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1  INTRODUCTION

This paper is a comprehensive study of methods of inference associated with technical efficiency

estimates in the stochastic frontier model.  We seek to characterize the nature and the empirical

magnitude of the uncertainty associated with the usual estimates of efficiency levels. 

From our perspective, deterministic approaches (e.g., DEA) produce efficiency measures,

while statistical approaches (stochastic frontier models) produce efficiency estimates. The relative

strengths and weaknesses of these approaches have been vigorously debated, and will continue to be. 

However, the strongest argument in favor of a statistical approach has always been that it provides a

straightforward basis for inference, not just for point estimates.  Thus, for example, one can construct

standard errors and confidence intervals for estimates of technical efficiency.  A statistical approach

recognizes that uncertainty exists and is capable of quantifying it.  In our view, uncertainty also exists

within the deterministic approach, but methods of characterizing and quantifying it are still not well

developed.  Consistency of the DEA estimates has been established by Banker (1993) and by

Korostelev, Simar and Tsybakov (1992, 1995).  Korostelev, Simar and Tsybakov also establish the

rate of convergence of the estimates, and Banker (1995) considers certain types of hypothesis tests. 

These results are important but they do not lead to confidence intervals.  Confidence intervals can be

constructed by bootstrapping the DEA estimates;  for example, Simar and Wilson (1995) give some

theoretical results and an empirical example.  However, in our view bootstrapping procedures are an

imperfect substitute for an adequately developed distributional theory.

Ironically, the ability to conduct inference on efficiency estimates in stochastic frontier models

has previously been noted approvingly, but has never been systematically exploited in an empirical

setting.  This paper seeks to fill this void and, in doing so, advances our understanding of the various

sources of uncertainty inherent in econometric models for efficiency estimation.

Of course, the strength of the econometric approach comes at a cost: strong and often arbitrary

distributional assumptions are necessary to extract technical efficiency estimates and ultimately to

construct confidence intervals.  Therefore, a major aim of this paper will be to show how to perform

inference on efficiency estimates under different sets of assumptions that range from the very strong to
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the relatively weak, and to see how the degree of uncertainty associated with these estimates relates to

the strength of the assumptions made.  Some of the methods we discuss require panel data.  Most make

specific distributional assumptions for statistical noise and technical inefficiency.  However, we also

make use of the methodology of Multiple Comparisons with the Best (MCB), developed by Edwards

and Hsu (1983) and applied to stochastic frontiers by Horrace and Schmidt (1994), which uses panel

data to construct confidence intervals without the need for strong distributional assumptions.

In this paper, technical efficiency estimates and their confidence intervals are generated for three

different panel data sets with different dimensional characteristics, using several formulations of the

stochastic frontier model.  We analyze these panel data as complete data sets and also in some cases

broken down into their component cross sections to construct confidence intervals for technical

efficiency estimates using different interval construction techniques.  The results highlight the relevant

strengths and weaknesses of the various techniques and data configurations, and also identify a few

modelling assumptions that may be problematic.  The paper addresses practical aspects of interval

construction that may present problems for the data analyst.

The plan of the paper is as follows.  Section 2 briefly reviews the stochastic frontier model as it

relates to this paper.  Section 3 reviews three interval construction techniques: the Jondrow, Lovell,

Materov and Schmidt (JLMS) (1982) method, the Battese-Coelli (BC) (1988) method and the MCB

method.  Section 4 is an empirical analysis of three panel data sets for which we construct confidence

intervals for technical efficiency estimates.  Section 5 summarizes and concludes.

2  STOCHASTIC FRONTIER MODELS

Stochastic frontier models were originally due to Aigner, Lovell and Schmidt (1977) and

Meeusen and van den Broeck (1977).  These models were based on cross sectional data and  strong

distributional assumptions.  Similar models have also been developed for panel data.  Pitt and Lee

(1981) and Schmidt and Sickles (1984) were the first to exploit the advantages of panel data over cross

sectional data.  Since this is not intended to be a comprehensive survey, the reader is referred to

Cornwell and Schmidt (1995), Greene (1995), Lovell (1993), Lovell and Schmidt (1988) and Schmidt
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(1985) for further details.  In this paper we make use of several formulations of the stochastic frontier

model, which are given below.

The basic model that we will consider is as follows.

(1) yit = α + x itβ  + v it - ui, ui ≥ 0; i = 1, ..., N;  t = 1, ..., T.

Here i indexes firms (or other productive units) and t indexes time periods.  Typically yit is the logarithm

of output and x it is a vector of inputs or functions of inputs.  v it is statistical noise and ui ≥ 0 represents

technical inefficiency, assumed to be time invariant.  More specifically, if yit is the logarithm of output,

technical efficiency of the ith firm is TEi = exp(-ui) and technical inefficiency is 1-TEi.  We will refer to

the composite error as ε it = v it - ui.  We will always assume the following:

(A.1) The v it are iid N(0, σ2
v).

(A.2) x it and v js are independent for t, s = 1, ..., T, i, j = 1, ..., N.

We will sometimes but not always make the additional assumptions:

(A.3) The ui are independent of x and v.

(A.4) ui = |Ui|, where the Ui are iid N(0, σ2
u)

Assumption (A.4) implies that the ui are half-normal, but this assumption could be replaced by other

specific distributional assumptions, as in Stevenson (1980) or Greene (1990).

Now define α i = α - ui, so that α i ≤ α for all i.  Then we can rewrite (1) as the usual panel

data model

(2) yit = α i  + x itβ  + v it, i = 1, ..., N, t = 1, ..., T.

We regard zero as the absolute minimal value of ui, and hence a as the absolute maximal value

of α i , over any possible sample (essentially, as N→ ∞).  This can be distinguished from the minimal

value of ui and the maximal value of α i  in a given sample of size N, and this distinction is relevant when
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N is small and the ui (hence α i ) are treated as fixed.  Let   α[1] ≤ α[2] ≤ ... ≤ α[N] be the population

rankings of the α i , so α[N] = max i=1
 N   α i , and α[N] ≤ α.  Similarly, let u[N] ≤ u[N-1] ≤ ... ≤ u[1] be the

population rankings of the ui, so that u[N] = mini=1
N   ui, and u[N] ≥ 0. Then u[i] = α- α[i].  In this case the

technical efficiency measures ui are defined by comparing α i  to the absolute standard α.  We can

consider the alternative of comparing α i  to the within sample standard α[N].  Define u*
i = α[N] - α i  = ui

- u[N], so that 0 ≤ u*
i ≤ ui.  Then equation (2) can be rewritten as:

(3) yit = α[N] + x itβ  + v it - u*
i, i = 1, ..., N, t = 1, ..., T.

The difference between the two definitions of u is substantive and will be considered further in

the sequel.  Each formulation lends itself to particular estimation techniques that will be exploited in this

paper.  We now examine several estimation techniques for these models in both the cross-sectional and

panel data cases.

2.1  Cross-sectional Data

In the case of a single cross-section, T = 1 and t is irrelevant and can be suppressed.  Under

assumptions (A.1)-(A.4), the model as given in equation (1) can be estimated by maximum likelihood

(MLE).  Details of this estimation, including the likelihood function, can be found in Aigner et al. (1977)

and will not be addressed here.  MLE of equation (1) yields $α  $β  $σ v and $σ u, which are consistent as

as N→ ∞.

Define µ = E(ui) ≥ 0.  Under assumption (A.4), µ = (2/π)1/2σu.  Ordinary Least Squares (OLS)

applied to equation (1) yields consistent estimates of (α-µ) and β .  The Corrected Ordinary Least

Squares (COLS) method constructs a consistent estimate of a by adding a consistent estimate of µ to

the OLS intercept. This requires a consistent estimate of σu, say $σ u, which can be derived from the

third moment of the OLS residuals.  Also a consistent estimate of σv  can be derived from the second

moment of the OLS residuals.  See Olson et al. (1980) for details.
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So, in summary, both COLS and MLE yield consistent estimates of α, β , σu and σv.  COLS is

less efficient than MLE.  In either case, point estimates for ui and TEi = exp(-ui) can be obtained, as

described in section 3.1.

2.2  Panel Data

We now turn to the case of panel data with T > 1.  Under assumptions (A.1)-(A.4) equation

(1) can be estimated by MLE.  See Pitt and Lee (1981) for the likelihood function and other details. 

MLE yields estimates of the same parameters as in the cross-sectional case: α, β , σu and σv .  These

estimates are consistent as N→ ∞; therefore MLE is appropriate when N is large.  Large T is not a

substitute for large N.

Equation (1) can also be estimated by Generalized Least Squares (GLS).  This requires

assumptions (A.1)-(A.4), except that it does not rely on specific distributional assumptions (normality of

v, or half-normality of u). The standard panel data GLS procedure yields estimates of (α-µ), β , σ2
v and

var(ui) that are consistent as N→ ∞.Care must be taken to distinguish var(ui) and σ2
u;  the usual GLS

procedure uses var(ui), not σ2
u.  Under the half-normal distributional assumption, σ2

u = var(ui)π/(π-2),

so that the estimate of var(ui) is easily converted to an estimate of σ2
u.  This is required to estimate µ =

E(ui) and to convert the intercept, exactly as in the discussion of COLS above.  We will refer to GLS

with this intercept correction as the CGLS method.  Point estimates for ui and TEi can be obtained, as

described in section 3.2.

