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Abstract

This paper studies the principle of common recursive mean adjustment and proposes a
new detrending method in dynamic panel models. By utilizing recursive mean adjustment,
this paper provides three unit root tests: a recursive mean adjusted (RMA) unit root test,
a covariate RMA and a pooled RMA-feasible generalized least squares tests. The first
two tests are designed for testing the cross sectional average of panel time series data to
examine if the common factors in a panel are stationary or not. The third test is designed
to test if the idiosyncratic errors are stationary or not. The proposed panel unit root test

under cross section dependence is precise and powerful especially when T is larger than N.
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1 Introduction

Since Quah (1994) opened the door to the panel unit root testing literature, several important
theoretical developments have been made by several researchers. Levin, Lin and Chu (2002)
generalize Quah’s (1994) panel unit root test under the alternative of a homogenous panel. Im,
Pesaran and Shin (2003), Choi (2001) and Maddala and Wu (1999) consider panel unit root
tests under the alternative of a heterogeneous panel. Along with the theoretical development
of panel unit root tests, their use in empirical research has grown exponentially. The most
important reason for their popularity is that panel unit root tests reject the null hypothesis of
a panel unit root more often than univariate unit root tests. This is a natural result because
the goal of the panel unit root tests under the null hypothesis of a panel unit root is to amplify
the power of tests through the pooling of information across units.

The high power of panel unit root tests, however, suffers from serious size distortions
when a panel is contaminated by cross section dependence. Choi (2005), Moon and Perron
(2004a, MP) and Phillips and Sul (2003, PS) propose panel unit root tests under cross section
dependence which arises from unknown common factors. Their tests require the elimination
of the unknown common factors. Bai and Ng (2004, BN) propose an effective defactoring
method. More importantly, BN go beyond this to analyze the source of non-stationarity. To

fix ideas, assume that {y;;} consist of common factors Fy and idiosyncratic errors M.
Yit = NjgFot + My (1)

where t (t = 1,..,T) indexes the time series observations, the index i (i = 1,..., N) stands for
the ith cross sectional unit and s(s = 1, ..., K) indexes the number of common factors. MP
and PS examine if My is I(1) or I(0) while BN test the common factor and the idiosyncratic
errors separately. To do so, the number of common factors must be estimated. In simulation
studies BN show that their tests perform very well in large N sample.

There are two remaining issues in BN’s tests. First, if N < 20, there is a somewhat
serious problem in estimating the number of common factors precisely, and this results in
the size distortion of the tests, as well as the poor power of the tests. Second, testing for
nonstationarity in y;; requires testing for nonstationarity in Fy;. If the common factors Fy are
I(1), then y;; becomes I(1) regardless of whether M;; is I(0) or I(1). Suppose that K = 1. Then
testing for a panel unit root in y;; hinges on a univariate unit root test of F;. If so, practitioners
may wonder where the panel gain comes from.

This paper addresses these two issues and proposes powerful unit root tests by utilizing
recursive mean adjustments. Several authors have used recursive mean adjustment in testing
for unit roots. So and Shin (1999), Shin and So (2001), Chang, Park and Phillips (2001),
Taylor (2002) propose various recursive mean adjustments for detrending and demeaning as

well. This paper goes beyond this to explain how recursive mean adjustments reduce small



sample bias and to provide a new recursive detrending method. Combining the proposed
recursive mean adjustment (RMA) methods with covariate unit root tests produces a very
powerful univariate unit root test. The covariate RMA unit root test can be used to detect
if common factors are stationary or not. When N > 20, this test can be applied directly to
defactored Fj; by using BN’s method. When N < 20, the cross sectional average of y;;, which
may be a good proxy for Fy, can be used for this test. Moreover, this paper provides panel
unit root tests which work well even for a small N but large T" panels by utilizing the pooled
recursive mean adjusted feasible generalized least squares (RMA-FGLS) estimator. The tests
don’t require the estimation the number of common factors, and also don’t require a particular
factor structure such as (1). The proposed panel unit root tests don’t suffer from serious size
distortion as N increases because RMA methods reduce small sample bias both under the null
and the alternative.

The paper is organized as follows. Section 2 consists of two subsections. The first subsection
explains how RMA can reduce small sample bias significantly for the case of unknown mean
and suggests a new detrending method using the RMA principle. Based on the proposed RMA
methods, univariate RMA unit root tests are developed in the second subsection. Moreover,
to achieve more power, covariate RMA unit root tests are also developed. Asymptotic local
power analyses with various unit root tests also are provided. Section 3 proposes new panel
unit root tests and deals with how to construct a consistent covariance and variance matrix
of regression errors both under the null and alternative. Section 4 reports results of Monte
Carlo studies. Section 5 provides some practical guidelines and an empirical example of long

run purchasing power parity. Section 6 concludes.

2 Common Recursive Mean Adjustment

This section justifies the use of the common recursive mean adjustment to reduce the small
sample bias of autoregressive coefficients. The autoregression models considered in the paper

fall into the following two categories:

yt=a(l—p)+py1+e

M1: (Unknown Constant)
Yt = a+ T, Ty = pri-1+ €t

ye=a(l—p)+bp+b(l—p)t+pyr—1+e

M2: (Linear Trends)
Yyt = a+bt + ¢, T4 = prio1 + €t

The regression error €; is covariance stationary. For the unit root case, the initialization of x;

is taken to be z;o = O, (1) and is uncorrelated with {e;}>1.



2.1 Principle of Common Recursive Demeaning and Detrending
Common recursive mean adjustment for fixed effects: Transform M1 as
yt—c-1=a(l—p)+py—1—ci—1) — (1 —p)ci—1+u,
and find ¢;—; which satisfies the following conditions.
1. Eci_qu; =0
2. Ec;_1=a
3. B0, (-1 — ci-1) (c-1 — Ecy—1) < O (7).

If ¢;_1 satisfies all three conditions, the following transformed regression will reduce the

small sample bias significantly
Ye—c1=pyr—c-1) te, eg=—(1—p)(ci—1 —Ecr1) + (2)

Under the null hypothesis of p = 1, it is easy to see e; = wu; so that the third condition
is not required under the null. Several candidates for ¢;_1 satisfy the first two conditions.
For example, the overall time series mean of y;_1 satisfies the first two conditions. That is,
E(% > yt_l) ut = 0 and E(% Zyt_l) = a. However, the third condition is not satisfied at all.

A second candidate is found in BN. They suggest one uses y; = ¢;_1. Note that Ey1e; = 0

and also Ey; = a. However under the alternative, the third condition is not satisfied by y;. To

see this
T T L [1— o7
E;(yt_l — Y1) 1 —E;(art_l —x1)x = 0% [ =, —-T— 1} =0(7T)
As T' — oo, the probability limit of p in (2) is given by
plimy_, p = % <lforp<1 (3)

The most successful candidate known by the author is the common recursive mean. So and
Shin (1999) originally introduced the recursive mean adjustment in univariate autoregressions
to reduce the small sample bias of least square estimators. Later Shin and So (2001) extended
their recursive mean adjustment to a unit root test for the case of an unknown mean. Choi,
Mark and Sul (2005) extend the univariate recursive mean adjustment method to the panel

context. Define the recursive mean as

1 t—1
Ct—1 = t——l ;ys-



It is easy to see the first two conditions are satisfied with + 1 Z «—1Ys- The third condition is

satified given that

EZ(mtl——z ) ZxS—O(lnT)<O( ).

This condition provides the consistency of p¢ which is the point estimate in (2) with ¢;—1 =
(t =17 X us.

This principle, however, cannot directly apply to the case of a linear trend. Chang, Park
and Phillip (2001) propose a recursive detrending method to make the regression error become
a martingale difference sequence. Their detrending estimator suffers from a serious upward

bias when p < 1.

