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1 Introduction

Generalized Method of Moments (GMM) (Hansen, 1982) provides a computationally con-
venient approach to the estimation of nonlinear dynamic econometric models based on the
type of information provided by economic theory. In consequence, the GMM estimator
has been used to perform inference about the parameters of economic models in a wide
variety of settings. These inference procedures build from the asymptotic theory provided
by Hansen (1982) in his original paper on GMM. Specifically, Hansen establishes that if
the model is correctly specified then the estimator is v/7T-consistent and asymptotically
normally distributed. However, for some data series, the correct model specification has
proved elusive and so many empirical models are misspecified. It is therefore important to
develop an asymptotic theory for the GMM estimator in misspecified models.

There are two basic approaches to such an analysis. First, and by far the most com-
mon in econometrics, is to employ a local alternative analysis. Within this approach, it is
assumed that the data do not satisfy the population moment condition upon which esti-
mation is based for any finite sample size, but do so in the limit as the sample size goes
to infinity. Furthermore, the data is assumed to drift towards the model used in estima-
tion at a rate which ensures the misspecification only manifests itself in the mean of the
asymptotic distribution of the estimator. All other aspects of the limiting behaviour stay
the same. Therefore, the probability limit of the estimator, the asymptotic variance of the
estimator and the probability limit of the covariance matrix estimator are identical if the
model is either correctly specified or subject to local misspecification. Such an analysis is
often used to provide insights into the local power properties of test statistics, and was first
applied in the context of GMM by Newey (1985). However, by its very nature, this type
of analysis only provides guidance on the behaviour of the estimator when the truth is just
a small perturbation away from the assumed model. This weakness can be addressed by

using the second approach to misspecification analysis which is based on a non—local (or



fixed) alternative. Within this scenario, the nature of the misspecification remains constant
throughout the sample. This approach is much rarer and to our knowledge has only been
applied to GMM in the special case of the instrumental variables (IV) estimator in linear
models for a particular choice of weighting matrix. In the latter context, Maasoumi and
Phillips (1982) show that the combination of overidentification and misspecification causes
the limiting distribution of the IV estimator to depend on the limiting distribution of the
elements of the weighting matrix.! However to date, Maasoumi and Phillips’s (1982) anal-
ysis has not been extended to the GMM estimator.? The lack of such a theory represents
a considerable gap in our understanding of the estimator because there is no reason to
suppose in practice that all misspecification is local in nature.

In this paper, we present a limiting distribution theory for the GMM estimator in non—
locally misspecified models. It is shown that the combination of parameter overidentification
and misspecification has two important consequences for the limiting behaviour of the GMM
estimator. First, the probability limit of the GMM estimator depends on the limit of the
weighting matrix. Second, the limiting distribution of the GMM estimator to depend on
the limiting distribution of the elements of the weighting matrix. While both findings
are to be anticipated from Maasoumi and Phillips’s (1982) analysis, our results indicate

that the weighting matrix plays a far more fundamental role in nonlinear dynamic models

"Maasoumi and Phillips (1982) only consider the case in which the weighting matrix is the inverse of the

instrument cross product matrix.

2Gallant and White (1988) develop an asymptotic theory for a class of estimators in potentially mis-
specified models under very weak assumptions on the dependence structure of the data. However, this
class only extends to GMM estimators of overidentified parameters in misspecified models if the weighting
matrix is fized; see Gallant and White (1988)[pp.11-12]. White (1994) develops a similar analysis for quasi
maximum likelihood estimator (QMLE). While the QMLE can be viewed as a special case of GMM, this
interpretation involves the restriction that the parameter vector is just identified. Hall (2000) uses this
framework to analyze the large sample behaviour of the overidentifying restrictions test when the long run
variance is estimated by a member of the class of heteroscedasticity autocorrelation consistent covariance

matrix estimators.



than is revealed by the aforementioned earlier study. Specifically, it is shown that the
limiting distribution of the estimator depends not only on the probability limit of the
weighting matrix — as it does in correctly specified or locally misspecified models — but
also on the rate of convergence of the weighting matrix to this limit. This means that
there is no one single limiting distribution theory for the GMM estimator in misspecified
models. Instead, the analysis must be divided into separate cases depending on large
sample behaviour of the weighting matrix, Wp. In this paper, we explicitly consider four
cases: (i) Wy = W for all T; (ii) TV/2(Wy — W) converges to a normal distribution for
some matrix W;3 (iii) Wy is the inverse of a centered heteroscedasticity autocorrelation
consistent covariance (HACC) matrix estimator; (iv) Wy is the inverse of an uncentred
HACC estimator. To summarize the limiting behaviour that occurs, we use 61 denote
the GMM estimator and 6., its probability limit. It is shown that in cases (i) and (ii),
TY 2(QAT —0,) converges to a normal distribution. Furthermore, in each case the asymptotic
variance is different and in neither does it equal the variance derived by Hansen (1982) for
the correctly specified case. In case (iii), the limiting behaviour of the estimator depends
on the rate of increase of the bandwidth, bp. If by does not increase too quickly (in a
sense defined below) (T'/bp)'/2(fr — 6,) converges to a normal distribution. Otherwise,
b?(éT — 6,) converges to a constant where k is a constant defined below. It is shown that
in case (iv) bp(Or — 6,) converges to a constant in most cases of practical relevance.

In practice, inference is most often based on the two—step or iterated estimator. In
correctly specified models, these two estimators are asymptotically equivalent. However,
our results indicate this is not the case in misspecified models. It is shown that in situations
covered by Case (ii) above then the asymptotic distribution of the estimator on the i** step
depends on the asymptotic distributions of the estimators on all previous steps. Whereas
in situations covered by Case (iii) above then this dependence only goes back as far as the

second step.

3This case contains Maasoumi and Phillips’s (1982) analysis as a special case.



As would be imagined, these results have important implications for inference about
the parameter vector. Newey and West (1987a) propose Wald, likelihood ratio type and
Lagrange multiplier statistics for testing the hypothesis that the parameter vector satisfies
a set of nonlinear restrictions. Under the joint null hypotheses that the restrictions are
satisfied and the model is correctly specified, Newey and West (1987a) show that these
statistics converge to a x? distribution. However, we show in Section 4 that this limiting
result no longer applies if the model is misspecified even if the restrictions are true. As a
result, it is possible to reject incorrectly a set of parameter restrictions using conventional
statistics because of model misspecification. Therefore, we also propose two statistics which
can be used to perform inference about the pseudo—parameters in misspecified models. Both
have limiting x? distributions under the null, and the only difference between them stems
from the choice of weighting matrix.

Before we present the analysis, we wish to address a potential issue regarding the in-
terpretation and empirical relevance of our results. A referee has argued that there is little
interest in the limiting behaviour of the GMM estimator in misspecified models because the
overidentifying restrictions test can be used to indicate misspecification, and once misspec-
ification is detected then the model is rejected. Clearly, such an empirical strategy renders
redundant the issue of inference in misspecified models. While this empirical strategy may
be employed frequently by researchers, an inspection of the literature reveals that it is
by no means universally adopted. It is possible to find a number of published studies in
which inference is performed about the parameters of a misspecified model that has been
estimated by GMM. Sometimes these inferences are implicit in the sense that the GMM
estimates and their standard deviations (or their ¢ statistics) are reported even though
the model is rejected using the overidentifying restrictions test; examples of this practice
include Cochrane (1996) and Epstein and Zin (1991). Sometimes these inferences are ex-
plicit as the following three examples illustrate. Meghir and Weber (1996)[p.1173] perform

hypothesis testing on structural parameters even though Sargan’s test for overidentifying



restrictions reject the null with the p-value less than 1% for the transport/service marginal
rate of substitution equation. Ferson and Constantinides (1991)[p.221; Table 7] discuss
the sign and statistical significance of the durability parameter even when the J test reject
their two-asset system. Durlauf and Maccini (1995)[p.78] discuss the significance of cer-
tain parameters in inventory models even though the overidentifying restrictions tests are
significant. These citations provide clear evidence that applied researchers are interested
in performing inference in misspecified models. However, to date, no statistical theory is
available to guide researchers in the interpretation of the types of results described above
or in the construction of suitable test statistics for those researchers who wish to perform
inferences about the pseudo—parameters in misspecified models that have been estimated
by GMM.