Equation (2) is useful primarily as a basis for estimation under weaker assumptions that treat the

α i  (or ui) as fixed.  A fixed-effect treatment may be useful because it relies only on assumptions (A.1)

and (A.2), not (A.3) and (A.4), and because it is applicable when N is small and T is large (as well as

when N is large).  Suppose we estimate (2) by the usual fixed-effects estimation involving the within

transformation (or, equivalently, dummy variables for firms), yielding estimates of α1, ..., αN, β  and σ2
v.

 Define $α  = max i=1
  N $α  i and ûi = $α   - $α i.  Then, as T→ ∞ with N fixed, $α i → α i , $α  → α[N] and ûi

→ u*
i = α[N] - α i , so that ûi measures inefficiency relative to the standard of the best firm in the sample.

 Now consider what happens as N→ ∞.  Under the assumption (A.4) of half-normality, or in fact under
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any mechanism for the generation of ui that allows u arbitrarily close to zero with positive probability

(density), u[N] → 0 and α[N] →  α as N→ ∞.  Thus, $α  → α and ûi → ui as both N and T→ ∞, so

that inefficiency is measured relative to its absolute (not just within-sample) standard.  This distinction

becomes important when we examine different confidence interval construction techniques in the

following section.

The statistical properties of the estimated ui are complicated because of the "max" operation

involved in the definition of $α  and therefore of ûi.  Consistency as both N and T → ∞ was argued

heuristically (as above) by Schmidt and Sickles.  Park and Simar (1994) and Kneip and Simar (1995)

established the rate of convergence of the estimates.  However, the asymptotic distributions of the

estimates of α and the ui are unknown, so that standard methods of construction of asymptotically-valid

confidence intervals based on these asymptotic distributions are currently not possible.  Feasible

methods of construction of confidence intervals will be discussed in the next section.

3  TECHNIQUES FOR CONSTRUCTION OF CONFIDENCE INTERVALS

We use two different techniques to construct confidence intervals for technical efficiency

estimates in stochastic frontier models.  The first technique is based on the (conditional) distribution ui|ε i,

where ε i = [ε i1, ε i2, ..., ε iT].  It was developed for the cross-sectional case by Jondrow, Lovell,

Materov and Schmidt (JLMS) (1982) and later generalized to the panel data case by Battese and Coelli

(BC) (1988).  The second technique is based on the MCB procedures developed by Edwards and Hsu

(1983) and first applied to stochastic frontiers by Horrace and Schmidt (1994).  The MCB method will

be based on fixed-effects estimates, while the JLMS and BC methods will be applied to the results of

the other estimation techniques; this choice is primarily driven by the difference in distributional

assumptions of the models.

3.1  Cross-sectional Data: JLMS Method

For either cross-sectional estimation method, MLE or COLS, we use the JLMS method for

interval construction.  The JLMS technique follows from the distribution of ui conditional on ei (which is



8

a scalar, since T=1 for a cross section).  JLMS show that given distributional assumptions (A.1) and

(A.4), the distribution of ui|ε i is that of a N(µ*
i, σ2

*) random variable truncated (from the left) at zero,

where µ*
i = σ2

uε i(σ2
u + σ2

v)-1 and σ2
* = σ2

uσ2
v(σ2

v + σ2
u)-1.  They evaluate E(ui|ε i), which is regarded

as a point estimate for ui.  A point estimate for TEi, due to Battese and Coelli (1988), is given by:

(4) TEi = E[exp(-ui)| ε i] = exp{-µ*
i + ½σ2

*}{1 - Φ(σ* - µ*
i/σ*)}{1 - Φ(-µ*

i/σ*)}-1,

where Φ is the standard normal cdf.  Implementing this procedure requires estimates of µ*
i and σ2

*; this

in turn requires estimates of  σ2
u and σ2

v, and the use of ei = yi - $α  - x i $β  .

Empirical implementations of the JLMS technique have focused on the point estimate E(ui|ε i). 

However, confidence intervals for ui or TEi are easily constructed from the density of ui|ε i.  Critical

values can be extracted from a standard normal density to place lower and upper bounds on ui|ε i. 

Because TEi is a monotonic transformation of ui, the lower and upper bounds for ui|ε i  translate directly

into upper and lower bounds on TEi|ε i = exp(-ui)|ε i.  Specifically, a           (1-λ)100% confidence

interval (Li, Ui) for TEi|ε i is given by:

(5) Li = exp(-µ*
i - zLσ*),

Ui = exp(-µ*
i - zUσ*),

where: Pr(Z > zL) = (λ/2)[1 - Φ(-µ*
i/σ*)],

Pr(Z > zU) = (1 - λ/2)[1 - Φ(-µ*
i/σ*)],

with Z distributed as N(0, 1); so zL = Φ-1{1 -(λ/2)[1 - Φ(-µ*
i/σ*)]} and  zU = Φ-1{1 -(1 - λ/2)[1 - Φ(-

µ*
i/σ*)]}.

As a semantic point, we will refer to the implementation of equation (5) in the cross-sectional

context as the JLMS method, since it relies on the JLMS result for the distribution of ui|ε i, even though

equation (4) is due to BC.  The BC method will refer to the corresponding calculations in the panel-
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data case, described in the next section.  It should be noted that both the JLMS and the BC methods

treat α, β , σ2
u and σ2

v as known, so that the confidence intervals do not reflect uncertainty about these

parameters.  For large N, this is probably unimportant, since the variability in the parameter estimates is

small compared to the variability intrinsic to the distribution of the ui|ε i (and due to the presence of the

statistical noise v it).

3.2  Panel Data: Battese-Coelli Method

The BC method for construction of confidence intervals is a generalization of the JLMS method

and also follows from the distribution of ui|ε i.  The BC technique can be based on the MLE or CGLS

estimates of α, β , σ2
u and σ2

v.  It extends the JLMS method to accommodate the case of panel data (T

> 1), so that now ε i = (ε i1, ..., ε iT) = (v i1 - ui, ..., v iT - ui).  Define ε i  = (1/T)Σtε it, µ*
i = σ2

u ε i(σ2
u +

σ2
v/T)-1 and σ2

* = σ2
uσ2

v(σ2
v + Tσ2

u)-1.  The latter expressions are essentially the same as in JLMS,

with ε i replacing ε i and σ2
v/T replacing σ2

v.  Then the distribution of ui|ε i is that of a N(µ*
i, σ2

*)

random variable truncated at zero, a point estimate for TEi  is given by equation (4) above, and

confidence intervals are constructed as in equation (5) above.

The Battese-Coelli method can also accommodate the case of an unbalanced panel, in which

there are different numbers of time-series observations per firm.  Suppose that for firm i there are Ti

observations, where the notation reflects the fact that Ti varies over i.  We simply have to replace T by

Ti in the definition of µ*
i and σ2

* above, so that µ*
i = σ2

u ε i(σ2
u + σ2

v/Ti)-1 and σ2
*i = σ2

uσ2
v(σ2

v +

Tiσ2
u)-1; note that now σ2

*i varies over i.   Then equations (4) and (5) hold exactly as before, except

that σ2
*i replaces σ2

*.  Thus an unbalanced panel causes no real problems for the BC method.

3.3  Panel Data: Multiple Comparisons with the Best

We now consider an adaptive Multiple Comparisons with the Best technique (MCB). 

Simultaneous confidence intervals are constructed for u*
i, i = 1, ..., N.  These can be monotonically

transformed to confidence intervals for TEi = exp{-u*
i}.  A concise summary of the application of
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MCB techniques to stochastic frontiers is presented by Horrace and Schmidt (1994), so the procedure

will not be fully detailed here.  These intervals are unique in three respects.  First, they do not presume

that we know which firm in the sample is the most efficient firm as is implicitly the case for the usual

estimates based on within estimation of the stochastic frontier model.  Second, they are simultaneous

and, as such, provide joint statements about which firm in the sample might be most efficient, and which

firms can be eliminated from contention for most efficient at a prespecified confidence level.  Third,

MCB intervals are naturally based on the within estimates and use only assumptions (A.1) and (A.2)

above; they do not require a distributional assumption for the ui.