Recursive detrending adjustment: The common mean adjustment principle does not
work for M2. Intuitively the two nuisance parameters a and b cannot be eliminated by the use
of a common mean adjustment. Several detrending methods have been suggested (for example,
see Taylor (2002), So and Shin (1999), Chang, Park and Phillips (2001)), but none of them
reduce the small sample bias significantly when p < 1.!. Here we give an example of BN’s

detrending method.

Yi = PYi1 + e (4)
where ( )
* yr —
=y — (11
V=g s (1)
and ( )
- _(1— (T, oy ET T
ee=—(1—p)oy —(1—p) T (t—1) T, tu
Hence when p < 1, the probability limit of p in (4) is given by
. R 4
plimy o (p—p) = £ (1 = p) > 0 for p<1. (5)

Here we provide a new detrending method which reduces the small sample bias significantly.

First, define the common recursive mean adjustment as

9 t—1

= — :2 —1 2_7
di 1 t_ls;ys a+b(t—1)+ 231,

where 7,1 = (t — 1)71 22;11 zs. Observe this

—di1=—a(l—p)+bp+p(y—1 —di1) —2(1 — p) Ty—1 + uy,

'Sul, Phillips and Choi (2005) prove that So and Shin (1999) detrending method cannot eliminate a trend

coefficient.



since

Y—1 — di—1 = —a + (T4—1 — 2T4_1) .

The trend is eliminated but the constant is still present. Taking an overall mean adjustment
yields

v =9 =201 =1 =py1— 91— 2F-1— ]+ (e —€)
where g = T '3 %1, 51 = T7' > y1 and ¢, = —2(1 — p) Tr_1 + ug. This procedure
reduces the small sample bias significantly.

Table 1 shows the dramatic bias reduction using the recursive mean adjustment. It is
worthwhile noting that the variance of the recursive mean adjusted (RMA) estimator is far less
than that of the OLS estimator, especially for the case of the linear trend. we also investigated
whether or not the recursive mean adjustment works with a general AR(p) specification by
means of Monte Carlo simulation and found that the proposed new estimator works very well.?

In the next section, we provide an explicit bias formulae for RMA estimators.

2.2 Recursive Mean Adjusted Unit Root Tests

As Table 1 revealed, the relative variance of the RMA estimator compared to that of the OLS
estimator decreases as T' increases. This useful fact can be used for testing unit roots. Shin and
So (2001) already proposed a univariate unit root test based on recursive mean adjustment

under M1. Here we complete their task by adding the case of a linear trend. Consider a
modified AR(p) model given by

Yt — Ct—1 = p (yt_1 — Ct—l) + Z§:1 (bjAyt_j + uy for constant

6
yr —2¢c—1 =B+ p(y—1 — 2c4-1) + Z?:l ¢;jAyt—j + ug  for linear trend (©)

and denote e -
pre— £ ___ —— and t'7 = A — (7)
V(™) V(')

where p" and p"" are point estimates in (6). Let p =1+ ¢/T.
Proposition 1 (without covariate) The limiting distribution of the test statistics are given by

tmgAchB, 7 % 04 eD

2To save space, the simulation results are not reported here but will be available upon request of the author.
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The proof of proposition 1 is straightforward, hence it is omitted. The result for the linear
trend case is new. The critical value for RMA unit root test can be obtained by letting
¢ = 0 and replacing J by the standard Brownian motion W. The critical values are reported
in Table 2. In contrast to the DF critical values, those for the RMA tests are less time
variant. Practitioners can use -1.88 for the case of constant and -1.86 for the linear trend case,
respectively, regardless of the size of T. For small T, the use of such critical values yields a
slight size distortion.

When a covariate is available, the principle of RMA can be directly applied to obtain more
power. Following Hansen (1995), consider the following covariate augmented DF, CADF(p, q1, ¢2)

regressions for the unknown constant:

p a1 a2
ye=atpya+ Y S Ay Y 5 Anj+ Y ¢ Amyyy+u

Define
@ %
v = Z ¢; Awy—j + Z O Ay j + g,
J=0 J=1

Q_ZE

l=—00

(=) G )] -(02 %)

and \? = 02, [0202] and R? = o2 /o2,

The modified covariate augmented DF regression by using RMA is given by

Yt—ct—1 = p (Y—1—ct—1) + Zj 1 9jAy—; + Z]_m VY Az + uy for M1
Yr—2c-1 = B+ p(y—1—ci—1) + 25y Ay + 0L YAz +uy for M2

The covariate RMA (CRMA) test statistics are defined as

rc Arc / ~TC rT Ar‘r T
tcrma - pcrma - pcrma tcrma - pcrma - 1) / 14 (pcrma)



7C
crma

TT

where P crma

and p are point estimates in (8) for M1 and M2, respectively. Let p = 1+¢/T.

Proposition 2 (CRMA test) The limiting distribution of the test statistics are given by

e daA 4 %BJF (1-22)"*N(0,1),
AL Yo %D + (1= 22N (0,1)

The proof of Proposition 2 is obvious and hence it is omitted. When p = 1, the limiting
distribution is dependent on the nuisance parameter A. In contrast to the original CADF test
proposed by Hansen, the 5% critical values for the RMA unit root test is not far from the 5%
critical value for normal distribution. For example, the 5% critical values of the RMA unit root
tests for unknown constant and linear trend cases with T" = 150 are given by -1.88 and -1.86,
respectively, which are equivalent to the 5% critical values for A = 1 but to the 3% critical
values for A = 0.

Figure 1 shows the asymptotic local power of five unit root tests for M1: DF, Elliott,
Rothenberg and Stock (1996)’s DFGLS, Hansen (1995)’s CADF, RMA and CRMA tests.
The initial value u; is assumed to be distributed as N (0,1). For the covariate tests, we set
R? = )2 = 0.8 which is the case of a weak covariate. As R? — 0, the asymptotic local power of
the CADF and CRMA tests approaches 1. Note that DFGLS test becomes the point optimal
test when uy = 0. However, Miieller and Elliott (2003) point out that the DFGLS test is not
optimal when u; — N (0,1). When ¢ << 0, the asymptotic local power of the DFGLS test is
lower than that of the DF test. Figure 2 shows the asymptotic local power for M2. The RMA
test is worse than the DFGLS test when u; = 0. However, again, the CRMA test provides the

best power even with a weak covariate.

3 Panel unit root tests under cross section dependence

Recently several panel unit root tests under cross section dependence have been proposed.
Most of them are assumed that the cross section dependence arises from unknown common
factors. Forni, Hallin, Lippi and Reichlin (2000) and Bai and Ng (2002,4) assume that panel
data {y;:} follow (1) while MP and PS assume that {y;;} follow a panel AR(p) process but
that their innovations follow (1).

There are at least two methods to handle or eliminate cross section dependence. The
first method is rather direct. BN suggest to estimate Fy and defactor Fg from y;;. MP and
PS suggest to estimate \;s and orthogonalize \;s by transforming y;;. This method is useful
especially when N > T, and is efficient when the cross section dependence can be modelled
by (1). The problem of this method is, however, that it requires knowledge of the number of
factors, K. Bai and Ng (2002) and MP suggest various criteria to select the optimal number



of K, but they confess that if N < 20, the number of common factors is difficult to estimate.
Naturally if the number of common factors is poorly estimated, the panel unit root tests
perform poorly.

