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Abstract

We consider processes with second order long range dependence resulting from heavy
tailed durations. We refer to this phenomenon as duration-driven long range dependence
(DDLRD), as opposed to the more widely studied linear long range dependence based on
fractional differencing of an iid process. We consider in detail two specific processes hav-
ing DDLRD, originally presented in Tagqu and Levy (1986), and Parke (1999). For these
processes, we obtain the limiting distribution of suitably standardized discrete Fourier trans-
forms (DFTs) and sample autocovariances. At low frequencies, the standardized DFTs
converge to a stable law, as do the standardized autocovariances at fixed lags. Finite col-
lections of standardized autocovariances at a fixed set of lags converge to a degenerate dis-
tribution. The standardized DFTs at high frequencies converge to a Gaussian law. Our
asymptotic results are strikingly similar for the two DDLRD processes studied. We calibrate
our asymptotic results with a simulation study which also investigates the properties of the
semiparametric log periodogram regression estimator of the memory parameter.

1 Introduction

The renewal-reward process of Taqqu and Levy (1986) and the error duration model of Parke
(1999) are nonlinear models with long memory. Both models embody useful features not shared
by traditional linear long-memory models such as ARFIMA. The renewal-reward process has
been applied in long-memory analysis of internet traffic data (for a review, see Willinger et. al.,
2003). Liu (2000) has applied a modified version of this process to financial returns exhibiting
simultaneous long memory and structural change in the volatility. The error duration model
of Parke (1999) has drawn considerable recent attention among practitioners in finance and
economics. By focusing on the duration of shocks rather than on fractional differencing of the
shocks, the model provides an appealing paradigm for long memory in economic time series and
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in volatility of financial series. Both models exhibit a feature which may be viewed as structural
change. In the Taqqu-Levy process, the value of the process stays constant at some random level
throughout regimes of durations governed by a sequence of i.i.d. random variables with finite
mean but infinite variance. In the model of Parke (1999), the process is written as a sum of
present and past shocks, where shocks survive in the sum for durations governed by a long-tailed
i.i.d. sequence. In both models, there is a one-to-one correspondence between the tail index of
the i.i.d. duration sequence and the memory parameter of the process. Therefore, we will say
that both of these models possess duration-driven long range dependence (DDLRD).

As these models gain increasingly widespread application, practitioners may feel that, if
faced with data generated by a model having DDLRD, they can safely use the standard meth-
ods of data analysis and statistical inference for long-memory series. In particular, they may
wish to examine the sample autocovariances, or to construct the log-periodogram regression
estimator (GPH) of the memory parameter, due to Geweke and Porter-Hudak (1983), or to use
the Gaussian semiparametric estimator (GSE) of Kiinsch (1987). Some caution may be in order
here, however, since most of the existing theory assumes that the series is either Gaussian (see
Robinson 1995a and Hurvich, Deo and Brodsky 1998 for GPH), linear in an i.i.d. sequence
(see Velasco 2000 for GPH), linear in a Martingale difference sequence (See Robinson 1995b for
GSE, Chung 2002 for autocovariances), or, in the case of volatility, that the observations can be
transformed into a sum of linear series (see Deo and Hurvich 2001, Hurvich and Soulier 2002, for
GPH applied to long memory stochastic volatility models). If the Taqqu-Levy and Parke models
are to be widely accepted and used, it is necessary to build a theory for the currently-standard
methodology of long-memory data analysis and inference that applies to such series. The present
paper represents a first step in that direction. We will explore the asymptotic properties of the
discrete Fourier transforms (DFTs) and sample autocovariances from both processes. Some of
the results are surprising, and tend to confirm that caution was indeed warranted.

One surprising result we find is that both the sample autocovariances at a fixed lag and
the DFT at a fixed Fourier frequency, if suitably standardized, have limiting non-Gaussian
stable distributions. This implies that a data analysis based on examination of the sample
autocovariances may be misleading. It also implies that data analytic methods that rely on
the very low frequency behavior of the DFT of a long memory series will not have the same
asymptotic properties as in the linear long-memory case. (See, e.g., Chen and Hurvich (2003 a,b)
on fractional cointegration of linear processes). On a more positive note, but still surprisingly,
we find for the DFT at the j'th Fourier frequency x; = 27j/n where n is the sample size, that
if j tends to oo sufficiently quickly, then the DFT is asymptotically normal. This indicates that
the DFT at not-too-low frequencies has some robustness to the type of long-memory generating
mechanism. It also suggests that standard estimation methods such as GPH and GSE may
retain the same properties they are already known to have in the linear case, although some
trimming of very low frequencies may be needed. Our theoretical results will be augmented with
a Monte Carlo study, both to calibrate the finite-sample applicability of our theorems, and to
briefly explore the properties of the GPH for models with DDLRD, a topic which we do not
attempt to handle theoretically here.



The organization of the remainder of this paper is as follows. In Section 2, we review some of
the existing theory on second order long memory processes, so as to contrast it with the theory
we will develop for the DDLRD processes. In Section 3, we give the precise formulation of the
Taqqu-Levy and Parke models, exhibit their autocovariance functions, present a proposition
which shows that Parke’s process is well defined only in the stationary case, and present some
basic theory for these models. In particular, in Section 3.3 we consider the weak convergence
of partial sums for both processes, and in Section 3.4 we consider asymptotics for the empirical
process in the Taqqu-Levy case. In Section 4, we present the asymptotics for the discrete Fourier
transforms for both series, treating the cases of low frequencies and high frequencies separately, as
the limiting distribution is different in these two cases. In Section 5, we consider the asymptotics
for the sample autocovariances of the Parke and Taqqu-Levy processes. Interestingly, the joint
limiting distribution of a collection of standardized sample autocovariances at a fixed finite set
of lags is degenerate. In Section 6 we present the results of a simulation study. In Section 7, we
present some concluding remarks. Section 8 presents some lemmas useful for establishing our
main results.

2 Second order long memory

We start by recalling some classical definitions and facts about long memory processes. A
second order stationary process X = {X;, t € Z} is usually said to be long range dependent if
its autocovariance function v(t) = cov(Xp, X¢) is not absolutely summable. This definition is
too wide to be useful. A more practical condition is that the autocovariance is regularly varying:
there exist H € (1/2,1) and a slowly varying function L such that

A(t) = L)t (2.1)

Under this condition, it holds that:

lim n 2" L(n) tvar (Zn: Xt> =1/(2H(2H —1)). (2.2)

n—oo
t=1

A second order stationary process satisfying (2.2) will be referred to as a second order long
memory process, and the coefficient H is the long memory parameter of the process, often
referred to as the Hurst coefficient of the process X. We will hereafter use this terminology.

A weakly stationary process with autocovariance function satisfying (2.1) has a spectral
density, i.e. there exists a function f such that

V)= [ fa)eda.

The function f is the sum of the series
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which converges uniformly on the compact subsets of [—7, 7] \ {0} and in L'([-n,7],dx). Tt is
then well known that the behaviour of the function f at zero is related to the rate of decay of ~.
More precisely, if we assume in addition that L is ultimately monotone, we obtain the following
Tauberian result:
liné L(z)'a? 1 f(2) = 77T (2H — 1) sin(7 H). (2.3)
r—
(Cf. for instance Taqqu (2003), Proposition 4.1). The usual tools of statistical analysis of weakly
stationary processes are the empirical autocovariance function, the discrete Fourier transform
(DFT) and the periodogram. We will focus here on the DFT and periodogram ordinates of a
sample X1,...,X,, defined as
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n
dx = (2mn)~1/2 ZXteim’“7 Ixp = |dxx
=1

where z, = 2km/n, 1 < k < n/2 are the so-called Fourier frequencies. (Note that for clarity
the index n is omitted from the notation). In the classical weakly stationary short memory
case (when the autocovariance function is absolutely summable), it is well known that the
periodogram is an asymptotically unbiased estimator of the spectral density. This is no longer
true for second order long memory processes. Hurvich and Beltrao (1993) showed (in the case
where the function L is continuous at zero but the extension is straightforward) that for any
fixed positive integer k, there exists a constant c¢(k, H) such that

nango ElIxk/f(zr)] = c(k, H).

The previous results are true for any second order long memory process. We now describe some
weak convergence result that are valid for Gaussian or linear processes.

If X is a second order long memory Gaussian process, then L(n)*l/ 2n—H Zgi]l X}, converges
weakly to the fractional Brownian motion By (t) which is the zero mean Gaussian process with
covariance function given by:

E[Bu(s) Bu (1) = 3 (152 — |t — s/ + [12").

Here weak convergence is in the space D of right-continuous and left-limited (cadlag) functions
on [0, 00).

This result can be extended to a strict sense linear process, i.e. a process X for which there
exist a sequence (¢;);cz of i.i.d. random variables with zero mean and finite variance, and a
square summable sequence of real numbers (a;) ez such that for all t € Z,

Xt: E Qj€t—j.

