m),7) + T(1 = m)imy (6())]

[T (A(m)) — Up((x),7) + T2(1 — 7)mq (6(r))].

X

Then use Lemma 1 Assumptions S1ii, S2 and Technical Lemmata A1,A2 (or (40)(41)) to have

-1

g IQ90 6o *
sup Su*,m) = Sljrp[BGK(F) + wR(0p)u”] T’[BGK(W) + 7R(6p)u”]
Do
+ SliP[BGK(l) — Beg(m) + (1 — W)R(Qo)u*]'ﬁ
X [Bagk(l) — Bgk(m) + (1 — m)R(6p)u"]. (35)

The limit in (35) can be simplified benefiting from Bgg (7)) = Q(%i)o Wek () and u* expression

. 1 _ _ _ _
sup S(u”m) = sup{ (W (m) = 740 R(60)[R(60)' 05,5, B(80)] ™ R(60) Qb Worc (1))
X War (m) = m > R(80)[R(60)' Q. 5, B(60)] " R(60) Q. 2 Ware (1)]}
1 - _ _ -
+ sup{ = W (1) = Wor (m) — (1= m)Q 07 R(00)[R(60)' a0, Bl00)] " BlB) 2100 Werc (1]

X [War(1) = Wor(m) = (1= m)Q 02 R(60)[R(60)' Q' 6, B(60)]F R(60)' Q. e War ()]}, (36)

Now let
C = [R(60)' 5, R(80)] " R(80)' 25117,

where C is n x GK matrix and (CC")~Y2C[(CC")~Y2C) = I,,. We set Ac = [(CC")~1/2C] where
Ac is n x GK matrix. See that AcWak(m) = W, (7), W, () is an “n” vector Standard Brownian
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Motion. Using these, limit in (36) further simplified as

_ 1 . .
sup S(v*,m) = sup ;[WGK(’IT)IWGK(W) — QWWGK(TF)IA/CACwGK(l) + WZWGK(I)'A'CACWGK(l)]

+ sup — 7r[(Wc;K(l) — Wek (1) (Wak (1) = Wak(r))
2(1 = m)(Wak (1) = Wak(m)) ApAcWaek (1)

+ (1 — W)ZWGK(l),A,CACwGK(l)]. (37)

This last limit also can be expressed in a more convenient way

sup S(u”, ) = sup WGK(W);WGK(W) n Waek(l) — WGK(?;)]_’[I;VGK(I) — Wak ()]

— WGK(l)’A’CACwGK(l). (38)

After Theorem 3 we simplify the term with square brackets in (38) with (3). Then, the limit

expression in (38) can be rewritten as:

Wor(r) = xWor (W) (Wer () = mWer )] | gy (1 War (1) - War (1) AbAcWer (1)].

sup

i 1-
°n (1= (39)
Analyzing the following terms in (39)
Wer (1) Wek (1) = Wer (1) AcAcWak (1) = Wak (1) [lgx — Az Ac]Wak (1).
However, using C and A¢ definitions
Iox — AL Ac = Tax — 0 12 R(60)[R(60)' ", R(60)] R(60)' ;12
GK cAC = 1GK 60,60 ( 0)[R(6o) eu,eoR( 0)]” " R(6h) 60,60
Note that Igx — A Ac is idempotent with rank “GK -n”. So

Wek (1) [lex — ApAclWer (1) = X&x—n- (40)

It is easy to see (40) is independent from the first term in the square brackets in (39) so we have

sup S7(r) S sup (Wak(r) —7Waek (1)) (Wak(r) — nWgk(1))

+ XG K —n>
T€ell well (1l —7) oK

where the limit consists of two independent terms. O
Proof of Theorem 4. Before the analysis of the limit for the restricted Kleibergen type of

test statistic we consider

[Tn] [T7] (7]
T2 (B (m) = (T2 aBxc (7)) = BB (r)] + [T7H2 Y Bhu(Bc(m):
t=1 t=1 t=1

Under Assumption S1, following proof of Lemma 1, and using consistency of 5K(7r)
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T2 (Bxc(m) — B (Oxe(m) — Bow(r) = 415 Wor (). 1)

Then by Assumption S2, mean value expansion, and by Technical Lemma A.4

G ] [Tx)
TN Bpx(n) = TTHEY D B(0) + S ROTH (O ~ 60)
t=1 t=1

— —7R(O0)[R(00) U, RO R(O0) % Wor (1), (42)

So by (41)(42)

