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ABSTRACT

Our study supports the hypothesis of global non-stationarity of the return time series. We
bring forth both theoretical and empirical evidence that the long range dependence (LRD) type
behavior of the sample ACF and the periodogram of absolute return series and the IGARCH effect
documented in the econometrics literature could be due to the impact of non-stationarity on sta-
tistical instruments and estimation procedures. In particular, contrary to the common-hold belief
that the LRD characteristic and the IGARCH phenomena carry meaningful information about
the price generating process, these so-called stylized facts could be just artifacts due to structural
changes in the data. The effect that the switch to a different regime has on the sample ACF and
the periodogram is theoretically explained and empirically documented using time series that were
the object of LRD modeling efforts (S&P500, DEM/USD FX) in various publications.
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1 Introduction

1.1 Preliminaries on ARCH and GARCH processes

Among the models for log-returns
Xt:log(Pt/Pt_l), t:1,2,...,

of stock indices, foreign exchange rates, share prices, etc., P;, t =0, 1, ..., the ARCH (autoregressive
conditionally heteroscedastic) processes have gained particular popularity. Besides the stochastic
volatility models (see for example Ghysels et al. [34] for a recent survey paper) they have become
the standard models in the financial econometrics literature. In particular, they appear in many
recent textbooks and monographs on time series analysis (see for example Brockwell and Davis
[19] or Embrechts et al. [30]) or econometrics (see Campbell et al. [21]), thus every student of
statistics or econometrics might have heard of them. The (not inexpensive) GARCH modules of
various software packages have certainly contributed to the increasing popularity of this kind of
econometric time series model as well.

The success story of the ARCH family started in 1982 when Engle introduced the ARCH(p)
processes (ARCH of order p) by requiring that

(1.1) Xy =0y Zy,
where o, (the so-called stochastic volatility) obeys the recurrence equation
(1.2) ol =+ X] 4+ apXP .

Here (Z;) is a white noise process with variance 1, usually supposed to be iid or a strictly stationary
martingale difference sequence, and the «;’s are non-negative parameters. In what follows we will
always assume that (Z;) is iid. This implies that, conditionally upon X; 1,...,X; , (the p past
observations of the time series), X; has variance o?.

The basic idea behind the construction (1.1) is quite intuitive: for a “forecast” of the distribution
of X; we only have to know two ingredients: o, and the distribution of Z;. For example, if Z;
is normal N(0,1), then X; ~ N(0,0?), given the past observations of the time series. Hence,
conditionally upon X;_1,...,X;_p, the present value X; may assume values in [—1.960¢,1.960]
with 95% probability. Similarly, there is a 5% chance for the log-return X; to fall below the
threshold —1.640;. The 5%—quantile of the log-return distribution is considered as a measure of
risk for the underlying asset. In the financial area, this quantile is known under the name of Value
at Risk or VaR; see RiskMetrics [?].

These simple calculations show why models of type (1.1) have become so popular; in the presence

of non-Gaussian distributions for log-returns (this is a fact no specialist would doubt!) mixture



models such as (1.1) allow one to get updated (i.e. conditional) probability “forecasts” without too
much sophistication.

However, it turned out that the simple ARCH(p) given by (1.1) and (1.2) has a reasonable fit
to real-life data only if the number of the parameters oy is rather large. Since the rationale for the
definition (1.2) is to take a time-changing weighted average of the past squared observations as an
approximation to the conditional variance o? (an “updated estimate of the variance”, if you like),
it is quite natural to define o7 not only as a weighted average of past X f’s but also of past 0]2-’5.
This new idea resulted in Bollerslev’s [13] and Taylor’s [?] generalised ARCH process of order (p,q)
(GARCH(p, q)): the process (X;) is again given by (1.1), but now the squared stochastic volatility

satisfies
q P
(1.3) 02 =ag + Zaj Xf,j + Zﬁk o} k= o + (L)X, + B(L)o7,
j=1 k=1

where the o;’s and 3}’s are non-negative parameters and L is the lag operator. Clearly, o? could
have been defined in many other reasonable ways, and therefore it is perhaps not totally surprising
that a high wave of different ARCH-type models has flooded the econometrics journals. Each of
these models was introduced in order to improve upon (1.2) or (1.3) in some sense. Some of them
have gained popularity such as Nelson’s [53] EGARCH (exponential GARCH) model. They have
been known to the specialists for some years. Not all of them are directly comparable with the
GARCH processes, from a mathematical point of view, but we do not have here the space to discuss

these modifications in detail; see for example Bollerslev et al. [14] or Shephard [?] for review papers.

1.2 Can heavy tails save the GARCH(1,1) model?

In what follows, we mostly concentrate on the GARCH(1, 1) model. We do so for several reasons.
First of all it is theoretically well understood (Bollerslev [13], Nelson [52], Bougerol and Picard
[16]). Secondly, it can be easily fitted to log-returns

Xy=logP —logl;, 1, t=1,2,...,

of speculative prices P;. Moreover, it is commonly believed that, despite its simplicity (3 parameters
only), it captures some of the basic features of log-returns. In particular, this model adequately
describes the heavy-tailedness of the marginal distribution. Indeed, under very general conditions
on the noise sequence (Z;), the GARCH(1, 1) in particular, and GARCH(p, ¢) processes in general,

have Pareto-like marginal distributions, i.e.
(1.4) P(X >z)~cyx ™ asz — oo for some ¢,k > 0.

The GARCH(1, 1) model can also explain to some extent another empirical feature related to the

extremal behavior of log-return data, i.e. the exceedances of high and low thresholds do not occur



separated over time but are heavily clustered. This fact is usually referred to as dependence in the
tails. For some recent research in this area we refer to Mikosch and Starica [50] for the GARCH(1, 1)
case and Davis et al. [23] in the general GARCH(p, ¢) case.

However, the real data displays a series of features that seem to disagree with the theoretical
properties of the GARCH(1, 1) process, pointing out the limitations of the model. These discrep-
ancies become obvious mainly when long series of log-returns are analysed. In the sequel we will
discus two of these so called stylized facts that characterize the log-returns of foreign exchange

rates, stock indices, share prices, bond yields, etc., P;. The first one can be summarized as follows.

e Although the sample autocorrelations of the data are tiny (uncorrelated log-returns), the
sample autocorrelations of the absolute and squared values are significantly different from

zero even for large lags.

This empirical finding (which we will refer to as long memory type of behavior of the sample ACF of
absolute and squared log-returns) is usually interpreted as evidence for long memory in the volatility
of financial log-returns and seems to provide strong evidence against the GARCH models. Indeed,
GARCH models have short memory, i.e. if px(h) := corr(XoX}), with h € Z is the theoretical
autocorrelation functions (ACFs) of a GARCH process (X;), px decays to zero at an exponential
rate. More generally, the theoretical ACF of the process (f(X;)) for any measurable function f,
decays to zero at an exponential rate. This fact implies short memory for the GARCH process and
the corresponding processes of its absolute values and squares. One might expect then that the
short memory property that characterizes the theoretical ACF should be reflected in the behavior
of the sample ACF

n—h

- ~ ~ ~ 1

px(h) =79x(h)/7x(0) where 7Fx(h)= - > Xy Xy, hez,
t=1

the natural estimator of the theoretical ACF.

A hasty identification of the behaviors of the theoretical ACF and the sample ACF would imply
that the sample ACF of a GARCH(1, 1) process should decay to zero at an exponential rate and
vanish rather quickly. This, however, is in contradiction with the stylized fact mentioned above.