JEL

If aj = L(j)|5% —3/2 then X is a second order long memory process with Hurst coefficient H,

and L(n)n=H Zgi]l X}, converges weakly, in the sense of weak convergence of finite dimensional
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distribution, to the fractional Brownian motion By (t). This can be proved easily by applying the
Central Limit Theorem for linear processes of Ibragimov and Linnick (1971, Theorem 18.6.4).
Weak convergence in the space D can also be proved. Cf. Gorodeckii (1977) or Lang and Soulier
(2000). The classical example of such a long memory linear process is the ARFIMA(p,d,q)
process, introduced by Granger and Joyeux (1980), Hosking (1981), whose Hurst coefficient is
H=1/2+4d.

For Gaussian and linear processes, a weak convergence result can also be obtained for the
periodogram and the DFT ordinates. For any fixed j, f (:r:j)_l/ 2dx,j converges to a complex
Gaussian distribution with dependent real and imaginary parts. Cf. Terrin and Hurvich (1994).
Chen and Hurvich (2003 a,b), Walker (2000), and Lahiri (2003).

The asymptotic behaviour described above is different from the behaviour of weakly depen-
dent processes, such as sequences of i.i.d. or strongly mixing random variables, whose partial
sum process, renormalised by the usual rate \/n, converges to the standard Brownian motion.
But these long memory processes share with weakly dependent processes the Gaussian limit and
the fact that weak limits and L? limits have consistent normalisations, in the sense that, if &,
denotes one of the statistics considered above, there exists a sequence v, such that v,&, con-
verges weakly to a non degenerate distribution and v2E[¢2] converges to a positive limit (which
is the variance of the asymptotic distribution).

In the sequel we define two second order stationary models, which possess properties (2.1)
and (2.3), but whose weak limit behaviour is extremely different of that of Gaussian or linear
models. In section 3 we define these models.

3 Formulation of the Models

3.1 The Taqqu-Levy Model

Let {T}} be ii.d. positive integer-valued random variables with mean p, in the domain of
attraction of a stable distribution with tail index o € (1,2), i.e. there exists a function L, slowly
varying at infinity such that for all n > 1,

P(Ty > n) = L(n)n™*. (3.1)

To avoid trivialities, we also assume that P(77 = 1) > 0. Let Sp be a non-negative integer-valued
random variable, independent of the {T}}, with probability distribution

P(So=u)=p 'P(Tpy >u+1), u=0,1,.... (3.2)

Let {W}} be i.i.d. random variables with E[W}] = 0 and var[Wj] = 03, < co. Assume that the
{W}} are independent of Sy and {7} }. We observe a process denoted by {X;} fort =0,...,n—1.
The observed process is constant on regimes (intervals) determined by Sy and the interarrival
times Tj. The constant value on each regime is given by one of the {W)}. The time between the
start of the sample and the first change of regime is Sy, and the subsequent waiting times are



T1,Ty,.... The total time up to the end of the k’th regime (kK =0,1,...) is given by S_; = —1,
So and
Sp=5S+T1+...+T, k=1,2,....

The observed process {X;} is given by Wy, if ¢ lies in the £’th regime, so that

Xy = ZWkl{sk,lgt<Sk}7 (3.3)
k=0

where 14 is the indicator function of the set A. Let M, be the counting process associated with
the renewal process {Sp, S1,...}, i.e. a non-negative integer-valued random variable denoting
the total number of regime changes in the series before the time n — 1:

M,=k< S,_1 <n<5.
The renewal process {Sp, S1,...} is called a stationary renewal process, in the sense that the
counting process M,, has stationary increments, whence the following result.

Proposition 3.1. The process X defined by (3.3) is strictly stationary with zero mean and
covariances

COV(X(),XT) = U%/]P)(SO Z 7’) = uflaa/E[(Tl - T)l{ler}]‘

If (3.1) holds with 1 < a < 2 and L ultimately monotone, then X is second order long memory
with Hurst coefficient H = (3 — «)/2 and spectral density f satisfying

2
i “lg2H- = 7 — 1) sin(7

3.2 The Parke Model

Let (€t)1ez be a sequence of i.i.d. random variables with zero mean and (ns)scz be a sequence of
ii.d. non-negative integer valued random variables which is independent of (& ):cy. For s € Z,
define

gsp =1 s <t<s+n,.

Parke’s error duration process is then defined as:
X = Z Gs,t€s,
s<t
Let N be a generic random variable with the same distribution as the ng, and define
pr:=P(N >k) k>0.
(Pk)k>0 is then a non increasing sequence such that py = 1 and limy_,o py = 0.

Parke (1999) does not discuss the existence of this process. In his main result, he assumes
that it is well defined and second order stationary. Since the terms in the sum defining the
process are not vanishing, by well defined we mean that the sum is almost surely finite. We now
give a necessary and sufficient condition for the process X to be well defined.



Proposition 3.2. Parke’s process is well defined if and only if E[N] < co. In that case it is
strictly stationary. If moreover ey has variance o2, then Parke’s process has mean zero, finite
variance and covariances

cov(Xo, Xp) =02 Y pj = 0ZE[(N +1—1)l{nsry] =02 Y pr.

j>r k=r
If the survival probabilities py are regularly varying with index o € (1,2), i.e. if they satisfy
pi=P(N =2j)=L(G)i™" =1, (3.4)

where L is slowly varying and ultimately monotone at infinity, then Parke’s error duration model
X exhibits second order long memory with Hurst coefficient H = (3—«)/2 and its spectral density
f satisfies

o2

WE—H) I'(2H — 1) sin(rH).

lirr%) L(1/z) ta?H 1 f(z) =
xr—
Proof. A necessary and sufficient condition for this process to be well defined is that almost
surely, for all t € Z,

inf{s € Z,s +ns >t} > —o0.

Since the random variables n, are i.i.d. with the same distribution as N, by Borel-Cantelli’s
Lemma this condition is equivalent to

ZP(NS >t—s) :iP(NZk) < 0.
k=0

s<t

Hence the necessary and sufficient condition for Parke’s error duration process to be well de-
fined is E[N] < oco. The expression of the autocovariance function is proved in Parke (1999)
Proposition 1. O

3.3 Invariance principle

Let X denote either Parke’s or Taqqu-Levy’s process. The next proposition shows that although
the process X is second order stationary and its autocovariance function exhibits long range
dependence, the partial sum process of X converges to a stable Lévy process with independent
increment, which implies that its behaviour mimics that of a sum of i.i.d. heavy tailed random
variables. In the case of the Taqqu-Levy Process, it is stated without proof in Taqqu and Levy
(1986); it can also be seen as a particular case of Theorem 2 in Mikosch et al. (2002).

Proposition 3.3. Assume that (3.1) and (3.4) hold with 1 < a < 2. Denote £(n) = n~'/®inf
{t >0: P(U>t) < n_l} with U = T for the Taqqu-Levy process and U = N for the Parke



process. Then the finite dimensional distributions of K(n)*lnfl/a ZEZ]I Xk converge weakly to
those of the a-stable Levy process A, with characteristic function

Efe"] = exp {—t [u[* T E[|¢]*T(1 — ) cos(ma/2)(1 — i Bsign(u) tan(re/2))},  (3.5)

with f = (E[£Y] —E[£*])/E[|€]|*] and & = Wy in the case of Taqqu-Levy’s process and & = €1 and
w =1 1in the case of Parke’s process.

Proof in the case of Parke’s process. For any real numbers z,y, denote x4 = max(z,0), z_ =
max(—z,0),  Vy = max(z,y) and A y = min(z,y). Recall that gs; =1if s <t <s+ng and
0 otherwise. Hence, we can write:

n n (s+ns)+An
Z Xi = E Z 9s,k€s = § Z Js,k€s
k=1 k=1 s<k s<n k=1Vs

= {(s+n)s Antes+ > {(s+n)An—s+1}es=Un+ Vi
s<0 s=1

Since » . oP(s +ns > 0) = > P(V > k) = E[N] < oo, the number of terms in the sum
U = ngo(s + ng)+e€s is almost surely finite. Hence U, converges almost surely to U and
Un, = Op(1). We now split V;, into three terms: V,, = V1, — Vo, + V3 ,, with

n n
Vl,n = Z(ns + 1)657 ‘/2,77, = Z(ns + 1)1{S+TLS>TL}€S7
s=1 s=1
n
and V3, = Z(n — s+ 1D)1gpn,>n)€s.
s=1

Since the sequences (ng) and (es) are i.i.d. and independent of each other, V3, has the
same distribution as W, = > 71_; klg,, spyer. Since Y72 P(ng > k) < oo, by Borel-Cantelli’s
Lemma, almost surely there exists an integer K such that for all £ > K, ni < k. Hence W,
converges almost surely to > ;- ; k1, >ky€k, which is almost surely a finite sum. This implies
that V3, = Op(1).