Inspection of the literature also suggests that there is a growing interest in the devel-
opment of inference techniques in misspecified models. White (1982, 1994) analyses the
behaviour of quasi-maximum likelihood estimators. As mentioned above, Maasoumi and
Phillips (1982) study the IV estimator in linear misspecified models and Gallant and White
(1988) develop a statistical theory for a class of estimators in misspecified models. In ad-
dition, Hansen and Sargent (1993), Watson (1993) and Diebold, Ohanian, and Berkowitz
(1998) provide frequency-domain frameworks to evaluating misspecified dynamic economic
models. Hansen and Jagannathan (1991), Hansen, Heaton, and Luttmer (1995) and Hansen
and Jagannathan (1997) develop alternative measures of misspecification for financial mod-
els. Kitamura (1997) develops a framework to compare misspecified models using empirical
likelihood. Our results contribute to this theoretical literature as well.

An outline of the paper is as follows. Section 2 describes the framework used to capture
non-local misspecification. Section 3 presents the limiting distribution theory for GMM
estimators in misspecified models. Section 4 presents the limiting behaviour of the con-
ventional Wald, LR-type and Lagrange multiplier statistics in misspecified models, and

proposes statistics for testing hypotheses about the pseudo—parameters which have limiting



x? distributions under the null. Section 5 contains some concluding remarks. All proofs

are relegated to a mathematical appendix.

2 Non-local misspecification within the GMM framework

To motivate the definition of misspecification and the discussion of its consequences, it
is useful to define first a correctly specified model and also to summarize briefly proper-

4

ties of certain important statistics in this case.* Throughout this paper we consider the

Generalized Method of Moments estimator
7 = argming.g gr(0) Wrgr(0) (1)

where gr(0) = T~} Z?zl f(ve,0), f(vg,0) is a g x 1 vector indexed by the px 1 vector 6 and a
vector of observed random variables vy, and Wy is a weighting matrix. To analyze the large
sample properties of this estimator, it is necessary to impose certain regularity conditions.
For ease of exposition, we only highlight in the text those assumptions which are crucial to
the discussion and relegate the remainder to a mathematical appendix. Following Hansen

(1982), we impose the following conditions on v; and Wr.

Assumption 1 {v; € V,t = 1,2,...} is a sequence of strictly stationary and ergodic

random vectors where V C R°.

Assumption 2 {Wp; T = 1,2...} is a sequence of positive semi—definite matrices and

plimp_oo Wpr =W, a positive definite matriz of constants.

Within this framework, a correctly specified model is defined as follows.

Definition 1 Correctly specified model
The model is said to be correctly specified if there exists a unique value 8y in © C RP such

that E[f (v, 6p)] = 0.

4This framework is also employed by Hall (2000).



Notice there are two parts to Definition 1: an “orthogonality” condition, that is E[f (v, 00)] =
0, and an identification condition, that is this condition only holds at 6. In this case, it can
be shown that subject to certain regularity conditions or L2 0y, and T/ 2(GAT —0p) converges
in distribution to a normal mean zero random vector; see Hansen (1982). If ¢ > p then the
covariance matrix this asymptotic distribution depends on plimg_, . Wr. Hansen (1982)
proves that the optimal choice of Wy equals the inverse of a consistent estimator of the

long run variance of the sample moment,

T
§ = Jim Var{T™V23_ f(oi, o) (2)
In practice this “optimal” estimator is constructed via at least a two-step procedure. On
the first step, GMM estimation is performed with a sub—optimal choice of W to obtain a
preliminary estimator of fy. This preliminary estimator is used to construct a consistent
estimator of S, 5’;1 say, and then 5’;1 is used as the weighting matrix in the second,

“optimal” GMM estimation. This process can also be iterated.

A misspecified model is defined as follows.

Definition 2 Misspecified model
A model is said to be misspecified if there is no value of 8 which satisfies the orthogonality

condition, that is E[f(vt,0)] = pu(6) where p: © — R such that ||u(0)|] > 0 for all 6 € ©.

Two features of this definition should be noted. First, in line with Assumption 1, E[f (v, 0)]
is assumed constant for all ¢, and so our framework rules out misspecification due to struc-
tural instability. The constancy of this expectation reflects the stationarity assumption
in Assumption 1, and it should be noted that additional complications may arise if this
assumption is relaxed; see Gallant and White (1988). Second, the parameter vector must
be overidentified, i.e. ¢ > p, because if ¢ = p then there must exist some value of 6 such

that E[f(vt,0)] = 0 as we now demonstrate.

Proposition 1 Suppose that Assumptions A.1-A.6 hold and that the method of moment es-

timator is well defined, i.e., p = q and there is a sequence {éT}%Ozl such that % ST f (v, éT) =



0 a.s. Then there exists 0, € © such that E[f(v,0,)] = 0.

Assumption A.1-A.6 are given in the mathematical appendix. While this result is trivial in
one sense, it shows that misspecification in the sense of Definition 2 occurs in the method
of moments framework only when the model is overidentified. Thus, we focus on the
GMM estimator for overidentified moments conditions from this point on, and models are
misspecified in the sense of Definition 2. This means for instance that QML and linear
projections are not misspecified in our sense because they are examples of GMM estimators
with p = q. However, the two stage least squares (2SLS) estimator does fit in our framework
if the model is misspecified and there are more instruments than regressors.

By itself, Definition 2 does not imply that 1 has a well defined probability limit, and

so we also impose the following identification condition.

Assumption 3 Identification condition for a misspecified model
There ezists 6. (W) € © such that Qo(6-(W)) < Qo(0), V8 € © \ {0. (W)}, where Qo(0) =
E[f (v, )Y WELf (v, 0)].

It should be noted that, unlike correctly specified models, there is no reason to suppose that
different choices of weighting matrix lead to minimands Qy(#) which are minimized by the
same value of §.% It is for this reason that we have indexed 6, by W. However, for most of
the discussion, we can suppress the dependence of 6, on W for notational brevity because
the meaning is clear from the context. Subject to certain other regularity conditions, Hall
(2000) establishes that 07 2 0,. However, he does not establish any rates of convergence

for 7 nor any limiting distribution theory for the GMM estimator.

This observation was made in the context of linear models by Maasoumi and Phillips (1982).



3 The limiting behaviour of the GMM estimator in misspec-

ified models

Hansen (1982) establishes that if the model is correctly specified then T/2(67—6p) converges
in distribution to a normal random vector. For our purposes, it is useful to emphasize
that this asymptotic normality holds under very weak conditions on the weighting matrix.
Specifically, Wr is assumed only to be a positive semi—definite for finite 7" which converges in
probability to a positive definite matrix of constants W. Most importantly, no assumption
is needed about the rate at which W converges to W. In this section, it is shown that a
very different picture emerges in misspecified models. The analysis is divided into two parts.
To begin, we derive a generic formula for cT(éT — 6,) where cr is a sequence of constants
which increases with 7. From this analysis, it emerges that the limiting behaviour of this
statistic depends in general on that of cp(Wp — W). We then use this result to deduce the
limiting behaviour of cT(éT—H*) for a number of specific choices of W which are commonly

employed in practice.
Suppose that the moment function f is differentiable. The first order conditions for

GMM estimation are:
Gr(0r)Wrgr(fr) =0 (3)

where G (6) = dgr(0)/00". If the Mean Value Theorem is used to expand gr(67) around

gr(0,) then after some rearrangement (3) implies

er(Or — 6.) = —[Gr(07) WrGp(Or, 04, M) " Gr(Br) Wrergr(6.) (4)

where GT(éT,G*,)\T) is (¢ x p) matrix whose " row is equal to the i** row of GT(G_(Ti))

where 0_55) = Ag)ﬁ* +(1- Agf))éT for some 0 < )\gf) < 1, and Ay is the ¢ x 1 vector with i*"

element /\gf). It is convenient to rewrite (4) as

CT(QAT*H*) = HO,T{HLT + HQ,T} (5)



where

Hor = —[Gr(0r) WrGr(Or, 0., 7))~ (6)
T

Hyr = Gr(0r) Wr(er/T) Y [f(vr,0.) — ] (7)
=1

Hyy = Gr(0p) Wrerp. = Har(1) + Hap(2) + Hap(3) + Hap(4)  (8)
Hyr(1) = er[Gr(fr) — Gr(0.)] Wrp.
Har(2) = cr[Gr(0y) — G Wrp
Hor(3) = Goer(Wp — W),
Hyr(4) = crG W
e = E[f(vr,0,)]
G, = E[0f(v,6.)/00).