We want to emphasize that all GARCH models, regardless their order, have the same basic
properties. In particular, the extremal behavior encompassing heavy tails and dependence in the
tails, the asymptotic behavior of the sample ACF, etc., are similar in nature, independent of the
order of the process. For example, independently of the order, all GARCH(p, q) processes have
heavy tails and display short memory. The only difference is the degree of analytical tractability
of these properties. Therefore the conclusions we draw from examining the GARCH(1, 1) case are

also valid for the wider class of GARCH(p, ¢) models.



Before concluding that the GARCH(p, q) processes fail to capture the mentioned stylized fea-
ture of slowly decaying sample ACF, an attempt should be made to reconcile the empirical findings
with the theoretical facts. A possible explanation (which we had considered as plausible for some
time) for the mentioned contradiction could be the neglection of the statistical uncertainty present
in the sample ACF. This uncertainty could render problematic the identification between the the
behaviour of the theoretical and sample ACF. It is conceivable that the sample ACF at large lags
could be non-zero and at the same time statistically insignificant. This argument seems espe-
cially plausible in the light of the mentioned heaviness of the tails of log-returns which implies a
considerable variability in the estimated ACF.

Since little was known about the behavior of the sample ACF of GARCH processes when the
assumption of finite 4th moment for the marginal distribution is violated, investigations, aiming
at assessing the truth behind the mentioned explanation, were conducted in Davis and Mikosch
(1998) for the ARCH(1), Mikosch and Starica [50] for the GARCH(1, 1) and Davis et al. [23] in
the general GARCH(p, ¢) case. The motivation for this work can be summarized as follows.

Log-returns could have infinite 3rd or 4th moments (see Embrechts et al. [30] for the statistical
theory of tail and high quantile estimation, in particular Chapter 6 for methods to detect how
heavy the tails of real-life data are). Therefore one expects that the rate of convergence of the
sample autocorrelations to their theoretical counterparts is much slower than y/n-rate encountered
in classical time series theory and that the asymptotic normal limiting distributions in the classical
large sample theory are replaced with much heavier tailed stable distributions. This results in
extremely wide confidence bands that would render the non-zero values of the sample ACF of the
absolute values and squares at large lags statistically unsignificant, even for huge sample sizes. In
particular, the long memory type of behavior observed in the sample ACF of absolute values and
squares would not be in contradiction with the short memory property of the GARCH processes.

The investigations conducted in the above mentioned papers show that the sample ACF is
indeed a poor estimator of the theoretical ACF in the situations described. In particular, if the
variance of the data is believed to be finite, but the 4th moment is not, it does not make sense
to look at the sample ACF of the squared log-returns because the ACF is not defined and, even
worse, the sample autocorrelations (which can be defined for any time series, independent of the
existence of the moments) have non-degenerate limit distributions.

In the light of these theoretical findings, the heavy-tailedness of the GARCH model could be
one possible explanation for the slow decay of the sample ACF of absolute and squared log-returns.
If this was the case the long memory in the volatility would be spurious.

This theoretically plausible reconciliation between the GARCH(1,1) model and the mentioned
stylized fact is however infirmed by the data. In Mikosch and Starica [50] this issue is investi-

gated empirically by means of an analysis of a long high frequency time series of log-returns on



the JPY/USD spot rates. Even when accounting for the mentioned larger-than-usual statistical
uncertainty, by applying the wide confidence bands for the sample ACFs which are imposed by the
estimated parameters «p, a1 and 31 of a GARCH(1, 1) process, we did not find sufficient evidence
that a GARCH process could explain the effect of almost constant sample ACF at large lags for

absolute values and squares of long time series of log-returns.

1.3 How forecastable is the volatility?

Let us now concentrate on another less known anomaly that affects the modeling of long log-return
series by one GARCH(1,1) process. As we have already mentioned, it is known that GARCH
processes have Pareto-like tails (1.4). However, only in a very few cases the value of k, the tail
index occurring in (1.4), can be obtained as closed form solution to an equation involving both
the coeflicients and the innovations in the model, allowing for a fully parametric estimation of the
tail index. Hence, under most of the GARCH(p, ¢) models, one has to rely on semi-parametric
statistical estimation procedures for the tail index. These methods can be applied whenever the
tails of the marginal distribution have a behavior of the type (1.4); see Section 6.4 in Embrechts
et al. [30]. The exception is the GARCH(1,1) for which one can calculate x as a function of
the parameters ay, (1 and the distribution of the innovations Z. For this model we can compare
the semi-parametric estimates of x based only on the assumption (1.4) with the fully parametric
ones based on the estimated parameters, oy and 3, and the fitted innovations. The result of this

comparison can be summarized as follows:

e The semi-parametric estimation techniques suggest values of x which are significantly higher
than the parametric estimates which are solutions to the equation for . In other words, the
tails implied by the GARCH(1, 1) model fitted to long log-returns time series are significantly
heavier than the tails of the data.

This is mainly due to the fact that the sum of the estimated coefficients of a GARCH(1, 1) model fit
to longer time series, ¢1 = &1 + 3 is usually close to 1. Indeed, the theory for the GARCH(1,1) in
Bollerslev [13], cf. Mikosch and Starica [50], explains that, in this case, one is close to the situation
when the second moment of the theoretical model is infinite.

In the light of this fact and since there is little statistical evidence that log-returns have infinite
variance (see Embrechts et al. [30], Section 6.4, for an extensive discussion and various examples)

another natural question appears:
How does one explain that ¢, ~ 17

Another aim of this paper is to show by theoretical means and empirical examples that the ¢; ~ 1

effect is spurious and might be due to non-stationarity in the time series.



We mention at this point that the occurence of almost integrated GARCH(1, 1) in the practice
of fitting ARCH type models to log-returns, i.e. ¢1 = 1, is another stylized fact of the empirical
research in financial time series analysisBesides its impact on the tail behavior of the estimated
GARCH(1, 1) model, this empirical finding, if taken at face value, makes a strong statement about

how forecastable the volatility is. This can be phrased as:

e The persistence in variance, i.e. the degree to which past volatility explains current volatility,

as measured by ARCH models fitted to the data, is substantial.

Apparently, both the long memory type of behavior of the sample ACF of the absolute values
and squares of the log-returns and the persistence in variance, seem to establish a strong con-
nection between volatilities separated by large intervals of time. The first finding seems to say
that significant correlation exists between the present volatility and remote past volatilities while
an interpretation of the second fact can be given in terms of the forecast of the variance. The

GARCH(1, 1) model describes the behavior of the m-period-ahead forecast of the variance
2 — 2
O—t+m\t = E(Xt—l—m | Xt, Xt—la .. )
through a first-order difference equation in the forecast horizon m:

2 2
(1.5) Tiimlt = @0 T P1 Oy 1)

Since estimation produces values of ¢ close to 1, the equation (1.5) implies a strong persistence
of shocks to volatility. For example, a value of ¢; = 0.96 estimated from weekly log-returns on
the New York Stock Exchange July 1962-December 1987 (Hamilton and Susmel [40]), would imply
that any change in the stock market this week will continue to have non-negligible consequences a
full year later: 0.96°2 = 0.12.

However, given the importance of measuring the degree to which past volatilities determine
and explain the current volatility, no hasty conclusions should be drawn. The modeling of the
prices of contingent claims, such as options, relies on the perception of how permanent shocks to
variance are: a shock that is expected to vanish fast will have a smaller impact on the price of an
option far from its expiration than a shock that is mostly permanent. The correct assessment of
the relationship between past and present volatility is a key aspect of understanding such issues.
Hence, a careful investigation of various possible explanations for the mentioned empirical facts

should be carried out, with emphasis on the understanding of the statistical subtleties of this issue.

