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Abstract

Continuous-time stochastic volatility models are becoming an increasingly popular way to describe
moderate and high-frequency financial data. Recently, Barndorff-Nielsen and Shephard (2001a) pro-
posed aclass of models where the volatility behaves according to an Ornstein-Uhlenbeck process, driven
by a positive Lévy process without Gaussian component. These models introduce discontinuities, or
jumps, into the volatility process. They also consider superpositions of such processes and we extend
that to the inclusion of ajump component in the returns. In addition, we alow for leverage effects and
we introduce separate risk pricing for the volatility components. We design and implement practically
relevant inference methods for such models, within the Bayesian paradigm. The algorithm is based on
Markov chain Monte Carlo (MCMC) methods and we use a series representation of Lévy processes.
MCMC methods for such models are complicated by the fact that parameter changes will often induce a
change in the distribution of the representation of the process and the associated problem of overcondi-
tioning. We avoid this problem by dependent thinning methods. An application to stock price data shows
the models perform very well, even in the face of data with rapid changes, especidly if a superposition
of processes with different risk premiums and a leverage effect is used.

JEL classification: C11; C22; G12

KEYWORDS: Bayesian inference, Leverage effect, Lévy process, Markov chain Monte Carlo, Risk
premium, Return jumps, Stock price, Superposition, Volatility jumps

*We acknowledge very useful comments by Neil Shephard and Gareth Roberts.
fEmail: M.F.Steel @ukc.ac.uk



1 Introduction

In this paper we provide an exact Bayesian inference method for certain Non-Gaussian models based
on Ornstein-Uhlenbeck processes, recently introduced into the finance literature by Barndorff-Nielsen
and Shephard (2001a). These processes allow option prices for empirically reasonable models to be
computed analytically (see Nicolato and Venardos, 2003). The class of models considered here are
continuous-time stochastic volatility models, which have separate stochastic specifications for the ob-
servables and the latent volatility process. Thus, they differ from the more usual continuous-time models
in finance, based on a single stochastic differential equation, such as those pioneered by Black and Sc-
holes (1973) and Merton (1973) for option pricing and by Vasicek (1977) and Cox, Ingersol and Ross
(1985) for modelling the term structure of interest rates. See Sundaresan (2000) for a comprehensive
survey. In order to capture the empirical behaviour of financial time series, the more recent literature
has typically moved towards multi-factor models, often by alowing the volatility to be driven by an
independent random process, such as in Heston (1993). In addition, jumps in the price process were
introduced in an effort to improve the empirical performance of these models (asin e.g. Bates, 2000 and
Pan, 2002). Such stochastic volatility models are often complicated and do not alow for analytic solu-
tions for pricing derivatives. An exception is provided by Duffie, Pan and Singleton (2000), who derive
closed-form expressions for securities prices in the context of affine jump diffusion processes. Chernov,
Gallant, Ghysels and Tauchen (2003) provide arecent survey of stochastic volatility models and discuss
their impact on option pricing.

Various methods for likelihood-based statistical inference with continuous-time models driven by
Brownian motion have recently been proposed: simulation-based maximum likelihood methods integrate
out unobserved states at intermediate points between observations. Key references are Pedersen (1995),
Aiit-Sahalia (2002) and Durham and Gallant (2002), who also provide an insightful survey and compari-
son of various existing methods. Bollerslev and Zhou (2002) and Barndorff-Nielsen and Shephard (2002)
use realized voldtility, i.e. they exploit the existence of high-frequency intraday data to directly estimate
the moments of the integrated volatility. Yu and Phillips (2001) propose a time-change transformation
to induce Gaussian behaviour in the context of non-Gaussian interest rate models. Bayesian methods
were proposed by Eraker (2001), Elerian, Chib and Shephard (2001) and Jones (2001), who use Markov
chain Monte Carlo (MCMC) methods based on data augmentation with simulated high-frequency ob-
servations. Roberts and Stramer (2001) point out that such data augmentation schemes can lead to poor
convergence propertiesin MCMC algorithms and propose a reparameterization of the missing data.

Here we develop a Bayesian inference procedure for continuous-time stochastic volatility models
where the unobserved volatility has a non-Gaussian driving process. We base ourselves on the type
of models introduced by Barndorff-Nielsen and Shephard (2001a), which we extend by adding a jump
component process in the returns. In addition, we introduce different risk premiafor different volatility
components. We also allow for component-specific leverage effects. Barndorff-Nielsen and Shephard
(20014, 2002) suggest alinear form for the leverage effects. In order to increase flexibility of the models,
we suggest including powers of the relevant processes.

Even alowing for these modifications, this class of models still lead to asimple model for the observ-



able returns, which makes statistical inference quite straightforward conditional on the volatility process.
As a consequence, we can base inference on simulating the actual volatility process, rather than on sim-
ulating intermediate observations. We simulate the volatility process through a series representation of
Lévy processes and use MCMC methods to design the algorithm. Inference for the models considered
here is complicated by the fact that the parameters and the latent volatility process can be highly corre-
lated a posteriori. The usual Gibbs updating of the parameters conditioned on the process will lead to
extremely slowly mixing algorithms. This problem is generally referred to as overconditioning and must
be addressed by updating the process jointly with the parameters. If the parameters are updated using
a Metropolis-Hastings sampler, the proposed process must be in accordance with both the parameters
and the data in order to obtain reasonable acceptance probabilities. We introduce an approach called
dependent thinning where the changes in the processes are restricted to relatively small jumps. Roberts,
Papaspiliopoulos and Dellaportas (2001) take an aternative approach. They suggest a reparameterisa-
tion which reduces the correlation between the data and the process. The reparameterised processisthen
proposed only in accordance with the parameters.

We also consider theissue of prior elicitation and conduct an empirical application on a set of obser-
vations of the S& P 500 stock price index. This illustrates the feasibility of our approach and it reveals
the empirical support for the various models considered in this particular context.

2 TheModel

The usual continuous-time stochastic volatility model in finance is driven by Brownian motion with an
instantaneous volatility process, o2(t). The logarithm of an asset price, say* y*, is often assumed to be
determined by the following stochastic differential equation:

dy*(t) = {p + Bo(t)}dt + o (t)dB(1), (D

where B(t) is Brownian motion, the drift parameter x and the risk premium 3 are defined on R, and
o2(t) is alatent instantaneous volatility which is assumed to be stationary and independent from B(t).
Thiswill serve as our initial model. The implication of (1) is that aggregate returns over atime interval
of length A, say, given by

iA
w= [ ) =y a) -~y (i - DA) @
(i—1)A
and observed at timei = 1,..., T, will have independent Normal distributions
yi ~ N(uA + Bo?,07), ©)

where 07 = f{ﬁlm o?(u) du, which is called the actual volatility in Barndorff-Nielsen and Shephard
(2002). Since o2(t) is a stochastic process, the marginal distribution of y will be a location-scale

1we follow the notational convention of Barndorff-Nielsen and Shephard (20014) to indicate integrated processes with a
superscript x



mixture of normals. Thelatter aims at capturing the empirical evidence of volatility clustering, skewness
and thick tails, which become thinner for large A. Clearly, as A becomes large, o7 will constitute a
large area under the process of instantaneous volatility and, given the ergodicity of the latter, ¢ will
eventually tend to aconstant x A and the margina distribution of  will tend to aNormal. Note that the
distribution in (3) is exact, and will be used to construct the likelihood by integrating over the volatilities
o2. The flexibility needed to adequately model financial series will be provided by a combination of the
underlying stochastic process on the volatilities and more complicated specifications of the drift function
in (1), leading to a more general mean function in (3).

Possible choices for the volatility process are geometric Brownian motion on the instantaneous
volatility as in Hull and White (1987) and a Gaussian Ornstein-Uhlenbeck process on log &(t) asin
Melino and Turnbull (1990), whereas Meddahi and Renault (2003) focus on a constant elasticity of
volatility process. All these processes are driven by Brownian motion. Here we shall follow the ap-
proach outlined in Barndorff-Nielsen and Shephard (2001a), who use, instead, a non-Gaussian Ornstein-
Uhlenbeck volatility process, which leads to an easy and exact treatment of integrated volatility. The
latter is an important quantity for deriving analytic option pricing solutions (see e.g. Pastorello, Renault
and Touzi, 2000).