Similarly, V5 ,, has the same distribution as ", _, nx1 {ny>k)€k> Which converges almost surely
to the almost surely finite sum Y 72 | ng 1y, >py€ex. Hence Vo, = Op(1).

Under assumption (3.4), N is in the domain of attraction of an a-stable law. Since E[e3] < oo,
by Breiman’s (1965) theorem, (ns + 1)e is an i.i.d. sequence in the domain of attraction of an
a-stable law. Thus we obtain that n=/¢(n)~'V3, converges weakly to the stable distribution
with characteristic function given by (3.5) (cf. for instance Embrechts et al. (1997), Proposition
2.2.13). The convergence of finite dimensional distribution is obtained similarly. O



3.4 Empirical process of Taqqu-Levy’s process

In the case of Taqqu-Levy’s process, the invariance principle can be straightforwardly extended
to an invariance principle for instantaneous functions of the process: if ¢ is a measurable func-
tion such that E[¢?(W;)] < oo and E[¢(W;)] = 0, then the finite dimensional distributions of
((n)"In~ Ve Zgﬂ (X)) converge weakly to those of an a-stable Levy process, where ¢ is the
same slowly varying function as in proposition 3.3. For Parke’s process, we conjecture that this
is true for polynomial functions. It is actually shown in the case ¢(x) = 22 — E[€3] in Theorem
5.1, and a similar proof would probably work in the case of a higher order polynomial.

In the special case of an indicator function, we obtain the usual interval-indexed empirical

D lixi<ap
k=1

Let Fyy(z) = P(W1 < z) be the distribution function of Wj. Then F, is an estimator of Fyy
and we have the following convergence result.

process:

Fp(z) =

SRS

Theorem 3.1. The finite dimensional distributions of the process £(n) " n'=1/*(E, — Fy) con-
verges weakly to those of the process Ao (F'(+)), where A, is the stable Levy process with charac-
teristic function

E[eAe®)] = exp {—t lu|*p1T(1 — @) cos(ra/2)(1 — isign(u) tan(ma/2))},

and {(n) =n'/*inf {t >0: P(Ty >t) <n~'}.

Sketch of Proof. Neglecting the first and last renewal periods, write

My,
(n) "tV Fy(a) = Fw ()} = ) "'y " Loy (Th — )
k=1

M,
+ () VS {1 <oy — Fw(2)} + (ul(n) "0 VM, — 1) Fyy ().
k=1

By Lemma 8.1, the finite dimensional distributions of £(n)n=/* 21]4\;4:”1 Liw,<ay (T — p) are
asymptotically equivalent to those of £(n)n =1/ EZL A 1w, <o} (Tk — p) which converge to those

of Aq(F(z)). Since the variables W, are independent of M,,, we have, by the renewal theorem,

M, 2
E (Z {Lw<a) — Fw(ﬂﬁ)}) = Fiy (z){1 = Fw (2)}E[M,] = O(n).

k=1

Thus, 347 { 1w, <o) — Fw (2)} = op(C(n)n'/*). O



4 Asymptotics for the DFTs

Define
n—1
it
Dn,j = E X e,
t=0

where X denotes either Taqqu-Levy’s or Parke’s process.

4.1 Low frequencies

Proposition 4.1. Define d,, ; = ,Ln:/f] ke with n, = TpyWy, for the Taqqu-Levy process
and n = niep and p = 1 for Parke’s process. If (3.1) and (3.4) hold and if j < nP for some
p € (0,1 —1/a), then £(n) " *n=Y (D, ; — dn ;) = op(1), where £ is defined as in Proposition
3.3.

Since in both cases 71, belongs to the domain of attraction of an a-stable law, Proposition
4.1 implies if j < nP, then E(n)_ln_l/aDnJ converges to a stable distribution. In the case of
fixed frequencies, we can describe more precisely the asymptotic distribution.

Theorem 4.1. Let j1 < --- < jq be q fized positive integers. Let ¢ be defined as in Propo-
sition 3.3. Then £(n)"'n=Y*(D, j,, ... y Dy j,) converge in law to the complex a-stable vector

(fol BTSN, (5), . . ., fol e2i”jq5d1\a(s)>, where A, is the a-stable Levy process with characteris-
tic function given by (3.5).

Proof of Proposition 4.1 in the case of Parke’s process.

n n
ij = E Xteltwj = E E gsﬂgelm]fs
t=1

t=1 s<t
(s+ns)+An n (st+ns)An
= Z Z eTie, + Z Z eieg =: Uy i+ Vi j.
s<0  t=1 s=1 t=s

As in the proof of Proposition 3.3, the sum defining U, ; is almost surely finite. If j/n — 0,
then U, ; converges almost surely to the random variable U = ) s<0(5 +ng)es. Split now V;, ;

10



into three terms: V,, ; = W, ; — Ry, ; + 15, ;, with

n (s+ns)
W= | Y i | e, (4.1)
s=1 t=s
n (s+ns)
n,J _Z Z e 1{S+ns>n}657
s=1 t=s
n n
it
Toj =2 D" Yatn>npés.
s=1 t=s

Consider first R,,. Since the sequences (ns) and (es) are i.i.d. and independent of each other,
we have:

3

n i(ns+1)z; d) (k1) 1 — ei(net1)z;

elszj l—e = e~
n,j = elT; {5+n3>n}63 - 1 — eltj {nkzk}ek’
k=1

—

d
where @) denotes equality of laws. Since almost surely there is only a finite number of indices k
such that ny >k, if j/n — 0, this last sum converges almost surely to > 72| (ng + 1)1, >k} €x-
Hence R, ; = Op(1). Similarly, T}, ; has the same distribution as

n n n k—1

't . — .
2 2 M lmena = 3 ¢ e
k=1t=n—k+1 k=1u=0

If j/n — 0, this last term converges to > -, k1, >k} €k, which is an almost surely finite sum,
whence T;, ; = Op(1). In conclusion, as long as j/n — 0, W, ; is the leading term in the
decomposition of D, ;. Consider now W), ;. It can be written as

1 — ei(nst)z; sin((ns + 1)z, /2)
_ isxy; - v T T isz; inswj/2 s J
W, Z ¢ 1 — el® ; ¢ e sin(z;/2) e

n .
— Z isx; Sln nS + 1).%']/2 €5 + Zeisa}j (einsmj/Q - 1) Sln((ns + 1)xj/2) €
=1

sin x]/2) sin(z;/2) B

sin((ns + 1)z;/2)
d 1sz J —ng — 1 s
m Z < " ) ‘
isz; [ insx;/2 sin((ns + 1)1"]/2) _ ) )
+ Z::e J (e j 1) sin(z;/2) €s = dpj + 7.

To deal with the remainder terms, we use the following bounds: there exists a constant C' such
that for all uw € R and for all v € (0,1),

e — 1] < C(|u| A1)

sin(uv) < Clu|(Juv| A1) + |ulv?.

—Uu

sin(v)

11



For p € (1, @), applying these bounds and the moment bound for independent zero mean random
variables with finite p-th moment (cf. Petrov (1995), addendum 2.6.20), we have:

Ellra "] < C Y El(ns)"((nsj/n) A1)P] = CrE[NP((Nj/n) A1)P] + Cn(j/n)*PE[N?].
s=1

Let us compute E[NP((Nj/n) A 1)P] for any p > 1.
n/j

E[N?((Nj/n) NP = (j/n)P > kP P(N = Z KPP(N = k) < C(j/n)* PL(n).
= k=n/j

Hence, for any p € (1,a), E[Jr,|] = O(L(n)n!T(1=2)/pja/p=1) 1f j < nP for some p € (0,1 —
1/a), then p can be chosen close enough to a so that lim, . h(n)n=/*E[|r, ;|| = 0, for any
slowly varying function h. O

Proof of Proposition 4.1 in the case of Taqqu-Levy’s process. For clarity, we denote in this proof
Tp,; = 2mj/n. By summing over each regime separately, we can express D,, ; as

So—1 Sp—1
WO § : ezta:n it Z Wk § : eltl‘n it WMn—I—l Z eltacn j
t=Sk_1 t= Sl\ln

= T17n7j + an7n»j + T27n7j’

where we have defined:

) sin(Soxn,;/2)
i = ni/2}————=—=,
T1,n,j Wo eXp{l( )Jj J/ } sln(an/Z)
_ ) sin({n — Sn,, + 1}y ;/2)
T2 = Wi, +1 exp{i{Sn, + (n — SMn)/Q}xTLJ} sin(xn,j/2) )
Sp—1 .
_ iten,; _ Sk 4+ mnjw
T S SR o T
k-1

Obviously, |r1x.j| < |Wo|So, hence ry 5, ; = Op(1), uniformly with respect to j < n/2. To deal
with rg,, j, note that n — Sy, is the forward recurrence time of the stationary renewal process
(Sn)n>0, hence its marginal distribution is constant and is equal to that of Sy (cf. Resnick (1992),
Theorem 3.9.1). Thus, for ¢ < a — 1, E[|ro,, ;|9 < E[[Wy|YE[SF] < 0. 79, is also Op(1),
uniformly with respect to j < n/2. Applying Lemma 8.1, we obtain that was, nj — Wi unj =
op(n~h(n), uniformly with respect to the sequence j and for any slowly varying function h.