However, for small N but relatively large T', the cross section dependence can be asymptot-
ically handled well by employing panel feasible generalized least squares (PFGLS) estimation.
The foremost merit of the PFGLS estimator is that it does not require the cross section de-
pendence to follow (1). Another merit is that the limiting distribution of PFGLS is free from
cross section dependence as it is shown by PS. To see this, assume that Fy, = pFg—1 + fs and

My = pMy—1 + mj. Then eq. (1) can be rewritten as

K
Yit = O + pYit—1 + Wi, Uip = Z Aisfst +mit 9)

s=1
and let ¥, pg1s be a consistent estimator for the variance-covariance matrix of w;;, and let ©;;

be the ith and jth element of i;;fgls. Then the PFGLS estimator is defined as

N N . T -~ -
zi:l Zj:i Uiy Et:l Yit—1Y5jt
N N - T ~
Zi:l Zj:i Vig Zt:l yiq
¢ Y

where ‘~’ implies the demeaned time series. The limiting distribution of pppgrg under the

PPFGLS =

null of a panel unit root is given by

N 1 N 1 -1
T (pprars —1) (Z/o VVidWi) (Z/o Wf) as T — oo (10)
i=1 i=1

where V~V1 =W, — f W, and W is a standard Brownian motion.
However, for finite 7', if Swpfgls is biased then pppgrg also becomes biased. For example, the
sample covariance matrix, 21“ constructed by least squares dummy variable (LSDV) residuals

is biased. The LSDV residuals are given by
i = ui + (1 = prspv) Gt
Hence the estimator for the ¢th and jth element o;; for the covariance matrix Y is given by
. 1 L. 1
Tijlsdv = 77 Z €iréjr = 0ij + Op (T71)

since (ppspy — 1) is Op (1) . Hence for finite T, the panel FGLS test suffers from a size
distortion. More importantly, the size distortion increases as N increases. we will revisit this
issue later in detail.

This small sample bias problem also causes difficulty in estimating the factor loading coeffi-

cients of A;s even when N is large. MP and PS panel unit root tests require an orthogonalization



procedure which eliminates the common factors. Their estimates for \;s, however, depend on
i%pfg]s. When the estimated ﬁ:u’pfgls is biased, the estimates of \;s suffer from bias also. To
avoid this problem, PS impose the null hypothesis of p, = 1 to calculate i)u7pfgls. This restric-
tion reduces the size distortion but makes the test inconsistent under the alternative, which
results in poor power of the test.

In the next subsection we show how the recursive mean adjustment method reduces the
small sample bias. To do so, we assume ¥, is known and we develop N asymptotic theory for
the pooled recursive mean adjusted generalized least squares estimator. Next, we shall discuss

how this N asymptotic theory can be used in practice.

3.1 Pooled recursive mean adjusted generalized least squares (RMA-GLS)
estimator

Consider the simple panel AR(1) models given by

Yit — Cit—1 = p (Yit—1 — Cit—1) + Uit for constant (1)
Yit — 2¢it—1 = B; + p (Yit—1 — 2¢i4—1) + ui  for linear trend

where uy — N (0,%,) and the off-diagonal terms of ¥, are not equal to zero. In the end

of this subsection, we discuss the general AR(p) case. Here we assume that the covariance

and variance matrix X, is known. In the next section, the feasible generalized least squares

estimator will be discussed. Let y; = (Y1t, ..., YNt), Ct—1 = (City ey CNE)y W = (Uigy -y UNE)

and ¥, ! = A’A. Now denote the transformed vector y;” = y;A’, ¢; | = ¢;_1A’. Furthermore,

let yjt , c;_l and ujt denote the ith elements of y;", cttl and u;’, respectively.

+ + + + + .
Y = Cit—1 = P (yit,l - Cit,l) + Uy for constant (12)
yiy —2¢h_ =B+ p(vi_y —2¢,_,) +uj for linear trend

Note that ujt is not cross sectionally dependent. The estimator in (12) is called the pooled
RMA-GLS estimator. Following Harris and Tzavalis (1999), as N — oo for fixed T, we have

Proposition 3 The probability limit of the pooled recursive mean adjusted estimator under

the null hypothesis of a panel unit root is given by
lim e —1) =0
D N—oo | Ppgls ’

and .
A
ppgls -1

Var (ppms)

where k = ¢ or T for constant and linear trend, respectively.

< N(0,1)

10



Appendix A provides the proof of Proposition 3 but it is instructive to sketch its outline
here. For fixed effects, it is easy to see why the pooled RMA estimator is consistent. Under

the null, we have

1 N T 1 N 1 t—1
TIRNES 3 SS9 of [ (RN o I B
s=1

i=1 t=1 i=1 t=1

since Ey;L ju;; =0 for 5 > 0 as long as u; is not serially correlated. For the linear trend case,

note that

1 N T T
t=1

=1 t=1
1 N T 1 t—1 T
= 2xplimy o ) (Z (m Z%ﬁ)) (Z “3>
i=1 t=1 s=1 t=1

as long as u;; is not serially correlated.

It is worthwhile noting that the pooled RMA estimator is more efficient than the pooled
mean unbiased estimator proposed by Harris and Tzavalis (1999) and Phillips and Sul (2004).

Let p¢ be the pooled mean unbiased estimator. That is
p¢ = p+ bias (1,T)

where p is the LSDV estimator and bias (1,7T) is the mean bias function provided by Harris and
Tzavalis (1999) and Phillips and Sul (2004). For the case of an unknown constant, bias (1,T) =
3/T while for the case of a linear trend, it becomes 7.5/T with moderately large T The variance
of the mean unbiased estimator p¢ is larger than the variance of pP¥ asymptotically. Harris
and Tzavalis (1999) provide the asymptotic variance of p¢ under the assumption of normality
in the error €;,given by

3(17T2+14T+14
BATUT)

. aev 5T (T+2)°
plimy o, V' (5°) = 15(19372—7287'+1147)

112(T+2)%(T—2) for M2

As T — oo, the variance ratio is given by

limy o0 plimNHooM
v (p) 2.87 for M2

B { 1.17 for M1

For small T, the exact asymptotic variance ratios for the panel AR(1) model are plotted in
Figure 3. Even when T is small (say 7' > 15), the pooled RMA estimator is more efficient than
the pooled mean unbiased estimator for both the fixed effects and the incidental linear trend

cases.
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For panel AR(p) regressions, proposition 3 still holds for M1 but not for M2. The pooled
RMA estimator for the incidental linear trend becomes inconsistent for the panel AR(p) case
when p> 1. However, as T increases, the inconsistency dissapates very rapidly. Table 3 reports
the simulation results for the AR(2) case with an incidental linear trend. The data generating
process is given by Ay; = ¢Ayi—1 + Auy where w; — iidN (0, In). We set N = 1000 and
consider two values of ¢ = 0.4 and —0.4. Note that the pooled RMA estimator suffers from an
upward bias while the LSDV estimator suffers from a downward bias with small T. The upward
bias of the pooled RMA estimator dissappears rapidly as T increases. Note that column D
shows the MSE ratio of the pooled RMA to the LSDV estimator. Hence multiplying column
D by column C yields the actual MSE for the pooled RMA estimator.

3.2 Panel RMA-FGLS Tests

In practice, ¥, is unknown and should be estimated. Moreover proposition 3 does not hold
any longer with unknown . Under cross section dependence, the pooled recursive mean
adjustment estimator is slightly biased. Assume the cross section dependence follows (9). The

probability limit of the bias of the pooled RMA estimator for fixed effects is then given by
plimy ., (27 —1) = In+1 (grr — Egrr) + 0p (T71)

where gpr = |20y (Fir = Fioa) (B = Fia) | [SL (R = B DR =Y

n = U?c,ui <o‘2 +J?¢,u§)2, p3 = limy_eo %Zf\il A2 O'?c = V(f:), and ¢ is the bias of the
univariate RMA estimator reported in Table 1. Note that 1 represents the degree of cross
section dependence. Since ¥ is inconsequential, the N asymptotic bias of the pooled RMA
estimator also becomes tiny but random. Hence as T increases, the bias of the pooled RMA
estimator dissapates very rapidly.

Define iu,prma as the pooled RMA estimate of ¥,,. After replacing ¥, by ZA]u,prma in (12).

-1 . )
Let t™F = P —mafels —  where k = ¢ for fixed effects and 7 for incidental linear trends. The

\/V prma fglb
resulting estimator becomes the pooled RMA-FGLS estimator. For fixed N, as T — o0, the

limiting distribution of the RMA-FGLS tests are given by

-1/2 N
th tels — ( /W’c dr) Z/ WE () dW (r), for k=c,T (13)

where W¢ (r) = W;(r) — %fg Wi (s)ds, W (r) = W;(r)— %fg s) ds— fo s)ds +
2 fol 1 (fo Wi (s)ds) dr.

