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summary

The motivation behind the in
uence analysis is to increase the adequacy of the

�tted model. Several local in
uence diagnostics have been proposed for di�erent

models such as linear regression, generalized linear, Weibull regression, propor-

tional hazards etc. models by di�erent authors on the basis of Cook's (1986)

local in
uence method proposed for linear regression. As testing the signi�cance

of local in
uence is a motivating problem, in this paper we develop a likelihood

ratio based test procedure for testing the signi�cance of local in
uence on the pa-

rameter estimates and application is shown by �tting a logistic regression model

to the Framingham Heart Study data set. This test procedure is based on the

ideology of testing the equality of parameters of postulated and perturbed model.

The proposed test procedure can be extended to the model having smooth and

well-behaved likelihood and perturbation function.

Keywords: Local in
uence, Diagnostics, Perturbation function, Logistic regres-

sion model.

1 Introduction

In
uence emerges from the interaction between the model and the bad elements of the data

for which valid conclusion from a �tted model can not be drawn. Local in
uence is the

minor perturbations of a model and assessment of local in
uence is necessary for the best

�t of a model. Several diagnostics have been developed for assessing the local in
uence for

the perturbations of case-weights, explanatory variables and for assessing e�ect of speci�c

perturbations on the estimates by di�erent authors for di�erent models. Considering local

in
uence diagnostics, index plot of Umax (usually eigen vector components of the in
uence

matrix corresponding to maximum eigen value) can detect the in
uential cases and maxi-

mum curvature diagnostic (Cmax) gives a gross idea about the presence of local in
uence on
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the parameter estimates. The usual local in
uence diagnostics are not able to indicate the

presence of local in
uence on single parameter estimates. However, no successful attempt

has been made so far to test the signi�cance of local in
uence on the estimates of parame-

ters. The focus of this paper is to develop a test procedure to test the signi�cance of local

in
uence on the estimates of parameters.

On the basis of Cook's (1986) local in
uence method for linear regression model, Thomas

and Cook (1989) apply local in
uence methods to the generalized linear model, Weissfeld

(1990) do the same for the proportional hazards model while Weissfeld and Schneider (1990

a,b) extend local in
uence diagnostics for normal linear model and for Weibull regression

model with censored data respectively. Various aspects of local in
uence techniques and

likelihood displacement have also been discussed by Escobar and Meeker (1992). But most

of these are concerned with the identi�cation of in
uential elements and measurement of

in
uence on the parameter estimates by the curvature diagnostics. Besides this, Pregibon

(1979, 1981) shows that if log-likelihood displacement D(!) > �
2
(1��;p), the perturbation !

results in a �̂! that lies outside of the null perturbation approximate likelihood-ratio-based

100(1��)% con�dence region for �. This is the generalization of the F-calibration of Cook's

D statistics.

After assessing locally in
uential elements and local in
uence on the parameter estimates,

it is important and necessary to test the signi�cance of local in
uence on the parameter

estimates. Escobar and Meeker (1992) shows for perturbing a single case that 1
2
Hii > �

2
(0:5;p)

provides a warning signal that the perturbation could be in
uential. Also the classical test

procedures do not seem adequate to test the in
uence on the parameter estimates. Here

a test procedure for testing the signi�cance of local in
uence on the parameter estimates

is developed. This test procedure is mainly based on the test procedure developed by

Islam (1994) to test the equality of parameters for repeated transitions for proportional

hazards (PH) models. In his test procedure Islam compares the parameters of two types

of PH models for two time periods. This concept is extended in our test procedure for

testing whether the parameters of postulated and the perturbed model are equal or not, i.e.,

whether perturbation scheme ! is in
uential on the parameter estimates. For illustration

we apply the local in
uence diagnostics of logistic regression model (Hossain, 1997) for

di�erent perturbation schemes to the Framingham Heart Study (FHS) data set (see Kahn

and Sempos, 1989). The proposed test procedure is then applied to test the signi�cance of

local in
uence on the parameter estimates.

