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ABSTRACT

We consider mean-reverting stochastic processes and build a self-consistent
model for forward price dynamics and their applications in power industries.
This model with stochastic volatility of the forward priceis built using the ideas
and equations of stochastic differential geometry in order to close the system of
equations for the forward price and its volatility. Stationary distributions for the
forward price volatility are found analytically as well as the forward price
curvesin the one factor case. We consider two models for regular forward price
volétility.

1) Pure exponentia two parameter model with zero asymptoticat T — o :

(t,T)=0e*™

2) Three parameter model with non-zero asymptoticat T —
I(t,T) =0, " +0,
Thefirst model is atoy one although it can be used in the case of long terms,
the second oneis quite reliable for short terms. Those models will also play a
role of initial conditions for a stochastic process described forward price
volatility.
We compare our results with those known from the literature.



|. Forward Pricesand Their Modeling

Definitionl. A forward contract is a particularly simple derivative and is an
agreement to buy (along position) or to sell (ashort one) an asset at acertain
future time (maturity date T) for a certain price (the delivery price K).
At time the contract isinitiated the delivery price should be such that the
contract value for both partiesis zero. The contract is obligatory.

Definition 2. The forward price F(t,T) for acertain contract is defined as the
delivery price which would make the contract have zero value.
The forward price and the delivery price are equal at the time the contract is
entered into. As time passes, they go apart since pre-specified initially delivery
priceis constant. Therefore we can think of the forward price as the delivery
price at current timeft.

Thereisavery well-known formula relating the forward price and the

spot price Hull (1993)

F(t,T)=S(t)el Y (1-1)

Where I isarisk-lessinterest rate, U isastoragerateand y aconvenience
yield. Both the storage rate and especially the convenience yield are usually
unknown functions and the convenience yield can be a stochastic process.

Following Cortazar & Schwartz (1994) we will describe the dynamics of
the forward price by the equation

FLT) _sx 1. T)awre) (1-2)
F =

where Z(tT) isavolatil ity corresponding to a p-th random factor described
by the Wiener generator dW"(t) . So model (1-2) describes the n-factor
dynamics of the forward curve F(t,T).




We assume that interest rates are deterministic and future prices are equal
to forward prices (see, e.g. Hull (1993)). In (2) we have n independent sources
of uncertainty that drive the evolution of the forward curve F(t,T).

By integrating (2) we have (using Ito’slemma)

F(t,T)=F(0, T)exp{ {——j 5. (z,T) dr+j > (7,T) dw' (r)}} (1-3)

Then for the spot price t) we have by setting T =t
S(t) = F(0, t)exp{ {——j %, (z,1) dr+_[ %, (7,t) dW (r)}} (1-4)

It means that the natural logarithm of the spot price (as well as the forward
price) is normally distributed at time T given the forward priceinitialy at time
zero such that

IN(S(T)) = N{{In(F(OT))——ZIE(rT) d}, ZIZ (z,T)? dr}}

i=1 o i=1 o

By differentiating (4) over t we have got the stochastic differential equation for
the spot price

dS(t) _|aInF(0t) & | o, (z,1) [ OX. (7,1)
50 _{ " ;UZi(I,t)—at dr { dw'(z )}}

+Zn: T (t,t) dW' (1) (1-5)

The term in the curled parentheses can be interpreted as an equivalent to
the sum of the deterministic risk-less rate of interest r(t) and a convenience
yield y(t) which in general should be stochastic.

Many well-known models are specia cases of this genera approach. E.g.
Schwartz's (1997) model for the commodity price dynamics used asingle
factor mean-reverting mode!:




dS=ofu—In(S)] Sdt + cSdW (1-6)
L et us consider single factor model (2) for F(t,T), too

dF(t,T)
F(t,T)
Now a question arises what kind of model we will adopt for the volatility
X(t,T)
L et us assume that the volatility is aregular function of time of the form

=2(t,T)dW(t) and F(t,t)=3S(t) (1-7)

I(t,T)=0,e ™" (1-8)

Thisfunction is very popular and convenient to handle integrals with. Then
after a ssmple though tedious calculations we can find the forward price curve
solving equations (4)-(6) together.