As above let α[1] ≤ α[2] ≤ ... ≤ α[N] and u[N] ≤ u[N-1] ≤ ... ≤ u[1] be the order statistics for the α i 

and ui, i = 1, 2, ..., N.  Define u*
i = α i  - u[N] = α[N] - α i ; these are measures of inefficiency relative to

the most efficient firm in the sample.  The point of MCB is to construct a set of simultaneous confidence

intervals for u*
1, ..., u*

N, based on estimates $α 1, ..., $α N.  The estimates $α i  come from the within

regression, either as coefficients of dummy variables for firms, or (equivalently) as $α i = y i - x i $β ,

where $β  is the within estimate, y i = (1/T)Σt yit, and x i = (1/T)Σt x it .  Then a set of (1 - λ)100%

simultaneous confidence intervals for u*
1, ..., u*

N is given by

(6) P{[Li ≤ u*
i ≤ Ui, i = 1, ..., N] ∩ [[N] ∈ ζ]} ≥ 1 - λ

where

ζ = {j: $α j ≥ max i $α i - d},

and for each i

Li = max(minj∈ζ[ $α j - $α i - d], 0)

Ui = max(max j=// i[ $α j - $α i + d], 0)

where

d = |T|(λ)
N-1,ν,ρs(2/T)½

and |T|(λ)
N-1,ν,ρ is the solution in t for

−∞

∞∞

∫∫
0

{ΦN-1[(zρ½ + ts)(1-ρ)-½] - ΦN-1[(zρ½ - ts)(1-ρ)-½]}dΦ(z)dQν(s) = 1 - λ
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Here s2 is the usual pooled variance estimator; Qν is the distribution function of a χνν-½ random variable

and ρ = ½.  Edwards and Hsu (1983) refer to these as adaptive intervals.  For small values of N,

tables for  |T|(λ)
N-1,ν,ρ can be found in Hochberg and Tamhane (1987), Dunnett (1964), Hahn and

Hendrickson (1971) and Dunn and Massey (1965) .  If appropriate critical values are not contained in

the above tabulations (e.g. if N is very large), they are easily simulated.  Notice that, as presented, the

intervals are for a balanced design, where Ti = T for all i.  Application to the unbalanced case is

discussed in Horrace and Schmidt (1994).  The critical value, |T|(λ)
N-1,ν,ρ is the two-sided upper λ

equicoordinate point of the N-1 variate equicorrelated t-distribution with common correlation ρ and

degrees of freedom ν.  The equicorrelated structure emerges when the  $α i are independent or

correlated with the special covariance structure:

(7) Var( $α i) = σ2/T + C, Cov( $α i, $α j) = C, C = constant.

The theoretical covariance structure of the $α i is:

(8) Var( $α i) = σ2/T + x iV( $β ) x i',  Cov( $α i, $α j) = x iV( $β ) x j', 

where V( $β ) is the variance-covariance matrix of $β .  For the special covariance structure to emerge, it

must be true that the terms x iV( $β ) x i' are equal or near equal for all i and j.  In general the $α i are

asymptotically independent as N or T gets large.  In this study, when we cannot appeal to asymptotics,

the condition for the special covariance structure is met or nearly met, so MCB is at least approximately

applicable.

As previously stated, the bounds of the MCB intervals can reveal information about the

population ranking of the production units.  If, for a single firm, the upper and lower bounds on u*
i are 0

(or equivalently the lower and upper bounds on TEi equal 1) then that firm is most efficient (best) at the

prespecified confidence level.  However it is possible that several or many firms have Li = 0 and Ui > 0,
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so that a single firm is not identified as best.  We may also encounter firms for which Ui > Li > 0, so

these firms are revealed not best and bounds are given for their levels of (in)efficiency.

The width of these intervals hinges on three sources:  estimation error, uncertainty over which

firm is most efficient, and the multiplicity of the probability statement.  We will try to disentangle these

three sources in the empirical analyses that follow.  To this end we introduce another interval

construction technique called Multiple Comparisons with a Control (MCC) due to Dunnett (1955). 

MCC creates simultaneous confidence intervals for the quantities αN - α i , i = 1, ..., N-1, where αN can

be any one of the population intercepts (α i , i = 1, ..., N), chosen as the standard of comparison, and is

not necessarily the largest intercept.  (That is, αN can be any of the population intercepts, but it must be

one of them; it cannot be an arbitrarily chosen number in the context of what follows.)  However, if firm

N is asserted to be most efficient, so that αN ≥ α i ,  i = 1, ..., N-1, the MCC intervals can be thought of

as MCB intervals where the most efficient firm is known, a priori.  In fact, if the MCB intervals reveal a

single most efficient firm then they reduce to these MCC intervals.  So the difference in width of the

MCC and the MCB intervals is the effect of uncertainty about which firm is most efficient.

If a firm N is known, a priori, to be most efficient, then a set of (1 - λ)100% simultaneous

confidence intervals for αN - α i , i = 1, ..., N-1, is given by

(9) [max( $α N - $α i - d, 0), max( $α N - $α i + d, 0)], i = 1, ..., N-1

where d = |T|(λ)
N-1,ν,ρs(2/T)½.

The MCC intervals are constrained non-negative to account for the Nth firm being most efficient

and hence having the largest α i .  As with the MCB intervals, the required equicorrelated structure

emerges when the α i  are uncorrelated or possess the special covariance structure.  Notice that when

one selects the firm with the largest $α i as the MCC control, the upper bound of the MCC intervals is

exactly the same as that for the MCB intervals .  The primary difference between MCC and MCB is in
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the lower bound which does not depend on ζ for MCC, while it does for MCB.  For further details on

this point see Horrace and Schmidt (1994).

We note in passing that several recent models in the frontiers literature have featured time-

varying technical inefficiency.  For example, see Cornwell, Schmidt and Sickles (1990), Kumbhakar

(1990), Battese and Coelli (1992), and Lee and Schmidt (1993).  These models imply intercepts α it

that vary over i and t.  For a given value of t, it is natural to proceed as before to consider comparisons

relative to the maximum (over i) of these intercepts, so that we essentially have a separate MCB

problem for each t.  However, there is no apparent reason to expect the equicorrelatedness condition to

hold for the estimated α it from any of these models, and if it does not hold the methods surveyed above

would not apply.  There is a limited literature on MCB procedures without the equicorrelatedness

condition;  some references are given in section 4.2 below.

3.4  Comparison of Different Techniques

A discussion of the differences between the interval construction techniques is in order.  First, it

should be noted that MCB provides joint confidence intervals for u*
i = α[N] - α i  of equation (3),

whereas JLMS and BC provide marginal intervals for ui = α - α i  of equation (2).  The difference

between u*
i and ui is u[N] = mini=1

  N  ui which may be non-trivial when N is small.  Conversely, the

difference between joint and marginal intervals may be substantial when N is large.  For example, one of

our data sets has N = 171.  Although independence would be a poor assumption, it is instructive to note

that a set of 171 independent intervals, each holding with a marginal probability of 0.95, would hold

jointly with a probability of only (.95)171 = 0.000116.  Conversely, joint confidence intervals that hold

with a probability of 0.95 would correspond to marginal intervals with a confidence level far in excess of

0.95.  Other things equal, we would certainly expect joint confidence intervals to be wider than

corresponding marginal intervals, for a given level of confidence like 0.95.

The MCB and JLMS/BC methods also differ substantially in the way they handle estimation

error.  One sense in which this is true is that, assuming that the equicorrelated structure emerges for the

$α i, the MCB intervals reflect the variability of $β , which the JLMS and the BC intervals ignore.  This is
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probably not an important difference, since uncertainty about β  is not the only source, or in most cases

the major source, of uncertainty about ui.  To be more specific, consider the following expression for

the within estimate of α i :

(10) $α i = y i - x i
$β  = α + ( v i - ui) - x i( $β - β) = α i  + v i  - x i( $β - β)

The term x i( $β - β) reflects estimation error in β .  As noted above, BC ignores this source of

uncertainty while MCB does not.  This term disappears as either N or T→ ∞, and is probably not

important empirically for most data sets.  More fundamentally, $α i contains the error v i = (1/T)Σtv it; 

the within procedure separates ui from v it by averaging away the v it.  The significance of v i depends on

T and on the relative sizes of σ2
u and σ2

v; it is most troublesome when T is small and/or σ2
v is large

relative to σ2
u.  It is important to realize that the within estimate of u*

i, namely $α [N] - $α i, is generally

biased upward (inefficiency is overstated), because the larger $α i, such as $α [N], will on average contain

positive estimation error v i, while the smaller $α i  will on average contain negative estimation error.

(That is, the $α i  will obviously be more variable than the α i .)  MCB recognizes this variability by

including the sample equivalent of σv(2/T)½ in the formula for the allowance, d, above.  Also, the MCB

intervals can be thought of as removing the bias just described; they are not centered on the value $α [N]

- $α i.

The BC method uses distributional assumptions to remove estimation error more effectively. 

The first step in the BC procedure is to calculate ε i = v i - ui  (ignoring estimation error in β), so that

the v it are averaged away, as in the within procedure.  The second step is to construct µ*
i, which equals

ε i times the shrinkage factor σ2
u(σ2

u + σ2
v/Ti)-1 < 1.  This corresponds to the "best linear predictor" in

the random-effects panel data literature; see Schmidt and Sickles (1984).  It reflects the relative

variability of ui and v i.  Finally, the distributional assumptions are used to imply the further shrinkage

factor {1 - Φ(σ* - µ*
i/σ*)}{1 - Φ(-µ*

i/σ*)}-1 < 1 in the calculation of the expectation of TEi|ε i.