We now prove that h(n)n_l/a(w[n/ﬂ},n,j —dp;) = op(1). Define Wy, ; = Sp, elSk-171/2)n;

T:Wi.. Applying Lemma 8.2 with m = [n/pu], H(u,v) = /2 s;ﬁf(u:/;)) and G, j, = el(Fe-171/2)en;,
we obtain:

Win/umg = Plnjlmng = 0p(n*/*h(n)). (4.2)

12



Define W, 5 = > pey e (b=1u=1/2Yan 5 W, . Applying Lemma 8.3 with ¢, = T, Wy, K(u) = e
yields

Bl fpdng = Binjl,ng = 0p(n'/h(n)). (4.3)

Finally, we bound W, /u)n,j — dn,j-

[n/u]
Win/pnyg — dng = Z (eikwn,je—i(#ﬂ/z)xn,j _ eikr[nmw)gk
k=1
/v in/4]
= Z ik kT, j (e—i(u+1/2)arn,j —1)Ck + Z (eik"u”’j _ eikx[n/”]’j)Ck-
k=1 k=1

Since 1/[n/u] — 1/(n/u) = O(n~2) and j < n” with p < 1 — 1/a, we obtain:
E([dp/u)n — dnl] < Ci/n = o(n"/*h(n)),

for any slowly varying function h. O

4.2 High frequencies

In the high frequency case, the asymptotic behaviour of the discrete Fourier transform is the
same as it is for linear series.

Theorem 4.2. If let j be a non decreasing sequence of integers such that j/n — 0 and j > nP
for some p € (1 —1/a,1), then (2mnf(x;))"Y/2D,,; is asymptotically compler Gaussian with
independent real and imaginary parts, which are each zero mean Gaussian with variance 1/2.

Proof in the case of Parke’s process. As seen in the proof of Proposition 4.1, the main term in
the decomposition of D, ; is W), ;, defined in (4.1). To prove convergence to a complex Gaussian
law, we use the Wold device. For a,b € R, denote

sin((ns + l)xj/2)es.

&ns(a,b) = {acos((s+ns/2)x;) + bsin((s + ns/2)z;)} sin(z, /2)

Then Y7 &ns(a,b) = aRe(Wy, ;) + bIm(W,, ). Denote o7 (a,b) = >_o_ E[¢2 (a,b)]. To prove
that o, 1(a,b) >_n_, &n.5(a,b) is asymptotically Gaussian, it suffices to prove that

> Elléns(a,b)] = o(0(a,0)), (4.4)
s=1

13



for some g > 2. We ﬁrst find an equivalent for o2 (a,b). To simplify the notation, without loss
of generality, assume o2 = 1. We have

sin®(x;/2)E[E] ] = E[{acos((s + ns/2)x;) + bsin((s + ng/2)x;)}? sin*((ns + 1)a;/2)]
= a2E[COS2((S +ns/2)x;) sin2((ns + 1)x;/2)] + abE[sin((2s + ng)z;) sin2((ns +1)x;/2)]
+ b*E[sin®((s + ns/2)z;) sin?((ns + 1)z;/2)]
a2 —I—b2 9 CL2 _ b2 9
=3 E[sin®((ns + 1)z;/2)] + E[cos((2s + ng)x;) sin”((ns + 1)x;/2)]
+ abE[sin((2s + ns)x;) sin®((ns + 1)z;/2)]

= o’ _2‘_ bQ]E[sin2((ns +1)z;/2)]

a2 — 12
+ { 5 b cos(2sxj) + absin(2sxj)} Elcos(nsz;) sin®((ns + 1)x;/2)]

32
- {“ > Y gin(2s2;) — abcos(Qij)} E[sin(nsz;) sin((ns + 1)z;/2)].
Applying Lemma 8.4, we obtain that

lim z; *L(1/x;) " E[h(nsz;) sin®((ns + 1)z;/2)] = « /000 h(t)sin?(t/2)t~ > tdt, (4.5)

with either h(t) = cos(t), h(t) = sin(t) or h(t) = 1. Now, since j — oo, we have:

n
l § :GQisxj
n

s=1

2 '_1
<—F——F = =o(1).
< g = 00T = o)

Thus,

lim n~* $ L(1/x) IZEfnsab)]
s=1

— 2a(a? + 1?) / §in(t/2)="1dt = (a? + 1) / sin ()11
0 0

T(2H — 1)

= (a® + b)T(1 — ) sin(n(a — 1)/2) = (a® + b%W

sin(mH).

Hence, applying (2.3), we obtain:

b2
lim (27nf(z;)) 1Z]E§nsab o’ +

n—oo

Hence 02(a,b) ~ enf(x;) — oo. Moreover, for any q > 2, we have:

E[|én,s| ] < C(lal + [b)2; “E| sin((ns + 1)z;/2)|7] = O(2§"L(1/x;)),

7y9(a8) S BEL) = O ((naf)0%).
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1=1/@ and ¢ > 2, we obtain that nz% — oo and Y7, E[¢] ]

Since we have assumed that j > n )

= o(oi(a,b)) and (4.4) holds.

Proof in the case of Taqqu-Levy’s process. If j > n'=1/® then limnﬁoo(nf(xnvj))*lmnl/"‘ = 0.
Hence, as in the proof of Proposition 4.1, we obtain that (27n) ~Y/2 f(x,, ;) ~Y/2(Dy, ; — W/ pling) =
op(1). We now prove that Win/u)n,j 18 asymptotically complex Gaussian by the Wold device.
Here again, without loss of generality, we assume O'IQ/V = 1. For arbitrary real numbers a and b,
define v2 = 2mnsin®(zy, j/2) f(zn,;) and

N = v;l{a cos((Sk—1+ (Tx — 1)/2)zp ;) + bsin((Sk—1 + (Tx — 1)/2)zp 5) } sin(Txn, ;/2) Wi

= v, L cos(Sk_12n,j){acos((Ty — 1)/2)zn ;) + bsin((Ty, — 1)/2)2n;)} sin(Than j/2) Wi
+ vy, tsin(S_12p ) {—asin(Ty — 1)/2)zn ) + beos(Th, — 1)/2)y, )} sin(Than, ; /2) W
Then (27n)~ Y2 f=12(z,, ;) {aRe(wp i) + 0Im(wy, /) nj) } = ZLZ{” Mn,k- Denote
Bi(u) = {acos(u/2) + bsin(u/2)} sin(u/2),
By (u) = {bcos(u/2) — asin(u/2)} sin(u/2),
Tin gk = Upt {c08(Sk_12n ) B (Tkan,;) + sin(Sg_12n ;) B2 (Tewn.;) } W,
and wm,n,j = 2?21 ﬁn,k- Then

[n/p]

D Mgk = fing = Op(f(xng) /%) = op(1).

k=1
Define M; = 37 _ ik, 1 < j < [n/p] and F = (F)p>1 with F, = o(T;,W;,j < k). Then
{M;} is an F-martingale and Mp/p) = Wiy n,;- Hence, to prove that wy, /), ; 18 asymptoti-
cally Gaussian, we must prove the conditional Lindeberg conditions:

[n/1)
there exists o > 0 such that Z ]E[ﬁik | Fr—1] £, 52 (4.6)
k=1
[n/u] b,
and Ve > 0, Z E[ﬁ%,kl{mn,ﬂzé} ‘ fkfl] — 0. (4.7)
k=1

To prove (4.6), note that
E[if 5 | Fi—1] = v *{cos” (Sk—12n,))E[BY (T1an,;)]
+ Sin(QSk_1$n7j)E[Bl (T1$n’j)B2 (Tlxn,j)] + Sin2(Sk_l.l‘n’j)E[B%(Tlan)]}UIQ/V.
Applying Lemmas 8.4 and 8.5 and using similar computations as in the proof of the previous

case, we obtain:

[n/u] 2 2
- a®+b
E El; i | Fr—1] i 5
k=1

(4.8)
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To prove (4.7), since E[|[W?|] < oo for some ¢ > 2, it is sufficient to prove that:

in/4]
D E[lfin |1 = o(v)). (4.9)
k=1

Since E[|ij]7] < 29 on “*{| By (Thrn,j)|%+| Ba (T )9} and B[ By(Tyn )9 = O(a2 £ (2n)),
i = 1,2, we obtain:

[n/u]
> Elliingl?] = O(nv, %23  f () = O}~ %) = o(1).
k=1

Hence (4.9) holds. Thus we have shown that {27nf(z,;}~"/2D,, ; is asymptotically equivalent
to {2mnf(w,;} W/ p),n,; Which converges weakly to a standard complex normal law. O

5 Asymptotics for the Sample ACF

The empirical autocovariance is often used as a diagnostic of long memory, hence it is of impor-
tance to investigate its meaningfulness in the present context. For k > 0, define

n—=k
(k) =n"" " X Xpgp. (5.1)
t=1

Since in both cases, X is a second order stationary process, 4, (k) is an asymptotically unbiased
estimator of v(k) = cov(Xog, Xx). In the next proposition, we show that it is also a consistent
estimator and obtain its rate of convergence and asymptotic distribution.