2 Local In
uence Techniques

We discuss some facts about local in
uence methods in this section. Let � = (�0; �1; : : : ; �p)
T

be the (p + 1) � 1 vector of regression coeÆcients of a particular model which follows the

assumptions of local in
uence techniques (see Cook, 1986). In local in
uence analysis an

open region 
 of small perturbation ! is considered and it is thought out that likelihood

displacement D(!) contains essential information on � for the e�ect of perturbation scheme
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! which is de�ned as

D(!) = 2fL(�̂)� L(�̂ j !)g

where L(�̂) and L(�̂ j !) denote the log-likelihood of the postulated and perturbed model

respectively. For the speci�c perturbation scheme there is a point ! in 
 that represents null

perturbation of the data i.e., L(� j !) = L(�). Cook (1986) argued that a direction of large

change at D(!) can be used to identify the locally in
uential elements. Since D(!) achieves

a local minimum at !0, a simple representation of normal curvature can be obtained as

Cu =j u0Hu j

where U is a direction vector of unit length and H = Æ
2
L(� j !)=Æ!!0. In this form

computation of H is very diÆcult so that Cook (1986) recalculate it as

H = �0
I
�1�

where I�1 is the variance-covariance matrix of the model evaluated at ! = !0 and � =

Æ
2
L(� j !)=Æ�i!j evaluated at � = �̂!. Hence direction vector of unit length Umax of Cmax

can be obtained by considering the eigen vector of the in
uence matrix H corresponding to

the largest eigen value which produces greatest local change in the regression coeÆcients.

From the above discussion one thing is clear that ! results through the perturbed param-

eter estimates �̂! and then the local in
uence diagnostics are used to identify the locally

in
uential elements. Hence it is important to investigate the local change on �̂ for the

perturbation scheme ! and this can be done by comparing perturbed estimates with the

estimates evaluated at ! = !0.

3 Logistic Regression Model and Perturbations

It is noted that logistic regression model has found pretty well in dealing with categori-

cal outcome variable (Hosmer and Lemeshow, 1989) and it involves non-linear estimation

procedure. Let us consider the logistic model of the form

�i = P (Yi = 1 j Xi = x) =
e
Xi�

1 + eXi�

and

1� �i = P (Yi = 0 j Xi = x) =
1

1 + eXi�

where � denote (p+1)�1 vector of regression coeÆcients andX denote explanatory variables

in which Xi is the ith row of the design matrix X . Here Yi denote the dichotomous outcome

variables where 1 indicates the ith individual has experienced an event and 0 otherwise.

The perturbed estimates can be obtained by considering likelihood functions for di�erent

perturbation schemes such as for the perturbations of (i) case-weights, (ii) explanatory vari-

able (one or more), (iii) individual coeÆcient etc. To assess the local in
uence or to obtain
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perturbed estimates of logistic regression model, the diagnostics and likelihood functions

proposed by Thomas and Cook (1989) for generalized linear model can be used by taking

link functions for logit distributions. The perturbed estimates can also be obtained by ex-

tending local in
uence diagnostics directly for logistic regression model (Hossain, 1997) on

the basis of Cook's (1986) method. The methods are brie
y discussed below.

3.1 Perturbations of Case-weights

Let !0 = (= !1; : : : ; !n) be a vector of weights and !00 = (1; : : : ; 1) regresents n�1 vector of

null perturbation. To assess the in
uence for the case-weight perturbations, the perturbed

log-likelihood is de�ned by

L(� j !) =

nX
i=1

!i

�
YiXi� � log(1 + e

Xi�)
�
:

The (i; j)th elements of � matrix of order (p+ 1)� n is given by

�ij =
Æ
2
L(� j !)

Æ�jÆ!i
=

�
yixij �

e
xij�j

1 + exij�j
xij

�
= (yi��i)xij ; j = 0; 1; : : : ; p ; i = 1; 2; : : : ; n

evaluated at !0 and �̂. The in
uence matrix H of order n�n can be obtained by following

the relation H = �0
I
�1� under the perturbation scheme. Thus the maximum curvature

Cmax can be easily computed as de�ned in section 2.

3.2 Perturbations of Explanatory Variables

Here we consider a general method for perturbing the whole design matrix X i.e., for the

modi�cation of all explanatory variables. Let � be a vector of parameters and the perturbed

log-likelihood L(� j !) can be obtained by replacing explanatory variables X with Z i.e.,

Z = X +WV

where W = (!ij) is a n � (p + 1) matrix of perturbations and V = diag(v1; v2; : : : ; vp+1)

be the scaling factor which is used to convert the perturbations !ij to the appropriate size

and units so that !ijvj is consistent with the (ij)th element of X . Under this perturbation

scheme, the perturbed log-likelihood will take the form

L(� j !) =
X
i

h
yi(xij + !ijvj)�j � ln(1 + e

(xij+!ijvj)�j )
i

;

i=1,2, . . . ,n and j=0,1,. . . ,p

To compute the curvature diagnostics, we partition the � matrix of order (p+1)�n(p+1)

into p+ 1 sub-matrices as

� = (�1;�2; : : : ;�p+1)
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where kth sub-matrix �k of order (p+ 1)� n is de�ned by

�k =
Æ
2
L(� j !)