4  EMPIRICAL ANALYSES
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4.1 Indonesian Rice Farms - Erwidodo (1990)

We analyze data previously analyzed by Erwidodo (1990), Lee (1991) and Schmidt and Lee

(1993).  For a complete discussion of the data see Erwidodo (1990).  171 rice farms in Indonesia were

observed for six growing seasons.  The data were collected by the Agro Economic Survey, as part of

the Rural Dynamic Study in the rice production area of the Chimanuk River Basin, West Java and

obtained from the Center for Agro Economic Research, Ministry of Agriculture, Indonesia.  The 171

farms were located in six different villages and the six growing seasons consisted of three wet and three

dry seasons.  Thus the data configuration features large N and small T.

Inputs to the production of rice included in the data set are seed (kg), urea (kg), trisodium

phosphate (TSP) (kg), labor (labor-hours) and land (hectares).  Output is measured in kilograms of

rice.  The data also include dummy variables.  DP equals 1 if pesticides were used and 0 otherwise. 

DV1 equals 1 if high yield varieties of rice were planted and DV2 equals 1 if mixed varieties were

planted;  the omitted category represents that traditional varieties were planted.  DSS equals 1 if it was a

wet season.  The are also 5 region dummy variables, DR1, DR2, DR3, DR4 and DR5, for the six

different villages in the survey.

COLS and MLE were performed on each of the six different periods (cross-sections) in the

panel.  DSS, the dummy for wet season, had to be excluded for the cross section models, because it

was constant across farms for a single period.  Results are in Table 1.  Unfortunately, periods 2, 3, 4

and 5 produced a positive third-order moment of the residuals, causing the MLE estimate to coincide

with the OLS estimate as discussed in Waldman (1982).  Additionally, this problem precludes COLS

estimation since $σ u is negative.  Therefore only periods 1 and 6 are analyzed as cross-sections for this

data set.  Since the results for the two periods were similar only the period 1 results are reported. 

Technical efficiencies and confidence intervals were produced using the JLMS technique; i.e., equations

(4) and (5) above.  Confidence levels are 95%, 90% and 75%.  These results are contained in Tables

2A and 2B.  Due to the large number of firms in the sample (171), only nine firms are reported here and

in the sequel: the three firms with the highest $α i, the three firms with the lowest $α i, and the three firms

with the median $α i. 
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The choice of the estimation procedure (COLS versus MLE) made very little difference, so we

will discuss only the MLE results in Table 2B.  Efficiency levels are not estimated as precisely as one

might hope.  The firm with the highest estimated efficiency level had estimated efficiency of 0.9452, but

a 95% confidence interval ranged from 0.8322 to 0.9982.  The median firm had estimated efficiency  of

0.9053, with a 95% confidence interval of (0.7576, 0.9957); and the worst firm in the sample had

estimated efficiency of 0.8040 with a 95% confidence interval of (0.6415, 0.9694).  These are fairly

wide confidence intervals.  In fact the uncertainty about the inefficiency level of a given firm is definitely

not small relative to the within-sample variability of the efficiency measures, and we would have little

reason to have much faith in our efficiency rankings.  The reason for this lack of precision is

straightforward - most of the variation in ε i = v i - ui is due to v i, not ui.  We have (for MLE, t = 1)

var(v i) = σ2
v = 0.0579 and var(ui) = σ2

u(π-2)/π  = 0.00633, so the variance of v is over nine times as

large as the variance of u.  This makes it very difficult to estimate ui precisely.

Next, CGLS and MLE were performed on the entire panel.  The variable DSS could now be

included.  Results are in Table 3.  Technical efficiencies and confidence intervals were produced using

the BC technique.  These results are contained in Tables 4A and 4B.  Efficiency levels based on the

CGLS and MLE estimates are again similar.  Not surprisingly, the panel data confidence intervals are

tighter than their cross sectional counterparts, because var(ui|ε i) is smaller with six observations than

with one.  Nevertheless, the confidence intervals do not shrink as much as one might hope - compare a

95% confidence interval for the median firm of (0.7638, 0.9945) in Table 4B to (0.7576, 0.9957) in

Table 2B.  This is partly due to having only six observations per firm, and partly to getting a larger value

of σ2
v for the panel than for the t =1 cross section, which diminishes the value of the panel.

The within estimates were calculated for the panel, with time invariant regressors excluded to

preclude multicolinearity.  These results are also in Table 3.  The covariance matrix for the $α i very

nearly exhibited the equicorrelated structure necessary to justify the MCB procedure:

Mean of x iV( $β ) x j'= .04572

Standard deviation of x iV( $β ) x j' = .002211
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Maximum of x iV( $β ) x j' = .05523

Minimum of x iV( $β ) x j' = .03918

95%, 90% and 75% MCB intervals were constructed for technical inefficiencies using critical values of

|T|(λ)
170,846,½ = 3.42, 3.18 and 2.71, respectively, and are given in Table 5A.  The intervals are too wide

to be of much use.  For example, the firm with the highest $α i (and hence with estimated efficiency of

100% by the usual calculation) has a confidence interval ranging from 0.5613 to 1.  Every firm in the

sample has a confidence interval with upper limit equal to one; that is, at the 95% confidence level, no

firm is revealed to be inefficient.  In fact, this is still true at the 75% confidence level.

The MCB intervals are much wider than their BC counterparts based on CGLS and MLE.  We

next attempt to determine the relative importance of three sources of width: estimation error, uncertainty

of the identity of the most efficient firm, and the multiplicity of the probability statement.  The easiest of

these factors to investigate is uncertainty about the identity of the most efficient firm.  To do so we

simply assume that firm 164, which is the firm with the largest $α i, is most efficient in the sense of having

the largest α i  (equivalently, smallest ui).  Under this assumption we construct the MCC intervals with

firm 164 as the control.  95%, 90% and 75% confidence intervals required critical values of |T|(λ)
170,846,½

= 3.42, 3.18 and 2.71, respectively.  Results are in Table 5B.  The MCC intervals are necessarily

tighter than the MCB intervals, but not tight enough to be useful.  In other words, the width of the MCB

intervals is not significantly decreased by knowing which firm is best.  We can conclude that the width is

primarily due to either estimation error or multiplicity or both.

To disentangle the effect of multiplicity on the interval width, we would like to be able to

construct marginal intervals for each firm.  In the case where MCB reveals a single firm as efficient, this

can be accomplished with a simple application of the Bonferroni inequality.  This will be demonstrated

later.  In the present case, where there is no single firm revealed as most efficient, the construction of

marginal intervals is less clear, because it is necessary to make a simultaneous statement about the firms

to determine a subset of firms that may be efficient, and then to reduce this joint statement to a marginal

statement about a single firm.  However, we can get some idea of the effect of the multiplicity of the
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intervals just by reducing the number of confidence intervals created, which we can do by considering a

subset of the firms.  We therefore redid MCB for only the nine firms for which we have reported results

in Table 5A.  (However, the parameter estimates are still from the whole sample of 171 firms.)  95%,

90% and 75% confidence intervals required critical values of |T|(λ)
9,846,½ = 2.56, 2.38 and 1.96,

respectively.  Results are in Table 6A.  As was the case in the MCC experiment, controlling for

multiplicity did not result in a significant tightening of the intervals.  For example, for the median firm,

compare the new interval (0.3354, 0.9837) with N=9 to the old interval (0.2899, 1.0000) with N=171.

 We conclude that the multiplicity component of the intervals width is small, leaving only estimation error

to account for the large width of the intervals.

Further evidence on this point is obtained by considering the smallest possible subset of firms

(N=2) and assuming that it is known that one of them is the most efficient.  Thus, as in our MCC

calculations, we assert that firm 164 is most efficient and we simply construct confidence intervals for

$α 164 - $α i for a given value of i.  This is a standard calculation based on the estimate $α 164 - $α i and its

standard error, se164,i = [var( $α 164) + var( $α i) - 2cov( $α 164, $α i)]½, and using critical values from the

standard normal distribution.  (Note that we have not imposed the equicorrelatedness assumption in this

calculation, so our results will be slightly different from the results for MCC with N=2, which would

impose this assumption.)  These are called "per comparison" intervals; they are given in Table 6B.

The per comparison intervals are indeed narrower than the MCB and the MCC intervals, but

they are still fairly wide.  For example, for the median firm we still have a 95% confidence interval of

(0.3788, 0.8102).  This confirms our conclusion that, for this data set, the width of the confidence

intervals is due primarily to the estimation error.  As noted above, estimation error is important for this

data set because T is small and σ2
v is large relative to var(ui).  There is simply too much noise to get a

clear picture of the value of ui.  The BC method does significantly better because it makes strong

distributional assumptions that allow a much better separation of v from u.  For this data set there does

not seem to be a substitute for these strong assumptions.

4.2  Texas Utilities - Kumbhakar (1994)
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In this study we reanalyze data originally analyzed by Kumbhakar (1994).  Kumbhakar

estimated a cost function, whereas we will estimate the production function.  The data set consists of

observations on 10 major privately-owned Texas electric utilities observed annually over 18 years from

1966 to 1985, and includes information on annual labor, capital and fuel (inputs) for electrical power

generation (output).  Due to the relatively small number of firms a cross sectional study of the data was

precluded.  However, with 18 periods of observation per firm we have T larger than N, the opposite of

the case with the Erwidodo rice farm data.