Theorem 5.1. Assume that (3.1) and (3.4) hold, El|eo]?] < oo and E[|[Wy|?] < oo for some
q > 2a. Denote £, = W2{T, — E[T1]} or & = €2{ns — E[n1]}. Let p =1 in the case of Parke’s
process. Then for any k > 0 and any slowly varying function h,

1 [n/p]
(k) = (k) = > &+ op(h(n)n' 1), (5.2)
s=1

Define £ as in Proposition 3.3. Then £(n)~ 'n*=Y (4, (k) —y(k)) converges weakly to an a-stable
random variable  with characteristic function

E[el*] = exp {— |u|* mq T'(1 — @) cos(ma/2)(1 — isign(u) tan(ra/2))},

with mq = E[|€1]?®] in the case of Parke’s process and mq = E[|[W1|>*]/u in the case of the
Taqqu-Levy process.
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Remark 5.1. The op term in (5.2) is not uniform with respect to k, but (5.2) implies that for
any fixed integers ¢, ki, ..., ky, the asymptotic distribution of the vector £(n)~'n'=1/[4,,(k;) —
v(k1), ..., An(kq) — v(kq)] is that of an a-stable vector whose components are equal. Thus, the
joint limiting distribution of a finite collection of standardized sample autocovariances at fixed
lags is degenerate.

Remark 5.2. The conclusions of Theorem 5.1 hold also for £(n) " 'n!=Y*(5,(k) — p(k)) where
pn(k) and p(k) are the sample and population autocorrelations at lag k. This non-Gaussian
limiting distribution (as well as the degeneracy described above) for the standardized sample
autocorrelations will clearly affect the asymptotic properties of parametric method-of-moments
estimators which are based on a finite number of sample autocorrelations.

Proof of Theorem 5.1 in the case of Taqqu-Levy’s process.

n—k 9] n—k
An(k) = nt Z W Wi,y = n! Z W;Wj Z Lt =jy LM p=57y

t=1 §.j'=0 t=1
[ee) n—=k [e'e) n—k
—1 2 —1
=n 'Y WEY Vgm0 Y WiWi Y L =51y
‘ 1 #5'=0 1=1
= Yn (k) + 7.

Consider first r,,. Note that the sums in j and j’ are limited to n since by definition, M; < t. If
j' < jorj >k, the event {M; = j; My, = j'} is empty. Hence:

o jt+k n—k

Z D D P(My=M =i Moy = My = ')
7=0j'=j+1s,t=1

o jt+k n—k

S S S ran - gt -

J=0j'=j+1 t=1

oo Jt+k

Z S P(My =M =i My = My = §)

7=0 7'=j+1 1<s<t<n—k

E[r2 =

n

"

For s < t and j < j', the set {Mg = My = j; Mgy, = My = j'} is empty if s + k < ¢. Hence:
) O'%/ n—k
Efr] = % D P(My < M)
o _
+-0N > P(My=M; < My = Myy) = O(n ).

s=1 s+l<t<s+k—1
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Thus r,(k) = Op(n~'/?). Consider now 7,(k). By definition of the renewal process, M; =
My, = jif and only if S;_1 <t < S; and T; > k. Thus

Mn—k n—k Mn—k

- 1 1

Y (k) = - > WD nreagymiy = - > WHTy = k) Lz, 8-
=1 =1 =1

Define 7, (k) = %Zg(:l_k)/“] WJ-Q(TJ- — k)l{szk}- By Lemma 8.1, for any slowly varying func-
tion h, we have that 5, (k) — ¥n(k) = op(n'~/*h(n)). Note now that by definition, E[(T} —

k)11 >k = #P(So > k). Thus:

1 [((n—Fk)/u]
(k) =k =~ > WHT = k)zsn
j=1
1 [((n—Fk)/p]
= WJ‘Q{(TJ' —k)lir>k — E(Th — k)1p >0}
j=1
[((n—k)/u]
P(Sy > k n—=k
B D L R O[Tl LU
=1
1 [((n—Fk)/u]
== > WH(T — k) lgysry — BTy — k)Liz, 5]} + Op(n~/?)
j=1

WHT; — E[T]} + Op(n~'/?).

Thus we conclude that for any slowly varying function h,

infad
> WHT; — E[Ti]} + op(n'/h(n)).
7=1

1
(k) — (k) = —
(k) = 7(k) = -
The rest of the proof is straightforward, given the other proofs in this paper, and is omitted to
save space. [

Proof in the case of Parke’s process.

n—k n—k
An(k) = nt Z Z Z Gs,t9s t+kC€sCs’ = n! Z Z 1{5\/1§t§(s—i—ns—k)/\(n—k)}eg

=1 s<t s'<i+k s<n—k t=1
n—k
Z Z1{sv1§t§(s+ns)/\(n—k)}1{(5'—k)v1§t§(s/+ns,—k)/\n}esﬁs/

s<n—k;s'<n t=1

s#s’
= ﬁn(k) + rn(k)

—I-n_l
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We first consider 7, (k). It is split into four terms as follows.

ra(k) =n"" Y {(s+ns)t A+ ng — k)¢ A(n— k) }eseq
5<0;8' <k

s#s!

+n Y Z {(s+ns)e A(s' +ng —E)A(n—k)} =5 +k + 1]egey
s<0 s'=k+1

_122 (s+ns) A +ng —k)x A(n—k)} — s+ 1esey
s=1s'<k
-1 / /
+n > [(s4+n) A(s' +ng —k)A(n—k)—sV (s —k)|esey
1<s<n—k;k+1<s'<n
s#s!
=Tin +T2n + 730+ Tan.

By the usual Borel Cantelli argument, nr; , converges to the almost surely finite sum " <o,.<o
s#t+k
{(s+ns)+ A(t+ni1k)+ pes€rrk. Hence r1, = Op(n~1). By independence of the i.i.d. sequences

(e5) and (ns), the terms 72, and rs, have the same distribution. We consider for instance the
former. Let S be the set of nonpositive integers s such that s +mngs > 0. Then S is almost surely
finite. Write 7o, =n~! Y scs &n,s€s, With

n—k
gn,s = Z[{(S + ns)+ A (t + nt-‘rk’) A (n - k)} -1+ 1]6t+k’
t=1
For each s € S, we have:
s+ng
lim &o= Y [{(s+7ms) At +nek)} =t + Uerps

Since S is almost surely finite, we thus obtain that

s+ng

lim nry, = E E (s +mns) At +nprk)} —t+ 1€k, almost surely.
n—oo
seS t=1

Hence 72, = Op(n~!) and similarly 73, = Op(n~!). Consider now the last term ry.,.

E[r},] = oin™? > E[{(s +ns) A (t + ngpr) A (n— k) — s V £}2]. (5.3)
1<s<n—k;1<t<n—k
s#t+k

This last expectation if finite, since the term inside is at most ng A ngg, and if N’ is an
independent copy of N, then N A N’ is square integrable. Indeed, we have

P(N AN' > k) =P(N > k)? = L*(k)k~ 2. (5.4)
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Since L is slowly varying, then so is L?, and since o € (1,2), then (5.4) implies that N A N’ is
square integrable. Let us now compute the expectation in the rhs of (5.3). Assume s <t < n—k.

E[{(s+ N)A({t+N)A(n—k)—sVt}?

n—k—sn—k—t

j=t—
n—k—sj—t+s
2 / /
= > ) JTR(N = PN =)
j=t—s 3'=0
n—k—s n—k—t
+ (j — t+ s)2P(N = j)B(N' = ') < CLA(t - 5)(t — 5)*™2

Plugging this bound into (5.3), we obtain
a1 O(L(n)n*2%) if a € (1,3/2], with L slowly varying;
Elran(k)7 = { O(n™1) if a € (3/2,2).