The asymptotic local power for the pooled RMA-FGLS tests for M1 and M2 are shown in
Figure 4 and 5, respectively. Even with N = 2, the local power increases dramatically. As N

increases further, the local power of the pooled RMA tests increase but at a decreasing rate.
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When p; # p, the pooled RMA-FGLS estimator becomes inconsistent even when 7" — oo.
There are two sources of this inconsistency. To see this, let p; = p + (; where (; — iid <0, ag) .
The first source arises from the inconsistency of the pooled RMA estimator under heterogeneity

of p;. As T'— oo with fixed N, the inconsistency is given by

_ Nt Zz']il [Cz’/ (1- P%)]
NV 1/ (1= p2)]

Hence the pooled RMA residuals carry this inconsistency so that the estimate of iu,prma is

phmTﬂoo (ﬁprma - p) > 0. (14)

also inconsistent. The second source of the inconsistency under the alternative arises from the
use of the inconsistent estimate of i]wprma to obtain the pooled RMA-FGLS estimator. The
second source of the inconsistency amplifies the first source of inconsistency. More importantly
the power of the pooled RMA-FGLS test is seriously hampered by this inconsistency since the
direction of the inconsistency is upward rather than downward.

Under such circumstances, the covariance matrix should be estimated without impos-
ing the homogeneity restriction p; = p. Since the univariate RMA estimators don’t suf-
fer from small sample biases for both the unknown constant and linear trend cases, the
variance-covariance estimate iu can be constructed from the univariate RMA residuals. Define
f]wma = (T - 1)71 ZtT:2 ;0 where @, = (Gyy, ..., un¢) and 44 is the univariate RMA residual
from (11). The transformed series y;r = yiAmma where f);}ma = /A\rmaf&;ma is cross sectionally
independent as T" — oco. Denote P; as the individual p-value for the t-test for y;rt, where yz-Tt is
the ith element of the vector y]. Then following Maddala and Wu (1999) and Choi (2001), the

following statistic can be used to test the null hypothesis of H; : p, =1 for all ¢ as T — oo.
N
P= —QZIH(H-) —q X3y for fixed N (15)
i=1

Note that the alternative hypothesis of the pooled RMA-FGLS tests is p < 1 while the alter-
native of the Meta test is p; < 1 for some ¢. However the Meta test has one disadvantage: The
p-values must be calculated. This is a big burden to practitioners.

Here we suggest a rather cunning way to increase the power of the test by using the pooled
RMA-FGLS when p; # p. As we discussed above, the pooled RMA-FGLS estimator becomes
inconsistent when p; # p. This inconsistency can be attenuated by using 2u,rma rather than
i%prma. Note that under the null hypothesis, i;}ma—i;irma = 0p (1) . Hence the pooled RMA-
FGLS tests based on X, yma have the same limiting distribution in (13). Under the alternative
of p; # p, 2u7rma is a consistent estimator of ¥,,. Hence the second source of inconsistency can
be avoided by using 2u,rma. Note that the pooled RMA-FGLS estimator based on iu,rma is
also inconsistent. To distinguish between the pooled RMA-FGLS based on flu,rma from that
based on f]u,prma, we give a name “PRMA-FGLS” to the pooled RMA-FGLS based on i]u,rma.
Note that the null hypothesis of the PRMA-FGLS test is Hy : p < 1.

13



Practitioners may want to know at this point which test rejects the null hypothesis of a
panel unit root more often. It is not straightforward to compare the asymptotic local power
between the Meta and the PRMA-FGLS tests since the alternatives are different across the two
tests. However, It is obvious that when p; = p, the PRMA-FGLS test must be more powerful
than the Meta test. When p; # p, the power of the PRMA-FGLS test must be decreasing since
the pooled estimators suffers from asymptotic upward bias. Meanwhile the power of the Meta
test statistic is invariant to the heterogeneity of ¢;. To investigate this issue, we consider N = 3
by setting ¢; = ¢,co = ¢+ d and ¢35 = ¢+ 2d. Hence the average of local to unity parameters
becomes ¢ + d. Table 4 reports the asymptotic local powers of the two tests. For the case of
unknown constant (M1), as long as d < 5, the power of the PRMA-FGLS test is higher than
that of Meta test. Moreover for linear trend case (M2), even when d = 5, the power of the
PRMA-FGLS test is still higher than that of Meta test. When T = 40, the equivalent values
of (py, pa, p3) for d =5 and 3 are (0.975,0.85,0.725) and (0.975,0.9,0.825) , respectively. This
implies that as long as the degree of heterogeneity in p; is not that significant, the PRMA-
FGLS test usually rejects the null hypothesis of a panel unit root more often than the Meta
test.

4 Monte Carlo Simulation

We consider three sets of simulations. In the first set, we compare the finite sample performance
between the PRMA-FGLS and the pooled ADF-FGLS tests. The second set reports the finite
sample performance between the PRMA-FGLS and BN’s tests. The last set reports the finite
sample performance of CRMA tests with cross sectional average data against that of individual
CRMA tests. For all three cases, we consider T' € [50, 100, 150, 200] .

RMA-FGLS vs ADF-FGLS The data generating process is given by

. oui—1 + € for AR error
Yit PiYit ity it gb%t—l + € for MA error
€t — )\th + mit

where mj —1idN (0,1), f; —#idN (0,1), \; — U [0, 5] . The pooled RMA-FGLS tests are based
on Suma to improve the power of the tests under heterogeneity of p,. Here we report only
homogenous p case since the simulation results with heterogeneous p, are very similar to those
of the homogenous case. Various cases are studied to compare these two tests but only three
cases are reported since the results are similar. The parameters values for each case are as
follows: CaseI: AR(1), ¢ = 0; Case II: AR(2), ¢ € [0.2,—0.2]; Case III: ARMA(1,1), ¢ = —0.2.
For cases IT and III, BIC criteria is used for the choice of the optimal lag. For all cases, we
consider N = (3,5,7,10) and set p = 0.95 under the alternative. Tables 5, 6 and 7 report the
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simulation results. Usually there is a trade-off between the size and the power. However, the
PRMA-FGLS tests reduce the size distortion but increase the power of the tests for all cases.
Meanwhile the pooled ADF-FGLS tests suffer from a somewhat serious size distortion with
small T" and provide lower power of the tests than PRMA-FGLS tests.

RMA-FGLS vs Bai and Ng’s Tests The data generating process is given by
Yit = Niby + My, Fr = oF1+ fi, My = pMir—1 +ei

where ¢ = p, v, — iidN (0,1), i — iidN (0,In), N\; — U [0,5]. Under the alternative, we set
¢ =p=095 N = (5,10,15,20,30) and consider only the AR(1) case. The number of lag is
assumed to be known. The number of common factors are estimated by /C; which is one of
the best criteria suggested by Bai and Ng (2002). The maximum number of common factors
is set to be 8. Table 8 reports the results. When N is small, as BN and MP find, BN’s test
suffers somewhat from a size distortion. However, the size distortion disappears very quickly
as N increases. Meanwhile, the PRMA-FGLS test does not suffer from any size distortion as
long as T is relatively large compared to N. For fixed effects, the power of BN’s tests are lower
than those of the PRMA-FGLS test when N < 20. Interestingly, for incidental linear trends,
the power of the PRMA-FGLS test is higher even when N > 20.

Individual CRMA vs CRMA with cross sectional aggregated data The data gener-
ating process is given by
Yit = Niby +my, Fr = oF 1 + v, mig = pmi—1 + it

UV = € + W, € = O.46t_1 + &¢

Wt _N 07 1 0.5 :
(&7 0.5 1
and p = 0.95, v; —iidN (0,1) and w;; — 19dN (0, Iy) . We consider N = [5,15] and set ¢ = 0.95

under the alternative. The factor loading coefficient \; is drawn from a unifor distribution, viz.

where

Ai — U (a,5). Two different lower bounds, a, are considered; 0 and 1. Since the variance of v,
is set to be unity, the size of individual test varies depending on the value of the lowest A;. As
A; is lower, the size distortion for an individual CRMA test should increase. Meanwhile the
cross section average eliminates the stationary idiosyncratic errors as N — oo so that CRMA
tests with the cross sectional average must not suffer from any size distortion regardless of the
value of a.