At this stage it is useful to note two simplifications. First, the population analog to the

first order conditions imply Ha7(4) = 0. Second, Ho (1) can be written as®

Hyr(l) = (uWr ® L)vec{er|Gr(fr) — Gr(6:)]}
= (WWre Ip)G(Tm(éT, 0., ér)er(r — 0s)
= MTCT(éT — 9*), say

where Gg?)(éT,Q*,(;ST) is the pg x p matrix whose ith

row is the corresponding row of
(0/00 Yvec{df (vy,057)/00'} with 0% = ¢Ddr + (1 — ¢$)0,, 0 < ¢') < 1, and ¢ is the
pg x 1 vector with i** element gﬁg,f).

Taking advantage of these two simplifications, (5)—(8) can be used to deduce that
cr(0r —0.) = (I, — HorMr| " Hor {Hir + Haxr(2) + Har(3) ). 9)

This generic equation can lead to many possible types of behaviour for 01 as we now

demonstrate.

SDhrymes (1984) Corollary 25, p.103 and the Mean Value Theorem applied to the i — j** element of

Gr(07).

10



In addition to some regularity conditions, we impose the following two assumptions.

Assumption 4 V = limgy_ Var[T=V2 L, (f(ve,04) — )] is a positive definite ma-

triz of constants where E[f (v, 04)] = pix.

Assumption 5 A p x p matriz H, = G.WG, + (W ® Ip)Gg) is nonsingular where
G, = E[0f(v;,0,)/90] and G® = E[(0/06 Yvec{df (v, 6,)/00'}].

Assumption 5 guarantees that the inverse matrix in (9) is well defined in the limit.

We consider four cases: (i) Wy = W for all T (ii) T'/2(Wyp — W) converges to a normal
distribution for some matrix W; (iii) Wy is the inverse of a centred HACC estimator; (iv)
W is the inverse of an uncentred HACC estimator.

Case (i) Wr =W for all T

The limiting distribution of the GMM estimator is given in the following theorem.

Theorem 1 Let Wp = W and suppose that Assumptions 1-5 and Assumptions A1-10

(given in the appendiz) hold. In addition, let {§;;}; j=12 denote the asymptotic covariance

d Q11 Q2
- N (0’ ( Qo1 Qoo )) (10)

(this asymptotic normality follows from Assumptions A1-10). Then it follows that

matric in

T2 (f(0r,04) — )
TV2(Gr(6,) — GOW s

Tz (6r — 60,) % N(0,%)

where

Y1 = H Y GWQUWG, + GLW Qg + Qo1 WG, + Qoo)HL !

Theorem 1 includes the common choice of W = I on the first step estimation. Notice that
this result contains the analogous result for correctly specified models as a special case,

because if p, = 0 then the asymptotic variance reduces to
Yo = (GLWG,) HEWVIWG,)(GLWG,)! (11)

11



which is the formula derived by Hansen (1982). It is remarked in footnote 1 above that
Gallant and White’s (1988) analysis extends to GMM estimators with fixed weighting ma-
trices. It is easily verified that under our conditions our Theorem 1 coincides with their
Theorem 5.7.7

Case (ii) TV/?(Wy — W) converges to a normal distribution:

We now consider the case in which the weighting matrix depends on T" and is v/ T-asymptotically

normally distributed.

Theorem 2 Suppose that Assumptions 1-5 and Assumptions A1-9 hold. In addition, as-

sume that
1
T2 S [f (v, 05) — ] p Q1 Q2 s
TV2(Gr(0.) = GOWps | = N [ Opragxa, | Q21 Qa2 Qo3 | |- (12)
T3 (Wr — W) Q31 Q32 Q33

where the asymptotic variance covariance matriz is positive definite. ®
Then

TYV2(by — 0,) % N(0, %),

where Yo = H-'Q, H!71 and

Q* = G;WQHWG* + 922 + G;Q;),gG* + G;WQU

+GE W N3Gy + QWG + GO WGy + Q3G + G Q30.

Theorem 2 covers two leading cases of empirical relevance: (a) 07 is the first step estimator
calculated using the inverse of an instrument cross product matrix as the weighting matrix;
(b) O7 is the second step estimator based on the assumption that {f(v,0y) — ps} is a

martingale difference sequence. We now discuss each of these two cases in turn.

"Our result can be translated into Gallant and White’s (1988) notation via H, = lim,—e Aj and

G.WVWG, = limp—o Bj,.
8(12) holds under more primitive conditions on dependence and moments similar to Assumptions A9 and

A10.

12



. . _ /q— . .
First, consider case (a). Let Wy = [T Y.L, 2:2,] 71, where 2 is a vector of instruments,

and put M., = E|[z2]]. In this case, it follows that
T T
TYV2Wr — W) = =M T2 sz — Mo[T7Y 2] 7 (13)
t=1 t=1

Therefore, this case is covered by Theorem 2 provided that T—'/2vech[Y>1 | (22} — M..)]
converges to a mean zero normal distribution. Such behaviour is assumed by Maasoumi
and Phillips (1982) in their analysis of the IV estimator in linear models, and Theorem 2
contains their result as a special case.

Now consider case (b). For this discussion, it is necessary to distinguish the first and
second step GMM estimators. Accordingly, let éT(z) denote the GMM estimator on the 7

step, and plimy_.o O7(i) = 0,(i). In this case, the weighting matrix is Wy = [;! where

Lo =T"" Y [f(vr, (1)) = gr(Or(1))][f (vr, b7(1)) — gr (b7 (1)) (14)
t=1

Using the same argument as (13), it can be shown that this case is covered by Theorem 2
provided T/ 2vech[f’o — I'y] converges to a mean zero normal distribution where I'y is the
variance of f(v,6,). However if we pursue this analysis further it reveals a fundamental
dependence between the first and second step estimators. Using the Mean Value Theorem,

it follows that

T1/2vech[fo —To] = T1/2vech[Fo(0*(1)) —T]

+ o (wech{To(0. () T2(0r(1) = 0.(1)) + 0,(1)  (15)

where Tg(0) = T- S, [f(ve, 0) — g7 (0)][f(ve,0) — g7(8)]. Equation (5) combined with
equation (15) imply the limiting distribution of T%/2(67(2) — 6,(2)) depends on the limit-
ing distribution of T%/2(07(1) — 0,(1)) via T 2vech|[[y — T'y] unless the partial derivative
matrix in (15) converges in probability to zero. In general there is no reason to expect the
latter condition to hold. A similar argument holds for the iterated estimator discussed by

Hansen, Heaton, and Yaron (1996). Equation (15) can be applied recursively to deduce

13



that the limiting distribution of TV/2(A7(i) — 6,(i)) depends on the limiting distributions
of {TV2(0r(j) — 0.(5)),j = 1,2...i — 1} in general. Theorem 2 also applies to the case
where {f(v¢,0,) — ps} is not a martingale difference sequence but its serial correlation is
neglected when computing the weighting matrix.

To conclude the discussion of Theorem 2, we note that it also encompasses the case of
correctly specified models because if p, = 0 then €12 = 091 = {299 = 04x4 and the variance
reduces to V. Furthermore, it is easily verified that if pu, = 0 then this eliminates the
dependence of TV2(07(i) — 0,(i)) on {TY2(07(5) — 0,(5)),j =1,2...i —1}.

Case (iii) Wy is the inverse of a centred HACC estimator:
We now consider the case in which the weighting matrix is the inverse of a centred HACC

matrix estimator, that is Wr = VT_ ! where

A T_l ~
Ve = > w(i/bp)l; (16)
i=—T+1
and
T ’
L= 770 Y [fon (1) = gr(br(1)] £ 02(1) = gr(6r(1)]  fori=0
t=i+1
T ’
= 770 3 [forsbr(1) = gr(Or ()] [£(vr,0r(1)) = gr(Br(1))]  fori <0
t=—i+1

It is assumed that the kernel, w(.), and bandwidth, by, satisfy the following assumption.

Assumption 6 (i) Forallz € R, |w(z)| <1, w(—2z) = w(z), w(0) = 1, w(x) is continuous
at zero and for almost all x € R, [pw(x)?dr < 0o, [pw(x)e ™Adx > 0 for all X € R; (ii)

[ w(z)dz = c where 0 < ¢ < oo; (iii) [ rw(z)dr < 0o; (iv) by = o(T?) and by — .

Assumption 6(i) is standard in the HACC literature and satisfied by all kernels of interest in
econometrics which yield positive semi-definite estimators for finite 7'; see Andrews (1991),
Hansen (1992). Assumption 6(ii) is imposed by Hall (2000) in his analysis of the inverse of
the uncentred HACC estimator. We impose it here for simplicity because we need it later in

our analysis. It is easily verified that this restriction is satisfied by the Bartlett (Newey and
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West, 1987b), Parzen (Gallant, 1987) and the quadratic spectral (Andrews, 1991) kernels.
Assumption 6 (iii) is not typically imposed in the analysis of uncentred HACC estimators
in correctly specified models, but is necessary for the analysis of centred HACC estimators
in misspecified models. It can be shown that this condition is satisfied by the Bartlett,
Parzen and quadratic spectral kernels. Assumption 6 (iv) gives the rate of increase of by
used by Andrews (1991) in his proof of the consistency of Sr in correctly specified models.

