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1 Introduction

In practice the specification of many microeconometric models
requires the introduction of components capturing unobserved
heterogeneity to account, inter alia, for overdispertion (in Poisson
models, in duration models), for specific effects (when dealing with
repeated measurements, or in the case of cluster specific effects) , for
uncertainty about the model that should be considered (in the case of
switching regression with unobserbed regime) etc...

The specification of the model of the observed quantities of interest
can often be decomposed into two parts. The first part describes the
distribution of the wunobserved component, and given the
unobserved element and in general some covariates, the second part
describes the conditional distribution (density) of the quantity of
interest. Formally the distribution of the observed variable of
interest, say Y, given a vector of covariates, say X, takes the general
form of a mixture :

Prly=y|X=x=[ PrlY=y|X=xzg=¢€|dF(e), 1)

where ¢ is the unobserved random variable which describes
unobserved heterogeneity over some domain of definition D,, and

where Pr[Y=y|X =x¢e=¢| is usually fully specified. F(e) is the
cumulative distribution function of €. At this stage F(e) can be

assumed to belong to a well specified parametric family in which
case the calculation of the observed likelihood is straightforward and
the estimation proceeds, more or less directly, from there.
Alternatively it can be left unspecified and the estimation problem
can be thought essentially as a non-parametric problem. However, in
this latter case it can be shown that the maximum likelihood
estimator of the mixture takes the form of a finite discrete mixture
(i.e. a list of discrete locations, i.e. values of € in D, and probability

weigths, see Lindsay (1983) ), which in practice allows/demands the
use of conventional maximum likelihood arguments.

In this context the estimation problem is often solved using the EM
algorithm (see for example Gouriéroux & Monfort, 1995). In this
note, following Oakes (1999), I show that the EM algorithm in the
discrete mixture case allow for a relatively simple evaluation of the
matrix variance covariance of all the parameters of interest. I give a
general analytic expression for the hessian of the observed likelihood
of a model with finite discrete mixture with known number of types
in terms of the gradient and the hessian of the latent likelihood.



Finally I discuss how this analytical expression allows for quasi-
Newton acceleration of the EM algorithm, and for an Information
Matrix specification test.

2 The Model

In what follows I assume that there are N (independent and
identically distributed) observations/clusters, indexedi,i =1..N,

and F (given) number of components to the mixture. However the
allocation of observations to types is unobserved. For a given
observation i and type f the contribution to the likelihood is L (6) (I
omit to indicate the values Y and X take...) where 6 is a vector of k
parameters. All the unknown locations V¢, f=1.F, are elements
of 6, hence k£ > F . Indeed, in some case the model of interest will
include some covariates and the parameters (type invariant or not)

associated with the covariates are included in 6. On the other hand
F

the probabilities of each type p;, f=1.F, pr =1, are not
f=1

collected in 6. Assuming that we observe the type of each

observation i the (latent) likelihood can be written as

N F
4
(o) =1111(pLs (8))", (2)
i=1f=1
where ¢ =(6', p,,..., P-, ), and &; = 1 if observation i is of type f, and
0 otherwise. Note that the latent likelihood given complete
observation £(¢) is to be distinguished from the observed likelihood

given partial observation, L(¢). In principle L(¢) is easily defined:

N F
L(¢)=]]D_psLy(6),

i=1f=1
however in practice it may be difficult to evaluate (see Lee, 2000)
and/or difficult to maximise. In what follows I'll assume that the
evaluation of L;(#) and its derivative is “straightforward” (or
known, or at least easier to obtain than the equivalent quantities
from the observed likelihood).

The latent log-likelihood can therefore be written as

N F
In€(¢) =Y > & {lnp; +InL;(6)}. (3)

i=1 f=1



For a given value of the parameters, collected in

W = (90', Doy s PoF—1 ), the EM algorithm proceeds first (Expectation

step) by calculating the Expected latent log-likelihood given what is
observed (which we represent by ©,), we have

InL(¢9) = Ey[In(¢)] {0}, ]

N F
=Y > {Ey[6y | O] lnp; +Ey [6 | 6] In Ly (6)},
=1 f=1

(4)

where E, [ | ] stand for the conditional expectation calculated with
the joint distribution indexed by the vector of parameters (. In
particular it can be shown that

L. (6
By (6 6] = 2l ) _ oy, 5)
ZP@ng'g (o)
g=1

In the second stage (Maximisation step) InL(¢;%) is maximised
with respect to ¢ . This procedure is repeated until convergence (i.e.
until ¢ = argmgxlnl}(gb;q/z) ). The algorithm is known to be

monotonic (i.e. the observed likelihood increases), and if convergent
it solves the likelihood equations. Furthermore in some cases it can
be shown to yield the maximum likelihood estimator, i.e.