Fr(0,T)= exp{e‘”” InS(0) + u(1—e“") —% (1- e-“T)Z} (1-9)

The equation (5) can be solved if the following condition (similar to the
“risk-less condition” in the Black-Scholes theory) holds:

9. 2(t,T)=—y=(t,T)

or in more genera form

0. 2(t, T)=—y(t, T)+ f (£, T) (1-10)
where f(t,T) isaknown function.
Although three-parameter function (8) is very ssmple and popular but in

reality we rather have a four-parameter function of the form, see Clewlow and
Strickland (1999), Figure 2:



>(t,T)=ae*" " +b (1-8a)

After the similar calculations we obtain the following formulae for the
average forward price and its volatility:

<InFr(0,T)>=e " S(0)+u(l-e") ‘i[az (1-eT)’ - 20*(aT -1+e7) |

(1-9a)

Var[InF,;(0,T)] = g[Ze“’” (L-oT +a’T?) —e T (2+ aZTZ)} (1-
9b)

Now it’'swell known that the volatilitiesin (2) are stochastic processes
themselves. What kind of stochastic processes they could be? To answer this
question we resort to the stochastic differential geometry Makhankov (1995,
1997)

As aresult we obtain a self-consistent model described by the system of
stochastic equations.

Stochastic differential geometry

The equations of stochastic differential geometry that describes the
Brownian motion (diffusion) in a curved space (manifold) read

dX ' (t) = Z ! dW (1)

m
i PN K
dz,=-> I zldX (1-11)
j k=1
. i
Where X' isan m-dim vector (apoint in an m-dim curved space), 2 disa
matrix of rotating operator and can be constructed of m vectors which set up a

natural frame on a patch of the bundle and Tiis a conexion coefficients
through which a curvature of the space is given. The first equation describes an



elementary shock the Brownian particle undergoes due to collision with the
stochastic background.

While moving from one patch to another along with the particle, this
frame changes the orientation.

The total change of avector, B due to moving from one point to another
consists of two pieces

5B = dB+I'BdX (1-12)

Where the first termisthe differential aong the path
oB
ox'
and the second allows for a change of the frame orientation. Since the matrix

consists of N vectorsit is transformed following the same rule

ST=dX+TZdX(t) (1-13)
Now the fair game rule (no arbitrage opportunity, same action same
response) means that the total change of 2 should vanish

dB(t) = —dX' (t)

02=0

or
d =Tz dX (t)

which along with the equation for the elementary shock

dX (t) = = dW
gives the equations of Stochastic Differential Geometry. Let us stress that the
equations are written in Sratonovich differentials.

So we have got the model that describes pure Brownian motionin a
curved space. From the other hand from general relativity we know that a
curvature may be considered as force. So what kind of forceitisin our case.
The dynamics of the forward price logarithm is given by the equation

1 n n
din(F(t,T)) = —522% (t, T)dt+> =, (t, T)dwi(t) (1-14)
g=1 g=1
in Ito differentials. If we assume the internal term space of the model being
discrete (what istruein reality) we have got



F(t,T)=F(t,KT)=F*(t)
Now denoting

X*() =InFX(t) (1-15)
we come to the equation

dX' (t) :—%iz‘qz(t)duizgdwqa), ie(l...m (I-16)

written in [to differentials.

If we wish that the dynamical model of forward price should correspond
to the pure Brownian motion in the curved manifold we have to equate eg. (I-
16) to thefirst equation of system (1-11) also written in the Ito differentials,

dX'(t) = Z(E' +— > dZ' )qu (t) = ZZ dwi(t)-= Z F'Jk "Zédt
o=1 J k.q
(1-17)
Then we have the equation for self-consistency of the model

Zz‘ (t)dt = ZZF'JKZ zldt (1-18)
a jk
R@olw ng this equation with respect to

i i j
Ak,q_ Fi qu
we obtain
A=, 0\
Substituting this equation into the second one of (1-11) we come to the equation

dx (t) = —zipzn:ziqdwq (t) (1-19)
g=1

Now our system is closed and self-consistent since the curvature of the term
space is defined by the “forceterm” (thetrend) in the equation for the price
dynamics.

So we have to solve the following system of equations



ax' (1) = 35 AW ()

o=1

d () =—2, > T dwe(t)
k=1

that in 1to differentials read

dX' (t) = —%Zziqz(t)dt + Y AW (1)
g=1 g=1

dZ,=Z, ) (Z,)’dt— X, > = dwP (1-20)
p p

From the first equation of (I-20) we infer that X has a Gaussian distribution.
What about the volatility?