Æ�jÆ!ik

=
Æ

Æ!ik

"X
i

(yi � �!i)(xij + !ijvj)

#
=

X
i

((yi � �!i)� �!i(1� �!i)zi�j) vj ; i = 1; 2; : : : ; n and j = 0; 1; : : : ; p

evaluated at !0 and �̂. Thus the in
uence matrix H can be obtained through the relation

H = �0
I
�1�. These results can be extended to the situations where only one or more

explanatory variables is of interest by setting vj = 0 for the unperturbed variables.

3.3 Perturbations of Individual CoeÆcient

For examining the sensitivity of the ith coeÆcient to each of the perturbation scheme dis-

cussed above, a curvature diagnostic is developed as suggested by Cook (1986). First we

rearrange the columns of X as X = (X(1)
; X

(2)) so that the �rst column X
(1) corresponds

to the coeÆcient �1 of interest. The curvature diagnostic for an individual coeÆcient is

de�ned by

Cu(�1) = 2 j u0�0(I�1 � `)�u j

where u is the eigen vector of �0(I�1 � `)� corresponding to the largest eigenvalue, ` is

de�ned by

` =

�
0 0

0 P
�1

�
and P is obtained from the partition of

I =

�
M N

O P

�
:

Under speci�c perturbation scheme, the sensitivity of the coeÆcients can be investigated

by this procedure.

4 Testing the Signi�cance of Local In
uence on the Pa-

rameter Estimates

Let � be the (p + 1) � 1 vector of unknown model parameters evaluated at ! = !0 and

� denote the (p + 1) � 1 vector of parameters of the model evaluated at !. Consider the

(p+ 1)� 1 vector of parameters �0 = (�1; �2) of the another model evaluated at ! where �1
is the vector of parameters (order � p) of the model evaluated at ! = !0 and is a sub-set

of �. Then in
uence of ! on �1 can be tested by the likelihood ratio test statistic

� = �2[L(�̂1; �̂2)� L(�̂)]
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which follows �2 distribution with d.f. equal to order of �1. Here it is important to note

that the �rst or second log-likelihood term of right hand side can be interchanged since both

the terms contain equal number of parameters (see Cook and Weissberg, 1982).

To test the local in
uence on the parameter estimates �̂1, our interest will mainly center

on the total parameter vector of order p, an individual parameter or a subset of �1.

In the following section, the proposed test procedure is applied to test the signi�cance

of local in
uence on the parameter estimates of the logistic regression model as a speci�c

example.

5 Application of the Test Procedure

For testing the signi�cance of local in
uence on the jth (j = 1; 2; : : : ; p) parameter estimates

�̂j , we consider the null hypothesis

H0 : �j = �!j

against

H1 : �j 6= �!j

where ! denote the particular perturbation scheme. Here we want to test the e�ect of small

perturbation ! on the jth parameter estimate �̂j .

To test the above null hypothesis, according to the theory stated above we consider the

following three logistic models

�i(1) =
e
Xi�

1 + eXi�

�!i(2) =
e
Xi�!

1 + eXi�!

and �!i(3) =
e
Xi�

1 + eXi�
:

In the model (3), � = (�̂1; �2) where �̂1 is the estimates of the model (1) evaluated at ! = !0

and replacing it in the model (2), we will get the estimates �̂2 of � at !. In simple form �

can be expressed as follows:

(a) for testing local in
uence on total parameter vector, �̂2 = �̂0 evaluated at ! and

�̂
T
1 = (�̂)p�1 evaluated at ! = !0 i.e., �̂T = (�̂0; �̂1; : : : ; �̂p) and

(b) for testing local in
uence on single parameter, �̂T = (�̂0; �̂j ; : : : ; �̂p) evaluated at !.

The concept of the proposed test procedure is that we replace the estimates of the

postulated model to the perturbed model to see whether these estimates are equal or not

on the basis of likelihood ratio test statistic. The likelihood ratio test statistic for testing

the signi�cance of in
uence on single parameter estimate �̂1 is then can be de�ned as
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� = �2 ln

"
`(�̂1; �̂2)

`(�̂)

#
� �

2with 1 d.f.

6 Illustration

For testing purpose, we �t a logistic regression model to the Framingham Heart Study

data set. A random sample of 200 out of 669 men have been taken for the computational

convenience and Fortran programming language has been used for analyzing the data. In

our study we use the variables age, systolic blood pressure (SBP), diastolic blood pressure

(DBP), serum cholesterol (CHOL), Farmingham relative weight (FRW) and cigarette (CIG)

as independent variables and coronary heart disease (CHD) as outcome variable. First we

�t a logistic regression model and the estimated coeÆcients are given below:

Variables Intercept AGE(�1) SBP(�2) DBP(�3) CHOL (�4) FRW (�5) CIG (�6)

Estimated

CoeÆcients -7.9116 0.0113 0.00108 0.0389 0.011 0.0013 -0.0102

Then we �t logistic model for di�erent perturbation schemes and local in
uence diag-

nostics have been used to assess local in
uence and to detect the in
uential elements. In

the local in
uence analysis the case 52 and explanatory variable CIG has been found very

in
uential.