[T
T2 3" k(7)) = Q5 War(m) — 7R(00)[R(00) Qb R(60)] 7 R(80)'Qp o  Warc(1).  (43)

t=1

In the same way

T
T2 N i(fk(r) = Qe({e (Wek (1) = Wek ()
t=[Tx]+1

— (1 m)R(80)[R(6y)' Q5% R(B0)] " R(60)' Qo W (1). (44)
Now benefit from equations (71)-(73) such that

Kr (0 (), 7) = Kp(0x(r),7) + K7 (0K (7),7),

where
1/p 1 l 31 1/2
KT(QK(W)’W) - T1/2 Z¢f GK ] (Qélf(ﬂ)éz((ﬂ))_ /
) 1 [T'n]
o A1~ ~ -1/27_ =~ 0
< Py o b e mie) s ;WW(WW (45)
and
~ 1
KZ(0k(m),7) = 1— T1/2 Z PO ()] (O Bre () ﬂ)) 1/
t=[Tn]+1
X P ZA(T)GI ,.-)) 1/2D2 (9[\(71.) ﬂ_)(& 0[\ (71')9;\(7\')) 1 2[T1/2 Z '(/’t eK( ))] (4:6)
: =[T7]+1

Now use (43)(44)(90) in (45)(46) to have

KhOie(m)m) = 11043 Wor(x) — wR(8)(R(60)/ 0, R(O)) ™ R(B0) U 4 Weare (1)]

—1/2 —-1/2
X Qeoe/o PQ_'/QR(HO)Q%H{J
X [Qy% Wak () — mR(80)(R(80) Q. R(80)) 'R(80) Qi War(1)],  (47)
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K7(fx(n).m) = = [sz;({au(wazcu)—wcm))—(1—w)R(eo)(R(eo)'sz;;e(,R(eo))*lRwo) Qg Wax (1))

Q12

foba

1/2
x Q9090 Pﬂgolo/él R(80)

x Q5 (War(1) — Wer (7)) — (1 — m)R(60) (R(60)' Qo R(60)) T R(60)' QP Wer (1)]. - (48)

Before analyzing the last two terms more carefully, we need the following for simplification from

the proof of Theorem 3b, regarding the matrix Ag

Ac = [R(0y)' Qpty R(80)| "2 R(80) Ut (49)
ACWGK(W) = Wn(ﬂ-% (50)
b Ac = Q4 R(60)[R(60) Q5.5 R(60)] " R(60)' 4. (51)
Now rewrite (47) as
Kp(fg(m),m) = %[WGK(W)'QQIQ{,ZR(‘)O)(3(90)'99_0190R(l%))_1R(00)’Q;)1(9{)2WGK(7r)]
R War (1) R (RO 05, RO)) ™ RO Q5 Wa(r)]
b Wok (105 R (R0, Bi60) R 0 W (D] (52)

Then use (50)(51) in (47) to have
K%«(é}((ﬂ),’ﬂ) > %[WGK(T()IAICACvVGK(W) — ZWWGK(W)IA’(jAcWGK(l) + 7T2WGK(].)IA/CA0WGK(1)]
= %[Wn(w)’Wn(ﬂ) W (1) W (1) + 72 W (1) Wi (1)]. (53)

In the same way we have for (48)

K3 (0m),m) = = [(Wa(1) = W) (Wa(1) = W)

= 201 = m)(Wa(1) = Wa(m)) Wa (1) + (1 = 7)* W (1) Wa(1)]. (54)

Then multiply (53) by (1 — ) and (54) by =, after some simple algebra and adding these two limit

terms we obtain the desired result. O
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Technical Appendix

We develop limit theory for restricted partial sample continuous updating estimator in standard
identified framework, using empirical process theory. This estimator is defined in the proof of
Theorem 1, (17). We need the following :

Technical Lemma A.1. Under Assumptions S1-53,

TY2(6(r) — 6p) = Op(1).

Proof of Technical Lemma A.1. This proof is very similar to rate of convergence proof in
Stock and Wright (2000). They deal with weakly identified case in full sample, whereas we show

the standard case in partial samples. We first prove the consistency. Rewrite the objective function

T V(0,7
Sr(0,m;0,7) = 1/°Z¢ Tli 1/”Z¢
T T
_ Vo (0, 7)™ _
b Y e 2l e g )
t=[Tw]+1 t=[Tx]+1
Then add and subtract to have
[Tx] (T10]
1/2Z¢t = Uy (0,7) + ET2 " oy(6 (55)
t=1
By Lemma 1
T 2@, (0,7) B 0. (56)
By Assumption S2, S3, and (55), (56)
Q_l

P

T71Sr(0,m0,7) B [ﬂml(Q)]'%[ﬂml(Q)]
-1

/ Qe,e
£ [0 = MmO L1 = mma(6)],

where mq(68) = 0 iff & = 6y, then we have a unique minimum and the limit is continuous, by

Theorem 2.7 of Kim and Pollard (1991) or Andrews (1993a) we have
6(r) — 6y 2 0.