2.1 Ornstein-Uhlenbeck Volatility Processes

We consider the stochastic volatility process suggested by Barndorff-Nielsen and Shephard (2001a),
which is given by the solution to the following differential equation:

do?(t) = —Ao?(t)dt + dz(\t), (4)

where A\ € R, and z(t) is a purely non-Gaussian Lévy process (see e.g. Sato, 1999) with positive
increments (jumps) and with z(0) = 0. The resulting process in (4) is an Ornstein-Uhlenbeck process
restricted to positive values. The time index of the Lévy process in (4) is chosen so that the marginal
distribution of o2(t) is unchanged by the parameter ), which controls both the rate at which jumps in
volatility occur and the rate at which the process decays.

Barndorff-Nielsen and Shephard (2001a) show that any self-decomposablé marginal distribution for
o2(t) can be described by the stationary Ornstein-Uhlenbeck process in (4) in combination with some
Lévy process z(t). The Lévy measure of the Lévy-Khintchine representation of z(¢) is denoted by 1,
which has no atom at zero and satisfies

min{1, z2}W (dz) < oo, (5)
Ry
and is assumed throughout to admit a density w. The relationship between the Lévy density w of z(t)
and the Lévy density u of o2(t) is given by

w(z) = —u(z) - zu'(z), (6)

2A random variable has a self-decomposable distribution if its characteristic function ¢ satisfies ¢(¢) = #(c¢)¢ () for al
¢ e Randall ¢ € (0,1) and for some family of characteristic functions {¢. : ¢ € (0,1)}.
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where v is assumed to be differentiable with derivative /.

The jumpsin z(t), the so-called “background driving Lévy process’, will induce discontinuities in
the instantaneous volatility process for o%(t), but the integrated volatility o®*(t) = [ o2 (u)du aways
has continuous sample paths. Thus, the resulting process for ¥ (¢) in (1) (the log asset price) also has
continuous sample paths.

The analytical tractability of the processin (4) isillustrated by the following ssimple expression for
integrated volatility

o2 (t) = A Hz (M) — o?(t) + o2(0) ). (7

Barndorff-Nielsen and Shephard (2001a) show that these models are arbitrage-free and lead to ssimple
analytical expressions for option pricing (see also Nicolato and Venardos, 2003). Similar results are quite
rare in the literature; Duffie et al. (2000), which provides pricing solutions for affine jump diffusions, is
anotable exception.

Assuming the marginal distribution of % (¢) has afinite variance, the autocorrelation function of the
processisgiven by r(s) = exp(—A|s|), just like the constant elasticity of volatility processes. In the case
where 3 in (1) iszero (no risk premium) we can a so derive the dependence structure of the discrete-time
sguared returns, which is given by

COI‘(y?, yi2+s) = CeXp{—AA(S - 1)}7 5> 07 (8)

where ¢ € [0, 1] depends on A\, A and the marginal mean and variance of the instantaneous volatility
process (see Barndorff-Nielsen and Shephard, 2001a, Example 4).

2.2 Superposition of Processes

The relative simplicity of the class of models outlined above implies some limitations. In particular,
the implied dependence structure of sguared returns follows the simple ARMA(1,1) pattern outlined in
(8). Barndorff-Nielsen and Shephard (2001a) propose to capture more redlistic dependence structures by
combining independent Ornstein-Uhlenbeck processes with different rate parameters A. A superposition

of processes o3 (t), . .., 02, (t) defines anew process o (t) through
o*(t) =) o} (), ©)
7=1

where each component process of(t) is generated by (4) with its own specific )\; and driving process
z;j(t) whilethe latter are independent across components. Many analytical results from the simple model
(m = 1) carry over to this more general superposition. In particular, the integrated volatility for this

SClearly, the instantaneous volatility is subject to positive jumps and decays exponentially in between jumps.



process, o2*(t), is

>*(t) = t02 u)du = Y o
a(t)—/o (u)d ;j(o
=D Nzt — o5 () + o3 (0}, (10)

and the discrete time (or actual) volatility o2 can be derived as

02 = o?*(iA) — ¥ {(i — 1)A}

=> o} (11)
j=1

In addition, assuming that each of the processes o7 (t) has mean &;, variance w3 and autocorrelation
function r;(s) = exp(—A;]|s|), the autocorrelation function of o> (¢) constructed from the superposition
in (9) takes the simple form

r(s) =Y wjexp(—A;ls|) (12)
j=1

where the positive weights w; add up to one and are given by

2
“j

Z;nzl %2‘ .
This induces the same finite mixture behaviour for the autocorrelations of the squared returns, which in
the absence of arisk premium is given by

w; =

cor (y?,yzas) = Z cjexp{—XjA(s—1)}, s>0, (13)
j=1

where "
Al —exp(=A;A)}
Cj J

= m  Wj (mel fj)Q ' (14)
63 521 3H{exp(=AA) + XA — 1} + 2A253i7 T4

This more general dynamic behaviour is focussed specifically at capturing the frequently encountered
phenomenon of rapid initial decline in the empirical autocorrelation function of squared returns com-
bined with a slow decay at higher lags. Superposition of processes with quite distinct values for the
rate parameters \; is promising in this regard, and has been used successfully in Barndorff-Nielsen
and Shephard (2001a, 2002), using a quasi-likelihood procedure to fit the model. The latter papers use
a restricted parameterization where each component process has the same mean/variance ratio as the
overall process o°(t), which has mean ¢ and variance w”. Thisimplies that §; = w;¢, w? = wjw?,

j =1,...,m. One possible interpretation of the weights in this restricted parameterisation is as a dis-
crete mixing distribution for A which takes theform p(\) =3_7" | w;dy;, where , isthe Dirac measure
at . Barndorff-Nielsen (2001) discusses many properties of superpositions of Ornstein-Uhlenbeck pro-
cesses and shows that a superposition with a continuous mixing distribution can induce long memory
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processes. Analytical solutions to derivative pricing are also available for superpositions, as discussed in
Nicolato and Venardos (2003). Finally, superpositions of volatility processes are anatural and immediate
way of capturing the behaviour observed for equities and interest rates by Alizadeh, Brandt and Diebold
(2002) and Andersen, Benzoni and Lund (2002), who find evidence of one highly persistent factor and
onerapidly moving factor in volatility. The presence of two volatility factorsisalso favoured by Chernov
et al. (2003) in order to simultaneously capture observed tail thickness and volatility persistence.

2.3 PureJump Components and L ever age Effects

From an economic point of view, there has been considerable interest in using jump processes to model
the price, e.g. Bates (2000) and Duffie et al. (2000) consider jump-diffusion models and Carr, Geman,
Madan and Yor (2002) discuss models where the price process follows a non-Gaussian Lévy process.
Barndorff-Nielsen, Nicolato and Shephard (2002) also discuss the possibility of including a Lévy com-
ponent in only the drift function and Duffie et al. (2000) explicitly allow for jumpsin both the price and
the volatility processes. We consider both the inclusion of a pure jump component in the drift of the re-
turns process and the incorporation of aleverage effect, the latter extending the specifications described
in Barndorff-Nielsen and Shephard (2001a). From a statistical point of view, such model extensions
have often proved important in fitting observed financial time series, see e.g. Andersen et al. (2002) and
Eraker, Johannes and Polson (2003). In particular, the latter paper finds strong empirical evidence for
jumpsin volatility, even after accounting for jumpsin returns.

2.3.1 A Jump Component in the Returns

In this subsection, we consider adding a pure jump Lévy process with positive increments, which will
be called the jJump component in the sequel, to the drift of the returns process. The model described in
(1) with the instantaneous volatility process introduced above can be considered as a subordination of
Brownian motion, in particular,

NOEIIE BY o3 (t)+ By {Za;%*(t)} .
Jj=1 j=1

where B; is Brownian motion. To model a component without persistence, we consider adding an
independent process, v(t), to the drift of the return series. We restrict our attention to the class of
processes which are time-changed Brownian motion with a Lévy process for the time-change so that
v(t) £ By{¢(t)}, where B is Brownian motion and ¢ (¢) isaLévy process. The stochastic specification
is completed by allowing the process to have its own drift term 3 ¢ (¢) which will allow the risk to be
priced and leads to the expression

yH() S pt+ B8y 0P (1) + Bt + B {C} + By {ZU?*(t)}

7=1 7j=1



where B; and B, are independent. Alternatively, if we assume3 = 3, we can write
y*(t) £ ut + B0 (t) + B{o>* (1)},

as before, where now

o (1) = C(t) + > o7 (1), (15)

which extends (10). We assume that the distribution of ¢(1) has mean w,,;1£ and variance wy, ; 1w?
and now Z;”jll w; = 1 where all weights w; are positive and o3*(t) for j = 1,...,m are defined as
before. The m weights in the autocorrelation function of o%(¢) asin (12) now no longer add up to one,
and 37", wj is the variance of the volatility process over the total variance of the process #(t). The
autocorrelation function for the squared returnsis given by (13) and (14), but with the index of the sums
in the second term of the denominator in (14) now running from 1 to m + 1.