For this part of the analysis, it is necessary to impose the following assumption.

Assumption 7 Let 07(1) be the first step GMM estimator, 0, denote its probability limit

and . = p(6y).
()

N

<bT) vech(Vp — Vp) 5 N(0,Qy) (17)
T

lim b*(Vr —V) = C, (18)

T—o0

where Qy is a g% x ¢* matriz, k > 0 is the characteristic exponent of the kernel w,’

‘_/T = Fo—l—Z /bT +F/)

Vr = FO+Z (i/bp)(Ts +T7),

r; = T° Z (vt 0x) — ] [ f (V=i 0x) — g,
t=141
. 1 —w(z) [k

(it) O7(1) — 6, = O,(T~1/?).

= 0,(T™2).

(i1i) maxi<;<r H% it flve, 04) —
Assumption 7(i) states that the spectral density estimator of f(v,6.) — u« is asymptoti-
cally normally distributed and that the bias vanishes at an appropriate rate. More primi-

tive assumptions can be found in the classical work of Anderson (1994), Brillinger (1975),

9See Anderson (1994)[Section 9.3.2] for a definition of the characteristic exponent of a kernel.
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Rosenblatt (1959) and Hannan (1970). More primitive conditions are provided in the math-
ematical appendix (Proposition A.1). Assumption 7(ii) is satisfied if the weighting matrix
on the first step satisfied the assumptions imposed in either Theorems 1 or 2. Assumption
7(iii) is satisfied if the functional central limit theorem holds for 7—1/2 Z,[firl] [f (vt, 04) — p14]

in the space of cadlag functions on the unit interval, for instance.

Theorem 3 Let éT(Q) denote the second step GMM estimator based on Wr = V:Fl, and

0.(2) = 0.(V~1). Also suppose that Assumptions 1, 3-7 and Assumptions A1-9 hold. Then

(T)2<éT<2>—e*<2>> 4 N(GHZGL O, S5) if TV /B2 e [0, 00),

b?(éT(Q) —0.(2)) L HIG ,Cuw if T1/2/b¥2+k oo,

where X3 = H'D'BQyB DH';', D = —(u.,, V' @ G, V™), H,, is the matriz H, in
Assumption 5 evaluated at 0, = 0,(2), Gy = E[0f(vy,0,(2))/00'] and B is the selection

matriz defined by vec(Sy) = Bvech(Sy).

It is interesting to contrast this result with the correctly specified case. If the model is
correctly specified then éT(Z) converges at rate T/2 to a normal distribution. However, if
the model is misspecified and Wp = VT_ 1 then Hj 7(2) becomes dominant in the limiting

1/2 in the first case and b

expression, and this causes the rate of convergence to be (T'/br)
in the second case. In the second case the bias of the HACC estimator becomes dominant
in the limiting expression of the GMM estimator, and this causes the degenerate limiting
behaviour. The difference in the rates of convergence also means that Theorem 3 does
not contain the appropriate result for the correctly specified model as a special case. This
contrasts with Theorems 1 and 2 above.

This rate of convergence has important consequences for the iterated GMM estimator
discussed in Hansen, Heaton, and Yaron (1996). To consider consequences, it is useful to

recall first that it is shown above that if W = fa ! then the asymptotic distribution of éT(z)

depends on the asymptotic distribution of the estimator on all previous steps. If W = VT_ !
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then a similar picture emerges except that this time the dependence only goes back as far
as the second step. The reason is that Assumption 7(ii) restricts the first step estimator
to converge faster than the second step estimator, and so /T/br(fr(1) — 6.(1)) & 0.
However, using a similar Mean Value Theorem based argument to (15), it can be shown
that the limiting distribution of \/T /brvech[Vy—V] on step 3 depends on the distribution of
07(2) and hence on the distribution of \/T/bpvech[Vy — V] on step 2. This effect cumulates
so that in general the limiting distribution of \/T /by (A7 (i) — 0, (i)) depends on the limiting
distribution of {v/T/br(07(j) — 6.(§)), j = 2,3,...5 —1}.

Case (iv) Wr is the inverse of a uncentred HACC estimator:

Finally, we consider the case in which the weighting matrix is the inverse of an uncentred

HACC matrix estimator, that is 5’77 ! where

T+1

ST = Z W(Z/bT)fZ (19)

i=—T+1

and

T
i o= 77V Y fon,0r(1) f(vr—i,0r(1))  fori>0
t=i+1

T
= T " f(ory, 0r(1) f(ur, 07(1))  fori <0
t=—i+1

In correctly specified models, 5’;1 is a valid weighting matrix because it is positive semi—
definite for finite T' by construction and converges in probability to the inverse of the long
run variance which is positive definite by assumption. However, the latter property does
not extend to misspecified models. Hall (2000) shows that 5'; ! converges in probability to

1

mvflu*u*‘/fl (20)

where p. = E[f(ve,0.(1))]. Hall (2000) shows that S, has rank equal to ¢ — 1 and hence
is singular. The form of this limit has an important implication for the GMM estimator

based on Wr = S’:F ! The population analog to the minimand is

QY (0) = Elf (v, 0)'S.E[f (v, 0)] (21)
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Using (20) it can be seen that Q(()Q) (0) attains its minimum possible value of zero at = 6,(1).
For this minimum to be unique, there must be no other value of 6 which generates a value

of x(#) in the nullspace of S,. Therefore we impose the condition
Assumption 8 S.E[f(v,0)] # 0 for any 0 € ©\ {6.(1)}.
This restriction serves as the identification condition in the following result.

Theorem 4 Let éT(Q) denote the second step estimator based on Wrp = S’}l, and sup-
pose that Assumptions 1, 3-8 and Assumptions A1-9 hold. Then (i) 0p(2) 2 0.(1); (i)
plim bT[éT(Q) — 0,(1)] = Cy for some Cy # 0 if GV s # 0; (iii) T1/2(éT(2) —0.(1)) =
0,(1) if GLV "y = 0; where G = E[0f (vg,04(1))/00'] and p. = 11(04(1)).

Theorem 4 (i) indicates that the second step GMM estimator converges to the same prob-
ability limit as the first step estimator. This property would be exhibited in correctly
specified models, but does not typically hold in misspecified models. Its occurrence here
results directly from the singularity of W = S, and, more specifically, the nature of the
null space of S,. Theorem 4 (ii) and (iii) show that the rate of convergence depends on
the value of G’V ~!y,. This latter quantity can be recognized as the population analog to
the first order conditions based on W = VT_ ! and it enters the analysis via the first order
conditions of the estimation. When W = S’E ! then the population analog to the first order

conditions are given by

1

WG(@'V*IM*M;VAMW) =0 (22

G(0)S.u(0) = G(OYV L pu(6) —
Notice that 6 = 6,(1) is always a solution, because in that case (22) reduces to
GV lu — GV iu =0 (23)

The difference between parts (ii) and (iii) of the theorem is that in part (iii) the left hand
side of (23) reduces to 0 — 0. In practice, this coincidence only occurs if the first step
weighting matrix is proportional to V!, and so is likely to be rare. Therefore, Theorem

4(ii) is likely to be the most generally applicable result.
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4 Inference about the parameters in misspecified models

As remarked in the introduction, it may be of interest to test hypotheses about the param-
eters even in misspecified models. In this section we discuss the implications of our results
for this issue and also propose certain statistics which can be used to test hypotheses about
the parameters.

Consider testing for the null hypothesis
Hp:a(0.(W)) =0

against the alternative

where

Assumption 9 a : © — R is continuously differentiable and A, = 9a (0.(W)) /08" has

rank r.

Notice that the dependence of 6, on W translates to the null and alternative hypotheses.
Two referees argue that this dependence makes the null hypothesis hard to interpret. We
do not dispute this point. However, as pointed out in the introduction, a number of
published papers do report the results from inference based on conventional test statistics
even though there is clear evidence that the model is misspecified. In the first part of this
section, we consider the behaviour of these conventional test statistics if the model is in fact
misspecified, and thereby provide guidance on the interpretation of these types of results.
At the end of the section, we briefly consider alternative methods for testing the null given
above because, at the very least, researchers are evidently interested in performing these
types of inferences in misspecified models. It is left to potential users to demonstrate that
the null hypothesis can be interpreted meaningfully for the particular case in hand.