The consistency result helps in deriving the rate of convergence.
For the rate of convergence part since #(7) minimizes the objective function Sr(6,;6,7) by

definition
Sr(6(r). 71 0(x),®) — Sp(fo,m:6.7)
[ (0(m),m) + T 4701 (0(m), )] W (6(m), m) [ 1 (6(), ) + T/ 2771 (6 (), )]
[T (0o, ) + T2, (80, 7)) Wr (0. ) [T (Ho, ©) + T %01 (69, 7)]
0. (57)

IN
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where

Vri(8,m)~* 0
Wr(8,7) = [ : Viafon)” ] (58)
_ T2 55 (64(6) — By(9)) ]
Uy (0,7) = . 59
O T w6) - B) o
and
my(6,m) = mma (6) ]
0 [a—mmmm o
Then rewrite (57) in the following way
Tml(é(ﬂ'),ﬂ')IWT(é(F),F)ﬁll(é(ﬂ'),ﬂ') + 2T1/2m1(9~(7r),7r)WT(9~(7r),W)@T(é(ﬂ)ﬂr)
+ dir(8(n),7) <0, (61)
where
dir(8(n),7) = Up(8(r), 7)) Wr (8(x), 7) T (8(n), 7) — [T (B0, 7) W (80, 7) T (80, )]
(62)

Then since Wrp is symmetric
T (B(m), m) Wr (6(), m)ma (B(r), ) > |T*ma (B(r), ™) Pmeval(Wr(8(x), 7)), (63)
where meval A denotes the minimum eigenvalue of the matrix. Next,

TY2m(B(x), ) Wr (8(m), m) ¥ (8(m), m) > —| T (8(m), ) |Wr (O(r), m) T (8(), ).
(64)

Use (64)(63) in (61) and divide (61) by meval Wy (8(n), ) ( this is positive with probability
one by Assumption S3)

T2 (B (), )| — 2 | T2 (B(), )| + dsr <0, (65)

where
dor = [|Wi (B(x), )T (B(), m)|| /mevalWr (B(x), ),
dsp = le(é(w),w)/meval(WT(é(w),w).
By Assumption S2
T 2ma (8(r), w) = R(B(x), =T/ (@) ~ o),
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where 6(m) € (60,0()). (See also Jennrich 1969, Lemma 3 for mean value theorem for random
valued functions).

Taking the roots of (65) and for (65) to hold
IRy (6(m), m)|| < dar + (d7 — dar)/?,

where

_ [ =RO@)TY2(8(r) - b0) 0
R (8(m), =) = 0 (1= 7)R(6()TY2(6(x) — 8y) |

By Assumption S2 and consistency

R(6(m)) & R(6y).

The desired rate of convergence follows since by Lemma 1 and Assumption S3, dap = Op(1),dsr =
O,(1). O
Technical Lemma A.2. Under Assumptions S1-53

TY2(8(m) - 60) = —[R(80)' 5}, R(60)] " [R(80)' 2 4> Wk (1), ]

where Wai (1) is a GK dimensional standard normal vector.
Proof of Technical Lemma A.2.

First set up the objective function

Sp(0(r), 700, 7) = [T (B(m),m) + T *ma (B(r), m)) Wr (89, 7) (¥ (6(m), 7) + T/ *my (8(r), 7))
(66)
By Lemma 1, consistency and Assumption S1 with (59)
- - B(rm
W (0(),7) o (67)
B(1) - B(r)
where we also use ¥(6y,7) = B(n).
By (60), and Assumption S2, using the rate of convergence result
~ R(6
TV 2, (0(r), ) — mR(Go)u (68)
(1—7)R(6p)u

The limit is uniform in v € A which is a compact subset of R". Using (67) (68) in (66) we obtain
the limit
St(8(m), w5600, 7) = S(u, ), (69)

where
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S(u ) = _ Bgk (m) + mR(6p)u
) | Bor(1) — Bgk(m) + (1 — 7)R(6p)u
X _ @ (3 ] Ber(7) + mR(60)u ] . -
| 0 Can J Bgx (1) — Bex(m) + (1 — ) R(fo)u

Since the limit is unique, by Lemma 3.2.1 of van der Vaart and Wellner ( 1996) we have uniformly
over A x 11
T'2(6(m) — 6y) = u* (),
where
u*(7) = argmin S(u, ).
Then differentiate this limit with respect to u we find

u* () = —[R(60)'Qy Ly, R(60)] T R(80)' Qo W (1)].