1.4 Tell me what data thou use, and I’ll tell thee what your volatility doest.

Let us say a few words about the data which have been used to uncover the mentioned stylized

facts, bearing in mind that the kind of data one analyzes can strongly determine the results of



the analysis. One fact immediately draws even the attention of a not-so-careful reader of the
econometrics literature on the long memory property of the volatility: an overwhelming proportion
of the time series used to document and model long memory cover extremely long time spans,
usually decades of economic activity. The latter are inevitably marked by turbulent years of crises
and, possibly, structural shifts. Ding et al. [28] discuss the slow decay of the sample ACF of powers
of absolute daily log-returns in the S&P 1928-1990. Ding and Granger [27] found the same type
of behavior for the sample ACF of the daily log-returns of the Nikkei index 1970-1992, of foreign
exchange (FX) rate log-returns Deutsche Mark versus U.S. Dollar 1971-1992 and of Chevron stock
1962-1991. Bollerslev and Mikkelsen [15] use the S&P500 daily log-returns 1953-1990 to fit their
FIEGARCH model while Breidt et al. [17] fit a stochastic volatility model with long memory in
the volatility to the daily log-returns of the value-weighted market index 1962-1987.

There is also plenty of empirical evidence for integrated GARCH(1, 1) behavior, i.e. evidence
for the parameter ¢1 = aq + (1 being close to 1; see Bollerslev, Chou and Kroner [14] and the
references therein. The results reported in the two last mentioned studies are exemplary. For
example, Bollerslev and Mikkelsen [15] fit a GARCH(1, 1) to the S&P500 daily log-returns 1953
1990 and get an estimate of ®; = 0.995. For the same model, Breidt et al. [17] obtain an estimate
of o1 = 0.999 for the daily log-returns of the value-weighted market index 1962-1987.

It is worth mentioning that, while studies of daily asset log-returns have frequently found
integrated GARCH behavior, studies with higher-frequency data over shorter time spans have often
uncovered weaker persistence. For example, Baillie and Bollerslev [5] report on the estimation of
GARCH(1, 1) models for hourly log-returns on FX rates of British Pound (GBP), Deutsche Mark
(DM), Swiss Franc (CHF) and Japanese Yen (JPY) versus U.S. Dollar (USD) January 1986-July
1986 (this is only a 6.5 months period!). The estimated parameters @fBP = 0.606, L,ZJ{)M = 0.568,
GYHE =0.341, ${PY = 0.717 are in sharp contrast to the almost integrated GARCH(1,1) models
fitted to daily log-returns.

Much lower persistence in variance than suggested by almost integrated GARCH(1,1) models
can be detected if one allows for changes in the level of unconditional variance. Such models
were considered, for example, by Hamilton and Susmel [40] and Cai [20]. Hamilton and Susmel
fitted their SWARCH model to weekly log-returns from the New York Stock Exchange July 1962
December 1987. They reported a measure of persistence (related to ¢; of the GARCH(1,1)) of 0.4.
This implies that shocks to volatility die out almost completely after a month (0.4* = 0.05).

1.5 IGARCH, long memory: just symptoms of non-stationarity?

The message of this article can be formulated in one sentence: it might be misleading to take the
empirical evidence of long memory and strong persistence of the volatility in log-returns at face

value, especially when it comes from the analysis of time series that cover long periods.



In particular, we challenge the following two implications:

1. if the sample autocorrelations of the absolute and squared values are significantly different
from zero for large lags then there is long range dependence (LRD) or long memory in the

data,

2. if the persistence in variance as measured by ARCH type processes is high then past volatility

explains current volatility.

In doing so we follow on the steps of Boes and Salas [12], Potter [57], Bhattacharya et al. [9],
Anderson and Turkman [1], Teverovsky and Taqqu [63] and others with respect to the first statement
(although these references are not directly related to finance) and Diebold [26], Lamoureux and
Lastrapes [47], Hamilton and Susmel [40], Cai [20] with respect to the second one.

In Mikosch and Starica [51] we showed that the type of behavior described by the mentioned
stylized facts can be due simply to a very plausible type of non-stationarity: shifts in the un-
conditional variance of the model underlying the log-returns. Given the fast rate at which new
technological and financial tools have been introduced in the financial markets, the case for the
existence of structural changes (and thus for lack of stationarity) seems quite strong. A detailed
analysis of the S&P500 log-return series identified the recession periods as being structurally differ-
ent, i.e. characterized by higher variance. The major structural change is detected between 1973
and 1975 and corresponds to the oil crises.

A conclusion relevant to the methodology of GARCH modeling also follows: long log-return
series should not be modeled just by one GARCH process. The parameters of the model must be
periodically updated.

Since the GARCH(1, 1) does not seem to provide a good description of long series of log-returns
even when treated with the right amount of statistical care, and if one does not want to exclude
GARCH processes as realistic models for log-returns, the modelling effort should be focused on
shorter time series. We have noticed in our empirical work with log-returns that, at least when
the sample ACF behavior is concerned, GARCH models fitted to daily time series covering one or
two years of data are in better agreement with the theoretical results. More concretely, the sample
ACFs of the data, their absolute values and squares behave very much in line with the theory
on the sample ACF of GARCH processes: they vasnish at all lags or they decay exponentially
to zero, respectively. Thus a possible strategy (popular among practitioners) is to fit the model
to short time series and change it as soon as one realizes that something goes wrong with it (for
example when one sees long memory developing in the sample ACF of the absolute values of the
log-returns). This approach is clearly related to the question whether or not the real-life time series

can be modeled as a sequence of stationary GARCH processes with varying parameters.



1.6 Misused statistical tools behave awfully

Our perspective on the time series analysis of long log-return data sets can be summarized as
follows: statistical tools and procedures (such as the sample autocorrelations, parameter estimators,
periodogram) gather meaningful information and perform the tasks for which they were designed
only under certain assumptions (stationarity, light tails, ergodicity, etc.). Hence, if one or several
of these assumptions are violated by the data at hand, the reading of these tools as well as the
output of our procedures are rendered meaningless. More colorfully, when used inappropriately,
the statistical tools and procedures could “see things that are not there”.

Let us briefly illustrate this point in relation to the firstly mentioned stylized fact that we
reformulate in a more specific form: power law decay of the sample ACF of the absolute values of
log-returns is an indication for long memory in the volatility of log-return process. We simulated
realizations (X;);=1,.. 1000 and (Y3)i=1,...1000 from two independent GARCH(L, 1) processes with

corresponding parameters
(1.6) o =0.13x107% «a; =0.11, B =0.52,
(1.7) 2 =0.17%x107°% «a; =0.20, B =0.65.

The innovations are standard normal. The top left graph in Figure 1.1 displays the two time series
concatenated. The difference in unconditional variance of the two pieces is clearly noticeable. The
top right and bottom left graphs display the sample ACFs of the time series | X1, ..., |X1000| and
|Yil,. .., |Y1000|, respectively. For the time series X1,..., Xy, the theoretical autocorrelation (ACF)
function is defined as

px(h) =corr(XoXy), heZ

while the sample ACF is defined as
1 n—h
px(h) =Ax(h)[7x(0)  where Fx(h)=—~% XiXn, hEZ,.
t=1

GARCH(1, 1) processes are strongly mixing with geometric rate and, hence, the theoretical ACF
of the absolute values is well defined (for our parameter choices) and decays to zero exponentially
fast. Under the choice of parameters (1.6) and (1.7), the 4th moments of X and Y are finite.
Therefore the sample ACFs converge to the theoretical ones at \/n-rate and the asymptotic limits
are normal; see Mikosch and Starica [50]. Here we are using the sample ACF tool in a proper way
and the readings are meaningful: the sample ACF decays to zero quickly, as expected.