For testing the signi�cance of local in
uence on the parameter estimates, here we consider

the estimates for the perturbation of case-weights (!52 = 0:8), explanatory variable cigarette

(CIG) and for the deletion of case 52. In Table 1, 2 and 3, the null hypotheses are replaced

in the perturbed model. Then the estimates of the 3rd model (see section 5) obtained are

listed in column 3. Column 4 presents the value of conditional log-likelihood and column

5 presents corresponding �
2 value. For the �

2 value, the unconditional log-likelihood is

calculated  L(�̂) = �103:64. Finally column 6 presents corresponding p-value.

6.1 Case-weight Perturbations

To test the signi�cance of local in
uence on the parameter estimates for case-weight per-

turbations, here we consider only the minor modi�cation of the case 52 i.e., the case 52 has

given weight 0.8 and the local in
uence on the parameter estimates are assessed (Table-1 ).

The null hypotheses 1, 2, 3, 4 and 5 in Table-1 may be rejected since the p-values are

moderately small and we may conclude that there are signi�cant in
uences on the estimates

of the parameters �1, �2, �3, �4 and �5 for the perturbations of case 52. Under the null

hypothesis of equality of parameters, the chi-square values have found negative for testing

null hypothesis regarding �6 and overall in
uence. The absolute value is considered in such

cases because the log-likelihood values can be interchanged. Since the p-value is high (0:599),

the null hypothesis 6 may not be rejected and we may conclude that there is no signi�cant
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in
uence on �6. Similarly we may conclude that there is no overall signi�cance of local

in
uence on the estimates for the case-weight perturbation introduced. However, although

�̂ (entire parameter vector) is insensitive to !, one can begin to check for in
uences on

di�erent subsets of �̂.

6.2 Perturbations of Explanatory Variable

In Table-2 we consider the testing procedure of the signi�cance of in
uence on the parameter

estimates for the perturbation of explanatory variable CIG. For perturbing the explanatory

variable CIG, the elements of the perturbation vector ! of the cases 41, 47, 52, 54, 64, 98,

117, 125, 171, 190, 193, 197 are so chosen that the value of CIG of the above cases have

been transformed into 5. Thus we assess the local in
uence and e�ect of perturbation is

tested (Table-2).

In Table-2, all the null hypotheses may be accepted and so thus there is no signi�cant in-


uence on the parameter estimates for the modi�cation of explanatory variable CIG which is

also indicated in the local in
uence analysis of Hossain (1997) where all in
uential elements

have lost their in
uential nature for such modi�cations. Hence the test procedure success-

fully tests the signi�cance of local in
uence on the parameter estimates for the perturbation

of explanatory variable CIG.

6.3 Case-deletion E�ect

Since we see that the case 52 has had greater in
uence for the minor modi�cations of the

data, in Table-3 we make an attempt to observe the e�ect for the deletion of case 52 on

the parameter estimates. The p-values corresponding to the null hypotheses 1 to 6 are very

much small and so the null hypotheses are rejected. Hence the deletion of case 52 makes a

substantial changes on the parameter estimates. This is also illustrated in the local in
uence

analysis of Hossain (1997) and our proposed test procedure absolutely support his result.

But for testing the overall signi�cance, the test procedure implies that there is no overall

signi�cant in
uences on the parameter estimates for the deletion of the case 52.

7 Discussion and Conclusion

In this paper we propose a simple likelihood ratio based test procedure for testing the

signi�cance of local in
uence on the parameter estimates which is developed on the ideology

of testing the equality of parameters of di�erent models. As a particular case, this test

procedure is used for testing the signi�cance of local in
uence on the parameter estimates

of logistic regression model and it can be extended to the model having smooth and well-

behaved likelihood and perturbation functions. Here it is investigated that although the

whole parameter vector is insensitive to the perturbation scheme introduced, it might be

sensitive to a single parameter or a sub-set of parameter vector.
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The proposed test procedure gives a measure of local in
uence on the parameter esti-

mates which could not be possible by the usual local in
uence diagnostics or test procedures.

The test procedure is illustrated by �tting the logistic regression models to the FHS data

set under speci�c perturbation schemes.
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