The following regression is used to obtain CMRA test statistics

Yit = a; + bit + p;Yir—1 + V19t + Yogi—1 + €it
U = a+bt + pyi—1 4+ 719t + V291 + et
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Table 9 shows the results. To access the summary measure of an individual CRMA test, we
use cross sectional average of the size and power of CRMA tests with individual time series
data. When the lower bound of );, a, includes zero (but is never zero), the size distortion of an
individual CRMA test increases as T increases. Since we take the cross sectional mean as the
summary measure of an individual CRMA test, as N increases, the size distortion appears to
decrease. When the restriction a > 1 is imposed, this abnormal behavior disappears. However
this is very strong restriction. In contrast to the individual CRMA test, the CRMA test with
cross sectional average time series data does not suffer from any size distortion. Also the size
adjusted power of the test for the cross sectional average is always higher than that of the
individual CRMA test.

5 Practical Issues and Application

This section consists of three subsections. The first subsection provides step by step procedures
of how to test for a panel unit root under cross section dependence. The second subsection
discusses several practical issues. The third section illustrates an empirical example: testing

for long run purchasing power parity.

5.1 Step by Step Procedure

Consider the following panel AR(p) models

i K
Yit = o + Bit + piyie—1 + Z GijAYit—j + wit, wit = Z AisFst + mit

j=1 s=1
where T' is large but N is relatively small (say N < 20). The proposed test in the paper
consists of two tests; the PRMA-FGLS tests and the covariate RMA tests. The first test is
the PRMA-FGLS test which examines if the idiosyncratic errors are stationary or not. If one
cannot reject the null hypothesis, (s)he does not need to proceed to the second test. Otherwise,
one should perform the second test since the rejection of the panel unit root does not imply
that y;; is stationary if the common factors to y;; are I(1). Since the number of common
factors are unknown due to the small N, it is hard to extract the common factors precisely.
However the cross sectional average of y;; provides a proxy of the cross sectional average of
common factors since gy = N ! Zfil yir = Fy + op (N*1/2) where F; = K1 Zf:l Fy. If one
can find a covariate for y;;, then (s)he can use the covariate RMA (CRMA) test. If there is no
available covariate, then apply the RMA or DFGLS test with 3;. Here we provide step by step
procedures for the PRMA-FGLS test.
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Step 1: Run the following regression for each i.

Yit — Cit—1 = p; (Yit—1 — Cit—1) + 25y G Ayir—j + it for constant

) ) (16)
Yit — 2¢it—1 = B; + p; (Yit—1 — 2¢it—1) + D711 ¢ Ayi—j +uie  for linear trend

where ¢j;—1 = (t — 1)_1 Zts;ll Yis- Define ﬁfk as the least squares estimator in (16) where

k = c or 7 for constant and linear trend, respectively.

Step 2: Treat ,b;k as if it were the true value of p;. Run the following regression to obtain the

estimates for ¢;; for each 1. If pr% > 1, then set pi* = 1.

Yit — ﬁfkyz‘t—l =a; + Z§=1 GijAyit—j + wit for constant
Yit — ﬁ;kyit,l =a;+ Bt + Z?:l (bijAyit,j + u;  for linear trend

Construct the sample covariance and variance matrix, 3, ma wWhere the ith and jth
1 ~T—p—1 =

element of iu,rma =(T-p-1) i Uil
Step 3: Run the following two projection regressions for each ¢ and obtain the regression

residuals.

Yit — Cit—1 = Z?=l PijAYit—j + &ty } for constant

Yit—1 — Cit—1 = 37y CiiAYir—j + &y
yir = 2¢it—1 = gi + 205 PigAYin—j + it for linear trend
Yit—1 — 2¢it—1 = gi + 201 G AYir—j + Eipa

Step 4: Define w;; as the i¢th and jth element of $-1 . Obtain the pooled FGLS estimator

u,rma*
and construct ¢-statistic
N N T 3 2 .
N Zi:l Zj:i Wij Zt:l éit—léjt trk _ Prma-fgls — 1 (17)
N «—N - T 32 YN T -
>in Zj:i Wij >y it 4 (prma—fgls)

Prma-fgls =

R N N - T 22
where V (prma-fgls) = Zi:1 Zj:i Wij Zt:l f’itfl'

5.2 Practical Issues

In this subsection we provide a couple of practical guidelines for the selection of panel data
and of a covariate.

5.2.1 Use high frequency data if you can

As discussed in the previous section, the size distortion of panel unit root tests arises due to a
small number of time series observations. One may think that the use of high frequency data

can avoid this problem. For example, suppose that approximately 30 annual real exchange
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rates time series observations are available. At a quarterly frequency, the total number of
time series observations becomes 120, and for a monthly frequency it becomes 360. Sounds
like T' = 30 is a small number while T" = 360 is a large number. Hence one may think that
the small sample bias with 30 annual observations is much more serious than that of monthly
observations. Moreover, one may further think that 360 is not a small sample any more.

The above conjecture is not entirely true for univariate unit root tests since the bias of
AR(1) coefficient increases as the degrees of frequency increases.> However it does work very
well for the RMA tests. The bias of the pooled RMA estimator approaches zero as T — oc.
Moreover, under heterogeneity in p;, the upward bias of the PRMA-FGLS estimator becomes
smaller as the degrees of the frequency increases. Table 10 shows the results. We set N = 18
which is a typical number of cross sectional units for empirical purchasing power parity studies.

Evidently, for all ranges of ps, using a monthly frequency yields much higher power of the tests.

5.2.2 How to choose a covariate

Practitioners may choose a covariate by estimating a long run correlation between a covariate
and the regression error. Here are some guidelines for which a covariate, x;, should not be

chosen.

1. Avoid a covariate which is cointegrated with y;. When z; is cointegrated with 1, then
it is hard to distinguish if one is testing for a unit root or for cointegration. To see this,
assume y; — I(1), zy — I (1) but e, = y — Sxy = 1(0). That is, y; = Bx¢ + e; where

ey = pes—1 + €. Then the error correction representation exists such that

e =pye1— pBria+ Y YAy + > ¢T A+ hY.

Since x;—1 also can be written as a function of lags of y;—1 and x;_1, the error correction

representation can be re-written as

Yt = pyr—1 + ZW;AZJH + ZT/J?A%FJ‘ + hy

Hence the null hypothesis of Hy: p = 1 implies the null of no cointegration.

2. Avoid a stationary covariate. If x; is stationary, then Az is I (—1). In this case, the
limiting distribution of the CRMA test statistics become identical to that of the RMA

test statistics. Hence make sure if z; is I(0) or z; is I(1) .4

3. From 1 and 2, it is obvious that a variable x; can be a good covariate if e; = y; — Sy is
I(1) and B # 0. For example, a log real exchange rate, ¢t = s; — (p: — pf) where s; is a
log nominal exchange rate while (p; — p;) is a log relative price. Since (p; — p;) and s;

are I(1), both of them are good candidates for covariates of ¢;.

#See Choi and Chung (1995) for a detailed discussion.
*See Hansen (1995) for further detailed discussion.
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5.3 Empirical Example

Testing long run purchasing power parity (PPP) is the most popular application for panel unit
root tests. The most recent empirical evidence is summarized by Moon and Perron (2004b).
They use 17 monthly bilateral real exchange rates from 1974 to 1998 and find rather mixed
evidence for long run PPP. Since the number of common factors is hard to estimate with small
N, Moon and Perron vary the number of common factors from 1 to 8. BN’s test rejects the
null of a panel unit root for up to 3 factors while other panel unit root tests don’t reject the
null of panel unit root at all.