P = argmgxlnl}(gb).

3 The Hessian of the Observed Likelihood

In a recent paper Oakes (1999) shows that the Hessian of the

9*InL(p)
Y% ¢/ ~

derivatives of In L (¢;4). For all ¢, we have

InL(¢) _[0*InL(¢p) n & InL(¢¢)

9004 { 960¢" 960y’ } oy
While we would expect the first term (the information matrix for the
parameters of the latent model) to be definite negative, the second
term which represents the missing information is likely to be definite
positive. In the multivariate context we may expect that the first term
dominate the second term (in the sense that the difference between
the two terms is a negative definite matrix).

observed log-likelihood, can be obtained from

(6)



In the context of discrete mixtures the evaluation of the quantities of
interest is straightforward. Direct calculations of the gradients with
respect to the components of ¢ give

OlL(éw) _ szfwm@f(el) - ZG (6:9), 7
=1 f=1
OlnL;, (0 —
with G (6,) = %, and G; (6;;9) = me () Gy (61).
=

. N . .
O L(diy) _ N~ (W) mir ()| foon f o1 F 1. (8)
opy f =1 Dy bhir
The required second derivatives are then easy to obtain, we have

2 .
PILOV) S () (8) = ZHMH ©)
8(918(91 1= 1f 1
O InL; (0 F
with Hy (6,) = ;91—505,1) and H ( l,l/) :Z it (‘//) Hi (01)~
PinL(¢9) _ N[ zf(i/J) _mr () (10)
Op10pig =1 piy’ Htg= pe )
forall f,g =1...F —1.
InL(gp) _
W_o, forall f =1..F —1. (11)
PPIL(¢y)
L O N Oou, oy [Gi (6,),Gor (6)], 12
D608 D Cov, () Gy (61), Gy (6)] (12)
where

Covy (4 [ Gig (81),Gyp (60)] =
F

F F
Z{sz (V)G (61) Gy (8 )/} = {m (W)Gy (& )}Z{sz ()Gy (6p) }7
f=1 =1 f=1

hence if 6,=6,,
2 . J
9"nL(v) _ Zva%w [Gjf (6)], symmetric and p.s.d.. (12)’

8(918(90/ 7=1
Moreover it is straightforward to show that



PmL(¢y) , *nL(g) _

891891’ 06,00,
6, /
ZZ zf(w){ Zf(( 0))_sz(90)sz(90) }+
1= 1f 1
(13)
Zzﬁzf(l/f)sz(eo)sz(eo) —ZG (90)G (60)' =
=1 f=1 =1
N F N
DI JELATE S NPRTATAL
= fZIZp ng (90) =
9=
_ 0%Ly (6)
Where g(:zf (90) = W
P*InL(dv)
Napga(e;) (¥) o
;[ “]’QU (G (80) = Gi(80) ) ==2==(Gur (6) = G (%) ) ]
PInL(y)
06,0 N
v, ZZZ) 7 () 1
> Zf (Gy (8)—Gi(8) ) —E2(Gip (8) = G, (8) )]
=1 bor
such that whenever (021/1,82 nL(¢i¢) = O InL(4:¢) .
Opy 06, 96,0poy
Finally for all f,¢ =1...F —1, we have:
PIL(gy)
3]91f3]909 B
N [ -
[7Tzf (w)”g:f] + iF (1/1)]_ (16)
=1\ PifPof PirPor

[Wz'f(l/f)_Wip(l/f)][ﬂg(l/))_ﬁw(l/f)]
b1y bhir Pog Por ’
such that whenever p;; = py forall f =1..F-1,



0*InL(¢;¢) n ?InL(diy) _

op, fap1 g op, fapo g (17)
_i my (9)  mp ()| Mg (V) mip (4)
i—1\ Doy Por Pog Por

which is symmetric in the indices f and g.

These expressions define the observed information, and therefore can
be used together to obtain an estimate of the variance covariance of
the parameters (i.e. by taking the inverse of the observed information
matrix).