The bottom right graph in Figure 1.1 displays the sample ACF for the juxtaposition of the
two pieces, i.e. for |Xi|,...,|X1000|,|Y1]s---,|Y1000]- Long range dependence type behavior of the

sample ACF develops even though we know there is no long memory in the data. The explanation
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Figure 1.1 Top left: Concatenation of two GARCH(1,1) time series with parameters (1.6) and
(1.7). The unconditional variances are different. Top center: Sample ACF of the absolute values
of the first 1000 values. top left: Sample ACF of the absolute values of the second 1000 wvalues.
Bottom left: Sample ACF for the whole original time series. The returns are uncorrelated. Bottom
right: Sample ACF for the absolute values of the whole time series. The hyperbolic line is given
by the function y(h) = 0.24h~ %13, The horizontal lines in the ACF plots indicate the usual 95%
confidence bands for the sample ACF of iid Gaussian noise.

lies in the change of the unconditional variance of the time series as we rigorously proved in Mikosch
and Starica [51]. Inferring the presence of long memory from this sample ACF would be an instance
where, through misuse, statistical tools could “see things that are not there”. The sample ACF
reading of LRD is rendered meaningless by the non-stationarity in the data. This example shows
that LRD type behavior of the sample ACF can be caused either by stationary long memory time

series or, equally well, by non-stationarity in the time series.

1.7 The everlasting spell of long memory

The field of long memory detection and estimation is particularly (in)famous for the numerous
statistical instruments that behave similarly under the assumptions of long range dependence and
stationarity or under weak dependence affected by some type of non-stationarity. The following
three examples of statistics that are frequently used in the detection and estimation of long memory
and that are mired by the mentioned lack of power to discriminate between possible scenarios will
certainly raise reader’s awareness of the difficulties specific to the this area of statistics.

The first one is probably the most famous, as it is related to the very phenomenon that brought

the issue of long range dependence to the forefront of statistical research, i.e the Hurst effect. This

11



effect is defined in terms of the asymptotic behavior of the so-called R/S (range over standard
deviation) statistic. This statistic was proved to have the same kind of asymptotic behavior when
applied to a stationary long memory time series or to a short memory time series perturbed by a
small monotonic trend that even converges to 0 as time goes to infinity (Bhattacharya et al. [9]).
See Anderson and Turkman [1] for another instance where a long memory type behavior for the
R/S statistic of a stationary 1-dependent sequence is proved.

The second tool deals with one of the traditional methods used in the detection of long mem-
ory. It examines the sample variance of the time series at various levels of aggregation. Under

stationarity and long memory, the variance of the aggregated series

X<m>(k):% S X, m>1, k=1,...[n/m]
i=(k—1)m+1

behaves asymptotically like a power of the aggregation level m:
var(X ™) ~ em?,

where 8 = 2H — 2 and H is the so-called Hurst exponent. This behavior suggests to take the
slope of the regression line of the plot of the logarithm of the sample variance versus logm as an
estimator of 8. However, Teverovsky and Taqqu [63] showed that this estimator performs similarly
when applied to a long memory stationary time series or to a stationary short memory one that
was perturbed by shifts in the mean or small trends. This could make one believe that there is
long range dependence in the data when in reality a jump or a trend is added to a series with no
long range dependence.

In the more specialized context of long memory detection in the volatility of log-returns, the
results of a simulation study in de Lima and Crato [25] give clear evidence of the unreliability of
the methods for detecting long memory which are commonly used in the econometrics literature.
In the first step of the study, the Geweke—Porter—-Hudak procedure and the R/S statistic (adjusted
in the spirit of Lo [48]) were used to document the presence of long memory in the volatility of five
log-return time series. In the second step, GARCH(1, 1) models were fitted to these time series and
a thousand simulated log-return series were generated for each set of parameters. The simulated
time series clearly had short memory. The two mentioned methods were then used to test the short
memory null hypothesis. Both tests for long memory clearly reject the null of short memory in
the data generated by the GARCH(1,1) models. (It is, however, surprising to see how determined
the authors are to “find” long memory in the volatility. At odds with the evidence they provide
against the methods under discussion, their conclusion reads: “Using both semi-parametric and
non-parametric statistical tests, we found compelling evidence of persistent long run dependence

in the squared returns series”. However, this fact does not diminish the value of their evidence.)
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Figure 1.2 Left: X;, t =1,...,856. The long memory stationary assumption is plausible. Right:
X, t =390,...,690. The hypothesis of structural change is plausible if only a part of the original
time series is available.

In Mikosch and Starica [51] we showed, theoretically and through examples, that the basic
statistical tools for gauging the long memory phenomenon: the sample ACF and the periodogram
do also suffer from the mentioned lack of power to discriminate between long memory and non-
stationarity. We prove there that the sample ACF and the periodogram for a time series with
deterministically changing mean exhibit behavior similar to that implied by the assumptions of
stationarity and LRD. Our study shows how a change in the unconditional variance of a time series
with short memory causes not only slow decay, but even almost constancy of the sample ACF of
absolute and squared log-returns. This behavior translates into the periodogram of the absolute

(squared) values: the periodogram has a significant peak at zero.

1.8 One cannot prove God exists. One can only believe in her.

The task of uncovering the phenomena behind the empirical findings of slowly decaying sample
ACFs and high persistence of the volatility is rendered more difficult by the fine distinction (many
times just a matter of belief) between non-stationarity and LRD stationarity. To illustrate this
consider the time series in Figure 1.2. Here the observations X; are 0 or 1 and the lengths of ON
periods (spells of 1s) and OFF periods (spells of 0s) are iid Pareto distributed with tail index 1.
It is easy to see that the behavior of the theoretical ACF is: corr(Xy, X;n) ~ ch ™!, hence the
time series exhibits long memory. When the time series in the left graph of Figure 1.2 is analyzed,
the assumption of stationarity (and long memory) is plausible, while, when only in possession of
the observations displayed in the second graph, i.e. observation 390 up to 690, the hypothesis of a
structural change is more plausible.

This fine distinction between long memory stationarity and non-stationarity is the source for
various competing explanations for the empirical findings under discussion. Our paper postulates
non-stationarity of the unconditional variance as a possible source of both the slow decay of the

sample ACF and the high persistence of the volatility in long log-return time series as measured
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by ARCH type models. Hence we claim that both these findings in long time series could be
spurious. Other studies (Baillie et al. [6]) have argued that the slow decay of the sample ACF
correctly reflects the presence of a stationary long memory time series while the apparent integrated
GARCH behavior is an artifact of a long memory process investigated through the estimation of a
GARCH(1, 1) model. While the “correct” explanation behind the empirical facts is still elusive, it
is worth mentioning that, while Baillie et al. [6] base their explanation on simulations, we prove

our results analytically.

2 A closer look at real-life data

2.1 The LRD effect

Long log-return series (X;) of foreign exchange rates, stock indices and share prices have the

following properties in common:

e The sample ACF 7x of the data is tiny for all lags, save possibly the first ones; the sample

mean is not significantly different from zero. This indicates that (X;) is a white noise process.
e The sample ACFs 7| x| and 7x2 of the absolute values and their squares

— are all positive,
— decay fast for the first few lags,

— remain “almost constant” for larger lags.
This is what we call the LRD effect.

The first mentioned empirical property of the sample ACF for the data fits nicely with the fact
that the X;’s from a GARCH(p, q) process are uncorrelated (provided their second moment exists).
Recalling that the GARCH(p, q) process actually has exponentially decaying autocorrelations, we
may doubt that a GARCH process can capture the particular behaviour of the sample ACFs of the
real-life | X;|’s and X?’s described as the LRD effect.