Let us consider a one-factor reduction of the model. It makes sensesince asis
well-known some, may be even many power markets as well as financial ones
show almost one-factor behavior (principal component analysis gives from 80%
to even 90% of the total contribution to the first component). Clewlow &
Strickland (1999), Wilmott (2001).

So, onefactor: WP =dW and X' =Y then

dY =Y3dt - Y*dwW (1-21)
and the Focker-Planck equation for the transition probability P reads
1
0P =0,(-y’ +§8yy“)p (1-22)

L et us consider stationary solutions of (I-22). Then we have

1
8y(—y3+§8yy“)p =0
with asolution

_Cy+a
- 3

y
If we consider the related Stratonovich process

(1-23)



dz, =-%; > = dwP
p

or for asingle-factor, single-term process Z = >' we have

dZ =-Z%dw (1-24)
with the FP equation

atp = %az(zzazzz)p

and stationary solutions

a
P=— (1-25)
Then we see that both processes have similar distributionsif y is sufficiently
small

a
y << —
C
It was the Stratonovich process. For the 1t0 process we have eqg. (1-21).

The mean can be estimated from the trend term by the following reasoning:
taking average of the equation we havefor Z=<X>+s and <s>=0

<O >=< Y’ >=<st<I>>*=3<><TI>+<Y >3

Where the variance< §° >=t < T >" and the first term in the equation can be
<dZ>=<ZX -X >=d<X>

t+1

neglected. Then since we cometo

d<Y>=<Y>°dt

with the solution

<X>=0

1. 5
=o(l+-t o
1-to? ( 2 )

where we have
0=<3(0,T)>=0,e” model (1.8)
6=<2(0,T)>=ae*" +b mode (I.8a)
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Now armed with the above knowledge we can calcul ate the forward price
curve. In order to obtain analytical estimate we restrict ourselvesto “short time”
horizons.

ot<<1 (1-26)
and consider only first two initial terms in the asymptotic expansion.
In the previous part we consider the statistical properties of the model
and short time horizons. In what follows we study the dynamics of the model in
more detail.

I1. First equation of the SDG model

L et us consider again the single-factor model (1-7)

d?F = 3(t,T)dW(t)

Or using Ito’slemma

dInF(t.T)= —%Zz(t,T)dt £3(6TYAW()

| ntegrating once we have

FLT)  1p, t
n Fom - 2 joz (u,T)du+ joz(u,T)dW(u)

or

F(t,T) = F(O,T)exp{-%jotzz(u,T)du+jotZ(u,T)dW(u)} (11-1)

This solution is defined so far accurate to an arbitrary function F(O,T). To
restrict this freedom we can specify arandom process for the spot price St).
Now since St)= F(t,t), knowing the equation for ) gives us the equation for
F(0,T) through the parameters involved in the egn. for St).

L et us consider a mean-reverting process for St), viz.

d_SS = o~ InS)dt + o (t)dW (1) (1-2)

11



From the other hand egn. (11-1) gives

1 et 5 t
S(1) = F(O.0) exp{-~ jo ¥2(u,t)du + jo >(u,t)dW(u)} (11-3)
I.e. InSis normally distributed with

1t
mean = |nF—2joz (u,T)du

dispersion = Z(t’t)
Also from egn. (11-3) taking the log

InS(t) = InF(0,1) —% [ Z*(utdu+ [ S(u,dw() -4
Then by differentiating over t one has

dInF(0,t) ;zz(tt) Iz(ut)Z(Ut)dU

dInS(t) =[
+ j; %, (u,t)dW (u)]dt + (t, t) dW(t)

Easy to check out that from Ito’s lemma follows that

dInS(t)+= zZ(t fydt = &
Therefore
ds(t) alnF(Ot) :
S0 ! - [ ZUHZ W Hdu+ [ Z (u haw
+Z(t,t)dW(t) (11-5)

Now if the spot process underlying the forward price dynamics is defined by
egn. (l1-2) we have the self-consistent system of equations:

12



o (t) = 2(t, 1)

(11-6)
(s —Ins)= 2" St(o’t) _ I;Z(u,t)zt (u,t)du+ j;zt (u,t)dW(u)
(11-7)