The model was estimated by CGLS and MLE with results given in Table 7.  Notice that now

σ2
v is small relative to σ2

u, so our estimates of technical efficiency should be more reliable than for the

previous data set.  It is instructive to point out that numerical accuracy became a problem in calculating

TEi using equation (4).  The small value for σ* produced extremely large values of µ*
i/σ* which, when

evaluated in the standard normal cdf Φ(.), produced technical efficiencies greater then 100%.  This was

due to rounding error in the software package we originally selected.  Fortunately, another package was

found that evaluated the normal cdf more accurately.  Tables 8A and 8B give our results for all 10 firms.

As expected, the efficiency estimates are much more precise than for the previous data set.  For

example, for firm 8 (one of the two median firms) and using MLE, efficiency is estimated as 0.8472 with

a 95% confidence interval of (0.8264, 0.8683).  These are useful results in the sense that the uncertainty

about a given firm's efficiency level is small relative to the between-firm variation in efficiencies; we can

have some faith in our rankings.

The within estimator was also calculated (Table 7), and MCB intervals were constructed (Table

9A).  The covariance matrix for the $α i again exhibited an almost-equicorrelated structure, so that MCB

was applicable. 

Mean of x iV( $β ) x j' = .06765

Standard deviation of  x iV( $β ) x j' = .00289
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Maximum of  x iV( $β ) x j' = .07255

Minimum of  x iV( $β ) x j' = .06166

The MCB intervals successfully determined at the 95% confidence level that firm 5 was the most

efficient firm in the sample and that all others were inefficient.  Consequently, the MCC intervals

coincided with the MCB intervals and are not reported separately.  In fact, firm 5 was identified as most

efficient at the 99.9% confidence level, so essentially we were certain that it was the best.  The

confidence intervals for the other firms are wider than the corresponding BC intervals, but still not nearly

as wide as the Erwidodo rice farm data.  For example, for firm 8 compare the MCB intervals of

(0.7809, 0.8603) to the BC interval of (0.8264, 0.8683).

It is interesting to note that there is very little overlap between the BC and the MCB intervals,

with the MCB intervals being generally lower.  Two opposing sources contribute to this difference.  The

difference between u*
i and ui when N is small should make the BC intervals lower, since BC constructs

a confidence interval for exp(-ui) while MCB constructs confidence intervals for exp(-u*
i), and u*

i < ui

implies exp(-ui) < exp(-u*
i).  However, this is apparently more than offset by the BC technique's more

successful reduction of the effects of the estimation error.  As noted above, the BC technique can be

viewed as a set of shrinkages of the within inefficiency measures, leading to generally higher efficiency

measures.

Marginal intervals were easily constructed for each firm using the Bonferroni inequality.  Since

we knew the probability with which firm 5 could be identified as most efficient, we simply constructed a

joint probability statement with this and a per comparison interval and selected the marginal confidence

levels so that the Bonferroni inequality produced the desired joint confidence level. Here, since we were

essentially certain that firm 5 was efficient, the joint probability statement essentially reduced to a single

per comparison probability statement.  In the rice farm data the per comparison intervals were

conditional on firm 164 being efficient; we just assumed that this was the case.  However, for the current

data, we knew with "almost" certainty (99.9% certainty) that firm 5 was efficient, so our marginal
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statement essentially coincides with the per comparison statement, just as the MCB intervals coincide

with the MCC intervals.

The marginal/per comparison intervals are contained in Table 9B.  Again the actual standard

errors were used, since we did not have to appeal to equicorrelatedness to get our critical values.  As a

general statement, the marginal (per comparison) intervals are comparable to the MCB intervals. 

Surprisingly, in many cases the marginal intervals are actually wider than the MCB intervals.  This must

reflect failure of the equicorrelatedness assumption underlying our MCB intervals, but it also is a

reflection of the relative sizes of N and T in the data.  To be more specific, consider the following

expression for the standard error of the estimate $α 5 - $α j:

(11) se5,j  = [var( $α 5) + var( $α j) - 2cov( $α 5, $α j)]½

= [2σ2
v/T +  x 5V( $β ) x 5' + x jV( $β ) x j' - 2 x jV( $β ) x j']½

When T is small and N is large (e.g. T = 6 as in the rice farm data), the term 2σ2
v/T is large relative to

the other three terms, so any differences between x 5V( $β ) x 5', x jV( $β ) x j' and

 x jV( $β ) x j' are unimportant.  For MCB we assume  x 5V( $β ) x 5'  = x jV( $β ) x j' = x jV( $β ) x j', so

these insignificant differences are ignored.  When T is large, however, the term 2σ2
v/T is small and the

aforementioned differences may become significant.  However, if we ignore this difference in MCB, then

the standard error for MCB may be smaller than the standard error for the some of the marginal (per

comparison) intervals.  This is less of a problem when both N and T are large, because large N tends to

shrink the V( $β ) term so any differences in the  x iV( $β ) x j' term will become less pronounced.

In cases where equicorrelatedness of the $α i cannot be assumed, there are some conservative

MCB approximations available.  Matejcik (1992) suggests techniques for adaptive MCB intervals that

are robust to a generalization of the correlation matrix and compares their performance using computer

simulation.  These techniques are based on several MCC methods that are themselves robust and

include: an MCC method based on Banjeree's Inequality due to Tamhane (1977), a procedure using a
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moment-based approximation to the Behrens-Fisher problem due to Tamhane (1977), a method using

all-pairwise procedures due to Dunnett (1980), and his own technique based on a heteroscedastic

selection procedure.  An obvious line for further research is to examine the applicability of these

techniques to stochastic frontier models.

4.3  Egyptian Tileries - Seale (1990)

We analyze data previously analyzed by Seale (1990).  For a complete discussion of the data

see Seale (1990).  He observed 25 Egyptian small-scale floor tile manufacturers over 3 week periods

for 66 weeks, for a total of 22 separate observation periods.  The set contains some missing data

points, so the number of separate observation periods varies across firms, making this an unbalanced

panel.  The data were collected by the Non-Farm Employment Project in 1982-1983.  The firms were

located in Fayoum and Kalyubiya, Egypt.  Inputs to the production of cement floor tiles are labor

(labor-hours) and machines (machine-hours).  Output is in square meters of tile.

The model was estimated by OLS, within and CGLS.  The third moment of the OLS residuals

was positive, so MLE was not attempted.  Estimation results are given in Table 10.  It may be noted

that σ2
u and σ2

v are of similar magnitude.  For this reason, and because the number of firms is similar to

the number of periods per firm (for most firms), this data set has characteristics that put it in the middle

ground between the Erwidodo rice farm data set (N much larger than T, σ2
v larger than σ2

u) and the

Kumbhakar utilities data set (T larger than N, σ2
u larger than σ2

v).  We should expect confidence

intervals wider than for the utilities but narrower than for the rice farms.

Table 11 gives the BC confidence intervals based on the CGLS estimates, for all firms.  As a

general statement, these confidence intervals are considerably wider than for the utility data.  They are

perhaps a little narrower than the confidence intervals for the rice farm data, but this is not entirely clear

because the general level of efficiency is lower than it was for the rice farm data.

We next consider the MCB intervals.  Because the panel is unbalanced, different $α i are based

on different numbers of observations, and we cannot expect the equicorrelated structure to hold. 

However, we can still proceed with MCB if
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ρij = corr( $α N - $α i, $α N - $α j) has the following "product structure":

ρij = θiθj,   i, j=/   N

θi = [Ti/(Ti + TN)]½,   i =/  N.

See Horrace and Schmidt (1994).  This structure held approximately, and so we calculated the MCB

intervals, which are given in Table 12.  As was the case for the BC results, the confidence intervals are

generally narrower then those for the rice farm data but wider then those for the utility data.

MCC and per comparison intervals for the within estimation are contained in Tables 13 and 14,

respectively.  Once again, they are not very different from the MCB intervals.

5.  CONCLUSIONS

In this paper we have shown how to construct confidence intervals for efficiency estimates from

stochastic frontier models.  We have done so under a variety of assumptions that correspond to those

made to calculate the efficiency measures themselves.  For example, given distributional assumptions for

statistical noise and inefficiency, the Jondrow-Lovell-Materov-Schmidt or Battese-Coelli estimates are

typically used, and confidence intervals for these estimates are straightforward.  With panel data but

without distributional assumptions, efficiency estimates are commonly based on the fixed-effects (within)

intercepts, and confidence intervals follow from the statistical literature on multiple comparisons with the

best.

In our analysis of three panel data sets, we found confidence intervals that were wider than we

would have anticipated before this study began.  The efficiency estimates are more precise (and the

confidence intervals are narrower) when T is large and when σu
2 is large relative to σv

2, and they are

less precise when T is small and when σu
2 is small relative to σv

2.  However, frankly, in all cases that we

considered the efficiency estimates were rather imprecise.  We suspect that, in many empirical analyses

using stochastic frontier models, differences across firms in efficiency levels are statistically insignificant,
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and much of what has been carefully "explained" by empirical analysts may be nothing more than

sampling error.