But since u*(7) does not depend on 7 on the equation above we can also denote that as u*.
The following Lemmata provide the limit for restricted Kleibergen (2005) type of estimator
defined in equation (4). First we provide consistency.

Technical Lemma A.3.Under Assumptions S1-S2, 54-56

(O (m) —69) &0
Proof of Technical Lemma A.3. We follow the standard consistency proof. First,

Kr(8,7) = KX(0,7) + K2(8,7), (71)

where
1 [Tn)
Kp(0,m) = —[T72 3 p(0))' (Qg) M2 Py )12 b .0 (o) [T 1/2211’ (®)], (72)

and

T
1 _ .
K (O.m) = 7= [T71 37 O (20) ™ P11, 0, (Uh0) 21T S e
[Tw]+1 [Tw]+1 (73)

where Di(8,7), D3(6, ) are defined in equations (6)-(8).
Following the proof of Lemma 1 for g;:(0) instead of 4(8), Assumptions S1,54 provide the

following

Wth — Eqi:(6) = O,(1). (74)
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Use (74) and Assumption S5 to have

[T7]

T3 " qi(6) & 7 (6). (75)

t=1

So by Assumption S6, (75) in combination with Assumption S2 and (56), uniformly over 6 x 7
T12DL(6) & =D(8), (76)
where
D() = [q1(8) — Qgp,1(Q66) " 'm1(8), -+ ,n(8) — Qo0 (Qap) ~"ma(6)]. (77)
Same analysis shows that uniformly over 8 x «
T=Y2D2(0) & (1 — 7)D(9). (78)
By (55),(56) Assumption S2, and (75)-(78), uniformly over 6 x «
T 'Kp(0,7) 5 %[Wml(9)]'(Qe.e)_1/2P(99,9)—1/2D(9)(Qe,e)_l/g[ﬁml(@]
1

+ o= 7rm1(9)]I(99,0)_1/2P(9919)*1/2D(9)(9979)_1/2[1 — mma(6)]

= m1(8) Q) * P, o220 (0) P ma(6).

Then we know that mq(8) = 0if 6 = 6, and by Assumption S6ii (Pgrl/zD(e)Q;(,l/zml(Q) # 0,0 # 6))
‘66
unique minimum exists and the limit is continuous by Assumption S1, S2, S4 so by Theorem 2.7

of Kim and Pollard (1990) we have
- »

9[{(7‘1’) - 9() = 0.

Technical Lemma A.4.Under Assumptions S1,52,54-56,
~ d - -
TY2(G () — 8y) > N(O, (R(60)' Q"5 R(60))7H).

Proof of Technical Lemma A .4.
First take the partial derivative of Kp(6,7) with respect to # and divide the partial derivative
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equation’s each side by 27'%/2, and note that ¢;(8) = 8+ (6)/96,

[Tn] ' ) T, g
% [Tl ;qt(eK(vr»] x Wi (fx(r) lW}

T ' T o (G
+ : [Tl Z f]t(éK(W))] W2 (0 (7)) [Zt_[TW}+1 POk ( ))]

1—m TL/2
t=[Tn]+1

- ' [Tn] (T7]
1 Qvec(W. 0 A 2 0
N L l vec( 1{;195 k(7)) {T_l Z’l/’t(‘)K(?T))@T_l/‘Z"/’t(eK(”))-l
™ [ =1 t=1 J
N 1 dvec(Wra(fx (1))
21— 1) a6’
T R T .
x |77 DOk () QT D Bk ()
t=[Tn]+1 t=[Tr]+1
= 0, (79)
where
(f — -12p S (L )T
WasOx(m) = (O i)™ P04, o046 T
for j =1,2.
By Assumptions S1,56 and consistency of éK(T(')
Y »
O (i (m) S0 - (80)
Note that by (76), and consistency of restricted K-estimator
T~ D1 (O (x), ™) & 7D(6), (81)

where
D(6o) = [q1(60)," -+ ,qu(60)],
since m1(8p) = 0 by Assumption S2, and also note that by the definition of R(6p) in Assumption
S2, in this standard identified case D(6y) = R(6p). Similarly
T_l/zﬁ%(éK(w),ﬁ) L (1= 7)D(6y) = (1 — 7)R(8). (82)