Carr et al. (2002) consider subordinating aL évy process by a Cox, Ingersoll and Ross (1985) process.
As noted by Barndorff-Nielsen et al. (2002) this has some connection to the approach described above.

In contrast to Carr et al. (2002), our subordinator contains both persistent and non-persistent components.

2.3.2 Incorporating a L everage Effect

Following the work of Black (1976), negative movements in stock returns are frequently associated
with larger volatility increases than positive movements. Such asymmetric behaviour is often observed
for returns series, and has motivated for example the EGARCH model of Nelson (1991). Economic
interpretations are provided by Campbell and Kyle (1993) and Shin (2003). Barndorff-Nielsen and
Shephard (2001a,b) propose to introduce aleverage effect in the model by replacing (1) by the following
stochastic differential equation:

dy*(t) = {u + Bo?(t)}dt + pdz(At) + o(t)dB(t), (16)

where z(t) = z(t) — E{z(t)} isthe centred version of the background driving Lévy processin (4). Asa
consequence, the aggregate returns will now be given by

p(yilo?, zi) = N(yi|luA + Bo? + pz;, 0?) (17)

with z; = f{ﬁlm dz(At)dt — AE{z(1)}. Negative vaues for the leverage coefficient relate positive
volatility changes with drops in returns. Note that the addition of the (jump) leverage term in the log
price process also induces discontinuous sample paths. In the case of a superposition of m Ornstein-
Uhlenbeck processes asin (9) or (15) we caninclude up to m leverage termsin the returns equation, each
with their own coefficient, p;, which multiplies z; ; = f(’ﬁlm dz;(\t)dt — AE{z;(1)}, j =1,...,m.
As there is no compelling argument for linearity of the leverage term, we will aso explore more
genera leverage terms. A benefit of this class of models is the ease with which models can be extended
to capture this effect. Generally, we could assume that the leverage effect enters the drift as a centred



version of some continuous function of the background driving Lévy process, f(z(t)), that could be
approximated by a Taylor series up to order p, modifying (17) to

p(yilo?, z) =N (y

P m
pA +Bo? + 3> 050, af) (18)

k=1 j=1
where zi(’;.) = f(iﬁl)a dz](.k) (/\jt)dt—AE{zj(.k) (1)},7=1,...,m. Thenotation zi(];) isused to emphasise
that these are integrals of powers of a Lévy process rather than powers of integrals of a Lévy process.

2.4 Component-Specific Risk Premia

Having a superposition of volatility components allows for a volatility process which is driven by both
quite persistent and rare shocks as well as very frequent and short-lived movements. It isnot at al clear
that both components should lead to the same risk premium in the price equation in (1). In fact, one
may well argue in favour of quite different market reactions to these volatility components. Bates (2000)
considers atwo-factor geometric jump-diffusion model for future option prices and assigns separate risk
premiato each factor. Pan (2002) builds on the Bates model and distinguishes the premiafor “Brownian”
return risks and jump risks. Using a volatility process with /m components as in (9) (" = m) or
(15) (7 = m + 1 and defining ¢(iA) — ¢{(i = 1)A} by 02,y = [(2} o 02,14 ()dt for notational
convenience), we then obtain the following log price process:

dy*(t) = { pt Y Biol; (t)} dt + o (t)dB(t). (19)
j=1

Combining this idea with the leverage effect of Subsection 2.3 gives us the most general form that we
shall consider for the returns

p(yi‘o'?azila o 7Zim) =N (yl

m P m
HA+Y Bioti+ D> p§-‘“)z§’;%o$> , (20)
j=1 k=1 j=1
where some of the risk premia or leverage coefficients can be constrained to be zero or equal to each-
other. For example, by taking 3; = 3, we are effectively pricing the superposition of the volatility
components j and [ for the purpose of risk.

Thethree general model extensions described in the previous and the current subsection are important
modelling features of our approach, which allow for substantial extra flexibility and will be examined
in greater detail in the context of our application. Whereas Barndorff-Nielsen and Shephard (2001a)
provides a quasi-likelihood fit of the model with superpositions asin (9) (and zero values for 1 and (3),
we stress that the inference method proposed here can actually deal with the incorporation of a pure
jump process in returns as well as the much more general drift function in (20) and provides us with
exact likelihood-based inference in the context of these important model extensions?

4Chernov et al. (2003) comment on the statistical problems posed by jump components.



3 The Sampling Algorithm

MCMC methods for inference with discrete-time stochastic volatility modelswereintroduced in e.g. Jacquier,
Polson and Ross (1994) and Kim, Shephard and Chib (1998). The latter papers aso provide refer-
ences to the MCMC literature and general descriptions of some underlying algorithms. This section
introduces an MCMC sampling algorithm to make inference in the class of continuous-time models de-
scribed above. The discussion centres on background driving Lévy processes which have finite intensity,

in particular that of the Gamma-OU process, the OU process which has a Gamma marginal distribution.
The algorithm is easily adapted to superpositions of volatility processes and can simply be extended to
include jump components, leverage effects and separate risk premia. The volatility process is parame-
terized by \ and 6 which are the parameters of the marginal distribution of o?(¢). The likelihood of the
parameters L(\,0) = [T, p(yilo?)p(a?,...,0%|)\,0)do? ... doZ will not be available in closed
form. We propose augmenting the parameter vector ), § with the actual volatility process &, . .. ,a%.
This data augmentation strategy was mentioned in Barndorff-Nielsen and Shephard (2001a), but not im-
plemented for reasons of computational complexity. The structure of the model implies that conditional
on these volatilies the observations are Gaussian and independent.

From (7) we immediately obtain a convenient expression for the discretely observed process ¢ as

o? = o*(iA) — o ((i — 1)A)
= M Y2z(NA) — 02(iA) — z(A(i — DA) + o2((i — 1)A)}. (21)

In addition, we can write the latent volatility process (from (4)) and the driving Lévy process in terms of
avector of random shocks 7; as

c?(iA) | [ exp{=AA}o?((i — 1)A) ‘
{ (NA) } - ( 2\ — DA) ) S (22)

where
exp{—MA} fOA exp{At}dz(\t)

d
ni = { fOA dz(\t) } : (23)

We use the recursions in (22) to construct realizations for the volatility processin (21), starting from the
shocks in (23). In order to draw the latter shocks, we will use a series representation of the integrals
involved.

3.1 A Representation of Lévy Jump Processes

The simulation of Lévy processes without Gaussian components is much facilitated by the approach of
Ferguson and Klass (1972), who propose a useful series representation. The inverse tail mass function
W1 of aLévy process with Lévy measure W is defined as

W (z) =inf{y > 0: WH(y) <z}, (29)

10



where W (z) isthe tail mass functior?

WH(x) = / Oow(y)dy- (25)

It can be shown that the integral of some positive (and integrable) function f with respect to a positive
Lévy jump process has the same distribution as the following infinite sum:

/f )dz(s) £ 3" WY (a;/A) f(Ary), (26)
7=1

where {a;} and {r;} are independent with r; independent uniform random variables on (0,1) and ¢; <
as < ... thearrival times of a Poisson process of intensity 1. This representation is discussed in some
detail by Barndorff-Nielsen and Shephard (2001b). The main idea was introduced for nonhomogeneous
processes in Ferguson and Klass (1972).