In order to illustrate the mentioned “stylized sample ACF facts” we consider the daily log-
returns of the Standard & Poor’s 500 composite stock index from January 2, 1953, to December
31, 1990. The sample ACF of the log-returns and their absolute values (called absolute log-returns
in what follows) are displayed in Figure 2.2. The same data set will be used in the sequel to

substantiate most of our statements.

2.2 The IGARCH effect

The estimation of GARCH processes on log-return data produces with regularity the following

results:
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Figure 2.1 Left: Plot of 9558 S&P500 log-returns. The year marks indicate the beginning of the
calendar year. Right: The estimated values of ay + 1 for an increasing sample of S&P500 log-
returns. An initial GARCH(1,1) model was estimated on the first 1500 observations. Then oy and
b1 were re-estimated on increasing samples of size 1500 + k x 100, k > 0. The labels on the x-azis
indicate the date of the latest observation used for the estimation procedure. The graph shows how
the IGARCH effect builds up when the sample size increases.
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Figure 2.2 Left: Sample ACF for the S&P500 log-returns. Here and in what follows, the hor-
izontal lines in graphs displaying sample ACFs are set as the 95% confidence bands (£1.96/+/n)
corresponding to the ACF of iid Gaussian white noise. Right: Sample ACF for the S&P500 absolute
log-returns.
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e For longer samples, the estimated parameters «;,...,, and f,..., 5, of the model (1.1),

(1.3) sum up to values close to one.

e When shorter subsamples are used for estimation, the sum of the coefficients, although not

small, stays away from 1.

We will refer to these two regularities as the IGARCH effect. Figure 2.1 illustrates the IGARCH(1, 1)
effect with the S&P500 data.
This stylized fact motivated the introduction of the integrated GARCH(p, q) (IGARCH(p, q))

process by Engle and Bollerslev [32] as a possible generating process for log-returns
p q
(2.1) ap >0 and Zaj—l—Zﬁk:l.
j=1 k=1

Under the assumptions given above, in particular £Z2 = 1, the IGARCH model has a strictly
stationary solution, but the X;’s do not have a finite second moment. To see this take expectations

in the defining equation (2.1) and note that Fo? = EX?:

p q
Eo? :ozo—i-Zaj EX2+Zﬂk Eo? = oy + Eo?.

Since ag > 0 is necessary for strict stationarity, Eo? = oo follows. For an IGARCH(1,1) process, if
the distribution of Z satisfies some mild assumptions (such as the existence of a density with infinite
support), it follows from a classical result of Kesten [43] (see also Goldie [36] for an alternative proof)

that
P(X >z)~cx™?, z— 00,.

We refer to Mikosch and Starica [50] for details and further references.

At this point it is important to notice that
the IGARCH model and the LRD notion are incompatible.

Indeed, our definition of LRD in terms of the ACF is not applicable since the ACF is not well
defined. Thus, if the IGARCH model was correct, in particular the variance infinite, the sample
ACFs of (X;), (|X¢|) and (X?) would estimate nothing meaningful. A plausible explanation of the
empirically observed LRD effect would then be:

If the IGARCH model is the generating process of the log-returns, the LRD effect has nothing to
do with LRD; it is simply an artifact since the sample ACFs do not measure anything.

The fact that both the LRD and the IGARCH effects only become apparent in long time series

raises the question we believe to be central to the understanding of the issue at hand:
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Is it possible that both, the LRD and the IGARCH effects, are caused by the same simple reason:

non-stationarity of the data?

A possible answer is given in the next sections.

3 How long it takes until your GARCH(1,1) model fails you

Another title for this section could very well be In what way are recessions different from the
normal economic tempo? and its purpouse is two fold. First we want to prove statistically that
one GARCH(1, 1) process cannot describe well a return time series for long intervals of time. The
parameters of the model must be updated periodically. The second one is to investigate the reason
for this, i.e. to identify the main cause that induces a GARCH(1,1) model that fit the data for a
certain period to stop describing it appropriately. Our findings seem to indicate that the culprits are
the changes in the unconditional variance of the time series and that these changes are associated
mainly with economic recessions.

In order to verify in which period of time a GARCH(1, 1) model gives a good fit to real-life data

we constructed the following statistic:

n—1

Yx (h) sin(\h)
3.1 S, :=+/n su
(3.1) /\e[Ol,)W] = [var(XoXp)]H/2

where
1 n—h
Yx (k) = Ht_ZIXtXt+h, h=0,1,2,...

is the sample ACF function.

Under the assumption that (X;) comes from a GARCH(1,1) model with given parameters «y,
ap and (1, Mikosch and Starica [51] have calculated the approximate distribution of the statistic
Sp. This approximate distribution can be used to decide if the data is generated by a certain
GARCH(1,1) model or not in the following way. Assume you want to verify that your favorite
time series X1,..., X, is well described by your favorite GARCH(1, 1) model that has coefficients,
say, ag = 0.13 x 1076, @y = 0.11, By = 0.72 and EZ* = 3.8. The theoretical quantities var(XoX})
are functions of ag, a1, 1 and EZ*. Hence they can be explicitly calculated. For your favorite
GARCH(1, 1) model for example, var(XoX;1) = 0.54, var(XoX2) = 0.45, var(XoX3) = 0.37, etc.
The quantities 7y are directly calculated from your favorite time series. Hence a numerical value of
the statistic is produced. If the data comes indeed from your favourite GARCH(1, 1) process, the
value of the statistic should be in the range described by the approximate distribution calculated
in Mikosch and Starica [51]. If in fact the data is generated by some other process, then the value
of the statistic will be much bigger (smaller) than what the approximate distribution predicts as a

possible range of values.
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We want to emphasize that the statistic S, (3.1) is designed to be sensitive to changes in the
variance of the time series. Hence deviations of the statistic from the range prescribed by the theory
signal, most often, that the log-returns are more volatile than data that your favourite model would
produce. Doing this type of analysis on a window that moves through the data allows for revealing
the time periods where the volatility of the returns is higher than usual.

In Figure ?? we show how one can apply S, in order to detect changes in the GARCH structure
of the S&P500 log-return series. A GARCH(1,1) model was fitted using quasi-maximum likelihood
estimation (see for example Gourieroux [37]) to the first 3 years of the data (750 observations),

yielding the following parameters by:
(3.2) ap=858x10°% a =0.072, B =0.759,

and an estimated 4th moment for the residuals of 3.72. These quantities are used for calculating
vx(h) = var(XoXp).

A closer look at the left-hand graph of Figure 2.1 together with the left-hand graph in Figure
77 reveals an almost one-to-one correspondence between the periods of larger absolute log-returns
(larger volatility) and the periods when the goodness of fit test statistic Sig5 falls outside the
confidence region. This observation has theoretical grounding since the statistics S, is sensitive
to changes in the model mainly through changes in the variance ag( of the data. Therefore, one
can identify the excursions of the statistics S125 above the 99% quantile threshold with periods of
higher data volatility then that of the fitted GARCH(1,1) model.

It is then interesting to verify whether a periodically updated GARCH(1,1) can describe the
pattern of changing unconditional variance in the data. Towards that goal we calculate and dis-
play in the right-hand graph of Figure ?? the implied unconditional GARCH(1,1) variance for a
periodically re-estimated GARCH(1, 1) model. Recall that the variance of a GARCH(1, 1) process
is given by

ok = /(1= (a1 + 1))

The calculations of the values in Figure 7?7 are based on the estimated parameters «; and f;.