Let éT denote the unconstrained GMM estimator and 67 denote the constrained GMM
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estimator:

Or = argmingeggr(0) Wrgr(0)

subject to a(8) = 0.
Define a Wald statistic, a LM statistic, and a LR-like statistic by
Waldy = Ta(0p){Ar(GpWrGr) A}y Ya(br),
LMy = Tgr(Or)WrGr(GrWrGr) ™' GrWrgr(0r),

LRr = T(gr(07)Wrgr(Or) — gr(07) Wrgr(07)),

where Ap = 0a(07)/00', Gr = (1/T) X1, 8f (v, 07) /00", and Gp = (1)T) S5, 0 f (ve, 07) /06’

In practice, inference about the parameters is typically based on the two step or iterated
estimator. In view of the comments following Theorems 2 and 3, we confine our attention
to the two—step estimator. We consider the limiting behaviour of the tests statistics above
when the weighting matrix is based on three different choices of long run covariance matrix
estimator. The first choice is the covariance matrix estimator constructed under a martin-
gale difference assumption. The second and third choices are the centred and uncentred
versions of the HACC estimator.

We begin with the martingale difference case. As remarked above, this scenario is

covered by Case (ii) (c.f. Theorem 2).

Theorem 5 Let Wp = fal and suppose that Assumptions 1-5, 9, and Assumptions A1-9
hold. In addition, suppose that {f(ve,0.) — ps} is a mean-zero iid or martingale difference

sequence and that (12) holds. Then under the null hypothesis,

Waldr % S AW,
=1
d /4

LMpr 5 Y a2,
=1

LRy % ALR,,2

7 (R

NE

i=1
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where {\V} are the eigenvalues of the v X r matriz
S2AL(A(GWG,) AL A,SS,
{INEMY are the eigenvalues of the p X p matriz
SHEWG) s

Y4 = (GW — H.M)Q1 (GOW — H M) + (I, — H M) (Qa2 + Qa3 + Qa2 + Q33) ([, — H M)
+(GLW — H M) (@12 + Qu3) (I, — HM,) + (I, — HM,) (Qo1 + Q31) (GLW — H.M,Y,
M, = H7'—H A (A, H T A)TAHL,
{\FRY are the eigenvalues of the p x p matrix
QZHA(AH A A H GY WG (H AL (AH A AL H V) Q2,
Yo and Q are defined in Theorem 2, and u; are iid standard normal random variables.
Theorem 5 reveals that the limiting distributions of the three statistics are mixtures of
iid y? distributions, but that the mixtures are different in general for each statistic. This
contrasts with their behaviour if the model is correctly specified, i.e. p,. = 0. In the latter
case, Newey and West (1987b) show that the three statistics are asymptotically equivalent
and converge to a x? distribution. The differences in misspecified models are due to the
dependence of the asymptotic distributions of the unrestricted and restricted estimators

upon the asymptotic distributions of the derivative matrix and weighting matrix.

We now consider the case in which W = V! (Case (iii) and Theorem 3 above).

Theorem 6 Let W = V:Fl Suppose that Assumptions 1, 3-7, 9 and Assumptions A1-9

hold and that the null hypothesis is true. If Tl/z/b%p/prk — ¢ € [0,00),

1 '
“Waldr % S AVa2,
=1

br

1 d J LM, 2
—LMp 5 > AN,
br i=1

1 d 2 LR, 2
br i=1
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where {\V} are the eigenvalues of the v X r matriz
S3AL(Au(GLWGL) 1 AL) 1AL
{INEMY are the eigenvalues of the p X p matriz
SEH(I, — HoM.o) (G WGl) " (I, — Ho Mo )HISS,
Moo = H! = H AL (A HDAL) T AGHL,
{\FRY are the eigenvalues of the p x p matriz
QéB'DH;lA;*(A**H;A;*)*1A**H;10;*WG**(H;A;*(A**H;A;*)*A**H;J)’D’BQ% ,
U ~ N(—(bZ;%H;lG;*C/L**,l) is iid, X3 and Qy are defined in Theorem 3 and As-

2k 2k
sumption 7, respectively. If T1/2/blT/2+k — 00, b%WaldT 2 okw, b%LMT L kim and

b2k .y .
- LRy 2, KLR where Ky, KLy and Kpg are some positive constants.

From Theorem 6 it can be seen that the three test statistics diverge to positive infinity even
under the null hypothesis regardless of the rate of increase of the bandwidth.
We consider the case in which Wy = 5’; ! (Case (iv) and Theorem 4 above). For brevity

we concentrate on the most general case in which G,V ~!u, # 0.

Theorem 7 Let Wp = S’;l, and suppose that G,V ", # 0. Suppose that Assumptions
1, 3-9 and Assumptions A1-10 hold. Then under the null hypothesis, (b%/T)W aldr L oew,

(b%«/T)LMT 2, crym and (b%«/T)LRT 2, cr.r where cyy > 0, cppr > 0 and cpgr > 0.

Theorem 7 implies that all three test statistics diverge to positive infinity even under the
null hypothesis. This behaviour arises because both the restricted and unrestricted GMM
estimators converge at a rate slower than /7.

Theorems 5, 6 and 7 have the following two implications. First, traditional hypothesis
testing is invalid under misspecification. Even when the test statistic has a well-defined

limiting distribution, the test does not have correct size. Second, in the case where HACC
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estimators are used, it is impossible to perform inference about the parameters which
is robust to model misspecification. The reason is that the rate of convergence of the
test statistics depends on whether the model is correctly specified or not. Note that this
conclusion holds regardless of whether the HACC estimator is uncentred or centred. In
contrast, it is possible to perform inference in the situations covered by Theorems 1 and 2
as we now demonstrate. However, we remind the reader that if the model is misspecified
then the null hypothesis depends on W and so the tests presented below are for different
null hypotheses.

We consider two approaches to performing this inference. The first approach is to
use the usual statistics but calculate the appropriate critical value associated with the
appropriate mixture distribution given in Theorem 5. These critical values can be simulated
as follows. Let \ be the eigenvalues of a consistent estimator of the appropriate matrix given
in Theorem 5.'°

The 100a% critical value can be calculated as the 100(1—a)™ percentile of the simulated
distribution of Y2, S\lzf where z = (21,22,...2,) ~ N(0,1,).1' The second approach to
inference involves using different statistics as a basis for inference. We consider Cases (i)

and (ii) in turn. If W = W (Case (1)) then Hy can be tested using the statistic
Q1 = Ta(0r)[A0r)V1A(Or) ] a(br) (24)

where V; is a consistent estimator of V; (given in Theorem 1). If TV/2(Wy — W) converges

to a normal distribution (Case (ii)) then Hy can be tested using the statistic

Q2 = Ta(07)'[A(O7)V2A(b7) ] a(br) (25)

where Vs is a consistent estimator of Vo = H. 13 H_ ! (defined in Theorem 2). The following

19Tt follows from Tyler (1983)[Lemma 2.2] that if M 2 M then \;(M) £ X\;(M) where \;(.) denotes the

it" ordered eigenvalue of the matrix in parentheses.

"'Note that is the model is correctly specified then X D 1fori=1,2...pand so this method yields the

appropriate critical value. Note that A

23



corollary to Theorems 1 and 2 gives the limiting distributions of these two statistics under

H.

Corollary 1 (i) If the conditions of Theorem 1 hold, L Vi, Wp = W1, Assumption 9
holds for W = Wy and a (6.(W1)) = 0 then Qq <, X2. (ii) If the conditions of Theorem
2 hold, v, L Vo, Wp 2 Wy, Assumption 9 holds at W = Wy and a(0.(W3)) = 0 then

d
Q2 = X2

The matrices V; can be constructed using consistent estimators of the components of
V;. The derivative matrix GG, can be consistently estimated by GT(éT) and the covariance
matrices can be estimated using an HACC applied to the appropriate partial sums. There
is no theoretical reason to prefer either version of the test as there is no theory regarding the
optimal choice of weighting matrix in misspecified models. Since ()1 involves W = W, this
statistic is likely to be computationally more convenient. However, if the moment condition
involves an instrument vector then it may be desirable to set Wr equal to the inverse of
the instrument cross product matrix and use (J2. Either choice is likely to be prefered to
Wr = f‘g 1in equation (14) because the latter induces a dependence on the asymptotic
distribution of the first step estimator. It is left to future work to provide further guidance
on the choice between (1 and ()2, and also on the interpretation of this type of hypothesis

in misspecified models.