Applying (26), we can now evaluate the integralsin (23) as

y 4 { exp{—AA} 32, W (5%) exp{AAr;} }
’ W 5%)

Thus, simply sampling {a;} and {r;} will alow usto construct sample paths for the volatility process
and the Lévy driving process, which can then be used to construct a sequence for the actual volatilities
02,i=1,...,T by (21). The only remaining problem then liesin the fact that we have an infinite sum
in our representations through (26). We propose to deal with that issue by only taking into account the
jumps greater than a certain size, i.e. by restricting ourselves to the jumps for which W=1(-) > ¢ > 0,
so we make the following approximation

@ E|u

(27)

ZW ( ) (ar) ~ 3 WL (;‘—i) FOAAT). (29)
{ila;/IAA<WT(e)}
Thus, we only include the jumps corresponding to Poisson arrival times in the region (0, \AW* (¢)).
Thisregion iswell-defined because T (-) isamonotone non-increasing function. From the integrability
condition in (5) we know that W (¢) is always finite, so we only include a finite number of jumps.
Hansen, Ickstadt and Wol pert (2000) mention a similar approach.

3.2 The Gamma-OU process

This paper will consider only the Gamma-OU process, the instance of the Ornstein-Uhlenbeck process
which has a Gamma margina distribution, i.e. ¢*(t) ~ Gamma(v,«) where v > 0 is the shape
parameter and « is the usual precision parameter. To use the series representation, the tail mass function
is

Wt (z) = vexp(—ax)

SFor the Ornstein-Uhlenbeck class of processes described in Subsection 2.1 the tail mass function has the simple formula
WH(z) = zu(x), where u is the Lévy density of o2 (t) (see Barndorff-Nielsen, 1998).
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which admits an analytical solution for the inverse function
1 T

W~ z) = max {O, - log (;)} . (29)
and we will not need any truncation, since the sumin (26) will then reduce to afinite one. It isimmediate
from (29) that only Poisson arrivals in (0, \Av) will contribute to this sum. If we also include ajump
component in the returns as in Subsection 2.3, the Gammamarginal distribution for o?(¢) is maintained
by adding a Normal-Gamma process to the drift term (see e.g. Bibby and Sarensen, 2003). In this case
the time-change is a Gamma process which has tail mass function

W (z) = /OO ve~ ! exp(—ax)dz. (30)

The representation of the latter process does require truncation as in (28). To use the extended model
in (18), we need to calculate E{2(*)(1)} which in the case of a Gamma-OU process is given by the
expression E{2(¥) (1)} = AAVE(v¥) /a* where v ~ Exponential (1).

3.3 Sampling the Process

The form of the shocks for a Gamma-OU process can be derived by substituting (29) in (27):

d 1 exp{—AA} 377, log( )‘(’;J_A) exp{\Ar;}
> log(%42) ’

where a x r is a Poisson process on (0, \vA) x (0,1) with intensity 1 and n is the number of points
in this Poisson process. We first consider the following reparameterisation a = («,...,a,) —

(6,01, ¢n) Where ¢ = 3, log(A;’jA) and ;¢ = 1og(%). Then ¢ ~ Ga(n,1), a Gamma
distribution withmeann and ¢ = (¢, ..., ¢n) ~ Di,—1(1,...,1), aDirichlet distribution. Thus, given
the parameters A and 6, any realization of the discretely observed (or actual) volatility process ¢ will be
fully determined by its associated values of (¢, ¢, r,n);. Inthe sequel, we denote the subset (¢, ¢, 7);

by W, and the number of jumps for observation i by »;. Grouping these random variables for all obser-
vations, wewill define ¥ = (¥q,...,¥p)and N = (nq,...,ny). Thebasic strategy will bean MCMC
sampler on (¥, N, \, 6), aternately updating the process and the parameters.

The process conditional on the parameters is sampled using a Metropolis-Hastings sampler with
three possible proposals: tailored independent proposal, random walk step or jump moved. In each
sweep of the Gibbs sampler, a preset number of time points are selected to be updated by a move cho-
sen a random. The independence and random walk proposals have a proposal density of the form
p(W|0, A\, n}) g(ni,n}). The acceptance rate using Reversible Jump MCMC (Green, 1995) can be cal-
culated for these moves (see Appendix A.1) as

min {1 P(U1W, Nl 0 0) p(nlfA. ) gl ) }

Ui

p(y|¥, N, X, 0)  p(ni|X,0) q(ng,n})

where \I//(z) = {\Ifl, e, U, \I/;, Wiy, ... ,\I/T}, N(/z) = {nl, .. ,ni_l,n;, Miq1y. - ,nT}. We, first,
consider the two possible transition densities: ¢ (n;, n}), which is arandom walk proposal, and ¢ (n}),
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atailored independent proposal using an approximation of p(n;|y;, o2((i — 1)A), A, 8). The latter dis-

tribution captures the idea of a “filtered” distribution of the number of jumps, by conditioning on the
observed return for that period and the previous value of the instantaneous volatility process, which
summarizes the past in building o? in (21). In all cases the parameters ¢, ¢, r for observation i (i.e. ;)

are drawn from their prior distribution conditional on »;. The random walk has three possible transitions
n, = n; + 1, n, = n;, and n, = n; — 1 (provided n; > 0), leading to a simple, robust sampler. The
tailored proposal ¢»(n}) will generally have better convergence properties in cases where the data are in
agreement with the model, but may have problems with “unusual” observations. As stated above, it is
based on the distribution described by p(n;|y;, o2((i — 1)A, X, 0)), which is proportional to

/ (o2 (i = DAY, Wy, g, A, 0) p(s1ns) AT, p(ny)

where the first factor equals p(y;|o?). Thisintegral cannot be calculated analytically but is here approx-
imated by p(y;|Ew, (02|n;)). The distribution is then approximated pointwise in ;. For a superposition
of processes, this approach can be extended using the proposal distribution

q(ngl), \1151), - ,ngm), \Ilgm)) = Hp(\llgj)mgj)) q(nz(j)\ngl), . ,ngj_l)).
j=1

where the superscripts index the component processes of the superposition. In other words each Tij )
is drawn in turn, conditionally on the draws for the previous components. The proposal distribution
q(nz@ |n§1), - ,ngj_l)) is an approximation similar to the approximation discussed above. If we define

S; = {20 ((i — 1)A), A\, 90}, we can write

Soiln®, .0 81 Su)p(e n) dw?) p(n).
The integral is approximated by

(1)) 2(j+1))

2 2(j—1 2(j
P(yil By, (07 77), - ByGon,6-0(0 v ))7E\I,§j)|n£j)(o-i (]))7Eq,l(_j+1>(0¢

)

2(m
< Eyom (07 ™))

Y

which is possible because both E\pgj) ) (0? (j)) and E‘PE” (0? (j)) can be evaluated (see Appendix A.2).

Figure 1 illustrates the superior performance of the independence sampler for regular (i.e. well-
behaved) problems with areasonable number of jumps.

The third possible proposal involves maoving jumps between observations in such away that only the
volatility process between these two jumps is changed. A similar proposal was introduced by Roberts et
al. (2001) and helps the mixing of the chain when the exact location of alarge jump is poorly defined.
Before the proposal is applied assume that the jumps are associated with (4,71),. .., (ix, %), Where
k= ZiT:1 n; and the pairs (i;, ;) denote the discrete timing of the /th jump and its value of r. The
proposal selects one jump at random and proposes to move it in time from time period 5 to z; in such a
way that the process o2 (t) outside of min (i, i) and max(i;, i)+ 1 isunchanged. Theform of the model

13



Figure 1: Thelog posterior density of the process given the parameters for the independent proposal and the random
walk proposal using simulated data with parameters A =1, v = 1, = 1 and T = 1000.

keeps the process before min(i;, 7;) the same. Letting & = max(i;, ;) + 1 and r; = a tlog(A\wA/ay)
be the jump associated with (4, r;), we can express o2 (hA) as
k

o?(hA) = exp{—hAA}o?(0) + > I(iy < h)exp{—(h —i; + 1 — r)A\A}s;.
=1

We maintain the value of o2 (hA) by taking
K = exp{—(i; + 1} —i; — ;) AA} k.

Mapping (i, j, k) — (3,75, k) involves a Jacobian which reduces to dv’; /dr; = exp{— (i + 7} —

i; — rj)AA}. The acceptance probability for this Metropolis-Hastings moveis

Pl ¥, N 0,0) € (657 (5:75))

p(y|¥, N, A, 0) q((ijarj%(i;‘?r}))

!
d/ij

i

min< 1,

)

where U/, N’ describe the volatility process after the proposed move of ajump.