More concretely, we fitted a GARCH(1,1) model every 6 months, i.e. every 125 days, based
on a moving window of 508 past observations, equivalent to roughly two years of daily log-returns.
We then plotted the implied variance agf corresponding to every 6 months period. One notices
that the pattern of increased implied variance is quite similar to the pattern of the excursions of
the statistic S195 above the 99% quantile threshold. For us, this similarity seems to imply that one
can capture the changing patterns of volatility present in the data by periodically updating the
GARCH(1, 1) model.

As a conclusion, the graphs in Figure 7?7 show quite convincingly that:
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Figure 3.1 Left: The statistic S5 calculated weekly based on previous 125 observations (approz-
imately 6 months) of the S&P500. The horizontal line, set at 3.6, corresponds to the 99% quantile
of the approzimate distribution of Sy, (i.e. 99 out of 100 values of the statistic S, calculated on
samples that come from the GARCH(1, 1) model specified above are smaller than 3.6). Values above
3.6 correspond to 6 months periods when the hypothesised model is inappropriate. Recall that high
values of the statistic Sy, correspond to higher unconditional variance than that of the hypothesized
model. The dotted vertical lines correspond to the beginning and the end of economic recessions as
determined by the NBER. They nicely show the coincidence between the recession periods and the
intervals of higher unconditional variance detected by our tool.

Right: The implied GARCH(1,1) unconditional variance of the S&P500 data. A GARCH(1,1)
model is estimated every 6 months using the previous 2 years of data. The graph displays the vari-
ances agf =ap/(1—ay—p1). The similarities between the two graphs seem to show that a frequently
re-estimated GARCH(1,1) model captures to a certain extent the changing unconditional variance
of the log-returns.
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e One particular GARCH process is a good model for the log-return time series only for a

relatively short period of time.

e Periodically re-estimating a GARCH(1,1) process produces models that seem to capture the

changes in variance.

e The unconditional variance of the data changes through time. In particular, the periods of
recession are characterized by a higher variance of the returns, i.e. markets are more volatile

during economic recessions.

It is the last conclusion that motivates our next step: understanding the impact of the type of
non-stationarity evident in the log-return data on statistical instruments and procedures. Statistical
tools such as the sample ACF and the periodogram together with the results of parametric model
estimation are understood and can be interpreted meaningfully only under the assumption that the
underlying data is a strictly stationary process. Violations of this assumption, of the type we see
in the log-return data, render questionable the interpretation of the behavior of these tools and
procedures, i.e. the LRD effect and the IGARCH effect.

4 Statistical instruments and procedures under non-stationarity

Before discussing in detail the effects of non-stationarity on various statistical tools and proce-
dures let us introduce the spectral density and its sample version, the periodogram. Under general

conditions, vy, the theoretical ACF of the time series Xy,..., X,, can be writen as
iy = [ Mpwan hez.
(771—777-}

The function fx () is called the spectral density at frequency A. It is a well known fact that power
law decay of the ACF translates into power law behavior of the spectral density for small frequencies
(for a precise formulation of this statement, the ACF has to satisfy some subtle conditions; we refrain
from discussing them here.) The sample version of the spectral density is the periodogram

2
, A€[0,m7],

1 —
Inx(A) = ‘ﬁ Z e X,
t=1

which is the natural (method of moment) estimator of the spectral density fx of the stationary
sequence (X;) at frequency A; see Brockwell and Davis [18] or Priestley [58].

We now turn to discussing the effects changes in variance might have on statistical tools like the
sample ACF and the periodogram and on statistical estimation procedures. In [51] we considered

a time series

(1) (1) (2 )
ORI T TP AL
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where p € (0,1) is fixed. The two pieces of this time series come from distinct stationary ergodic

models. One can easily show that as n — 0o, the sample ACF at lag h converges:
~ P
(4.1) Fy (h) = p v (B) + (1= p) wye (B) +p(1 —p) (BYD — BY )2,

If the two subsamples are also uncorrelated and A\; = 27j/n, j = 1,2,..., then the periodogram
Iy-()\;) satisfies as n — oo

2 .
(4.2BIy (A\j) ~ p 2 fyoy () + (1 = p) 2 fy () + —5 (BY D — BY®)2(1 — cos(2mjp)).

n)\J

The sample ACF. More concretly let us now take a look at what happens when dealing with a sample that con-
sists of subsamples Xt(l),t =1,...,[np], and Xt(Q),t = [np]+1,...,n from two GARCH(1,1)
processes with different unconditional variance (ths also implies E|X(M| # E|X®)|). Apply-
ing (?7) to first the data itself and second the absolute values of the data reveals very different
behaviors of the sample ACF. For the data itself, since all the variables have mean zero, (?7?)

implies that

—~ P
x = pyxw(h)+ (1 —p)yxe(h) =0,

Hence the sample ACF estimates zero at all lags; see Figure 1.1, bottom-left graph. For the

absolute values and squares of the time series one gets
~ P
Nx| — P ’Y|X(1)|(h) + (1 -p) 7\X(2)|(h) +p(1 —P)(E|X(1)| - E|X(2)|)2 :

Since the theoretical ACF of the absolute values of a GARCH process decays to zero expo-

nentially the terms

pYxwi(h) + (L =p) vxe@)(h)
decay to zero at an exponential rate. Hence the sample ACF will decay fastly at the first few
lags. This is indeed in agreement with the behavior of the sample ACF of the absolute values

of real log-return series. The typical shape of the sample ACF at large lags of such a time

series is however determined by the constant term
p(1—p) (BIXD] - B X®))).

which forces the sample ACF to stay positive and almost constant for a large number of lags.
This term that reflects the difference in the unconditional variances in the two subsamples is

responsible for the LRD effect in the absolute log-returns; see Figure 1.1, bottom-left graph.
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The Periodogram. The discussion on the periodogram follows a similar trajectory. Applying (??) to the sample

XV, xf) XD X yields

EI(N) ~ p2nfxa(A) + (1=p) 2nfye(N) = pvar(XD) + (1 - p) var(X®)).
Thus the periodogram of the data estimates a constant; see Figure 77.
Now consider the expected periodogram at small Fourier frequencies for the absolute values
of the sample. From (?7),

2 .
Elx|(Aj) ~ p2nfixa (X)) + (1 =p)2nfixe(A) + W(E|X(1)| — EIX®))*(1 — cos(2mjp)) .
7

The situation is similar to that we encountered in the case of the sample ACF. The first two

terms are continuous functions in A and hence bounded in a neighbourhood of 0.

p 27 fixay(Aj) + (1 = p) 27 f x2(Aj) = P 27 f x ) (0) + (1 — p) 27 x()(0) = constant.

It is the third term (whose presence is due to the difference between the variances of the two
subsamples) that determines the shape of the periodogram. Let us take a closer look at its
behavior in a neighborhood of the origin. As n)\g — 0 (p is assumed to be r1/ry, a ratio of
two relatively prime integers)

2 M (2)))2 :
— (E| X" = E|X'[)*(1 — cos(27] 1/72))
nA;
takes large values for all frequencies for which 1 — cos(27j r1/r2) #= 0. This will create the

impression of a spectral density with a singularity at zero, which is also the mark of stationary

LRD processes; see Figure 77.

"he IGARCH effect. Finally, it is also possible to show that the IGARCH effect might be due to non-stationarity
as well. In [51] we proved that if, as above, we assume that the sample consists of pieces from
different GARCH(1,1) models, the Whittle estimate ¢}" of ¢; = a; + 8 behaves as

C1

pr ~1—
! ¢y + [var(X (D) — var(X(@)]2’

where ¢ and ¢, are positive constants depending on the coefficients of both GARCH models.
This implies that the larger the difference between the variances of the two models, the closer
to one the estimate of ¢;. This might explain the IGARCH effect since the longer the time
series the larger the chance that strong non-stationarity will affect it and hence the closer to
one the estimated value of ¢; (see Figure 2.1 for an example of the way the IGARCH effect

builds up in longer time series).