In conclusion, we have shown that 7,(k) = Op(n'~=®). Consider now 7, (k). Still by Borel
Cantelli arguments, we have

Fu(k) =n""Y {(s+ns — k)4 A (n—k)}el
s<0

n1 Z{(s +ng—k)A(n—k)— s+ 1}, spe

_IZ —k‘—{—l l{n >k}€ —|—Op( )

Altogether, we have

A (k) — —12 s —k+ 1)1, spyes —v(k) + Op(n'™®)

712{ s—k+1 1{n52k} —E[(TLS _k+1)1{n52k}]}63

E[(N -1+ k)1
2 (=) Z{e 72} + Op (1)

n! Z {(ns —k+ D150y — El(ns =k + D1 si)} € + Op(n™?) + Op(n' %)

12%-1& 1} €2+ O0p(n~2) + Op(n'=).
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Thus, if E[|eg|?] < oo for some ¢ > 2a, then £(n) " n'~1/%(%, (k) — y(k)) converges weakly to an
a-stable distribution. O

6 Simulations

Throughout this section, we denote the long-memory parameter by d € (0,0.5). Note that
d=H —1/2=1-«a/2. In all of our simulations, we use a sample size of n = 10000. We chose
to use ARFIMA(0,d,0) autocovariances in our simulations because they are nonnegative and
monotone non-increasing for all ¢, which is consistent with the nonnegative and non-increasing
autocovariances implied by both the Taqqu-Levy and Parke models. Let (¢) be the autocovari-
ance sequence of an ARFIM A(0,d,0) process,

T+ d)r(1-2d)
"0 = S dr )= ar

o2, t=0,1,... (6.1)

where o is the standard deviation of the ARFIM A innovations. For the integer-valued inter-
arrival time Sy as well as the {T}} in the Taqqu-Levy process and the survival times {ns} in
the Parke process, we use the following simulation algorithm : Let X denote either Sy, T}, or ng
and let G(r) = P(X > z). We can simulate an observation = of X by drawing an observation
u of a uniform random variable and setting x to be the integer such that

G(z) >u>G(z+1). (6.2)

In all cases we consider here, G(z) is expressed in terms of the Gamma function, so that there
is an easily evaluated continuous increasing function G(z) which is equal to G(z) for all integer
values at which G(x) is defined. The solution to (6.2) can be written as

T = Léfl(u)J, (6.3)

where || denotes the greatest integer less than z. We obtain the solution z to (6.3) using a
simple bisection algorithm.

6.1 Simulation of Taqqu-Levy Process

Before describing our sampling algorithm, we provide some convenient formulas for P(Sy > t)
and P(T} >t). From (3.2) and Proposition 3.1, we have

and o3, = 7(0)
and

P(Sozt):zg)), t=0,1,2,... (6.4)
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Thus, for t > 1, we have:

P2 1) = pP(s =1 - 1) = Toe =L
CB(So 2t ) -PB(So 1) Alt—1)— () .
T RGPS =) A0) (1) '

For all of our simulations of the Taqqu-Levy process, we assume that o3 = 1. From (6.4) and
(6.5), we can sample Sy and {7}} using the bisection algorithm. We also simulate iid normal
random variables W, with mean zero and variance o3, = 7(0), independent of Sy and {T}}.
The duration of the Oth regime is Sy and the duration of the kth regime is T} for k > 1. The
value of the series Xy is constant at W} throughout the kth regime. This yields the simulated
realization Xy, ..., X,,—1. Occasionally, the entire simulated realization was constant, as there
were no breaks before n — 1. Such realizations were discarded.

6.2 Simulation of Parke’s Process

By Proposition 3.2, Parke’s process is well defined if and only if with probability one, for all ¢,
there is a finite number of shocks surviving at time ¢. This allows us to simulate a process which
is distributionally equivalent to Parke’s using only a finite sum

t

Xi= ) gopes, t=12,... (6.6)
s=—J

where —J is the time index of the oldest shock that survives at time ¢t = 0. The non-negative
integer-valued random variable J has a probability distribution

[e.9]

P <j) = [[ (t-po- (6.7)

k=j+1

In order to obtain the covariances (6.1), for 0 < d < 1/2, the survival probabilities are defined
by (see Parke, 1999)

r'(2-d) T(k+d)
I(d) T'(k+2-d)

PE = k=0,1,2,... (6.8)
For each realization of Parke’s process, we start by sampling J from the probability distribution
determined by (6.7) truncated to the range (0,1,2,...,10000). This was adequate for the values
of d considered here, d = 0.1 and d = 0.4, since the sum of the probabilities up to that truncation
point is extremely close to one in both cases. Next, we generate a sequence of standard normal
shocks {es}"__; . The innovation variance o3 of the ARFIM A(0,d,0) process is related to o2
(we have 02 = 1) by
r1-dr2—-d) ,

ol = T2 - 2d) oz. (6.9)
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Next we discuss the simulation of the {ns} sequence. Special attention must be paid to the
survival time n_; for the oldest shock e_;. It is not sampled from the probability distribution
determined by {pg}, but rather from the conditional distribution

PIN>iN>J) =L i>. (6.10)

bJ

We apply the bisection algorithm to sample n_ ; and the other {ns}7__ ;. from (6.8) and (6.10).
Using the values {ns};! ;, we compute the "death time” for each prehistoric shock {es}; 1 .
At each time ¢ > 0, there may be some past shocks dying, so the time series X is generated by
adding a new shock to the previous value X;_; and subtracting the sum of those shocks dying

at time ¢.

6.3 Simulation Results

We performed Monte Carlo simulations to assess the finite sample properties of the DFT co-
efficients in light of Theorems 4.1 and 4.2 for both the Taqqu-Levy and Parke processes. We
generated 500 replications of length n» = 10000 in each case. Recall that d = 1 — %a, and
1 < a < 2. We used autocovariances corresponding to an ARFIM A(0,d,0) model as described
earlier, with d = 0.1 and d = 0.4. For each value of d, the normalized Fourier coefficients
were evaluated at frequency z; with j = 1,2, [n%2], [n%], [n%0], [n®®] (2] —2,|%] — 1. For
the Taqqu-Levy process with d = 0.4, there were 60 constant realizations. We excluded these

constant realizations from our analysis, while keeping the number of realizations used at 500.

Figures 1-2 present the normal Quantile-Quantile (QQ) plots of the normalized Fourier cosine
1
coefficients A;/f(x;)? for the Parke process with d = 0.1 and d = 0.4, where

n—1
1

The number inside the parenthesis at the bottom of each QQ plot represents the p-value for
the Anderson-Darling test of normality. According to Theorems 4.1 and 4.2, if j increases
sufficiently quickly with the sample size n, i.e. when j > n” for p > 1 — 1/a, the normalized
Fourier coefficients are asymptotically normal. Furthermore, as d increases, the value of o will
decrease, and the condition on the rate of increase of j to ensure asymptotic normality becomes
less stringent. When d = 0.1, we have 1 —1/a = 0.4444, a number larger than 1 —1/a = 0.1667
when d = 0.4. For the Parke process with d = 0.1, we do not reject the hypothesis of normality
for 7 > n%%; while d = 0.4, we reject the hypothesis of normality for j < n%2. Thus our
simulation results are essentially consistent with the results of Theorems 4.1 and 4.2. We found
similar results for the Taqqu-Levy process. Since the results for the normalized Fourier sine
coefficient

n—1
1 .
Bj = )i tEO xy sin(x;t) (6.12)
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are very similar to those we found here, we do not present them here.

Figure 3 presents scatterplots of the average log normalized periodogram vs. log |2sin(x;/2)|

at the Fourier frequencies from j = 1,...,4999. We would expect a horizontal line across all
frequencies if £ [log ff(z ))} is constant for all j. The plots indicate that at low Fourier frequencies,

the average log normalized periodogram is changing but approaches a constant as j increases.
If I(z;)/f(x;) were distributed as (1/2)x3 as would be the case for a Gaussian white noise
process, we would have E [I(x;)/f(x;)] = —y = —0.577216 in Figure 3. There seems to be some
evidence that the log normalized periodogram is biased upward for the Taqqu-Levy process
with d = 0.4, but not for the other situations considered. Note that since the DFT coefficients
converge weakly to an « stable law at fixed low Fourier frequencies, we should expect higher
variability of the log normalized periodogram at these frequencies. This suggests that if we
regress {log(I(x;))} on {log(f(x;))} without trimming a set of low Fourier frequencies, we may
get a biased and/or highly variable GPH estimator. Further evidence is given in Figure 4, which
presents scatterplots of the average of log(I(x;)) vs. log2|sin(x;/2)| together with their fitted
least-squares lines. We also found that there are several outliers at low frequencies for both
processes with d = 0.1 as well as d = 0.4. However, there are more outliers in the case of d = 0.1
for both processes. This may be due to the more stringent condition required on the rate of
increase of j to ensure asymptotic normality of the DFT coefficients when d = 0.1. The fact
that the normalized periodogram behaves differently at the low Fourier frequencies may present
a problem for the GPH estimator if we include all Fourier frequencies.

Figure 5 presents normal QQ plots for the sample autocorrelations based on the Taqqu-Levy
process with d = 0.1. The Anderson-Darling p-values are extremely small so we reject the null
hypothesis of normality in all cases. Furthermore, the plots indicate long-tailed distributions.
These findings do not contradict Theorem 5.1 which states that the autocovariances for both
processes will converge to an a-stable law. We found similar results for the Taqqu-Levy process
with d = 0.4 as well as the Parke process for both values of d.