3.4 Sampling the Parameters

The problem of sampling the parameters is more complicated. Roberts et al. (2001) note that there is
a potential problem with overconditioning if a simple Gibbs sampling scheme is used to sample the
parameters. Consider updating the parameter A conditional on W: the full conditional posterior density
for \ is proportional to

p(ylT, N, X, 0)AF exp{—TAvA}p(N),

wherey = (y1,...,yr). The second and third factors of this expression are derived from the Poisson
process driving the series approximation to the Lévy process. This part is proportional to a Gamma
distribution with amean of (k + 1)/TvA and avariance TvA times smaller than the mean. Therefore,
this distribution is largely determined by the value of k£ (the total number of jumps in the process)
which in turn was largely determined by the current value of \. This situation is commonly known as
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overconditioning. To combat this problem the number of jumps must change with the value of \. The
parameter A determines the rate at which shocks occur, but also changes the slope (rate of decay) of the
volatility process and the shock size. Figure 2 shows realisations of processes with the same marginal

LA

(b)
Figure 2: Influence of parameter X: (@) A = 0.01, (b) A = 0.1. Wehavetakenv = 1, a =1, A = 1.

Gamma distribution, but different values of A. It is clear that to move between processes with the same
marginal distribution we must add more jumps when A increases to counteract the increased slope. One
approach to solving this problem is to change the process jointly with the parameters, to ensure that the
new process is not at great odds with the data. This will be implemented through the Reversible Jump
MCMC sampler.

In particular, if a new value X is chosen such that \' < ), the current value, then it is natural
to consider a thinning of the Poisson process driving the shocks. We use a dependent thinning of the
process which is motivated by the following observation. The inverse of the tail probability function
W~1(-) is decreasing. Consequently, the early arrival times in the Poisson process (small q;) make the
largest contribution to the value of the shock. Therefore, removing an appropriate number of late arrival
times will have less of an effect on the volatility process. In particular, the arrival times, {g}°,, of
the Poisson process restricted to (0, X Av) will be a Poisson process with the correct intensity. Figure 3
illustrates this point. Graph (b) shows the underlying Poisson processes. The points above the line are
deleted in the thinning. The main features of the original process remain, the largest jump removed is
around observation number 330 and is also close to the cut-off point. For Gamma margina$, we use
the following updating scheme:

e If X' > )\ new points of the Poisson process are drawn in the region (AvA, XvA).
e If M < Athearriva timesintheregion (N\vA, AvA) are deleted.
The acceptance rate for this move is the minimum of 1 and (see Appendix A.3)

p(ylot’, ..., 0%) p(X) q(N, \)
p(ylo?,....02) p(A) g\ N)

®For other marginal distributions of 2 () or for the pure jump component, we replace v by W+ (e).
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Figure 3. Dependent Thinning from A\ = 0.01 to ) = 0.007: (a) Original Process, (b) Arrival times of the underlying
Poisson process at each discrete time, (c) Proposed process. Parameter values: v = 1, o = 1, A = 1. Note that the
realized values of n; are either 0 or 1 and the vertical axisin graph (b) denotes a.

The need to carefully introduce and remove points is illustrated by the following example. If a
process {¢; } isdefined by ¢; = a;/AvA then {¢; } isaPoisson process on (0, 1) with intensity AvA. For
A < A, anew process could be proposed by independently thinning the current process with probability
N/X. For X > )\, areverse move would add points uniformly on (0,1). Figure 4(b) illustrates the
problems associated with such an approach. This method tends to introduce large jumps (for example
around observation numbers 1300 and 1900), which make it very unlikely that the proposed process will
be supported by the data and accepted. For comparison, no thinning leads to a process which tends to be
below the previous process (see graph (c)).

The parameters of the marginal volatility distribution, ¢, are also updated using dependent thinning
if the interval used in the series approximation is affected by the parameter. Otherwise simple random
walk Metropolis-Hastings is used. For Gamma marginals, the shape parameter v affects the interval but
the scale parameter o does not. The parameterisation of the weights introduced by Barndorff-Nielsen
and Shephard (2001a) is used throughout the paper. The sampler works on the processes 0]2 (t). Inthis
case, the weights w; affect the interval, so dependent thinning is used. In the Gamma case it will prove
numerically more efficient to parameterize the margina distributions in terms of the mean v/« and the
scale parameter, «. Thisreduces the posterior correlation between the parameters.

We have evaluated the performance of our algorithm and the effect of various priors on the basis of
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Figure 4: Three types of thinning: (a) Dependent thinning, (b) Independent thinning, (c) No thinning. The dotted
line is the original process and the solid line is the proposed process with parameter values: v = 1, a« = 1, A = 1,
A =0.01, ) =0.014.

simulated data. Appendix A.4 presents some of these results, indicating that the algorithm works well
(especially in view of the complexity of the model). Some of our findings on the effect of the prior are
mentioned in the next section.

4 ThePrior Distribution

We shall consider proper, but mostly weakly informative, priors for the parameters in our sampling
model. This will ensure the existence of a posterior distribution. In the context of our sampling model
in (16) combined with (4), we have explicitly introduced the drift parameters 1, 3, p in (16) and the rate
parameter X in (4). In addition, we require parameters to describe the marginal distribution of &(t) (or,

equivalently, the Lévy measure). For the superposition in (9) we need a prior on the weights w;, and

each component now has its own rate \; and possibly its own leverage and risk premium parameters
(B, pgk)), k=1,...,p. Inaddition, if weinclude ajump process as well, we need to specify aprior on
the associated weight w;,,+1. Throughout, we will adopt a product structure prior where only the weights
will be prior dependent.

In our experience, the most critical aspect of the prior isthat on A (or J). In order to elicit this prior,
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we first state that . and 3; are a priori independent Normally distributed with mean zero and variance
90. This means that the prior is centered over the case where the correlation of squared returns is the
simple expression in (8) from which we see that for s > 0

cor(y?, yi2+s+1>

=exp(—AA) =T. 31
cor(y?, y?, ) (=28) (5D

Thus, we can think of A\ as governing how quickly subsequent correlations of squared returns (with A as
the observational period) decay. If we assume a Gamma(a, b) prior on \, theimplied prior on 7 is

pr) = () @I Gogr e ta/ @

In particular, choosing « = 1 and b = A will induce aUniform prior over the range (0,1) for this ratio of
squared returns correlations. If, instead, we would take b much smaller than A, we would impose strong
prior beliefs that the correlation declines very rapidly. This does not seem in keeping with generally
held prior ideas on most financial time series for small or moderate values of A and would make it
hard to distinguish our dynamic process from a nonpersistent process. For our applications with daily
observations (where we take A = 1), we find that a Gamma(1,1) density is areasonable choice for p(\)
or p(A;) incasem > 1.

If we have a superposition of processes, the weights are given a Dirichlet prior distribution of ap-
propriate dimensions with al parameters equal to 1. In the applications, we only use Gamma marginal
distributions for o2 (t) with the restricted parameterization mentioned in Subsections 2.2 and 2.3. The
two parameters of the Gamma marginal distribution of ¢?(¢) are given independent vague but proper
Exponential prior distributions with precision parameter 0.001. Finaly, for the parameters ék), Jj=
1,...,mk = 1,...,p an independent Norma prior distribution with mean zero and variance 900 is
used.

5 Dealing With M odel Uncertainty

We can consider models that differ in the number of components used in the superpaosition (9), in the
inclusion of a jump component in (15), or in the specification of leverage effects and risk premia in
(20). In addition, we could also consider differences in the marginal distribution of the volatility process
o2(t), although that is not done in the following application. It would seem feasible to use Reversible
Jump MCMC to explore the posterior distribution over the number of components, but it proves to be
quite difficult to implement (it is hard to merge and split entire latent processes). A simple solution isto
compute the marginal likelihood values' for each model from the sampler. We investigated various ways
of computing this on the basis of the MCMC output. Throughout, we will present results based on the
modified harmonic mean estimator p, of Newton and Raftery (1994). An aternative approach would be
to use the method by Chib (1995) asimplemented in Elerian et al. (2001).