The impact of the change of regimes in the simulated data set on the estimation of oy
and f is ilustrated in Figure ??7. We used quasi-maximum likelihood as, for example, pro-

posed in Gourieroux [37]. GARCH(1,1) models have been fitted to the increasing samples
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Xi, ..oy Xi504t50, t = 1,...,38. For sample sizes less then 1000, the sum of the theoretical
parameters is 0.85. The estimated sum varies for these sample sizes between 0.75 and 0.90.
The graph in Figure ?? clearly shows how the switch of regimes (which happens at ¢ = 1000)
makes the sum increase to 1. This is in agreement with the theory in Mikosch and Starica
[61] since we expect the quasi-maximum likelihood estimator of a; + 1 to behave similar to

the Whittle estimate.

alpha+beta
0.85 0.90 0.95 1.00

0.80

0.75

500 1000 1500 2000 2500
sample size

Figure 4.1 The estimated values ay + 31 for a GARCH(1, 1) model fitted to an increasing sample
from the simulated data in Figure 2.2. The labels on the x-azis indicate the size of the sample used
i the quasi-maximum likelthood estimation.

5 Estimation of the long memory parameter

Let us now consider the issue of statistical estimation of the so called Hurst exponent. This quantity,
commonly denoted by H has been proposed in the literature as a measure of LRD; see Beran [8]
for details on the definition, properties and statistical estimation of H. In the sequel we discuss
two statistical estimation procedures for H.

If one assumes that the theoretical ACF p(h) of the time series has a hyperbolic decay rate, i.e.
p(h) = ch~P for some positive § and ¢, the Hurst coefficient is usually determined as H = 1 — 3 /2.
In particular, the presence of LRD in the time series is signalled if H € (0.5,1). In this case, the
sequence (p(h)) is not absolutely summable. The closer H to 1, the further the dependency reaches.

An estimation procedure for H is then suggested by the following argument. Since
log p(h) = logc — Blogh

and the sample ACF estimates the theoretical one, a log-log plot of the lags versus the sample ACF
should be roughly linear, the slope of the regression line yielding an estimate of the quantity (3,
hence of H.
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Figure 5.1 Left: Log-log fit of the periodogram for the simulated data displayed in Figure 1.1.
Center: Log-log fit of the sample ACF for the absolute values of the simulated data displayed in
Figure 1.1. FEstimated Hurst coefficient H = 0.88. Left: Log-log fit of the periodogram for the
absolute values of the same sample. Estimated H = 0.90.

Figure 7?7 shows in more detail the misleading effect the non-stationarity paradigm can have
on statistical estimation of the Hurst parameter. We applied the procedure described above to the
simulated data displayed in Figure 1.1 and to its absolute values. The central graph in Figure ??
displays the fit of a regression line through the plot of the log lags versus the log sample ACF.
The slope is —0.23, the intercept —1.3. Hence p(h) = 0.27h7923, The resulting Hurst coefficent is
H =1-0.23/2 = 0.88. This would imply a strong LRD effect if the data came from a stationary
sequence. The actual fit of the hyperbolically decaying function to the sample ACF is illustrated
in the right-hand side graph of the second row of Figure 1.1 and is particularly noteworthy. A
good fit of a hyperbolic decay line to the sample ACF is often used in the econometrics literature
as an argument for the presence of LRD in the volatility process (see for example Anderson and
Bollerslev [2]). Our example shows how misleading this approach could be. It says that a good
hyperbolic fit might have nothing to do with the presence or absence of LRD in the volatility and
it can be just a byproduct of changing unconditional variance.

Another popular estimation procedure uses the periodogram and it is based on the well known
fact that power law decay of the ACF translates into power law behavior of the spectral density)
for small frequencies. Hence, frequently used statistical tests for detecting LRD and measuring its

strength are based, one way or the other, on the following behavior of the spectral density:
fix|(A) = X
for small A > 0. Equivalently, log f()) is linear in \,
log fix|(A) = logc+ (2H — 1) log A.

Extrapolating this relationship to the sample, on a log-log plot, the periodogram should roughly

exhibit a linear behavior, the slope of the line yielding an estimate of H. (For example, using a
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regression to capture the linear dependency yields the ubiquitous Geweke-Porter-Hudak estimator
33].)

We apply this procedure to our non-stationary simulated sequence. The graphs on the sides of
Figure ?? show the plot of the log frequencies versus the log periodogram with a regression line
fit to the first 10% of the frequencies (discarding the first 3000%2 = 5 lowest ones) for the data
(left-hand graph) and for absolute values of the data (the right-hand graph). The regressions yield
an estimate H = 0.498 for the data and H = 0.90 for the absolute values of the data. Interestingly
enough, both methods give similar values for the Hurst coefficient of the absolute values of the data
and suggest that there is a strong LRD effect in the data.

This concordance in the values yielded by the time and the frequency domain methods is
sometimes used as an additional argument supporting the existence of LRD (see, for example
Anderson and Bollerslev [2]). Our example shows that this concordance might have nothing to say
about the presence of LRD. It serves as a warning sign and shows that linear behavior in the log
periodogram for low frequences can develop for other reasons than LRD.

The estimates for H are clearly subject to statistical uncertainty. It is not our primary purpose
to give confidence bands for the estimation of H; all we intend to show here is that standard
estimation procedures for stationary time series, when applied to a non-stationary sequence, may
give misleading answers as to whether there is LRD in the data.

The above discussion shows:

Non-stationarity of a time series could be responsible for the spurious LRD effect in the behavior

of the sample ACF and the periodogram of absolute log-returns.

6 A study of the Standard & Poors 500 series

Now we proceed to analyse a time series that has been previously used to exemplify the presence of
LRD in financial log-return series: the Standard 90 and Standard and Poor’s 500 composite stock
index. This series, covering the period between January 3, 1928, to August 30, 1991, was used in
Ding et al. [28], Granger et al. [38], Ding and Granger [27] for an analysis of its autocorrelation
structure. It led the authors to the conclusion that the powers of the absolute values of the log-
returns are positively correlated over more than 2500 lags, i.e. 10 years. Hardly any proof is needed
to convince one that this time series is likely to be non-stationary. It covers the Great Depression, a
world war together with the most recent period, marked by major structural changes in the world’s
economy. In addition, there was a compositional change in the S&P composite index that happened
in January 1953 when the Standard 90 was replaced by the broader Standard and Poor’s 500 index.
Despite all these, Ding et al. [28] conclude the section which describes the data as follows (page
85): “During the Great Depression of 1929 and early 1930s, volatilities are much higher than any
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other period. There is a sudden drop in prices on Black Monday’s stock market crash of 1987,
but unlike the Great Depression, the high market volatility did not last very long. Otherwise, the
market is relatively stable.”

Bollerslev and Mikkelsen [15] used the daily returns on the Standard and Poor’s 500 composite
stock index from January 2, 1953, to December 31, 1990 (a total of 9559 observations) to fit a
FIGARCH model under the assumptions of stationarity and LRD.