Here we use 14 bilateral real exchange rates from the OECD main economic indicators
during the period between January 1975 and March 2005. The numeraire currency is the U.S.
dollar. Since CPI is not seasonally adjusted, a one year moving average is used for the seasonal
adjustment. Out of 14 exchange rates, 8 rates come from EU countries. Hence the final panel
includes only 7 bilateral exchange rates. Fach exchange rate out of the 8 EU rates is included
in each panel so that the total number of panels is 8. The number of lags is selected by BIC
and the maximum lag is set to be 60. Table 11 reports the results. The PRMA-FGLS test
rejects the null of panel unit root even at the 5% level for all panels. Also the CRMA test with
cross sectionally averaged real exchange rates rejects the null. The cross sectional average of

nominal spot exchange rates is used as the covariate for the real exchange rate.

6 Conclusion

This paper studies the principle of common recursive mean adjustment and proposes a new
detrending method in dynamic panel models. By utilizing recursive mean adjustment, this
paper provides three unit root tests: the RMA test, the CRMA and the PRMA-FGLS tests.
The first two tests are designed for testing cross sectional averages of panel time series data
to examine if common factors in a panel are stationary or not. The third test is designed to
test if idiosyncratic errors are stationary or not. The proposed panel unit root test under cross
section dependence is precise and powerful especially when T’ is relatively large compared to
N.

The proposed tests are used to examine if real exchange rates are nonstationary and can
reject the null of a panel unit root. However, the rejection of a panel unit root does not imply
that all real exchange rates are stationary. The development of panel unit root tests under the

null of stationarity is a worthwhile topic of future research.
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7 Appendix
We restate the models and make the following assumptions.

Vit = a; (1 — p;) + piyit—1 + it

M1: (Unknown Costant)
Yit = Qi + Tit, Tit = P;Ti—1 + Ust

yit = a; (1 — p) +bip; +b; (1 — p;) t + p;yir—1 + it

M2: (Linear Trends)
Yit = @i + bit + Tit, i = pTiv—1 + wit

Assumption 1 The u; have zero mean, finite 2 + 2v moments for some v > 0, are indepen-

dent over i and t with E(u?,) = o? for all t, and limy_, + SN o2 =02

Assumption 2 limpy_ ]{[ ZN = 1, < 00, imy_, o0 = ~ ZZ 1 bi = py < 00, lmpy oo = ~ ZZ 1aZ =
,ua<ooandthHooNz:z (b2 = pf < 0.

7.1 Appendix A: Proof of Proposition 3

For notational convenience, we delete the superscript ‘+’ and just denote yz-t as Yit-

7.1.1 The case of unknown constant

Asymptotic Bias It is easy to see that
NI
plimy oo Z: Z; Yit—1 — Yit—1) uit = 0

Asymptotic Normality Let &;p = Zthg (Yit—1 — Yit—1) wiz. From Assumption 1, &;p is an

independent random series across ¢ which has zero mean and constant variance, ag. Note that

TR 2
op = PlimNﬁooN; tz;(yit—l_git—l)uit

N T
. 1 _
= UZthN—woN ZZ Yit—1 — yitfl)Q = UQQ:J:; let say.
i=1 t=2
where
2 2 T-1

Qo= (T =3)(T 1)+

&+ | =

6 t=1
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The asymptotic probability limit of the denominator of the pooled RMA estimator is less than
that of the LSDV estimator. That is,

where v is a Euler constant which is approximately 0.56.

Applying the CLT, we have

Lﬁ:fﬂi]\[(o 1)
VN & o ’

Hence we have
ATC -1
Prma- gls

Var (prma—gls)

< N(0,1)

where the asymptotic limit of Var (ﬁfﬁla-gls) is given by

N -1
: 1 _ _
plimy oo Z [ (Yit—1 — yit—1)2] = o%Q,"

i=1 =2

7.1.2 The case of linear trend:

Asymptotic Bias The bias of pyy,, 4 is given by

. . . Cnt
plimy_ o (PLr . s — 1) = plimy_, . ——
N oo( rma-gls ) N OODNT
where
L NT
Dyt = N Z Z (Yit—1 — Yim1 — 2 [Git—1 — Gi1])”
=1 t=1
and

(Yit—1 — Yi—1 — 2 [it—1 — Gi-—1]) (wit — u;.)

I\M’ﬂ

Eany

From Lemma 2. the probability hmlt of the numerator term is given by

li = —
plimy . Onr = Cir — m— Cor
where
LN
Cir = plimy o5 SO  wit1 — i) (wi — )
i=1 t=2
LN
Cor = plimy o7 SN i1 — i) (wir — wi)

=11

||
N
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From direct calculation,

1
ClT:—§T+1
while
1 1
Cor = E<xil+§(mil+$i2)+3($zl+$z2+x13)+ +—Zfﬂzs> (wio + .. + wir)
— E{ % (vaun) + = (waun + w5 (us + ug)) + Z S
= B Tou2 3 T2U2 +— T3 (U2 U3 _1 Tis t:2uzt
= 1(1)+1(1+2) 1(1+2+3)+ -+ ! (1+2+..+T-2)
2 3 4 T-1
T-1 t—1
1 3 1
== —_ :—TQ_— —_
(1320) = jr-dre
t=1 k=1
Hence . . 5 .
. - - 2__ - —
plimy_, . CnT = T+1+2—T_1<4T 4T+2> 0

Asymptotic Normality Let (;; = Zthl (Yit—1 — Yi—1 — 2 [it—1 — Yi—1]) (uit — u;.). The
asymptotic variance of (;; is given by

T 2
¢ thNHooN Z tZ: Yit-1 = Yim1 — 2 [Yit—1 — Yi—1]) (war — Uz)]

T
: 1 _ i
= anth_MX)N § (Yit—1 — Vi1 — 2 [Tit—1 — Ti1))® = 02Q., let say.
=1 t=1

where

Q: = qi7 + 421 — 4q3r,

1
ar = G (T—-2)T
2
T 2 T-1 T-1
1 1 1. 1 1 1
- — ) (4B —— N -
T Z(t—l) <6+3 2 ) DA DI
t=2 7j=1 5=j
T-1T—k T-1 T-—1
2 _ 1 1
T 1 Z Z] s 5) (18)
k=2 j=1 \s=j s=j+(k—1)
T—-2T—-k—-1 T-1
1 3 1 1
— 2y lp_ Ly A
4T A S R e 2.7
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Applying the CLT, we have

1 i@liN(o 1)
VN & o¢ ’

Next we have
~TT 1
Prma-gls

Var (ﬁfr‘;a—gls)

4 N (0,1)

where the asymptotic limit of Var (,bf;a_gls) is given by

T

-1
> (it-1 = yi1 — 2[Gir-1 — ﬂz‘-—l])2]

| N
pth—woNE &2
=1

i=1

QED.
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Table 1: Bias, variance and mean square error (MSE) of RMA and OLS estimators.

Constant Linear Trend

n ® © O KN B © O
p=0.92T=30 |-0.046 -0.144 0.97 0.51|-0.012 -0.254 0.68 0.28
p=0.94T=30 | -0.050 -0.149 0.95 0.49 |-0.023 -0.265 0.63 0.26
p=0.96,T=30 | -0.0564 -0.155 0.93 0.47|-0.036 -0.277 0.60 0.25
p=0.98,T=30 |-0.060 -0.161 0.93 046 | -0.0561 -0.292 0.56 0.24
p=1.00,T=30 | -0.065 -0.167 0.92 044 |-0.068 -0.309 0.52 0.24
p=1.00,T=50 | -0.040 -0.104 0.85 0.43|-0.042 -0.193 0.45 0.22
p=1.00,T=70 | -0.029 -0.075 0.82 0.42|-0.030 -0.141 0.40 0.20
p=1.00,T=100 | -0.020 -0.0563 0.81 0.41|-0.022 -0.100 0.39 0.19
p=1.00,T=200 | -0.010 -0.027 0.77 0.41|-0.011 -0.051 0.36 0.18

Note: (A) =Bias of recursive mean adjusted estimator; (B) = Bias of OLS estimator; (C) = Variance

ratio of recursive mean adjusted estimator to OLS estimator; (D) = MSE ratio of recursive mean

adjusted estimator to OLS estimator.
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Table 2: Critical Values for the Pooled RMA Tests with various V.