Rewrite egn. (11-4) in the form

_[;Z(u,t)dW(u) ={InS(t)-InF(0,1)} +% j;ZZ(u,t)du

(11-8)
We can easily solve the system of equations (11-5), (11-7) and (11-8) if
> (u,t) =—0Z(u,t) (11-9)
or more general
> (u,t) =—aZ(u,t) + f (t) 11-10)

where f(t) isaknown function of t. Those conditions are additional necessary
for solvability of the whole problem. They look very plausible for they mean
that the volatility of the forward price decays from one level to another or zero.
If we substitute egn (11-9) into (11-7) and use (I1-8) we come to

dINF(0,1)

+alInF(0,t) = a(ﬂ—%ﬁZz(u,t)duj = @, (1)
(11-11)

Below we give the graphs of modeling volatility curves and areal one.

13
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What we havein reality (the second curve from above), see Clewlow &
Strickland (1999).

In general case (11-10) we have
D(t) = 0((/1 —% I;ZZ(u,t)duj+ [ Z(ut)f uydu- [ f u)dw(u)

(11-12)
Equation (11-11) along with (I11-12) can be readily solved provided we know the
forward price volatility Z(t.T).
The solution (obtained by the variation of constant method) is

InF(0,t) = e‘“‘{j; e”®(u)du + const} (11-13)

Sinceatt= 0 InF(0,0) = Ing0) and
t
INF(0,t) = e jo e™®(u)du + In S(O)}
We see 4 not necessarily be a constant. It can be afunction o1 ume.

For example: if theforward price volatility
1) isaregular function of time

 (t,T)=0ce*™"

Kt
2) u(t) = e (aconstant K can be both negative or positive)

Then the integral is exactly evaluated as

2
F(0,T) = exp{e™ InS(0) +- 24 (&7 —e ) - 2L (1_g")?)
oO+K 4o

(11-15)

15



Second Equation of the SDG model

This equation is self-consistent and can be separately analyzed.
Under the same assumption (single-factor model) for Stratonovich
process it reads, see egn.(1-24)

dZ, (t,T) =2 (t, T)dW(1) (1.24)
and
dz, =X *dt - X, *dw (1-21)

for the Ito process.

From egns. (1-23) and (I-25) one can see that the solutions to both FP
equations areidentical if c<<a or e.g. when ¢ = a. It meansthat in our case the
Stratonovich process distributions are a subclass of the more genera 1to’s
distributions.

Since for Sratonovich processes we have the conventional calculus we

get
5, (r,)=— 20O
Y T 14 6 (0,)W(2)
or
2y (LT)= o0.T) (11-16)
1+ (0, T)W(t)
And
05, (r)=—O0Y___
(1+0(0,)W(7))

16



In the first equations (1-25) and (1-26) W(t) is a standard Wiener process with
mean-less and unity-variance Gaussian distribution. So we can express W(t) as
afunction of '

1 1

T T (1-17)

W(t)

Also it is easy to calculate the mean and variance of for small t (short
horizons)

E[Z' (t,T)]= o' (0,T){1+tc' (0, T)%}

Var[Z'(t,T)] =to' (0, T){1+6tc' (0,T)%}
It should be mentioned that the series over t are asymptotic and in
principle are divergent and, strictly speaking, the only point of
convergenceist = 0 even without its neighborhood. Also as could be

expected the results are independent of a sign of the random term.
Now for the Stratonovich process we can go even further. Dueto (11-18) we

calculate the distribution for = (t.T) by means of the formula
p(W)dW = p(1/ 2):—"2Vd2 = p(X)dx

And for p(W) Is a Gaussian distribution we have

= o WEVEYa

adistribution for areciprocal of W(t).