In Mikosch and Starica [51] we performed a detailed analysis of the same data set covering
the time span from January 2, 1953, to December 31, 1990. Contrary to the belief that the LRD
characteristic carries meaningful information about the price generating process, we show that the
LRD behavior could be just an artifact due to structural changes in the data. We have already
used the statistic (3.1) to detect the moments in time when a GARCH(1,1) model estimated on
past data stops describing the behavior of the time series; see Figure ?7?. Next we document the
effect which the switch to a different regime of variance has on the sample ACF. We find that the
aspect of the sample ACF changes drastically after episodes of increased variance that cannot be
properly described by the estimated model.

In Figure 7?7 the sample ACFs for the absolute values of the log-returns for the first 9-year and
11-year periods are compared. While the first period’s autocorrelations seem to be insignificant
after 50 lags, the autocorrelations for the 11-year period are still significant at lag 100. We also note
that the size of the significant autocorrelations increases together with the proportion of positively
correlated lags. This is indeed consistent with the explanation of this phenomenon provided in
Section ?7.

However, from the view point of the behavior of the sample ACF, the most interesting part is
the period beginning in 1973 and lasting for almost 4 years. The values of our statistic S, (3.1) are
quite extreme, strongly indicating that the period between 1973 and 1977 is a long interval when
the model estimated on the first 1500 observations does not describe the data; see Figure ??. Let us
analyze the changes in the sample ACF caused by this long period of different behavior. Figure 7?7
displays the sample ACF of the absolute values | X;| up to the moment when the change is detected,
next to the sample ACF including the 4-year period that followed. We see that the sample ACF
up to 1973 does not differ significantly from the one based only on the data up to 1964; see Figure
??. However, the impact of the change in regime between 1973 and 1977 on the form of the sample
ACF is extremely strong as one sees in the second graph of Figure ??. The graph clearly displays
the LRD features given by the theoretical explanation of Section ?7?: exponential decay at small
lags followed by almost constant plateau for larger lags together with strictly positive correlations.

In the end of this section, it is interesting to take a closer look at the behavior of our statistic
around the Black Monday crash in October 1987. Following on the observation that a frequently
re-estimated GARCH(1, 1) model seems to follow better the changing patterns of volatility in the
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Figure 6.1 The sample ACF for the absolute values of the log-returns for the first 9 years (left)
and the first 11 years of the S&P data.
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Figure 6.2 The sample ACF for the absolute values of the log-returns of the first 20 years (left)
and 24 years (right) of the S&P data.
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time series (see Figure ?77), a GARCH(1,1) model is estimated in the beginning of June 1987
using the observations between January 1986 and June 1987 (375 observations). The estimated

coefficients
(6.1) ap=16x107%, «; =0.013, [ =0.812

together with the 4th moment of the estimated residuals, EZ* = 3.4 are used to build the S5
statistic. Figure 7?7 shows the behavior of the statistic during the 100 days preceding and the 25

following the crash. To allow for a better analysis, the log of the statistic is displayed. One sees
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Figure 6.3 The log(S125) statistic before and after the Black Monday 1987 crash. The horizontal
line is the log of the 7T5% quantile (qo.75 = 2.26) of the limiting distribution of Sis.

that the statistic reaches above the 75% quantile (2.26) of the limiting distribution 6 weeks before
the crash and never falls below. The days just before the crash mark an increase in the statistic.
The days -6 up to -2 are above the 90% percentile of the limit distribution (.90 = 2.71), while day
-1 is well above the 99% quantile (gg.99 = 3.6).

7 A study of exchange rates

In this section we focus on log-returns of foreign exchange (FX) data. We consider 2004 daily log-
returns from the DEM/USD exchange rate between January 1975 and December 1982. We chose
this period for a couple of reasons. This period is marked by two important events in the recent
history of monetary policy. In Europe, several central banks improved upon the coordination of

their monetary policy around March 1979. In the U.S., the Federal Reserve changed its instrument
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for controlling the money stock. It switched from using the federal funds rate to targeting the non-
borrowed reserve. This change of policy lasted from October 1979 until October 1982 and, according
to the economics literature (Spindt and Tarhan (1987), p. 107), it was “one of the more dramatic
events in the recent history of monetary policy”. Since monetary policy changes undoubtly have
great impact on exchange rate dynamics, we expect to see the traces of these events in the data
set.

Another reason is that data sets from this period which is marked by significant structural
changes, have been included in studies conducted by various authors, both in the contexts of
GARCH(1, 1) modeling and long memory analysis. Baillie and Bollerslev (1989) used daily spot
exchange rates for the currencies of France, Italy, Japan, Switzerland, the United Kingdom and
Germany against the USD between March 1, 1980 and Janury 28, 1985 to fit GARCH(1, 1) models
with conditional ¢-distribution. They report estimated values of a; + (1 close to unity in all cases.
Baillie et al. (1996) found evidence of long memory and fitted their FIGARCH model to a time
series of daily DEM/USD spot exchange rates from March 13, 1979 through December 30, 1992.
Note that these periods contain (at least) the major event of the return of the Federal Reserve to
the use of the federal funds rate to control the money stock.

Our analysis shows that both events seem to have produced sensible changes in the dynamics
of the exchange rates during this period. In the light of this analysis and of the theoretical devel-
opments of the paper, both findings of almost integrated GARCH(1,1) and long memory in the
mentioned studies are rendered questionable.

Further evidence for the fact that the mentioned structural shifts could be responsible for the
spurious persistence in volatility documented in Baillie and Bollerslev (1989), comes from Cai
(1994). This author finds that fitting a GARCH(1, 1) to the monthly excess returns of the three-
month T-bill from August 1964 to November 1991 implies highly persistent volatility (¢, = 0.98).
In contrast to that, fitting a model which allows for shifts in the unconditional variance yields
significantly reduced ARCH parameters and, hence, a model with much less persistency in the
volatility. The model clearly associates the periods of regime shifts with the oil shock and the
Federal Reserve policy change.

Let us now commence our analysis. The left-hand graph of Figure 7?7 displays the data. Visible
changes in the appearence of the data can be detected during 1978, begining of 1979 and end of
1980, 1981. A GARCH(1,1) fit to the first 2 years yields the following parameters:

(7.2) ap=83x10°%, «a; =0.18, B =0.77,

and an estimated 4th moment for the residuals of 4.6.
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Figure 7.1 Left: Plot of the 2032 DEM/USD log-returns. The year marks indicate the beginning
of the calendar year. Right: The corresponding goodness of fit test statistics S1as.

7.1 Goodness of fit test and the sample ACF

The right-hand graph of Figure ??7 displays the values of the statistic S, calculated on a weekly
basis from the previous n = 125 observations which amount to roughly six months. The horizontal
line is set at the asymptotic 95% quantile. The graph shows the presence of two intervals where
the estimated model clearly does not fit the data: a shorter period of less than a year, covering
the beginning of 1979, and a longer period of about one year and a half, covering 1981 and the
beginning of 1982. A look at the sample ACF of the absolute values | X;| before and after the period
in the discussion reveals a minor change in the behavior of this statistical instrument; see Figure
?7?. Here the first 100 lags of the sample ACF before and after the first episode are displayed.

In contrast to the first episode that could possibly be associated with the mentioned increase
in the policy coordination among several European countries, the second period during which the
goodness of fit test statistic exceeds the threshold lasts longer. A visual inspection of the graphs
in Figure 7?7 gives the impression that the structure of the time series in the period between spring
1980 and the end of 1981 is different from the remaining observations. The statistic Sis5 confirms
this fact by frequently switching sides of the threshold line during this period. The dramatic
changes in the behavior of the sample ACF are illustrated in Figure ?? where we can see the first
100 lags of the sample ACF before and after the second episode. Again, in accordance with our
explanation, the sample ACF displays exponential decay at small lags followed by almost constant

plateau for larger lags together with strictly positive correlations.
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