This is a fairly pessimistic conclusion, though it may turn out to be overly pessimistic when more

empirical analysis is done.  It is therefore important to stress that deterministic methods like DEA are not

immune from this pessimism.  Efficiency "measures" from DEA or other similar techniques are subject to

the same sorts of uncertainty as are our estimates.  The only difference is that we can clearly assess the

uncertainty associated with our estimates while, at present, it is less clear how to assess the uncertainty

associated with the DEA measures.  In our opinion this should continue to be a high-priority item on the

DEA research agenda.



TABLE 1
Rice Farms - Cross Sectional Estimation Results

Variable Period 1 COLS Period 1 MLE Period 6 COLS Period 6 MLE

Constant* 5.8483 5.9540 5.3327 5.5525

Seed 0.0572 0.0583 0.0983 0.0975

Urea 0.1036 0.1028 0.2073 0.2105

TSP 0.0033 0.0034 0.0674 0.0693

Labor 0.1970 0.1970 0.2122 0.2007

Land 0.6372 0.6374 0.5194 0.5252

DP 0.0143 0.0138 -0.1480 -0.1453

DV1 -0.0857 -0.0861 0.0639 0.0568

DV2 0.0853 0.0853 0.1192 0.1175

DR1 0.2192 0.2173 -0.2642 -0.2695

DR2 -0.0325 -0.0330 -0.3744 -0.3712

DR3 0.1388 0.1385 -0.3815 -0.3712

DR4 0.0814 0.0817 -0.0613 -0.0591

DR5 0.1810 0.1829 -0.2864 -0.2668

$σ 2
u 0.0185 0.0174 0.0253 0.0462

$σ 2
v 0.0632 0.0579 0.0705 0.0564

E(ui) 0.1084 0.1053 0.1268 0.1714

$σ * 0.1195 0.1157 0.1364 0.1593

* The constant term reported for COLS is before correction by E(u i).



TABLE 2A
Rice Farms - Confidence Intervals Based on JLMS Method, COLS Estimates - Period 1

Firm No. Efficiency 95% Lbnd 95% Ubnd 90% Lbnd 90% Ubnd 75% Lbnd 75% Ubnd

164 0.9421 0.8242 0.9981 0.8482 0.9962 0.8843 0.9902

118 0.9390 0.8173 0.9980 0.8417 0.9959 0.8786 0.9895

108 0.9380 0.8151 0.9979 0.8396 0.9958 0.8768 0.9892

 92 0.9029 0.7514 0.9956 0.7777 0.9912 0.8196 0.9782

 87 0.9027 0.7511 0.9955 0.7774 0.9911 0.8193 0.9781

 61 0.9026 0.7511 0.9955 0.7774 0.9911 0.8193 0.9781

 79 0.8479 0.6811 0.9873 0.7067 0.9760 0.7484 0.9479

 16 0.8441 0.6769 0.9863 0.7024 0.9744 0.7440 0.9450

143 0.8066 0.6398 0.9727 0.6642 0.9531 0.7042 0.9129

TABLE 2B
Rice Farms - Confidence Intervals Based on JLMS Method, MLE Estimates - Period 1

Firm No. Efficiency 95% Lbnd 95% Ubnd 90% Lbnd 90% Ubnd 75% Lbnd 75% Ubnd

164 0.9452 0.8322 0.9982 0.8553 0.9964 0.8901 0.9908

118 0.9421 0.8253 0.9981 0.8489 0.9961 0.8845 0.9901

108 0.9411 0.8232 0.9980 0.8469 0.9960 0.8827 0.9899

 19 0.9054 0.7578 0.9957 0.7835 0.9914 0.8243 0.9788

 61 0.9053 0.7576 0.9957 0.7832 0.9914 0.8241 0.9787

 87 0.9052 0.7575 0.9957 0.7832 0.9914 0.8240 0.9787

 79 0.8481 0.6849 0.9866 0.7099 0.9750 0.7506 0.9465

 16 0.8437 0.6803 0.9855 0.7051 0.9730 0.7457 0.9431

143 0.8040 0.6415 0.9694 0.6652 0.9487 0.7041 0.9078



TABLE 3
Rice Farms - Panel Data Estimation Results

Variable OLS Within CGLS MLE

Constant 5.0811 5.0639 5.2073

Seed 0.1358 0.1208 0.1327 0.1332

Urea 0.1196 0.0918 0.1133 0.1127

TSP 0.0718 0.0892 0.0761 0.0769

Labor 0.2167 0.2431 0.2230 0.2194

Land 0.4819 0.4521 0.4771 0.4810

DP 0.0077 0.0338 0.0140 0.0093

DV1 0.1755 0.1788 0.1772 0.1767

DV2 0.1356 0.1754 0.1444 0.1410

DSS 0.0489 0.0533 0.0492 0.0492

DR1 -0.0500 -0.0511 -0.0594

DR2 -0.0393 -0.0441 -0.0480

DR3 -0.0623 -0.0723 -0.0799

DR4 0.0248 0.0119 0.0150

DR5 0.0818 0.0751 0.0826

$σ 2
u 0.0214 0.0215

$σ 2
v 0.1076 0.1076 0.1070

E(ui) 0.1166 0.1170

$σ * 0.0987 0.0987



TABLE 4A
Rice Farms - Confidence Intervals Based on BC Method, CGLS Estimates - Panel Data

Firm No. Efficiency 95% Lbnd 95% Ubnd 90% Lbnd 90% Ubnd 75% Lbnd 75% Ubnd

164 0.9648 0.8848 0.9990 0.9025 0.9979 0.9280 0.9946

118 0.9642 0.8830 0.9989 0.9009 0.9979 0.9267 0.9945

  5 0.9608 0.8744 0.9988 0.8930 0.9976 0.9204 0.9938

 51 0.9002 0.7628 0.9944 0.7857 0.9890 0.8224 0.9738

 38 0.9002 0.7628 0.9944 0.7857 0.9890 0.8224 0.9738

 88 0.8999 0.7624 0.9943 0.7852 0.9889 0.8219 0.9737

142 0.7660 0.6287 0.9215 0.6485 0.8951 0.6810 0.8537

145 0.7615 0.6249 0.9167 0.6447 0.8901 0.6769 0.8488

143 0.7422 0.6089 0.8951 0.6281 0.8683 0.6595 0.8274

TABLE 4B
Rice Farms - Confidence Intervals Based on BC Method, MLE Estimates - Panel Data

Firm No. Efficiency 95% Lbnd 95% Ubnd 90% Lbnd 90% Ubnd 75% Lbnd 75% Ubnd

164 0.9643 0.8837 0.9990 0.9013 0.9979 0.9270 0.9945

118 0.9639 0.8825 0.9989 0.9005 0.9978 0.9263 0.9944

  5 0.9609 0.8746 0.9988 0.8931 0.9976 0.9206 0.9938

 88 0.9010 0.7638 0.9945 0.7867 0.9892 0.8234 0.9742

 51 0.9010 0.7638 0.9945 0.7867 0.9892 0.8234 0.9742

102 0.9001 0.7626 0.9944 0.7855 0.9890 0.8222 0.9738

142 0.7602 0.6238 0.9153 0.6435 0.8887 0.6757 0.8473

145 0.7564 0.6207 0.9111 0.6403 0.8845 0.6723 0.8432

143 0.7370 0.6045 0.8891 0.6236 0.8624 0.6549 0.8217



TABLE 5A
Rice Farms - MCB Confidence Intervals - Panel Data

Firm No. $α i
95% Lbnd 95% Ubnd 90% Lbnd 90% Ubnd 75% Lbnd 75% Ubnd

164 5.5561 0.5613 1.0000 0.5874 1.0000 0.6421 1.0000

118 5.4860 0.4878 1.0000 0.5105 1.0000 0.5580 1.0000

163 5.4838 0.4868 1.0000 0.5094 1.0000 0.5568 1.0000

166 4.9667 0.2902 1.0000 0.3037 1.0000 0.3320 1.0000

 15 4.9656 0.2899 1.0000 0.3034 1.0000 0.3316 1.0000

 40 4.9646 0.2896 1.0000 0.3031 1.0000 0.3313 1.0000

143 4.5982 0.2008 1.0000 0.2101 1.0000 0.2297 1.0000

117 4.5859 0.1983 1.0000 0.2075 1.0000 0.2269 1.0000

 45 4.5496 0.1913 1.0000 0.2001 1.0000 0.2188 1.0000

TABLE 5B
Rice Farms - MCC Confidence Intervals - Farm 164 as Control - Panel Data