"The marginal likelihood is the sampling density integrated out with the prior.
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The ratio of the marginal likelihoods of two competing models is generally called the Bayes factor
and the product of Bayes factor and prior odds (the ratio of prior model probabilities) gives the posterior
odds. Thus, if we take prior odds equal to unity, the Bayes factor is the ratio of the posterior model
probabilities.

Of course, posterior probabilities can be used to select one of the contending models, namely the
one with highest posterior probability. A related use of these posterior model probabilities is their role
as model weights in producing inferences averaged over all models under consideration. This Bayesian
model averaging provides a formal way of incorporating model uncertainty into the analysis. For ex-
ample, it provides a natural approach to predictive inference (inference on the observables, such as
forecasts).

6 Application to Stock Price Data

We use data from the Standard and Poor 500 stock price index, in particular, T = 2023 daily returns
from January 2, 1980 until December 30, 1987. Gallant, Rossi and Tauchen (1992) use the same series
and prefilter it in order to remove systematic effects from both mean and variance. The same filtered
data was used in Jacquier et al. (1994) in a discrete stochastic volatility model. We use the raw data,
which are displayed in Figure 5. The October 19, 1987 crash is immediately obvious from the plot.

10

5L -

oh

5L -

—10+ -

15l -

20k -

—25

L L L L L L L L L L
o 200 400 600 800 1000 1200 1400 1600 1800 2000

Figure5: Daily returns from the S& P 500 stock price index; 2023 observations from January 2, 1980 until December
30, 1987.

Sample measures of skewness and kurtosis of the returns are -4.1 and 90.3, respectively? We adopt the
prior distribution described in Section 4 and the results for this dataset are typicaly based on Markov
chains of length 215,000, where we discard thefirst 15,000 drawings and thin the remaining observations
by recording every 10" value. Throughout, we will use volatility processes with Gamma marginal
distributions.

8Throughout, skewnessis measured as ;i3 / u;’/ 2, and kurtosis as y4 /13, where yu; isthe ith central moment.
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First, we consider the basic returns model in (3) in combination with the simplest Ornstein-Uhlenbeck
volatility processin (4). Posterior results on the actua volatilities g, = 1,...,T are given in Figure
6(a)° in the form of the medians (joined with adrawn line) and the 2.5 and 97.5 percentiles (joined with
dashed lines). Behaviour is as expected: high volatility values for periods with large price changes. The
median volatility corresponding to October 19, 1987 is 3.3%. Thisis amost three times the long-run
marginal mean of the volatility process (given by v/a which has a posterior median of 1.17), testify-
ing to an ability to account for sudden volatility shocks. Table 1 presents some posterior results on the
model parameters as well as on the marginal moments of the instantaneous volatility process & (t). The
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Figure 6: Posterior results for model with one component (m = 1) for the S& P 500 data: (a) a;, (b) In(A), (c) ACF
of scaled residuals, (d) ACF of squared scaled residuals. In graphs (a), (c) and (d) drawn lines are posterior medians,
dashed lines are 2.5 and 97.5'" percentiles.

posterior distribution of In(\) in Figure 6(b) shows that the mass is spread in the region from -5.5 to -3,
corresponding to the interval (0.004, 0.05) for A. The autocorrelation functions of the scaled residuals
(y; — pA — Bo?)/o; and their squares are displayed in Figures 6(c) and (d); both suggest the model
does an adequate job at capturing the empirical dynamics. However, if we consider summary statisticd®

of the predictive returns distribution implied by this model, displayed in Table 2, we see that the model

9These percentiles are smoothed. Filtered results are presented in Figure 18, as discussed in the sequel.
10These are computed on the basis of 20,000,000 realisations of the process in aMonte Carlo scheme. For each of the 20,000
samples drawn from the posterior distribution, 1000 realisations of the returns process were sampled.
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does not manage to reproduce the high levels of negative skewness and kurtosis observed in the daily
data (A = 1). The latter table aso contains the implied properties at other observation frequencies,
namely A = 5 (weekly), A = 21 (monthly) and A = 63 (three-monthly). Whereas the data were not
used for estimating the model at these frequencies, it is of interest to assess the implied properties at
various A of the model estimated using daily data. Clearly, as A increases, the simple one-component
model gets closer to the observed returns distributions which displays roughly Gaussian behaviour for
large A.

Table 1. Posterior medians, 95% credible intervals (in parentheses) and marginal likelihoods for basic model

1 Component 2 Components 3 Components
0 0.07 (-0.00,0.14) 0.06 (-0.02,0.13) 0.06 (-0.01, 0.13)
I} -0.02 (-0.10, 0.05) -0.02 (-0.10,0.07) -0.02 (-0.10, 0.06)
E(a%(t)) 1.17 (0.87,1.72) 0.99(0.82,1.24) 0.93(0.81,1.19)
St.Dev.(o?(t)) | 0.81(0.58,1.26) 1.07 (0.82, 1.43) 1.00 (0.79, 1.26)
Log Marg.Lik. -2659 -2521 -2521

Table 2: Empirical and predictive properties of the returns distribution

Observed data One-component basic model
A=1 A=5 A=21 A=63|A=1 A=5 A=21 A=63
Mean 0.0 0.2 0.9 2.6 0.0 0.2 0.8 24
Variance 13 5.9 23.7 76.2 12 6.0 25.9 82.1
Skewness | -4.1 -1.0 -0.8 -0.8 0.0 -0.1 -0.2 -0.2
Kurtosis 90.3 10.8 6.1 4.1 4.7 4.7 4.6 4.6

In order to add flexibility to the dynamic properties of the model, we try a superposition of processes
asin (9). Throughout, we use the parameterization described in Subsection 2.2, i.e. § = w;¢ and
w? = wjw?®,j =1,...,m. If wetake asuperposition of two processes (m = 2), we obtain the medians
and credible intervals for the discrete time volatility ; graphed in Figure 7(a).

For superpositions, the inference about A will be presented in terms of the discrete mixing distribution
discussed in Section 2.2. Figure 7(b) displays the posterior density function of this mixing distribution
for In(A) which indicates that the relative weights assigned to each component are roughly equal, and
that one component has much larger values of A than the other. This results in the volatility behaviour
in Figure 7(a), where the large jumps (with relatively slow decay) correspond to the process with small
A (displayed in Figure 7(c)) and the many smaller (and spiky) jumps originate from the process with the
higher rate and decay parameter A\ (depicted in Figure 7(d)). Thus, there are two clearly distinguished
components, one for large persistent shocks and one for fast-moving “noise”. The more flexible model
now allows volatility to increase further in order to accommodate the crash: median volatility now gets

up to 3.72%, but the possibility of having shocks whose effect on the volatility is short-lived allows
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Figure 7: Posterior results for model with two components (m = 2): () ¢, (b) w1din(x,) + wW2din(r,), (€) 041, (d)
oi2. In graphs (a), (c) and (d) drawn lines are posterior medians, dashed lines are 2.5" and 97.5" percentiles.
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the process to settle down at fairly low values between observations 1000 and 1800. Accordingly, the
marginal mean volatility (see Table 1) is smaller, while the standard deviation has risen. Also, the
marginal moments of the volatility process are more precisely estimated. In line with the expectations,
the two component model enjoys much more support from the data than the one-component model. This
can be assessed from the log marginal likelihood values, computed asin Section 5 and presented in Table
1. Moving to asuperposition of three components (m = 3) leadsto avirtually indistinguishable volatility
process, displayed in Figure 8(a) and no improvement in marginal likelihood (Table 1). Indeed, as shown
in Figure 8(b), the extra component corresponds to an intermediate A, but has little weight. Thus, we
shall mostly focus on the model with two components in the sequel. Note that all basic modelslead to a
risk premium  with most posterior mass on negative values, in contrast to expectations.

We now examine the inclusion of a pure jJump component in the returns, as described in Subsection
2.3. The series representation in (26) will require truncation for this Gamma process, as explained in
Subsection 3.1. We used ¢ = 0.001 in (28), which led to reliable results. Figure 9 indicates the sum
of the weights of the m persistent components (i.e. Z;”Zl w;) with m = 1 and 2, which suggests that
inclusion of ajump component is not warranted by the data, once two persistent components are present
in the volatility process. As aconseguence, we shall retain the model with two persistent components as
the main model when exploring further model additions.