Model with two exponential parameters

Assume that
2 (u,t) =—-aXZ(u,t)

ie o(0,t)=oe™
Then

17



9.2, (1,1) = -« c(0,1) _ o)
e L+oOOW()Y  (1+0o(0,HW(2)) (11-18)

Assume also that
o(0,T)W(T)<<1 (11-19)

Thelast condition is very essential for evaluations. Thisis because

c(O,TIW() = o, " W(t) = e “W(t)e “™) < oe®W(t) U o, *t
There are two cases:.
1) oT <<1 then 07T <<1

2 ol >>1, ofT isabitrary
Now we have
0. 2(u,t) =—-c2(u,t) + f (u)

(11-20)
f (U) = W (U)o (0,1)[1— 25(0, W (U)]

And
L o) = u+26°0.0) [ WD) dz - L 670, W () - 2 o (0, u) [ W2 (u)au
o 0 2 2 0

(11-21)

Finally we can solve egns. (11-11) and (11-21) together to obtain InF(0,T) asa
stochastic process with the mean and volatility

<INFgq(0,T)>=u(l-€")+ e‘”‘T{ In S(0) - Ziof[l— (1+aT)e ]
o

o, _ 1 2\ o-30T
11— (1+3aT + > (30T))e 1} (11-22)

18



Var[InF,q (0,T)] = 4c’ce > jOT g2 gy jOT dz jo“<W(r)dr jOZW(t) > dt

= %Te‘m [-3+20°T? +e? (3+6aT +4a°T?)}
(11-23)
We will compare our result with the conventional case
4 =const and X(t,T)=c,e ™™

with
o?
INFR(0.T)=xl-e*")+e " InS(0) - o L(1-e?T)?

for specific values of the parameters involved.

By looking at (11-22) and (11-24) we see that the means differ by the
terms proportional to some power of 1.

o,e”
1+ o6 “W(t)
Underline again that the volatility of the spot price process St) is
defined as O(t) =Z(t,1) therefore

ot) = 0o [1l-oe™WQH)]0 o™ (11-24)

Or =0/ (L+oW()) (aT >>1) jn the three-parameter model i.e. the spot price
volatility falls down with time that looks plausible for the mean reverting
process.

Three parameter model

Consider

X (0t)=—a(Z(0,t)+0,), ie oc(0t)=0c€e”+0, (11.25)

19



In this case instead of
f(u)= 05\N(u)0'2(0,t)[1— 20 (0, )W (u)]
we have

f,(u)=ao,+aoc(0,t)W(u)[(c(0,t) - 20,) — 20(0,t)(c (O,t) —gao)W(u)]

(11-26)
and
O, () =ou-a O-(g’t) _[;{ (6 -20,)—20(20 —30,)W(u) + 307 (30 — 40,)W?*(u)}du
Then

IN[F(0,T)] =€ {In S+ e"‘“d)l(u)du} — e InS(0) + Int,

And up to the lowest order terms wrt W(t) we obtain

<IN[F,g(0,T)]>=€“TInS(0) + u(1-€ ") + %{ (o -o)e”
—[of 1+ aT)e* —o?(1-aT)]}

(11-27)

2

Var[InF,4 (0,T)] = %{ &2 (46" —1) + (20T - 3)}
(11-28)

For the regular model (1-8a) we have (1-9a) and (1-9b)

<INFR(0.T) >=€* S(0)+ u(1-€*") —i[az (1-eT)* —20°(aT -1+€ ") |

20



b2

Var [InF,e(0,T)] = Z[ze-’”T A-oT +a’T?) — e (2+T?)|

The term structures of all these models are given at the pictures for specific

values of the parameters:
a=05 =02 0, 0, and variousS.

F(O.T)

1.3

1.25

1.2

1.15

1.1

1.05

T (months)

1.3

1.275

1.25

1.225

2 4 6 8 10

F(O.T)

S=1.15

T (months)
10
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FO,T)

1.55
1.5
1.45
1.4
1.35

1.3

1.25

. T (months)

with the lower curve standing for the F,(0,T), the second from below for
Fs(0,T), thethird for F,,(0,T) and the fourth for F,o (0,T).

In al calculationswe put =05 x=02, o0,=014, o0,=0.17. what isvery
close to the values at the NYMEX Crude Oil market.

We see that for short terms (around during two months) all four curves ook

very close to each other and then they start do disperse about 7-10 % at the end
of ayear.

For the first exponential model the variances for both regular and stochastic
variants are negligible. For the second model plots of the stochastic variance
(yellow or the top curve), the “regular” one (red or the midlle curve) and the
difference between them (magenta, the bottom curve) are as follows.
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Var[InF(0,T)]

0.175
0.15
0.125
0.1

0.075

0.05
0.025

2 4 6 8 10

T (months)
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