Firm No. $α i
95% Lbnd 95% Ubnd 90% Lbnd 90% Ubnd 75% Lbnd 75% Ubnd

164 5.5561

118 5.4860 0.4878 1.0000 0.5105 1.0000 0.5580 1.0000

163 5.4838 0.4868 1.0000 0.5094 1.0000 0.5568 1.0000

166 4.9667 0.2902 1.0000 0.3037 1.0000 0.3320 0.9266

 15 4.9656 0.2899 1.0000 0.3034 1.0000 0.3316 0.9256

 40 4.9646 0.2896 1.0000 0.3031 1.0000 0.3313 0.9247

143 4.5982 0.2008 0.7332 0.2101 0.7007 0.2297 0.6410

117 4.5859 0.1983 0.7243 0.2075 0.6921 0.2269 0.6332

 45 4.5496 0.1913 0.6985 0.2001 0.6675 0.2188 0.6106



TABLE 6A
Rice Farms - Subset MCB Confidence Intervals, N = 9 - Panel Data

Firm No. $α i
95% Lbnd 95% Ubnd 90% Lbnd 90% Ubnd 75% Lbnd 75% Ubnd

164 5.5561 0.6494 1.0000 0.6835 1.0000 0.7400 1.0000

118 5.4860 0.5644 1.0000 0.5940 1.0000 0.6432 1.0000

163 5.4838 0.5632 1.0000 0.5927 1.0000 0.6418 1.0000

166 4.9667 0.3358 0.9849 0.3534 0.9358 0.3827 0.8642

 15 4.9656 0.3354 0.9837 0.3530 0.9347 0.3822 0.8632

 40 4.9646 0.3351 0.9828 0.3527 0.9338 0.3819 0.8624

143 4.5982 0.2323 0.6813 0.2445 0.6473 0.2647 0.5978

117 4.5859 0.2296 0.6730 0.2415 0.6394 0.2615 0.5905

45 4.5496 0.2213 0.6490 0.2329 0.6166 0.2522 0.5695

TABLE 6B
Rice Farms - Per Comparison Confidence Intervals with a164 - Panel Data

Firm No. Std Error 95% Lbnd 95% Ubnd 90% Lbnd 90% Ubnd 75% Lbnd 75% Ubnd

164

118 0.1912 0.6409 1.0000 0.6807 1.0000 0.7483 1.0000

163 0.1898 0.6413 1.0000 0.6808 1.0000 0.7479 1.0000

166 0.1914 0.3812 1.0000 0.4049 0.7599 0.4451 0.6912

 15 0.1940 0.3788 0.8102 0.4027 0.7622 0.4432 0.6924

 40 0.1971 0.3761 0.8144 0.4002 0.7654 0.4412 0.6943

143 0.1915 0.2636 0.5584 0.2800 0.5257 0.3079 0.4782

117 0.1960 0.2581 0.5565 0.2745 0.5232 0.3025 0.4748

 45 0.1941 0.2499 0.5347 0.2656 0.5030 0.2924 0.4569



TABLE 7
Texas Utilities - Panel Data Estimation Results

Variable OLS Within CGLS MLE

Constant -3.7615 -5.0535 -5.0532

Labor 0.0881 -0.1291 -0.09660 -0.0775

Capital 0.3462 0.6275 0.5882 0.5856

Fuel 0.6406 0.5652 0.5807 0.5838

$σ
2

u
0.0079 0.0266

$σ
2

v
0.0029 0.0029 0.0029

E(ui) 0.0709 0.1301

$σ * 0.0126 0.0126



TABLE 8A
Texas Utilities - Confidence Intervals Based on BC Method, CGLS Estimates - Panel Data

Firm No. Efficiency 95% Lbnd 95% Ubnd 90% Lbnd 90% Ubnd 75% Lbnd 75% Ubnd

 5 0.9982 0.9938 1.0000 0.9949 0.9999 0.9964 0.9998

 3 0.9960 0.9866 0.9999 0.9887 0.9999 0.9919 0.9994

10 0.9649 0.9413 0.9885 0.9451 0.9848 0.9510 0.9788

 1 0.9325 0.9097 0.9557 0.9133 0.9519 0.9190 0.9460

 8 0.9167 0.8943 0.9396 0.8979 0.9358 0.9035 0.9300

 9 0.8997 0.8777 0.9221 0.8812 0.9184 0.8867 0.9127

 2 0.8973 0.8754 0.9197 0.8788 0.9160 0.8843 0.9103

 6 0.8835 0.8619 0.9055 0.8653 0.9019 0.8707 0.8963

 7 0.8788 0.8573 0.9006 0.8607 0.8971 0.8660 0.8915

 4 0.8555 0.8346 0.8768 0.8379 0.8734 0.8431 0.8679

TABLE 8B
Texas Utilities - Confidence Intervals Based on BC Method, MLE Estimates - Panel Data

Firm No. Efficiency 95% Lbnd 95% Ubnd 90% Lbnd 90% Ubnd 75% Lbnd 75% Ubnd

 5 0.9880 0.9685 0.9994 0.9721 0.9989 0.9776 0.9973

 3 0.9793 0.9566 0.9979 0.9604 0.9962 0.9663 0.9923

10 0.9095 0.8872 0.9322 0.8907 0.9285 0.8963 0.9227

 1 0.8649 0.8437 0.8865 0.8471 0.8830 0.8524 0.8775

 8 0.8472 0.8264 0.8683 0.8297 0.8649 0.8349 0.8595

 2 0.8322 0.8118 0.8530 0.8151 0.8496 0.8202 0.8443

 9 0.8269 0.8066 0.8475 0.8098 0.8442 0.8149 0.8389

 6 0.8214 0.8013 0.8419 0.8045 0.8386 0.8095 0.8334

 7 0.8181 0.7981 0.8385 0.8012 0.8352 0.8062 0.8300

 4 0.7873 0.7680 0.8069 0.7710 0.8037 0.7759 0.7987



TABLE 9A
Texas Utilities - MCB & MCC Confidence Intervals - Panel Data

Firm No. $α i
95% Lbnd 95% Ubnd 90% Lbnd 90% Ubnd 75% Lbnd 75% Ubnd

 5 -4.9952 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

 3 -5.0826 0.8730 0.9617 0.8772 0.9571 0.8837 0.9500

10 -5.1451 0.8201 0.9035 0.8241 0.8991 0.8302 0.8925

 1 -5.1760 0.7951 0.8759 0.7990 0.8717 0.8049 0.8653

 8 -5.1940 0.7809 0.8603 0.7847 0.8562 0.7905 0.8499

 9 -5.2105 0.7681 0.8462 0.7719 0.8421 0.7776 0.8359

 2 -5.2176 0.7627 0.8402 0.7664 0.8362 0.7721 0.8300

 7 -5.2362 0.7487 0.8248 0.7523 0.8208 0.7579 0.8148

 6 -5.2366 0.7484 0.8245 0.7520 0.8205 0.7576 0.8144

 4 -5.2669 0.7261 0.7999 0.7296 0.7960 0.7350 0.7901

TABLE 9B
Texas Utilities - Marginal (Per Comparison) Intervals - Panel Data

Firm No. Std Error 95% Lbnd 95% Ubnd 90% Lbnd 90% Ubnd 75% Lbnd 75% Ubnd

 5

 3 0.0653 0.8063 1.0000 0.8230 1.0000 0.8501 0.9877

10 0.0549 0.7729 0.9586 0.7864 0.9421 0.8081 0.9169

 1 0.0380 0.7747 0.8991 0.7840 0.8884 0.7989 0.8718

 8 0.0356 0.7644 0.8789 0.7730 0.8691 0.7868 0.8539

 9 0.0316 0.7593 0.8561 0.7666 0.8479 0.7783 0.8351

 2 0.0401 0.7400 0.8660 0.7494 0.8551 0.7645 0.8383

 7 0.0431 0.7222 0.8551 0.7320 0.8435 0.7478 0.8257

 6 0.0442 0.7203 0.8566 0.7304 0.8447 0.7466 0.8464

 4 0.0352 0.7113 0.8164 0.7293 0.8074 0.7319 0.7935



TABLE 10
Tileries - Panel Data Estimation Results

Variable OLS Within CGLS

Constant -0.2335 0.4732

Labor 1.1779 1.0075 1.0508

Machines 0.0347 0.0417 0.0448

$σ
2

u
0.0842

$σ
2

v
0.1147 0.1147

E(ui) 0.2315



TABLE 11
Tileries - Confidence Intervals Based on BC Method, CGLS Estimates - Panel Data