Constant Case 5%
T N=1 N=2 N=3 N=5 N=10 N=20 N=50 N=100
50 -1.90 -1.86 -1.84 -1.81 -1.77 -1.73 -1.71 -1.69
100 | -1.89 -1.86 -1.83 -1.81 -1.77 -1.73 -1.71 -1.69
150 | -1.88 -1.86 -1.83 -1.81 -1.77 -1.73 -1.71 -1.69
200 | -1.88 -1.86 -1.83 -1.81 -1.77 -1.73 -1.71 -1.69
Linear Trend Case 5%
50 -1.87 -1.85 -1.81 -1.79 -1.76 -1.74 0 -1.72 -1.71
100 | -1.86 -1.83 -1.80 -1.78 -1.75 -1.74 -1.72 -1.70
150 | -1.86 -1.82 -1.80 -1.78 -1.75 -1.73 -1.70 -1.68
200 | -1.86 -1.82 -1.80 -1.78 -1.75 -1.71 -1.69 -1.68
Constant Case 10%

N=1 N=2 N=3 N=5 N=10 N=20 N=50 N=100
50 -1.54 -1.50 -1.48 -1.45 -1.40 -1.37 -1.34 -1.33
100 | -1.54 -1.50 -1.48 -1.45 -1.41 -1.37  -1.34 -1.33
150 | -1.54 -1.50 -1.48 -1.45 -1.41 -1.37  -1.34 -1.33
200 | -1.54 -1.50 -1.48 -1.45 -1.41 -1.36 -1.34 -1.33
Linear Trend Case 10%
50 -1.51 -1.48 -1.45 -1.42 -1.40 -1.37  -1.35 -1.33
100 | -1.51 -1.48 -145 -1.42 -1.39 -1.37  -1.35 -1.33
150 | -1.51 -148 -1.44 -142 -1.39 -1.36 -1.33 -1.31
200 | -1.51 -1.48 -1.44 -1.41 -1.37 -1.35 -1.33 -1.31
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Table 3: Bias and mean square error (MSE) of the pooled RMA and LSDV estimators
p=1,N = 1000, AR(2) with incidental trends

Regression: y;; = a; + bit + pyir—1 + ¢Ayi—1 + uy

=04 ¢=-04

rp@w ® © M@K B © @O

5 |-1.600 1.461 6.493 0.839 | -2.401 0.802 5.766 0.113

10 | -0.661 0.266 0.698 0.164 | -1.139 0.263 1.298 0.054

15 1-0.392 0.075 0.118 0.037 | -0.738 0.107 0.545 0.022

20 | -0.276 0.032 0.031 0.014 | -0.546 0.055 0.299 0.010

25| -0.212 0.018 0.011 0.008 | -0.433 0.033 0.188 0.006

30 [ -0.172 0.011 0.005 0.005 | -0.359 0.022 0.129 0.004

35| -0.145 0.008 0.003 0.003 | -0.307 0.015 0.094 0.003

40 [ -0.125 0.006 0.002 0.002 | -0.268 0.012 0.072 0.002

45 [ -0.110 0.004 0.001 0.002 | -0.237 0.009 0.056 0.002

50 [ -0.098 0.003 0.001 0.001 | -0.214 0.007 0.046 0.001
Note: (A) = Bias of LSDV estimator for p; (B) =Bias of the pooled recursive mean adjusted estimator
for p; (C) = MSE of LSDV; (D) = MSE ratio of recursive mean adjusted estimator to OLS estimator.

Table 4: Local Power Envelops for Meta and Pooled RMA

Tests under Heterogeneous local to unity parameters. (N = 3)

Constant Linear Trend
P PRMA-FGLS P PRMA-FGLS
c+d d=0 d=1 d=3 d=5 d=0 d=1 d=3 d=5
6 0.68 | 0.82 0.82 0.76 0.61 | 0.27|0.35 0.35 0.32 0.30
7 0.79 1091 090 086 0.75|0.35|0.46 0.46 043 0.38
8 0.87 | 0.96 0.95 093 0.86 | 0.45 | 0.58 0.57 0.53 047
9 0.93 098 098 096 0.92|0.55|0.69 0.68 0.64 0.58

10 096 | 0.99 099 098 0.96 |0.65|0.79 0.78 0.75 0.68
11 098 | 1.00 1.00 099 098 |0.74|0.86 0.86 0.83 0.77
12 099 | 1.00 1.00 1.00 0.99 | 0.81 091 091 090 0.85
13 1.00 | 1.00 1.00 1.00 1.00 | 0.87 1095 095 094 0.91
14 1.00 | 1.00 1.00 1.00 1.00 | 0.92] 097 097 0.96 0.94
15 1.00 | 1.00 1.00 1.00 1.00 | 0.95]0.99 0.99 0.98 0.97
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Table 5: Size and power
Case I — AR(1), p = 0.95 under the alternative

Size for ADF tests (5%)

Constant

Linear Trend

T N=3 N=5 N=7 N=10| N=3 N=5 N=7 N=I10
50 | 5.67 6.51 10.29 14.50 | 5.71 7.88 11.53 19.36
100 | 5.25 5.75 688 863 | 535 640 7.75 10.48
150 | 5.02 542 6.22 732 | 489 576 6.81 8.42
200 | 542 5.16 5.12 6.61 | 5.51 5.33 6.61 7.11
Size for PRMA-FGLS tests (5%)
50 | 545 565 6.60 6.26 | 5.64 6.14 597 598
100 | 5.02 535 6.25 586 | 529 577 582 556
150 | 4.94 537 5.30 5.89 | 4.78 540 527 539
200 | 5.51 5.07 491 5.57 | 531 5.08 5.21 5.11
Size Adjusted Power for ADF tests (5%)
50 122 181 198 25.9 6.8 7.8 9.0 10.1
100 | 31.7 53.2 66.1 809 | 14.2 199 248 31.5
150 | 62.7 87.1 95.8 994 | 299 455 57.2 72.4
200 | 86.3 98.8 999 100 | 48.8 76.6 86.5  96.6
Size Adjusted Power for PRMA-FGLS tests (5%)
50 21.0 335 432 56.1 8.7 09.8 12.2 13.7
100 | 576 83.6 934 987 | 203 284 364 495
150 | 89.1 989 99.9 100 | 419 63.1 772 8938
200 | 98.4 100 100 100 65.6 88.2 96.4 99.4
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Table 6: Size and power
Case II — AR(2), ¢ = [-0.2,0.2] p = 0.95 under the alternative

Size adjusted power for ADF tests (5%)

Constant Linear Trend
T N=3 N=5 N=7 N=10| N=3 N=5 N=7 N=10
50 | 597 6.51 881 1292 | 6.82 7.81 10.04 15.93
100 | 5.71 540 582 693 | 5.26 5.07 557  6.62
150 | 4.85 4.87 455 564 | 5.09 4.89 4.65 5.24
200 | 5.19 5.07 451 525 | 494 460 420 4.21
Size adjusted power for PRMA-FGLS tests (5%)
50 | 563 6.00 763 783 | 530 529 595 592
100 | 5.37 548 6.36 6.40 | 485 5.13 5.57 5.16
150 | 5.17 545 5.56 5.83 | 519 535 520  4.88
200 | 5.37 514 519 572 | 456 517 4.87  5.20
Size adjusted power for ADF tests (5%)
50 11.2 164 16.3 19.2 6.7 7.3 7.8 7.4
100 | 26.5 43.3 524 652 | 13.2 180 19.6 26.0
150 | 56.8 772 87.8 943 | 25.9 37.1 46.2 55.4
200 | 81.2 943 97.8 995 | 45.0 629 71.8 84.2
Size adjusted power for PRMA-FGLS tests (5%)
50 | 204 30.1 33.7 434 7.7 8.8 10.0  10.6
100 | 52.1 753 854 950 | 186 25.0 299 39.6
150 | 84.2 96.8 99.1 999 | 346 529 656 79.9
200 | 97.0 99.8 100 100 61.3 80.7 91.0 974
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Table 7: Size and power
Case V — MA(1) error ¢ = —0.2,
p = 0.95 under the alternative