4 Implications

A first direct consequence of the expression above is that it is in
principle possible to accelerate the convergence of the EM algorithm.
At least when the likelihood gradient is small enough (this would
have to be determined in practice), the calculation of the hessian of
the observed likelihood allows one or more “safe” Newton Raphson
step (safe in the sense that it does not lead to a reduction in the
likelihood) with the advantage of a quicker convergence. Moreover,
the expressions above can be used in conjunction with the
acceleration methods proposed elsewhere (on this topic see for
example Louis, 1982 and Jamshidian & Jennrich, 1997) to lead to
faster convergence of the EM algorithm.

Furthermore, the formulae above provide expressions, in terms of
the latent likelihood, for the restrictions that have to hold under
correct specification, i.e. when the information matrix equality holds.
In particular, given correct specification and for any value of the
parameters we have (allowing for the covariates)

F
Py (6)
Ex|Eop Z# =
= Zpg[’g (6) (18)
g=1
F
Ex|Egp Zﬁf(w){Hf(H)JrGf(e)Gf(e)’} =0,
=1
F
as a consequence of f > Ly (y;0)dy = 1 and differentiating twice
Dy /=1

with respect tof . Furthermore, we can easily see that (again as a



F
consequence of f Z prLs (y;0)dy = 1 this time differentiating with
Dy /=1
respect to @ first and then with respect to p;), for all f =1...F -1, and

for ¢ = :

Ex|Es, Wf(w)wa)——”F(wGF(e)H -
by PFr
OL;(8) OLp(0) (19)
Ex|Ey, |—2% 9% __|l=o.
Zngg(H)
g=1

These restrictions are the basis of the Information Matrix test (for an
introduction see Gouriéroux & Monfort, 1995, for more details see
White, 1994). As an illustration of the type of restrictions obtained,
consider the example of a mixture involving two types, and such
that, given the type, the latent distribution of Y given a vector of

covariates X, is Poisson with parameter A\; x> = exp(:z:ﬁ + ¢ ) In
this context ¢ = (8,71,72 ).
We have the following expressions for G (6) and H; (§)

T
T
Hf(e):—[ef](m’ ef |\ o, (21)

and therefore
/ z ; / 2
Hy(0)+ G (0)Gy () = [ef]<x e y—n ) = xw}, @)

where €, is a vector of zeros with a 1 in position f.

Substituting (22) in (18) and making the required simplifications I
obtain the restrictions:

Ex|Egp|vech (2" ){ By [Vary [V]] = Eay [Bf [V} =0, (23)
where

Er) [Ef Y]] = m ()N @+ m (¢) N 2, (24)
and

Eny) [Varg [Y]] = m (9)(y = A @) + 7 () (y = o c2d)* (25)

and where vechc> is the operator which stacks the functionally
independent elements of a symmetrix matrix.

EX[EM, [mf (w){(y — N f— Afm}]] — 0, for f =1,2. (26)



EX[Egyp[wf(w){(y—Afm ) —Afm}” =0, for f=12.(27)

The first set of restrictions (23) assesses the heteroscedasticity of an
average second order residual, E,.)[Vars[Y]]—Eq s [E; Y]] ,
while the second set of restrictions in (26) and (27) assesses the
heteroscedasticity of each type specific second order residual. In

particular, the last set of restrictions demands that the posterior
allocation of an observation to a type, 7;(%), and the type specific
ype, 7y ype sp

second order residual, (y —As (x))2 — Af (x>, are uncorrelated.

Following an identical process of substituting (22) in (19) and
simplifying leads to the following restrictions

EXlanp z (o —042)[?/ _ A _)\Q(x)%]” =0, (28)
) —
Ex[Eg)p[ﬂ'f(Qp)(y—Af(fﬂ))H: 0, forf:1,2. (29)
where o = Wfp(w) for f =1,2.
!

The first of this latter set of restrictions (28) requires that

ATy — X (BH .
- 1 2 2 and z(q; —ay) are uncorrelated. For this

o —
restriction to have any power, a; — oy must be different from zero,
which is equivalent to require that ) cz> = ) <z> for all values of z,

i.e. the two types must be different. The second set (29) requires that
the posterior allocation to type, 7, (%) is uncorrelated with the type-

specific residual (y — s cz>).

The generalisation to a larger number of types seems
straightforward, however how well would such a test perform in
practice remains to be studied. In particular, it would be of interest

to understand how such a test performs when the number of type is
too small or too large.
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