Tables 1 and 2 present simulation variances of the normalized DFT cosine coefficients and
the corresponding normal-based 95% confidence intervals for the true variance, 2. We do not
reject the null hypothesis that 02 = 0.5 for any j when d = 0.1 in the Taqqu-Levy process, but
when d = 0.4, we reject the null hypothesis for j = n/2 — 1. For the Parke process, we accept
the null hypothesis for all Fourier frequencies with both values of d except for j = n%? in the
case d = 0.1. Thus the results are essentially consistent with the theoretical variances stated in
Theorem 4.2.

7 Concluding remarks

1. The main theoretical results we have obtained for the Parke and Taqqu-Levy models
are strikingly similar. Also, it seems clear that the class of processes having DDLRD is
much larger than the two processes we have considered in this paper. A specific example
of another such process is the random coefficient autoregression studied in Leipus and
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Surgailis (2002). We have so far been unable to find an overarching unification for DDLRD
processes which would allow the development of a single set of theoretical results that
applies to the entire class, although such a unification seems desirable, and may well be
possible.

. In Robinson (1995a), the theory of a modified GPH estimator was developed for Gaussian
long-memory processes. One aspect of the modification was that an increasing number of
low frequencies were trimmed (omitted) before constructing the estimate. Subsequently
Hurvich, Deo and Brodsky (1998), who also assumed Gaussianity, showed that trimming
can be avoided. More recently, Hurvich, Moulines and Soulier (2002) showed that trimming
can also be avoided in a different log-periodogram regression estimator, assuming a linear,
potentially non-Gaussian series. For linear series, it is known that the DFT at fixed j is
asymptotically normal (Terrin and Hurvich, 1994), but that the periodogram is asymptot-
ically neither independent, identically distributed, nor exponentially distributed (Kiinsch
1986, Hurvich and Beltrao 1993). Simulations, mostly from Gaussian long-memory series,
indicate that trimming yields a very modest bias reduction, while inflating the variance
of the GPH estimator substantially. (See also Deo and Hurvich 2001, in the context of
LMSV models). Currently, there seems to be widespread agreement that trimming in the
GPH estimator should be avoided.

In contrast, the results of the present paper indicate that if the long memory is generated
by DDLRD, then trimming of low frequencies may in fact be desirable. The DFT at fixed
j converges in distribution to an infinite-variance stable distribution, but if j is allowed
to increase suitably quickly a limiting normal distribution results. It is unclear at this
moment whether trimming is needed to establish the asymptotic normality of the GPH
estimator based on a process having DDLRD, but clearly the failure to trim low frequencies
may adversely affect the finite-sample behavior of the GPH estimator. Paradoxically, the
larger d is, the less stringent the conditions on the rate of increase of j to ensure asymptotic
normality. This seems to indicate that when d is larger less trimming would be needed,
both in theory and in practice. This runs counter to the effects studied by Hurvich and
Beltrao (1993) (which concern only the second order structure of the process) which imply
that the bias of the normalized periodogram increases as d increases from zero.

. It is known (see Chung 2003 and the references therein) that for a long-memory process
linear in martingale differences, the autocovariances are asymptotically normal if d < 1/4,
but converge to a non-normal, finite-variance distribution if d € (1/4,1/2). So the asymp-
totics for the sample autocovariances depend on d, which is an undesirable property from
the point of view of statistical inference. Davis and Mikosch (1998) have shown that for
short-memory ARCH and GARCH models, the asymptotic properties of the sample auto-
correlations are more severe, as there is no convergence in distribution. Now, for DDLRD,
the behavior is somewhere in between the linear long memory and ARCH/GARCH cases,
since for DDLRD the sample autocorrelations do converge in distribution for all d with
0 < d < 1/2, but the limiting distribution has infinite variance, and depends on d. Thus,
the properties of parametric estimators of d which use a fixed number of sample autoco-
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variances will be strongly affected by the presence of DDLRD.

8 Lemmas

We present some lemmas in this section. Most of these are presumably known, but we were
unable to find references for them under the conditions we needed for our main results. We
therefore include proofs for the sake of completeness.

Lemma 8.1. Let (Cx)ren+ be a martingale difference sequence such thatsupys, E[|Cx|P] < oo for
all p < a. Then, for any slowly varying function h,

[n/u

M, ]
> G > Go=op(h(n)n!/®).
k=1 k=1

Proof. To simplify the notation, without loss of generality, we can assume that p = 1. For all
m, denote Sy, = > ;" (k. By Theorem 2.5.15 in Embrechts et al. (1997), there exists a slowly
varying function ¢ such that £(n)~'n='/*(M, — n) converges in distribution to a stable law.
Thus, for any sequence ¢, tending to infinity, we have:

lim P (|Mn —n| > 5n€(n)n1/o‘> = 0. (8.1)

n—oo

Let € > 0 and 4, be an arbitrary sequence tending to infinity. For any slowly varying function
h, we can write:

P(|Sar, — Su| > en'/*n(n))
< P(|M,, — n| > 6,n/¢(n)) + P <|Mn —n| < 6,nMn); |Sar, — Sn| > enl/ah(n))
< P(|M,, — n| > 6,0 %(n)) + P ( max 1Sy — S| > enl/ah(n)> :
m:lm—n|<dpnt/al(n)

Fix some p € (1,a) and denote C};, = supy>; E[|(x[’] < oo by assumption. Denote By Kol-
mogorov’s and Burkholder’s inequalities (cf. Hall and Heyde (1980), Theorems 2.1 and 2.10),
we obtain:

P( max |Sp — S| > enl/ah(n))

m:|m—n|<né,nl/oL(n)
< ce ' YOn(n) T E(IS,, st ety — Snsmisarim 1"

n+5nn1/al(n) l/p

< e 'n Vo (n) ! > E[|¢k(?]
k=n—0,nl/*¢(n)

<cC, e tnVoh(n) "L (8,n e (n)) /P

Since p > 1, this last term is o(1) is the sequence §,, converges to infinity slowly enough. O
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Lemma 8.2. Let ((yk)i<k<n be uniformly bounded random variables. Let (Ty)r>1 be i.i.d.
random variables that satisfy (3.4) for some o € (1,2) and such that for all n > 1 and all
k <n, T}, is independent of {Cnj,1 < j < k}. Let Wy, be i.i.d. random variables with zero mean
and finite variance, independent of Cpp, 1 <k <n and Ty, 1 < k < n. Let H be a bounded
continuous function such that for allu € R and v € (0,1):

|H (u,v) —u| < Clul{u?v? A1+ 02}, (8.2)

Ifm < cn and j < nP for some p € (0,1/a), then S 1y CuxWidH(Tx, v ;) —Ti} = op(nt/*4(n))
for any slowly varying function £.

Proof. Define &, = > 11 Gup{H (jT/n) — jTx/n}Wy, and let Ep denote the conditional ex-
pectation with respect to all the variables ¢, and T}j. Since the variables ¢, ; are uniformly
bounded, and since, for p € [1, @), the function x — zP/2 is concave, we obtain:

n

n p/2
Erg[lénl] < C {Z{H(Tk,wn,j) - Tk}2} < CY |H(Th, ) — Thl?.

k=1 k=1

Hence, taking expectations on both sides and applying (8.2), we obtain:

B[] < C Y E[H(Th, n ;) — Til"]
k=1
< CnE[|TaP(|7T1 /0> A1)+ Cn(j/n)® < CnL(n){(j/n)*"? + (j/n)*}.

Thus, &, = Op({nL(n)}*/P{j*/P=1 4+ (j/n)?}). If p < 1 — 1/a, then p can be chosen such that
{nL(n)}/P{j*/P=1 1 (j/n)?} = o(n*/*4(n)). Hence &, = op(n*/“4(n)) for any slowly varying
function /. O]

Lemma 8.3. Let {j be a sequence of i.i.d. rv such that for allp € (1,a), E[|¢k|P] < oo, E[(x] =0
and (i, is independent of So, 11, ..., Tk_1. Let K be a bounded continuously differentiable function
on R, with bounded derivative. Define Uy, nj = > py K(Sk—12n;)C and Vipnj = > ey K((k—
Dpay )Ce. If m < cn and j < nP for some p € (0,1 —1/p, then Upmpnj — Vinn,j = 0p(n1/a€(n))
for any slowly varying function £.