Firm Efficiency 95% Lbnd 95% Ubnd 90% Lbnd 90% Ubnd 75% Lbnd 75% Ubnd

24 0.9499 0.8601 0.9981 0.8771 0.9961 0.9034 0.9903

14 0.9433 0.8482 0.9976 0.8656 0.9952 0.8928 0.9881

25 0.9425 0.8457 0.9976 0.8635 0.9952 0.8911 0.9880

19 0.9365 0.8359 0.9971 0.8538 0.9942 0.8850 0.9858

 3 0.9341 0.83085 0.9969 0.8491 0.9939 0.8779 0.9851

22 0.9323 0.8280 0.9968 0.8463 0.9936 0.8753 0.9843

18 0.9296 0.8266 0.9963 0.8444 0.9928 0.8765 0.9826

16 0.9151 0.7885 0.9958 0.8103 0.9916 0.8449 0.9797

 5 0.9025 0.7791 0.9935 0.7993 0.9875 0.8315 0.9713

21 0.9017 0.7889 0.9919 0.8070 0.9848 0.8359 0.9670

 2 0.8992 0.7841 0.9917 0.8024 0.9834 0.8319 0.9660

23 0.8866 0.7742 0.9871 0.7917 0.9769 0.8198 0.9544

 4 0.8854 0.7688 0.9878 0.7870 0.9779 0.8162 0.9555

17 0.8813 0.7686 0.9850 0.7860 0.9738 0.8140 0.9498

15 0.8405 0.7296 0.9587 0.7462 0.9404 0.7731 0.9098

11 0.7228 0.6285 0.8271 0.6425 0.8091 0.6652 0.7815

13 0.6988 0.6077 0.7997 0.6212 0.7823 0.6431 0.7556

12 0.6872 0.5976 0.7864 0.6109 0.7693 0.6325 0.7431

 6 0.6748 0.5868 0.7723 0.5999 0.7554 0.6211 0.7297

10 0.6620 0.5534 0.7855 0.5692 0.7637 0.5950 0.7307

 9 0.6437 0.5541 0.7436 0.5674 0.7262 0.5888 0.6998

 1 0.6283 0.5314 0.7378 0.5456 0.7186 0.5686 0.6894

20 0.5973 0.5100 0.6952 0.5229 0.6781 0.5437 0.6521

 7 0.5818 0.5059 0.6657 0.5172 0.6512 0.5354 0.6290

 8 0.5399 0.4664 0.6216 0.4773 0.6074 0.4949 0.5858



TABLE 12
Tileries - MCB Confidence Intervals - Panel Data

Firm $α i
95% Lbnd 95% Ubnd 90% Lbnd 90% Ubnd 75% Lbnd 75% Ubnd

14 0.9881 0.7373 1.0000 0.7566 1.0000 0.7892 1.0000

24 0.9825 0.7291 1.0000 0.7484 1.0000 0.7803 1.0000

25 0.9770 0.7223 1.0000 0.7417 1.0000 0.7737 1.0000

 3 0.9691 0.7136 1.0000 0.7330 1.0000 0.7651 1.0000

19 0.9687 0.7164 1.0000 0.7356 1.0000 0.7673 1.0000

22 0.9685 0.7132 1.0000 0.7326 1.0000 0.7647 1.0000

18 0.9399 0.6987 1.0000 0.7172 1.0000 0.7478 1.0000

 5 0.9061 0.6557 1.0000 0.6748 1.0000 0.7064 1.0000

21 0.9043 0.6716 1.0000 0.6896 1.0000 0.7194 1.0000

16 0.9036 0.6386 1.0000 0.6585 1.0000 0.6916 1.0000

 2 0.8834 0.6550 1.0000 0.6728 1.0000 0.7023 1.0000

23 0.8811 0.6588 1.0000 0.6763 1.0000 0.7051 1.0000

 4 0.8769 0.6508 1.0000 0.6684 1.0000 0.6977 1.0000

17 0.8497 0.6384 1.0000 0.6553 1.0000 0.6833 1.0000

15 0.8121 0.6149 1.0000 0.6311 1.0000 0.6581 1.0000

11 0.6240 0.5113 1.0000 0.5246 1.0000 0.5468 1.0000

13 0.6071 0.5027 1.0000 0.5158 1.0000 0.5376 1.0000

12 0.5796 0.4891 1.0000 0.5018 1.0000 0.5230 1.0000

 6 0.5494 0.4745 1.0000 0.4870 1.0000 0.5074 0.9772

10 0.5190 0.4387 1.0000 0.45207 1.0000 0.4741 0.9843

 9 0.4604 0.4291 0.9673 0.4408 0.9417 0.4601 0.9022

 1 0.4475 0.4146 0.9757 0.4266 0.9482 0.4466 0.9058

20 0.4256 0.4104 0.9433 0.4219 0.9176 0.4409 0.8779

 7 0.3987 0.4081 0.8990 0.4188 0.8760 0.4365 0.8406

 8 0.2818 0.3604 0.8057 0.3701 0.7848 0.3861 0.7522



TABLE 13
Tileries - MCC Confidence Intervals - Panel Data

Firm $α i
95% Lbnd 95% Ubnd 90% Lbnd 90% Ubnd 75% Lbnd 75% Ubnd

14 0.9881

24 0.9825 0.7291 1.0000 0.7484 1.0000 0.7803 1.0000

25 0.9770 0.7223 1.0000 0.7417 1.0000 0.7737 1.0000

 3 0.9691 0.7136 1.0000 0.7330 1.0000 0.7651 1.0000

19 0.9687 0.7164 1.0000 0.7356 1.0000 0.7673 1.0000

22 0.9685 0.7132 1.0000 0.7326 1.0000 0.7647 1.0000

18 0.9399 0.6987 1.0000 0.7172 1.0000 0.7478 1.0000

 5 0.9061 0.6557 1.0000 0.6748 1.0000 0.7064 1.0000

21 0.9043 0.6716 1.0000 0.6896 1.0000 0.7194 1.0000

16 0.9036 0.6386 1.0000 0.6585 1.0000 0.6916 1.0000

 2 0.8834 0.6550 1.0000 0.6728 1.0000 0.7023 1.0000

23 0.8811 0.6588 1.0000 0.6763 1.0000 0.7051 1.0000

 4 0.8769 0.6508 1.0000 0.6684 1.0000 0.6977 1.0000

17 0.8497 0.6384 1.0000 0.6553 1.0000 0.6833 1.0000

15 0.8121 0.6149 1.0000 0.6311 1.0000 0.6581 1.0000

11 0.6240 0.5113 0.9444 0.5246 0.9203 0.5468 0.8830

13 0.6071 0.5027 0.9318 0.5158 0.9077 0.5376 0.8706

12 0.5796 0.4891 0.9033 0.5018 0.8803 0.5230 0.8447

 6 0.5494 0.4745 0.8764 0.4869 0.8541 0.5074 0.8195

10 0.5190 0.4387 0.8921 0.4520 0.8658 0.4741 0.8254

 9 0.4604 0.4291 0.8112 0.4408 0.7897 0.4601 0.7566

 1 0.4475 0.4146 0.8182 0.4266 0.7952 0.4466 0.7596

20 0.4256 0.4104 0.7910 0.4219 0.7695 0.4409 0.7362

 7 0.3987 0.4081 0.7539 0.4188 0.7364 0.4365 0.7049

 8 0.2818 0.3604 0.6758 0.3701 0.6580 0.3861 0.6308



TABLE 14
Tileries - Per Comparison Confidence Intervals - Panel Data

Firm Std Error 95% Lbnd 95% Ubnd 90% Lbnd 90% Ubnd 75% Lbnd 75% Ubnd

14

24 0.1045 0.7958 1.0000 0.8248 1.0000 0.8725 1.0000

25 0.1137 0.7940 1.0000 0.8225 1.0000 0.8694 1.0000

 3 0.1120 0.7950 1.0000 0.8223 1.0000 0.8672 1.0000

19 0.1100 0.7907 1.0000 0.8185 1.0000 0.8643 1.0000

22 0.1075 0.7943 1.0000 0.8216 1.0000 0.8665 1.0000

18 0.1225 0.7496 1.0000 0.7791 1.0000 0.8278 1.0000

 5 0.1277 0.7173 1.0000 0.7468 1.0000 0.7955 1.0000

21 0.1060 0.7472 1.0000 0.7725 1.0000 0.8141 1.0000

16 0.1485 0.6869 1.0000 0.7198 1.0000 0.7747 1.0000

 2 0.1078 0.7291 1.0000 0.7543 1.0000 0.7956 1.0000

23 0.1054 0.7309 1.0000 0.7556 1.0000 0.7960 1.0000

 4 0.1148 0.7145 1.0000 0.7408 1.0000 0.7841 1.0000

17 0.1198 0.6886 1.0000 0.7151 1.0000 0.7587 0.9994

15 0.1047 0.6830 1.0000 0.7059 0.9962 0.7435 0.9459

11 0.1090 0.5612 0.8603 0.5808 0.8313 0.6130 0.7876

13 0.1034 0.5578 0.8367 0.5763 0.8098 0.6066 0.7694

12 0.1118 0.5339 0.8275 0.5530 0.7989 0.5845 0.7558

 6 0.1090 0.5208 0.7984 0.5390 0.7715 0.5689 0.7310

10 0.1223 0.4922 0.7950 0.5116 0.7650 0.5435 0.7200

 9 0.1194 0.4669 0.7456 0.4848 0.7181 0.5143 0.6768

 1 0.1258 0.4552 0.7453 0.4736 0.7163 0.5040 0.6731

20 0.1115 0.4579 0.7089 0.4728 0.6844 0.5012 0.6477

 7 0.1056 0.4510 0.7822 0.4662 0.6599 0.4912 0.6263

 8 0.1173 0.3921 0.6210 0.4069 0.5985 0.4312 0.5648
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