5 Concluding Remarks

In this paper, we present a limiting distribution theory for GMM estimators when esti-
mation is based on a population moment condition which exhibits non—local (or fixed)
misspecification. It is shown that if the parameter vector is overidentified then the weight-
ing matrix plays a far more fundamental role in the analysis than would be the case in
correctly specified or locally misspecified models. Specifically, the probability limit of the

estimator depends on the probability limit of the weighting matrix and the rate of conver-
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gence of the estimator depends on the rate of convergence of the weighting matrix to its
limit. The latter means that there is no single distribution theory for GMM estimators in
misspecified models. Rather the form of the limiting distribution has to be derived on a
case by case basis. In this paper, we explicitly consider four cases: (i) Wr = W for all T}
(ii) TY/?(Wy — W) converges to a normal distribution for some matrix W; (iii) Wy is the
inverse of a centered HACC estimator; (iv) Wy is the inverse of an uncentred HACC esti-
mator. It is shown that 7/ 2(§T — 0,) converges to a limiting normal distribution in cases
(i) and (ii). However, in case (iii) the limiting behaviour depends on the rate of increase
of the bandwidth. If the bandwidth does not increase too quickly then (7'/br)/2(07 — 6.)
converges to a limiting normal distribution; otherwise, bl}((éT —0,) converges to a degener-
ate limiting distribution. It is shown that in Case (iv) by (67 — 6,) converges in probability
to a constant in most cases of practical relevance.

In practice, inference is most often based on the two-step or iterated estimator. In
correctly specified models, these two estimators are asymptotically equivalent. However,
our results indicate this is not the case in misspecified models. It is shown that in situations
covered by Case (ii) above then the asymptotic distribution of the estimator on the i** step
depends on the asymptotic distributions of the estimators on all previous steps. Whereas
in situations covered by Case (iii) above then this dependence only goes back as far as the
second step.

It is interesting to contrast these results with others in the literature. First, as men-
tioned, none of the distributions equal the ones derived by Hansen (1982) for the correctly
specified case or Newey (1985) for the locally misspecified case. Second, the array of limit-
ing behaviour described is different from that derived by either Gallant and White (1988)
and White (1994) in their investigations of certain estimators in nonlinear models or Maa-
soumi and Phillips (1982) in their investigation of the IV estimator in linear models. All
three studies find TY/2(f7 — 6,) converges to a normal distribution. Although none of these

studies impose stationarity, it is convenient to do so here for the purposes of comparison.
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Gallant and White’s (1988) framework does not cover the general case of GMM estimation
in misspecified models. However, as they note, it does cover GMM with a fixed weighting
matrix. Therefore, their results correspond to our case (i) above. White (1994) devel-
ops a limiting distribution theory for the quasi maximum likelihood estimator (QMLE) in
non—locally misspecified models. While QMLE can be viewed as a GMM estimator, this
interpretation involves the restriction that p = ¢. In this case, our stationarity assumption
would imply p. = 0 (see Proposition 1 in Section 2). It is easily shown that this restriction
implies T%/2(7 — 6,) converges to a normal result and thus accords with White’s (1994)
results. Finally, Maasoumi and Phillips’ (1982) analysis can be considered as a special case
of our case (ii) above.

In the introduction it is noted that there is a growing interest in performing inference
within misspecified models. Our results imply that if the parameter vector is overidentified
then it is inappropriate to use conventional statistics derived under the assumption that
the model is correctly specified. Therefore, we use our results to propose two new statistics
which can be used to test hypotheses about the pseudo—parameters. Both these statistics

are computationally convenient and have limiting chi-squared distributions under the null.
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Mathematical Appendix
We first list the additional assumptions for the Lemmas and Theorems presented in the
paper.
Assumption A.1 f:V x 0 — R4
Assumption A.2 O is a compact set.
Assumption A.3 f(.,0) is measurable for each 8 € © and f(v,.) is continuous on © for
every v € V.
Assumption A.4 f(v,0) satisfies the Uniform Weak Law of Large Numbers on ©.
Assumption A.5 f(v,0) is twice continuously differentiable with respect to 6 on int(©),
and 0f(.,0)/90" and 8/90'vec{df(.,0)/00'} are measurable on V for each 6 € int(©).
Assumption A.6 There exists a measurable function b(v) such that |fi(v,0)] < b(v),
0fi(v,0)/00;] < b(v) and |0*fi(v,0)/00;00;| < b(v) in a neighbourhood of O, for all
i=1,2,...q, ,k=1,2,...p and E[b(v)?] < D, a finite constant; there exist constants D,
§ >0 and r > 1 such that E[{sup, |f;(v,0,)}* ")} < D.
Assumption A.7 v is an a-mizing sequence with size —3r/(r — 1), r > 1.
Assumption A.8 60, is an interior point of ©.
Assumption A.9 (i)
[ f(v, 6) ]
X = vec{ (9/06') f (v, 0.) }
vec| (0/00")vec{ (0/00") f (vt 6x) } ]
is an a-mizing process with size —3r/(r—1) forr > 1 and E[|| X; ||*] < oo; (ii) E[supgeo ||
(620000 ) i (11, 6) [] < oo
Assumption A.10
T
Jim gVor [E (vect 0/ 00013 ﬂ
exists and is positive definite.
Assumptions A5 to A6 guarantee the Uniform Weak Law of Large Numbers for gr and

Gr among other things. Assumptions A7 to A10 are for the asymptotic normality of
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the normalized sum of f and its derivatives. More primitive conditions for the Central
Limit Theorem and the Uniform Weak Law of Large Numbers can be found in inter alia
Wooldridge (1994).

The following is a vector generalization of Theorem 9.4.1 and Theorem 9.3.3 of Ander-

son (1994).

Proposition A.1. Suppose that

1.
oo
f(vh 9*) = s+ Z @jgt—s (26)
S§=—00
where Y52 [|0;] < oo, {&:} is a sequence of iid random vectors with finite fourth
moments.

2. w(0)=1,w(x)=0V|z| > 1, w(x) =w(—2z) and |w(z)| < M for Vz and some M > 0,

w(x) is continuous in x, and its characteristic exponent, k, satisfies k > 1.

o0
j=—o0

3. Let k denote the characteristic exponent of w. Then > %17l < oo where Ty

is the jth population autocovariance of f(vy, 6y).
4. by — oo as T — oo and bk./T — 0.

Then Assumption 7(i) holds.

Remark. The assumption of linear processes is not necessary but simplifies the exposition.
More primitive conditions can be given in terms of stationarity, dependence and moments

(Rosenblatt, 1959).

Proof of Proposition 1.
Suppose to the contrary that the model is misspecified, i.e., ||u(0)] > 0 for all § € ©.

By assumption

1 & A
7 > fv, 0r) =0. (27)
t=1

28



Since © is compact by Assumption A.2 and p() is continuous in 6 by Assumptions A.5

and A.6, the Weierstrass theorem implies that there is 6 > 0 such that

0 < [lp(O)l (28)
for all # € ©.
1 & A R 1L
HT ; F o, 0r) — p0r)|| < sup || 7 ; flor, 0) — u(H)H - (29)

It follows from (27), (28) and (29) that

6 < ||,u(6?T ) < sup

Z flor, 0 )H : (30)
However, the right-hand side of (30) is 0,(1) by Assumption A.4. A contradiction.
Proofs for the results in Section 3

Note: we suppress the dependence of 01 and 6, upon W and W respectively for nota-
tional brevity.

We use the following results in the proofs of Theorems 1, 2 and 3. Under Assumptions

1, 2, 4-6 and Assumptions A.1-6, it follows from standard arguments (e.g. Newey and

McFadden’s (1994) Theorem 2.1 and Wooldridge’s (1994) Theorem 7.1) that
or 2 0. (31)

where 0, is defined by Assumption 5 for the appropriate choice of W.

It follows from Assumptions 1, 4-6, Assumptions A.1-9, and equation (31) that
I, — HyrMr 5 I, + (GLWG,) " (W ® 1,)GP) = (GLWG,) ™!
Thus, by Assumption 7, we have
(I, — HorMr) 'Hoqp & —H; . (32)

Proof of Theorem 1. Put ¢cp = T2, Tt follows from Assumption 1, 2, 4-5, Assumptions

A1-A.3, A5-A.6, A.8-A.9, the conditions of the theorem and Wp = W that

H17T+H27T(2)—|—H27T(3) = H17T+H27T(2)+Op(1) i N(O, G;WQHWG*—FG;WQH—FQQlWG*—I—QQQ).
(33)
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Therefore, the desired conclusion follows from (32) and (33).