Proof. Denote Ry =11 + -+ 4+ Ty — ku. Since K is differentiable, we can write:

m

Um,n - Vm,n - ZKI((k - 1)Mxn,j + gk(Skfl - (k - 1)ﬂxn,j){skfl - (k - 1)/1’}3777/7](]?
k=1
= Tn,j Z Pk Rk—1Ck + SoTn,j Z P,k Cks

k=1 k=1

where p,, p = K'({(k—1)p+<,(Sg—1—(k—1)p}/n). Since E[|(x|] < oo and K’ is bounded, the last
term above is trivially Op(1). By assumption, {Z?Zl prnkRi—1Ck, 1 < k < n} is a martingale
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with finite p-th moment for p < «. Hence by the Burkholder inequality for martingales, we
have, for p < «, E[|R;[P] = O(k) and

JRe—1Ck

p n
] < CD E[|Ry1["] = O(n?).

k=1

Thus zpn ;> p_y PnkRE—1Ck = Op(jn?P~1). If p < 1 — 1/a, then p can be chosen so that
jn?/P=1 = o(n'/*¢(n)) for any slowly varying function . O

Lemma 8.4. Let H be a bounded continuously differentiable function on R such that H(z) =
O(2?) in a neighborhood of 0. If Ty satisfies (3.4), then

tlggo t*L~ Y E[H (T, /t)] = oz/OO H(s)s ™ Lds.
0

Proof. Assume first that H has a compact support in (0,00) and is continuously differentiable.
Then:

H(Ty/t)] ZH k/t)P iH (k/t){P(T > k) —P(T >k —1)}
k=1
- Z]P’(T > k){H(k/t) — H((k—1)/t)} = /Ooo P(T > |s]] + 1)H'(s/t) ds/t
k=1

_ /OOO(LSJ 1) OL(|s] + 1)H (s/t) ds/t = /OOO(LmJ 1) L(|tx] + V) H (2) da,

Since L is slowly varying, by Karamata’s Theorem, we know that lim; . L(t) "1 L([tz] +1) = 1,
uniformly with respect to x in compact sets of (0,00). Thus, since we have assumed that H has
compact support in (0, c0), we obtain

tlim t*L Y OE[H (T, /t)] = / r “H'(z)dx = a/ z *  H(z) dx.
— 0 0
To conclude, it is sufficient to prove that

lim limsupt* L™ (Q)E[H (T/t)1{rs ar or T<t/43] = 0. (8.3)
A—00  t—oo
This tightness property allows then to truncate the function H and apply the first part of the
proof. For any A > 0 and t large enough, applying the assumption on the behaviour of the
function H at zero, we have:

t/A t/A
E[H(T/)rayay) = Y HE/OP(T =k) < Ct 2> KP(T = k).
k=1 k=1
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Applying summation by parts and Karamata’s theorem, we obtain:

t/A t/A
S OEP(T =k) =1+ P(T >n){k* — (k—1)%} < CA°2L(At).
k=1 k=1

Thus, there exists a constant C' such that:

limsup t*L™ (t) E[H(T/t)17<yjay] < CA*? Jlim L(At)/L(t) = CA“2,

t—oo

Similarly, we can show that

limsup t* L™ () E[H(T/t)1 (75 4] < CA™ < CA*2,

t—oo

This proves (8.3) and concludes the proof of Lemma 8.4. O

Lemma 8.5. Let j = j(n) be a sequence of integers such that n® < j <n? for0 < 3 <p < 1.
Then

P— lim n~! Zcos(ijk) =P~ lim n! Zsin(ijk) =0, (8.4)
n n

P— lim n~! ZCOSQ(.TjSk) =P — lim n! ZsinQ(ijk) =1/2. (8.5)
k=1 k=1

where P — lim denotes convergence in probability.

Note that (8.5) follows from (8.4) by the relation cos?(u) = (14 cos(2u))/2 and by replacing
J by 2j.
To prove Lemma 8.5, we use the following theorem, which adapts Theorem 2 in Yong (1971).

Theorem 8.1. Let T be a non negative integer valued random variable in the domain of attrac-
tion of an a-stable law with o € (1,2), such that P(T > k) = k~*L(k), where L is slowly varying
at infinity. Let ¢ be the characteristic function of T. Then, for z > 0, ¢(z) = 1—2%1(2)+il2(z)z
where €1 and fo are slowly varying at zero, positive in a neighborhood of zero and satisfy, for
some finite nonzero constant C(a),

iiil%ﬁl(:v)/L(l/x) = C(a) and lim ly(xz) = E[T] > 0.

xr—

We will use Theorem 8.1 through the following bound for the modulus of the characteristic
function of T

|p(2)|* < 1= 20(2)2", (8.6)
where ((z) = {1(z) — 3032% — 303(2)2*~* is slowly varying and positive in a neighborhood of
zero.
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Proof of Lemma 8.5. We prove that the convergence holds in L?. Write

L 2 n n k—
1 1
E {n ;coS(ﬂUjSk)} =2 kz_: cos?(z;Sk)] + 2 Z Z cos(x;S¢) cos(x;Sk)]

k=2 (=1
n k—1
1
=0+ + > Elcos(x;(Se + Sk)) + cos(z; (Sk — Se)),

k=2 (=

n n k-1
1 . _ 1
{ Zsm(ijk)} =0(n )+ — Elcos(x;(Sk — Se)) — cos(z;(Sk + Sp))].
o [y )
Thus we have to show that
1 n k—1
TEerolo -3 Elcos(x;(S¢ + Sk))] =0, (8.7)
k=2 (=1
1 n k—1
nh_)n;o o E[cos(z;(Sk — Se))] = 0. (8.8)
k=2 (=1

Proof of (8.8). Applying (8.6), for large enough n, we have

n k-1 n k— n—1
QZZECOS% Sk, — S))] %ZZ (xs)|FF < — 2{1—25%) SYEL2,
k=2 k'=1 k=2 k'=1 k 1

For z € (0,1) and any real number ¢ > 1, (1 — z)=et1o8(1-2) < ¢=*% and

1—e —nz/2 1 efnz/Q

Z ?) Ze n(e*/2 —-1) =  nz/2

Hence:
n k-1 1 n—1 k2 1 _e—f(:pj)nmjof
k=2 k'=1 iyt 1775

Under the assumption on the sequence j, lim, . nﬁ(a:j)a:? = 00. Thus the limit of the last
term in (8.9) is 0. This concludes the proof of (8.8).

Proof of (8.7). Since S + Sy =2S0+2(T1 + -+ -+ Tp) + Tr1 + - - - + T, and denoting ¢ the
characteristic function of Sy, we have

n k—

1

3 Z Z [cos Jjj (Sk + Si))]| <
k=2 k'=1

n k—1

37 3 10o(2e)l9(2z;) ¥ g(a) .

k=2 k'=1
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Applying (8.6), for large enough n, we obtain:

1 n k—
EZZ CcOSs $] (Sk + Skr))
k=2 k'=1

Since for any slowly varying function L and any « > 0 the function z*L(z) is ultimately non
decreasing, we obtain, for n large enough:

n k—1

1| < 0 ST (- 26020)22) {1 2005

k=2 k'=1

n k-1 n
— Z ZECOS (2 (Sk + Sk)]| < Z{l—%(%) a}k/Z
k=2 k'=1 "=
The same line of reasoning as previously concludes the proof of (8.8) and of Lemma 8.5. O
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Figure 1: QQ Plots of the Normalized Fourier Cosine Coefficients A;/ f (wj)% for Parke process;
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Figure 2: QQ Plots of the Normalized Fourier Cosine Coefficients A;/ f (wj)% for Parke process;
n=10000, d=0.4
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Figure 3: Scatterplots of Average Log Normalized Periodogram vs.  log|2sin(z;/2)l;
j=1,2,...,4999 . Horizontal line represents —y = —0.577216 .
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Figure 4: Scatterplots of Average Log Periodogram vs. log |2sin(x;/2)|; j=1,2,...,4999
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Figure 5: Normal QQ Plots of Sample Autocorrelations for Taqqu-Levy Process, d=0.1
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Table 1: Simulation variances for normalized DFT cosine coefficients at frequency x; for Tagqu-
Levy Process, with normal-based 95% Confidence Intervals. @ = 0.05. Intervals marked with x
reject the null hypothesis, 02 = 0.5 .

’ d ‘ T Variance | Confidence Interval
0.1 ] n02 0.54 0.48 0.62
n04 0.54 0.47 0.61
n0-6 0.49 0.44 0.56
n0-8 0.53 0.47  0.60
22 0.51 0.45 0.58
o 0.50 0.44 0.56
0.4 ] nb2 0.56 0.49 0.63
n0-4 0.55 0.49 0.62
n0-6 0.52 0.46  0.59
n0-8 0.55 0.49 0.63
22 0.55 0.48  0.62
21 0.58 0.51 0.66*

Table 2: Simulation variances for normalized DFT cosine coefficients at frequency x; for Parke
Process, with normal-based 95% Confidence Intervals. a = 0.05. Intervals marked with * reject
the null hypothesis, 02 = 0.5 .

’ d ‘ xj Variance | Confidence Interval

0.1 nY2 0.66 0.58 0.75*
n0-4 0.54 0.48 0.61
n0-6 0.46 0.41 0.53
n0-8 0.51 0.45 0.58
22 0.49 0.44 0.56
2 0.46 0.41 0.53

0.4 | n02? 0.47 0.42 0.54
n0-4 0.49 0.44  0.56
n0-6 0.46 0.41 0.53
n0-8 0.47 0.42 0.53
22 0.54 0.48 0.62
21 0.52 0.46 0.59
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