A component-specific leverage effect, as in Subsection 2.3, is now introduced into the returns equa-

22



1/ by

b
oslf W;“WM%@.\MW WW"‘VWWW ‘r

A

200 400 600 800 1000 1200 1400 1600 1800 2000 -6 -4 -2 o 2 4 6

@ (b)

Figure 8: Posterior results for model with three component (m = 3): (a) o;, (b) W10 (A;) T Walln(ry) T W30In(xy)-
In graph (a) the drawn lines is the posterior median, dashed lines are 2.3" and 97.5'" percentiles.

120

100~

80|

60|

a0l

201

o 0.1 0.2 03 0.4 05 0.6 0.7 0.8 0.9 1

Figure 9: Posterior weight on the m persistent components in the presence of a pure jump component, m = 1, 2.

tion. Figure 10(a)-(d) presents the results on the volatility process (with two components) in the same
format as Figure 7. The main differences with the non-leveraged model are a smaller weight on the fast-
moving component and more persistence (smaller A-values), especially for the slow-moving component.
Figures 10(e) and (f) show that a number of large drops in returns are taken up by the leveraged mean
function, so that the volatility does not need to reach such high peak values as before. Accordingly, the
marginal standard deviation of the volatility is much lower, as displayed in Table 3. The risk premium
coefficient is now more in line with expectations in the sense that most of its mass is on positive val-
ues. Leverage on the first (Slow-moving) component, is concentrated on negative values, as expected;
the fast-moving component, though, gets a mostly positive leverage coefficient. The marginal likeli-
hood is much improved with respect to the basic models. Table 3 also presents evidence on two other
models with roughly comparable support from the data. To implement leverage in the three-component
model, we have added the first two components (with the smallest \’s) and p&l) isthe associated (linear)

leverage coefficient. The coefficient p» relates to the fast-moving (third) component. As before, the
three-component model really adds a component with intermediate A-values, but with very little weight
attached to it. In fact, asillustrated by Figure 11, the most noticeable differences in g (with respect to

the two-component linear leverage model) are in the autumn of 1986 and after the October 1987 crash.
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Thisiswhere the intermediate component kicks in and makes the volatility die down more rapidly in the
case with m = 3. The two-component model with quadratic leverage on the first component required a

prior negativity restriction on the coefficient

1
pg)

to avoid a perverse sign of the effect. The inclusion of

the quadratic leverage term reduces the weight on the fast-moving component even further and requires
even smaller peak volatility levels (the median value of ¢; corresponding to the October 1987 crash is

now only 2.2%).
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Figure 10: Posterior results for model with two components (m = 2) and linear leverage: (@) a;, (b) w1di(x,) +
W201n(),)s (C) i1, (d) o2, (€) mean function until July 7, 1987, (f) mean function as of July 8, 1987. In graphs (a), (c),
(d), (e) and (f) drawn lines are posterior medians, dashed lines are 2.3" and 97.5'" percentiles.

Figure 12 indicates the difference between the linear and quadratic leverage effects in these models:
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Figure 11: The median value of o; for 2 and 3 component-models with linear leverage: dashed line m = 2, drawn
linem = 3.

Table 3: Posterior medians, 95% credible intervals (in parentheses) and marginal likelihoods for leveraged model

2 Components 3 Components (joint) 2 Components (quadr.)
[ -0.02 (-0.11, 0.07)  -0.02(-0.11,0.07)  -0.05(-0.15, 0.04)
3 0.07 (-0.04,0.19)  0.07(-0.04,0.20)  0.10(-0.02, 0.23)
ptV -459 (-7.43,-2.62) -3.51(-5.89,-1.82) -1.01(-4.05, -0.04)
pt? -6.40 (-18.47, -1.94)
pa 0.23(0.01,1.01)  0.24(0.03, 0.96) 0.39 (0.02, 2.76)
E(02(t)) 0.98(0.77,1.36)  1.03(0.77, 1.44) 0.97 (0.73, 1.29)
St.Dev.(o%(t)) | 0.59(0.43,0.84)  0.67(0.49, 1.02) 0.52 (0.73,1.29)
Log Marg.Lik. -2465 -2470 -2473

the quadratic specification has little effect for small volatility changes, but the effect becomes more
pronounced for large increases in volatility. If quadratic leverage is introduced in the three-component
model (on the sum of the two most persistent components) the intermediate component becomes even
lessimportant and the marginal likelihood indicates the data favour this model substantially less than the
two-component model with quadratic leverage.

Key characteristics of the predictive returns distribution for the two-component models with linear
and quadratic leverage (on the first component) are presented in Table 4. In comparison with Table 2, it
is clear that including linear leverage improves the potential of the model to capture the skewness and
kurtosis of the data, whereas the model with a quadratic leverage effect closely captures the moments
of the observed data, for al observational frequencies examined. Thus, we shall focus on the two-
component model with a quadratic leverage effect on the first component in the sequel.

Finally, the introduction of component-specific risk premiaisexplored. Table5 collects some resullts,
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Figure 12: The leverage effect for the first component in the two component model with: (a) linear leverage, (b)
quadratic leverage. The number on the horizontal axis is the change in o (¢). Drawn lines are posterior medians,
dashed lines are 2.5 and 97.5'" percentiles.

Table 4. Predictive properties of the returns distribution for leveraged models (m = 2)

Linear leverage Quadratic leverage
A=1 A=5 A=21 A=63|A=1 A=5 A=21 A=63
Mean 0.0 0.2 1.0 3.0 0.0 0.2 1.0 29
Variance 1.2 6.1 26.1 79.4 1.4 7.0 29.5 87.6
Skewness | -0.6 -0.3 -0.2 -0.1 -3.6 -1.6 -0.7 -0.2
Kurtosis 85 5.7 7.0 5.0 105.2 25.6 9.5 5.2

indicating that the data heavily favour separate risk premia. The posterior results for the full model sug-
gest that amodel with no leverage on the second component is worth investigating, but such arestriction
is not favoured by the data as shown in Table 5. In the presence of separate risk premia, we no longer
need to impose any sign restrictions on the leverage coefficients. Figure 13 presents the posterior results
for volatility and the \'s for the most favoured model corresponding to Table 5, which has a quadratic
leverage effect on the first component, a linear leverage effect on the second component and separate
risk premiafor each component. In the sequel, we shall focus on this model and, for simplicity, we shall
also denote it as the “retained” model. The effect of risk premia and leverage is summarized in Figure
14 where we plot the risk premium as a function of the cumulative distribution function (cdf) of the
second component of the volatility as well as the leverage effect as afunction of the changein g (¢). In
comparison with the quadratic leverage of the common risk premia model in Figure 12(b), the effect in
Figure 14(b) stays close to zero for longer (note that there is no restriction on the sign of the effect in
this specification), and then remains smaller in absolute value and better determined for large volatility
shocks.

There are a number of ways in which the separate risk premia can be interpreted. For example, in
our case with m = 2, we could define a function w* = o2 /o2 which can be interpreted as a measure
of market predictability, given that o2 isahighly persistent (and thus predictable) process. For agiven
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Table 5: Posterior medians, 95% credible intervals (in parentheses) and marginal likelihood for leveraged model with
component-specific risk premia

L
A

3

1
A

e
P2
E(o*(t))

SD(o*(1))

Log Marg.Lik.

-0.28 (-0.61, -0.07)
0.08 (-0.05, 0.21)
2.92 (0.50, 10.78)
3.05 (-1.83, 9.10)

-15.27 (-34.27, -4.09)
0.06 (-0.71, 1.02)
0.85 (0.67, 1.11)
0.42 (0.32, 0.62)

-2433

-0.30 (-0.55, -0.10)
0.07 (-0.05, 0.20)
2.89 (0.78, 8.90)
2.71(-1.87, 8.79)

-13.61 (-32.80, -4.82)

0.87 (0.70, 1.11)
0.44 (0.33, 0.60)
-2443
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Figure 13: Posterior results for model with two components (m = 2), quadratic leverage and separate risk premia
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Figure 14. Posterior results for model with two components (m = 2), quadratic leverage and separate risk premia
(a) risk premium on second component as a function of cdf of o3(¢), (b) leverage effect as a function of change in
o1(t). In both graphs drawn lines are posterior medians and dashed lines are 2.5" and 97.5'" percentiles.
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level of a volatility, w;* measures how much of that volatility is due to first component. The mean of
adaily return, assuming no jumps, is then uA + B(w)o? where 8 (w) = Biw + B2 (1 — wi).
Periods of low volatility are generally associated with small values of u/*; however, this relatively small
volatility will be quite unpredictable and thus carry a higher risk premium.