Size adjusted power

for ADF tests (5%)

Constant Linear Trend
T N=3 N=5 N=7 N=10| N=3 N=5 N=7 N=10
50 5.72 6.58 10.50 1394 | 480 6.32 9.98 18.62
100 | 4.76  5.42 6.88 8.60 | 436 5.50 7.10 10.46
150 | 4.78 5.06 6.12 7.80 | 466 5.56 6.48  8.20
200 | 5.68 5.40 5.34 7.02 | 534 5.26 6.18 7.16
Size for PRMA-FGLS tests (5%)
50 | 498 580 760 798 | 194 176 2.24 232
100 | 4.88 5.24 6.00 6.30 | 3.12 294 330 3.16
150 | 5.06 5.16 5.52 6.18 | 3.48 3.68 3.62 3.84
200 | 592 498 5.06 596 | 406 3.62 4.14 3.66
Size adjusted power for ADF tests (5%)
50 10.0 16.1 18.6 21.2 6.7 7.4 8.5 8.0
100 | 28.7 48.3 58.6 71.8 | 143 19.0 21.7 26.6
150 | 57.6 824 92.3 98.0 | 274 389 492 64.3
200 | 79.3 96.8 99.7 100 | 416 674 80.0 92.7
Size adjusted power for FRMA-FGLS tests (5%)
50 19.8 271 314 40.9 7.9 9.0 9.9 10.2
100 | 50.6 769 87.8 96.3 | 17.0 253 294  39.7
150 | 83.2 97.5 99.8 100 375 549 673 81.6
200 | 95.8 999 100 100 | 58.9 83.1 92.0 984
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Table 8: Comparison between RMA-FGLS and Bai & Ng Tests
AR(1), p = 0.95 under the alternative

Size for Bai and Ng tests (5%)

Constant Linear Trend

T N=5 N=10 N=15 N=20 N=30| N=5 N=10 N=15 N=20 N=30
50 | 6.30 13.74  3.58 3.02 3.16 | 0.44 1464 3.70 3.26 3.20
100 | 7.88 13.44 3.54 3.14 240 | 040 1438 3.38 3.46 2.92
150 | 8.16 13.42 3.48 3.24 264 | 0.80 14.76  3.20 3.60 3.34
200 | 8.74 13.62 298 2.86 288 | 096 13.90 3.24 3.48 2.66

Size for PRMA-FGLS Test (5%)

50 | 6.16  5.52 5.96 4.02 1.10 | 6.08 6.02 4.80 3.08 0.58
100 | 5.76  5.32 5.94 5.48 458 | 5.76  5.24 5.02 4.26 3.60
150 | 494 5.26 5.36 5.90 4.86 | 5.34 4.78 9.38 5.02 4.20
200 | 5.14 5.12 5.40 4.82 5.34 | 540 4.86 4.90 4.78 4.64

Size adjusted power for Bai and Ng tests (5%)

50 8.3 12.9 85.8 95.0 99.4 5.7 5.2 16.0 18.6 24.7
100 | 12.0  41.0 100 100 100 7.5 11.7 60.8 73.6 88.9
150 | 15.6  73.0 100 100 100 9.2 23.4 96.2 98.9 100
200 | 19.0 90.8 100 100 100 | 11.4 378 99.9 100 100

Size adjusted power for PRMA-FGLS tests (5%)

50 | 49.1 804 88.6 93.1 92.8 | 11.6 154 18.2 22.2 21.6
100 | 90.2  99.8 100 100 100 | 36.4 65.2 79.9 88.6 93.4
150 | 99.7 100 100 100 100 | 743 974 99.5 100 100
200 | 100 100 100 100 100 | 94.7 100 100 100 100
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Table 9: Rejection Rates of CRMA Tests

Average of individual sizes (5%)

Constant Linear Trend

N-U[0,5 | M—ULs || »—Uo1,5 | x—UJL5]

T N=5 N=15|N=5 N=15 | N=5 N=15|[N=5 N=15

50 5.78 5.32 4.32 4.46 5.60 5.03 5.08 4.64
100 | 7.06 5.68 3.58 3.91 5.55 4.95 3.88 4.12
150 | 9.61 5.99 3.82 3.25 6.55 5.13 3.96 3.69
200 | 121 7.19 3.20 3.24 8.24 5.65 3.77 3.45

Size of tests with 7, (5%)

50 3.96 4.40 3.90 4.48 5.22 4.28 5.24 4.26
100 | 3.56 4.30 3.62 4.32 4.04 4.30 4.02 4.24
150 | 4.16 3.54 4.24 3.58 4.20 3.66 4.24 3.62
200 | 3.40 4.08 3.42 4.14 3.82 3.64 3.88 3.66

Average individual size adjusted powers (5%)

50 40.1 42.0 47.7 48.2 25.4 27.7 29.5 31.6
100 | 64.5 69.9 78.4 79.9 51.6 54.8 62.7 63.3
150 | 74.7 82.4 91.5 93.1 65.7 717 80.0 82.2
200 | 78.9 87.4 97.1 97.7 72.6 79.6 89.1 90.7

Size adjusted powers with 7; (5%)

50 95.7 56.4 96.0 56.4 35.6 39.6 36.1 39.7
100 | 84.4 84.9 84.4 84.7 72.2 71.2 72.5 71.4
150 | 94.2 94.7 94.1 94.7 85.8 87.2 86.1 87.3
200 | 98.0 98.3 98.0 98.3 92.7 93.1 92.7 93.0
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Table 10: Higher Frequency, Higher Power
— N =18, AR(1) error, PRMA-FGLS Tests

Annual T' = 30 Month T = 360
0 Constant | Trend | p'/12 | Constant | Trend
0.70 99.9 83.9 | 0.971 100 100
0.75 99.5 70.7 | 0.976 100 99.9
0.80 97.4 51.3 | 0.982 100 96.9
0.85 88.7 31.3 | 0.987 100 75.9
0.90 64.1 15.7 | 0.991 98.3 35.0
0.91 59.6 14.1 | 0.992 95.7 29.5
0.93 44.7 10.4 | 0.994 85.8 18.6
0.95 27.5 7.7 ] 0.996 66.2 12.0

Table 11: Are Real Exchange Rates Nonstationary?
7 OECD Monthly Panels from 1975, January — 2005, March.

Country CADF  pappgs ADF-FGLS  py, 4, PRMA-FGLS
Germany -1.999 0.981 -5.475 0.990 -2.909
Austria -2.770 0.980 -5.560 0.989 -3.001
Belgium -3.978 0.982 -5.368 0.991 -2.549
Finland -2.842 0.982 -5.152 0.991 -2.531
France -4.980 0.981 -5.409 0.988 -3.126
Italy -4.963 0.975 -6.187 0.986 -3.112
Netherland | -3.094  0.980 -5.588 0.990 -2.927
Spain -5.219 0.976 -4.990 0.986 -2.360

Note: The following 6 countries are always included in the panel:

Canada, Japan, Norway, Sweden, Switzerland and UK.
One of EU countries is added into the panel. (Numeraire: USA)
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Figure 2: Asymptotic local powers for linear trend: R? = A2 = 0.8, u; — N (0,1)
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Figure 3: Asymptotic variance ratio of the pooled mean unbiased estimator to the pooled

recursive mean adjusted estimator for panel AR(1) case.

Figure 4: Asymptotic local power of the pooled RMA-FGLS test for fixed effects
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Figure 5: Asymptotic local power of the pooled RMA-FGLS test for incidental linear trends
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