Proof of Theorem 2. Similarly, with ¢y = T2,
Hyr + Ha,r(2) + Har(3) 5 N(0, ), (34)
where
Q. = GWQWG, + Qoo + GLQ33G, + GLW 9
+G W Q3G + QWG + GLOQ31 WG + Q23G + GLQ30.

Thus, the desired conclusion follows from (32) and (34).
Proof of Theorem 3. Put c¢p = (T/br)"/2. Since (1/(brT2)) XL [f(ve,07) — p1a] =

0p(1), (T/bp)/>(Wr — W) becomes dominant in the limiting expression. If we show that

(bT) (Ve — V) = 0p(1), (35)

T

then the first result will follow from Assumption 7 and the delta method. Let

T-1
Vp =To(0.) + Y w(i/br)(Ts(6:) + Ti(6.)),
=1
where
- 1 L
Li(0) = T > (f(0r,0) = g7 (0))(f (vi—i, 0) — g7(0))".
t=it1

First, we shall show that (T/br)"/?(Vr — Vz) = 0p(1), and next we shall show that

(T/bp) (Vi — Vi) = 0,(1). The (j, k) element of the ¢ x ¢ matrix
Vi = Vi = To(0r(1) Z (i/br)(Li(Br(1)) + Ti(0r(1))" = Ti(6.) — Ti(6.)')
Ve — Voge = fo,jk(é ) — Lo jk(6:)
+ Z (i/br) (i g (Or(1)) + Tig (Or(1)) — Ty ji(6:) — 1 (6)

T-1 ,
- {59 Cojr(Or) + > w(i/br) (%fi,jk(éﬂ + (%fi,kj(éT)>} (7(1) — 6.),
i=1
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where 07 is a point between 67(1) and 6, and T, jx(0) is the (4, k) element of T';(#). Notice

that

0 = 1 & _ _ _
%ng () = Z Fio(e,07) — g50.0(070)) (fi(vei, 07) — gr 0 (07))
-1

T
+= Z Fi(ve, 07) — 950 (07)) (fr6(ve—i, 07) — gr.1.0(07)),
til

where f;(vr,0) = (8/96) f;(vr,0) and g;76(0) = (1/T) >(_y f56(vr,0), and so
d - = o~ - o~ -
51 0k (6r) + ; w(i/br) < Ui jk(0r) + %Fi,kj(eT))
can be viewed as another HACC estimator of zero-mean process { fo(v, ) — gr9(07)} and

thus is well-behaved under our assumptions. Since 67(1) — 6, = O,(T~/?),
Vrjk = Vigr = Op(T71?),

and thus

1

<bj;> S (- T =0, (1) — o,(1). (36)

br
The (j, k) element of T';(6,) is

Diju(ts) = (fi(ve, 0) = 91,5(0:)) (fi(vei, 0+) — g1k (65))

1

el
.Mq

T
+

I
Nl =
.Mﬂ

(fi (1, 04) = praj + praj — 97,5 (04)) (e (Vi—is 0x) — ek + frake — 97,1(0))

t=i+1
T
= 5 (500 0) — o) il ) = i) (37
t=i+1
1 T
g = 975(04)) > (frlvi—is 04) = pak) (38)
t=i+1
o
g = 9100 (6:)) 5 > (v, 00) = pay) (39)
t=i+1
e (e = 97.6(02)) s — 915(6.)). (40)

The first term on the right-hand side (37) corresponds to the (j, k) element of T';. The

second and third terms (38) and (39) are O,(T~1) uniform in i by assumption. The fourth
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term (40) is O,(T~'). By the definition of V7 and Vi, it follows that

- _ b
\%s :VT+Op <T>

T
and thus )
() - =0,((%)) -0 ()
Therefore (35) follows from (36) and (41). Since
dvec(GLV V) = —vec(GLVHAVV )
= —(u.V T @GV vec(dV) (42)

it follows from Theorem 3 and Theorem 2 in Magnus and Neudecker (1991)[p.151 and p.30,

respectively] that
oGV~ ! Foses

— () -1 ry-ly 4

The first result follows from (35), Assumption 7 and the delta method. If T1/2/ blT/ SARINNS

in the second case, then it follows from the above argument that
bk (Vi — Vr) = 0,(1). (44)

The second result follows from (44) and Assumption 7.

Proof of Theorem 4. Part (i) follows directly from Assumption 8 and standard proofs of
convergence in probability (e.g. Newey and McFadden’s (1994) Theorem 2.1 and Wooldridge’s
(1994) Theorem 7.1). Now consider part (ii). For simplicity set 6, = 6.(1). Notice that
S«ptx = 0 implies that plimp_,. Mp = 0. If this restriction and ¢y = by are substituted

into (9) then we obtain
br(0r — 0.) = — [Gr(6r) S5' Gr(br, 0., A1) ' Gr(0r) Sp'brgr(6.) + 0p(1)  (45)
Under the conditions of the theorem, it follows that
(Gr(0r)S7 Gr(0r, 0w, Ar)] ' Gr(0r) + [GL8.G] 76, = 0(1) (46)
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where G, = E[0f (v, 60.)/ 86/]. Notice that Assumption 8 implies G, S.G. is full rank and

so nonsingular. Now consider hy = 5'; legT(H*). It is convenient to rewrite hr as

T
hr = Syl (br/TV2) | T2 S (f(00,0.) — ) + T2 (47)
t=1
Under our conditions 772 57| (f(vs, 0.) — p1s) = Op(1) and so the first term on the right

hand side of (47) is 0,(1). Now consider by Sy ju.. Tt is convenient to rewrite this term as,
brSrtue = brSylu. + br(Syt — Splu. (48)

where St = V + Brpiuji, and By = ZT}L w(i/br). From Hall (2000)[Theorem 1] it follows

that

bT -1
1+ By, V=1 p.

br ST e = i (49)

Also by similar arguments to the proof of Hall’s (2000)[Theorem 2], it follows that bT[S”r_Fl -
S ' ps = 0p(1). Therefore, if we combine this result with (45)—(49) then it follows that

, br
"1+ Bru, V-1,

br(by —6,) = —[G.S.G,]"'G Ve + 0,(1) (50)

and so

p

—m[G;S*G*]flG;Vflu* = (.

br(6r —0,) 2

where 8 = limp_. bp/Br > 0 by Assumption 6(ii).
Finally consider part (iii). Clearly if G;V_1 s« = 0 then C, = 0. In this case, Or converges
faster than bp. Consider TV 2(§T — 0,). If we repeat the same sequence of steps as in the

proof of part (ii), then it can be shown that

T
T2 (br —0.) = —[G.S.GT'GST Y (f(vr,6) — pa)
t=1
= —[G.S.G)TCTVA(SE = ST e + op(1) (51)

Under our assumptions, [G,S.G.] G, = O,(1). Therefore we focus on T2 (S5' —S71) ..

It is convenient to write
TS5 = Syt = Sp'TY?(Sp — S1) ST e (52)
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and then consider the terms on the right hand side of (52) in turn. From Hall (2000)[The-
orem 1] we have S;' = O,(1), and from (49) S;'u. = O(bp'). Therefore TV/?(S; —
St 1) = O,(1), and hence TV2(0y — 6,) = O,(1), if S — Sp = O,(by/T"/?). The latter
is established in the following lemma.'?
Lemma A.1

Under the Assumptions of Theorem 3, Sp — St = O, (bp/T"/?).