Then using continuous differentiability of ¢;(#) in Assumption S4, by Proposition 6.6.1 (Leibniz
Rule) in Sohrab (2003), and consistency of Ok (7) in combination with (80)-(82) shows

Ovec(Wr; (O ()
oo’

= 0p(1), (83)

for j =1,2.
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Since

[T=]

T3 (B (n)) = 1Z¢t (Ox () — E¢e(Bx ()]
t=1

+ T*ZEwt@K(ﬂ)
t=1

In the above equation the first term in square brackets converges to zero in probability by
Lemma 1 (which is obtainable by Assumption S1) and the second term goes to zero by Assumption

S2, and consistency of the estimator. So

[T

12@@ (84)

Then
[T=] (T7] -
1/227@‘ OK = 1/22¢f OK E¢f(9K(W))]
[TW] ~
+ T2 By(fxc (). (85)
t=1

The first term on the right hand side of (85) weakly converges to a process by Assumptions S1 and

S2, then having a Taylor series expansion around 6y for the second term

[T'7]
ET™?Y (0 () = mR(60)T"?(6x (v) — 60) + o(1), (86)

by Assumption S2. So clearly by (86), consistency of the estimator, and (85) is

1/2Zwt O (7)) = Op(T*(6k (7) — 60)). (87)

Same results apply to the second part of the partial sample so we can say that the third and

fourth terms on the partial derivative (79) are

- ’ [T7] [Tn)
Ovec Ok (m
% [ (W:gle(l K( )))] % [ -1 Z 1/’15(9}{ 7)) ®T Z l/ft(eK(W))]

N 1 81’6(:(WT2((;K(7T)))
2(1 —x) a0’
T T .
X [T—l Yo b)) QT Y 'z/)t(eK(frn]
t=[Tn]+1 t=[Tn]+1
= op(T"*(0x(m) — 6y)), (88)

41



by (83)(84)(87).
Now note that by (81)(82), and Assumption S6 with the consistency of the estimator

AJ 1/2 j -1/2 P, —1/2 -1/2
(Q%A’(ﬂ')éu(ﬁ)) P ()0 g ( ) 1/2D; 7(0x () (Q%A’(W)éh' (77,)) - Qe(’eo PQ;oltfozR(eo,)QHUGU ’ (89)
for j =1,2.
Then we can replace Wr;(fx (7)) in (79) by its limit
_o-l/2 -1/2
W(6o) = Q4. PQ;19/2R(90)Q(9090 . (90)
0%0
Next,
[T'x] [T'] [T 5
T2 Zzpt O () =T~/? Zwt (60) + (T ar(6%)) T (B () = 6p), (91)
t=1
where 6* € (89, 0x(T)).
We can rewrite the partial derivative equation in (79) in the following manner
l 1 [T'x] 1 [T'm] [T'n]
th(aK(w W (0075 Zz/f B0)] + —[—qu (O (7)) W (B0) [—th T2 (0K — )
T
+ - T Z 1/2 Z ¢t 60
t=[Tn]+1 =[Tn]+1
T
+ T T > ¢ W(bo)
t=[Tn]+1
1 & -
X [z D @@k ~ 6)
t=[Tn]+1
+ op(T2(0x (m) = b)) = 0. (92)
Then consider
[T=] 3 [T 3
12% b)) = (17 3 () = BB (o) + (77 3 BaBue(m)]- - (99)

t=1
Then by Assumption S4 (like Lemma 1), we can show that

[Tx]
T2 qu 0k (7)) — Eq:(8x (7)) = O,(1).

So the first term on the right hand side of (93) converges in probability to zero. Then by

Assumption S5, consistency and definition of R(6y) in Assumption S2 we have uniformly over 6 x 7

[T=]
-1 qu Ok (1)) L wR(6)). (94)
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Then by Assumption S1 and E4(6y) = 0, following the proof of Lemma 1

[T=]

1/22% 80 QQWGK( )

and

712 Z Yi(60) = Q35 War (1) — War ()],
t=[Tn]+1

Use (90)(94)(95)(96) in (92) and simplify to have

T2 (G (7) — 60) = =[R(60) gy RO T R(00) it Wk (1)
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