Proof: First notice that

o =To + gr(0r(1))gr(fr(1))

and
T
L = I +* Z £ (1, 00(1))gr (0 (1)) + gr( Z (i, Or (1))’ — TT_ZQT(éT(l))gT(éT(l)),
t 'L+1 t:'L 1
T
= i+ Zf v, 00 (1)) gr (6 (1)) + gr (6 Zf v, b0 (1)) = gr(Or(1))gr (b (1))
T
T .
— =" Fo, 00(1))gr(0r(1)) — gr(8 (1))% ST flubr(1 +%9T(é (1)gr(0r(1))
t=T—i+1
= Ti+gr(0r(1))gr(0r (1))
T
3 Pl O ()gr Gr () — grBr (D) D Fonbr()) + g (Gr(1))gr (G2 (1))’
t=T—it1
for ¢ > 0. Therefore, it follows that
Sr = VT+ Z (i/br)gr(0r(1)gr (0 (1))’
T
T-1 1 A A A S A
+2Zw(i/bT){—fZf(vt79T(1))gT(9T(1))/—gT(QT(l))T > for, 00(1))
=1 =1 t=T—i+1

i . .
+T9T(‘9T(1)>9T(9T(1)),}'
If this result and S =V + BTM*,u; are substituted into S’T — ST then we obtain

Sy —Sr = Dir + Dar + Dsr (53)

12This result is separated out because it is of interest in its own right.
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Dir = Vp—V

T-1
Dyr = > wlifor) [gr@r(1)gr@r(1)) — p]
i=—T+1
T—1Jr 1t . . . 1 T A
Dar = 23 wlifbr){—7 3 foe0r(D))gr(@r(D)) = gr(@r() 7 > f(vrbr(1))
i=1 t=1 t=T—i+1

+2gr(br(1)gr(6r(1)))

By Assumption 7 (i) and the proof of theorem 3, it follows that Dy = O,(\/br/T). B
Assumption 6(ii) 11, 4 w(i/br) = O(br), and under our assumptions
A ~ ’ T A !
T2 [gr(br(D))gr(Or (1)) — pepss] = T2 3 [F (0, b2(1) = wlit, + 0p(1) = Op(1)

t=1

and so Dy = Op(bT/Tl/Q). So now consider D3 7. First notice that

D3T—2Z (¢/br) [Er,(i) + Ea,r(i) + B3 (i)]

where

t=1

) 1 a A 7 ’
Eor(i) = —gr(0r(1))= v, 07 (1)) — — pspey
2.7(1) .QT( 7( ))Tth_:H_lf( (1)) TM I
Eyr(i) = Zgr(0r(D)gr(@r()y

Now, with some rearrangement, we have

T'PE p(i) = T2 [f (v, 0r(1) = g + 0p(1)
t=1

and so under our assumptions TY/2E; 7(i) = O,(1). A similar analysis implies T2 Ey 7 (i) =

O,(1). Therefore, from Assumption 8(ii), 237 w(i/br) [E1.7(i) + Ear(i)] = Op(br/TY?).

Finally, consider 237~ w(i/by)FE3 (i) = 2E37. Under our assumptions, we have gz(87(1))gr (67 (1))
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O,p(1) and

() - L (5o

Therefore E3p = O,(b%/T). Combining these results we have D31 = O,(bp/T*/?), and so

Sy —Sr = Dir + Do + Dir

= Op(y/br/T) + Op(br/T'?) + Op(br/T"?) = Op(br/T"/?)

Proofs of the results in Section 4

Note: we suppress the dependence of éT and 0, upon W and W respectively for nota-
tional brevity.

We shall use the following results in the proofs of Theorems 5, 6 and 7. By the standard
argument, one can show that the constrained GMM estimator is consistent under the null

hypothesis. Define a Lagrangian for the constrained GMM estimation by
L0, \) = —gr(0) Wrgr(0) — Na(0)

where A is a r-dimensional vector of Lagrange multipliers. The constrained GMM estimator
O and the Lagrange multiplier 7 satisfy the following first-order necessary condition:

ot

—GT(éT)/Wng:(éT) — A/TX\T
—a(br)

where A = da(071)/00'. Define

Hy 7, Hor, Hy (1), Hor(2), Hor(3), Hs 7, My

by

Hyr,Hor,Hy 7 (1), Hy1(2), Ho7(3), Hy 7y M7
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with O replaced by 07, respectively. Applying the Mean Value Theorem to the first-order
condition yields

_ _ _ — r— Ha (0
—Hyr — Hyr(2) — Har(3) | _ | Mr _~H0% éeT)
0 8(1(9’1") 0

VT(0r —0.) | _
l VTAr ] = op(1),

where 07 is a point between 67 and 6,. By the uniform convergence,

[ @)~ Farts) | [ 4] l VIl 0 ] ~ 0,(1).

Thus,

VT 0

Solving for /T (A1 — 6,) yields

[ VI(r — 0.) ] - % ]_1 | @ = @) [ o),

VT(Or —0.) = —[H "= H ' A(AHTA) T AH [ Hyr + Hor(2) + Har(3)] + 0p(1)

= —M.[Hi 1+ Ho7(2) + Hor(3)] + 0p(1). (54)
Combining the expression for /T'(fr — 0,) and that for vT(8 — 0,) gives
VT(0r — 0r) = —H " AL(AH VAL ALH T Hy o + Hap(2) + Har(3)] + 0p(1). (55)

Proof of Theorem 5.

First, we consider the Wald test. Since
Waldy = VT(0p — 0,) A { Ap|Gr(00) WrGr(6r)] " Ap)' } P ApVT (07 — 6,),

Ap{Ar(Gr(0r) WrGr(0r)] P APyt Ap B AL(AL(GLWG,) AT AL, (56)

and

\/T(éT - 9*) i} N(Oa 22)

by Theorem 2, the desired conclusion immediately follows.
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Second, we consider the Lagrange multiplier test. It follows from the Mean Value

Theorem and the first-order condition in population that
GrWrvTgr(0r)
= GrWrlVT(g9r(0.) — p) + VT e + Gr(00)VT (07 — 0,)] + 0p(1)
= GWVT(g9r(0s) — ps) + VI (Gr — Gr(0:)) Wrps + VT (Gr(0s) — Gu) Wrps
+GNT(Wp — W) + WG NVT (07 — 6.,) + 0,(1), (57)
where A7 is a point between 7 and 6,. As in the derivation of (9), we obtain
VT(Gr — Gr(0.)) Wrps = [(WW & LYGPIWT (01 — 6,) + 0p(1). (58)
Substituting (58) into (57) produces
G WV Tgr(0r)
= GWVT(gr(0:) — ps) + VT(Gr(0:) — G Wrpe + GNT (W — W) s
HGLWG, + (LW @ L)GPWT (6 — 6,)
= GIWVT(gr(0.) — pu) + VT(Gr(0:) — Go) Wrp + GNT(Wr — W)
+HNT (07 —0,). (59)
It follows from (54) that
VT(0r = 0.) = =M. VT (g7(0+) — ) + VT (Gr(0.) — G)' W s + GL(Wr — W)p.]. (60)
Substituting (60) into (59) yields
GrWirVTyr(fr) = (GW — HAMOVT (gr(0.) — ) + (I, — HAM)VT(Gr(0.) — Go) Wrp.
+(I, = H-MIVTG (Wr — W) . (61)

The desired conclusion follows from (12), (61) and the definition of the LM statistic.

Lastly, we consider the Likelihood Ratio-like test. Since
LRy = \/T(éT — éT)/G'/TWT\/TgT(éT) + \/T(éT — éT)/ér/TWTéT\/T(éT — éT) + Op(l)
= VT(0r — 07) GEWrGrVT (07 — 67) + 0,(1)
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where the second equality follows from the first-order condition for the unconstrained GMM
estimator, the desired conclusion follows from (55).
Proof of Theorem 6.

The proof of Theorem 6 is analogous to that of Theorem 5 except that Theorem 3 is

applied and thus is omitted. If T/2 / b;/ 24k _, oo, we have

2k

= kw,

b%k P / 1~ /
= KLM,

b%‘k p / —1 4/ —1 47 -1 e Yal

X (H*_*IA;* (A**HQIA;*)_IA**H*_*I)IG**CH**
= KLR.

Proof of Theorem 7.

It follows from (50) and (56) that

2
bTTWaldT = CLAL(A(GIWGL) TTA) T ALCL + 0,(1).

Since
Hiz = Gr(fr)WrT 3 ZT;[f(Uta 0+) — ps] = Op(1),
=
ﬁ2,T(2) = Tl/z[GT(e* — G)Wr)p] = Op(1),
and
b g, r(3) = Gr(Wr —W)u.
JT %

= GLbr(Sp' — Syt + 87t — So)us

= GLor(Sp! = Sph) e + GLbrST s

~

= GLS; (St — Sr)brSy s + GLbr ST

5 ]
= e OV et op(1),
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where the latter follows from the arguments following equation (52), Lemma A.l1 and

G' Sy s = 0, it follows that

\b/TT{HLT + Hor(2) + Hayr(3)} = — ’

By (54), (55) and (62), we obtain

bT — 6M*G;V_1/L*
ﬁ(HT—G*) = _W‘*‘Op(l):
br .
TTT(@T —0r) = —MLH*IA;(A*H*IA;)1A*H*1G1V1M* + op(1).
Therefore

T iV

WG;V_I,U* + 0p(1).

b2 2
LMy = (ﬂ> VG ML(GLS.GO)MGLY "y + 0,(1),

b2 2
TTLRT = (ﬁ )u;le;H*lA;(A*H*lA;)1A*H*1

Vs

XGLS, G (H P AL (ALH YA TP ALHYY GV s + 0,(1).

*
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