The function (wA) isillustrated in Figure 16 for the retained model. For comparison, Figure 15
plots this function for the counterpart of the retained model with linear leverage (i.e. éz) = 0). The
posterior distribution of w{‘, cee w? isalso shown in the two figures to give an indication of the plausible
range of values. In both cases, 3 (wA) is close to zero, and well-determined, for large values of us*.
The median risk premium decreases with w* which measures predictability. Also, for smaller values
of w?, the credible intervals become much larger. This is partly due to the leverage effect which is
harder to distinguish from the risk premium for arapidly varying volatility process. From Figures 15(b)
and 16(b) we can also deduce that the weight on the fast-moving component is generally reduced by
the introduction of quadratic leverage (as we found in the cases with common risk premium). Overal,
the main difference between the common risk premium models and the models with component-specific
risk premialies in the premium of the second (fast-moving) component, which usually accounts for the
smallest volatility contribution but is aso the hardest to predict.
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Figure 15: Linear leverage model: (a) 3 (w*) asafunction of w4, (b) w,i = 1,...,T. Drawn lines are posterior

medians, dashed lines are 2.5 and 97.5'" percentiles.

Table 6 presents summary statistics of the predictive returns distribution for the retained model. The
moments at the daily observation frequency (A = 1, see Table 2) are closely matched by the model,
which captures the higher moments well, and even tends to somewhat overestimate the kurtosis. Of
course, the predictive moments presented here reflect two separate influences: the intrinsic properties
of the sampling model given a set of parameter values, and the uncertainty regarding the parameter
values. Whereas the latter uncertainty will not greatly affect the predictive mean, higher moments may
contain an important parameter uncertainty component. In order to separate out these two aspects, Table
7 displays some posterior percentiles of the predictive moments of interest for A = 1, computed by
ranking the sampling moments obtained by simulationt!, conditionally upon the drawn posterior values

Y For each of the 20,000 retained sets of parameter values, we simulate 100,000 vol atility processes and derive the conditional
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Figure 16: Retained model: (a) 3 (w”) asafunction of w?, (b) w,i = 1,...,T. Drawnlines are posterior medians,
dashed lines are 2.5 and 97.5'" percentiles.

of the parameters. Clearly, parameter uncertainty mainly affects the higher moments, where it can have a
substantial effect: for example, the median conditiona kurtosis for the retained model is now 96.8 (close
to the value observed for the data), while the predictive kurtosis (with parameter uncertainty integrated
out) is 155.9 (see Table 6).

Table 6: Predictive properties of the returns distribution for two-component models with quadratic leverage and
component-specific risk premia

A=1 A=5 A=21 A=63
Mean 0.0 0.2 1.0 2.9
Variance 13 6.7 28.2 85.3
Skewness | -4.3 -1.7 -0.8 -04
Kurtosis | 1559 275 9.2 5.3

Table 7: Posterior medians and 95% credible intervals of the sampling moments of the returns distribution, A = 1
1 Component 2 Comp.; lin. lev. 2 Comp.; quadr. lev.  Retained model

Mean 0.0(0.0,0.2) 0.0(0.0,0.2) 0.0(0.0,0.2) -0.1(-0.2,0.2)

Variance | 1.2 (0.8, 1.7) 1.2 (0.9, 1.6) 1.4(1.0,1.9) 1.3(1.1,17)

Skewness | 0.0(-0.2,0.1) -0.5(-1.0,-0.2) -3.0(-7.3,-1.2) -3.6 (-8.5,-1.8)

Kurtosis | 4.4 (4.0, 5.6) 7.5(5.0, 13.1) 67.7 (20.9,334.0) 96.8 (35.4, 481.9)

Besides the predictive moments, we can also consider the entire predictive distribution at various
observational frequencies A. Figure 17 displays the log predictive densities of selected models, and
illustrates the progression towards more (negative) skewness and kurtosis (mostly driven by the left tail).

predictive moments.
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Figure 17: Log Predictive Densities: Columns correspond to various observationa frequencies, and rows to models.
Thefirst row is for the basic two-component model; row 2 relates to the two-component model with linear leverage;
row 3 corresponds to the retained two-component model with quadratic leverage and separate risk premia.

Finally, we consider somefiltered results!? Figure 18 presents filtered medians and credible intervals
for o; and for the predictive returns, as well as standardized predictive residuals (one-step-ahead forecast
errors). The simple two-component model leads to large volatility spikes and, hence, considerable vari-
ation in the width of the predictive credible intervals. Allowing for leverage reduces the volatility surges
and makes the one-step ahead predictive distribution a bit more concentrated. The retained model with
separate risk premia leads to a further reduction in volatility (both peaks and mean levels) and resultsin
a predictive spread which only substantially increases after the October 1987 crash. Predictive residuals
for this model are quite satisfactory, except for the big crash (as could be expected).

7 Conclusions

We have proposed a simulation-based method for conducting Bayesian inference with the stochastic
volatility models introduced in Barndorff-Nielsen and Shephard (2001a). These models combine a sub-

2Asin Elerian et al. (2001), filtering was conducted conditionally upon the posterior mean values for the parameters. Taking
means rather than medians ensures that the weights w,; add up to one. A simple particle filter, similar to that described in
Barndorff-Nielsen and Shephard (2001a) was used. The resampling step was performed using the method described in Carpenter,
Clifford and Fearnhead (1999).
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Figure 18: Filtered results: Columns show thefiltered volatility series, the filtered predictive returns and the standard-
ized one-step ahead predictive residuals for selected models. The first row corresponds to the basic two-component
model; row 2 is for the two-component model with linear leverage; the final row corresponds to the retained two-
component model with quadratic leverage and separate risk premia. In graphs for the filtered volatility and returns
drawn lines are posterior medians, dashed lines are 2.3" and 97.5'" percentiles.

stantial amount of flexibility with analytical tractability. Thisflexibility ispartly induced by the volatility
process, which is an Ornstein-Uhlenbeck process driven by a non-Gaussian Lévy process with positive
jumps or asuperposition of such Ornstein-Uhlenbeck processes. We add the possibility to include ajump
component in the returns process. In addition, we extend the model with component-specific leverage
effects (possibly using powers of processes) and risk premia, adding flexibility in the modelling of the
mean function. Our inference method exploits the fact that, given the volatilities, we have asimple Gaus-
sian model for the returns. Thus, we augment the parameter space with the volatilies and construct ajoint
sampler for the volatilities and the parameters in the model. We use a series representation to generate
realizations of the volatility process. In the case where volatility has a marginal Gamma distribution
and we have no jump component, this representation isfinite, but in general it is not and, thus, requires
truncation in practice. We propose a way to implement this truncation. The sampling of the volatility
process given the parameters is conducted via Reversible Jump MCM C with three possible proposal dis-
tributions, and the parameters given the volatility process are sampled using dependent thinning of the
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process.

An application to daily S& P 500 stock returns (over the years 1980-1987) illustrates the flexibility of
the model and its ability to deal with very large shocks, especially when superpositions of processes are
used for the volatility. In accordance with many other empirical studies, we find that a two-factor model
for the volatility workswell. In particular, we adopt a superposition of two persistent components, where
one component is slow-moving and accounts for large, infrequent shocks and the other component is
fast mean-reverting and behaves more like “noise’. Aswe introduce leverage into the model, therelative
weight of the fast-moving component decreases and the model is now able to account for the observed
skewness and kurtosis of the data, especially with quadratic leverage. Component-specific risk premia
improve the model fit even further. The best model in terms of margina likelihood has a quadratic
leverage effect on the first component, alinear leverage effect on the second component and risk premia
for each component separately.

Improvements in terms of Bayes factors associated with the various model additions are quite largé®.
Going from the basic one-component model to the two-component model is favoured with alog Bayes
factor of 138 (or a Bayes factor of exp(138) = 8.6 - 10°Y), the inclusion of a leverage effect in the
two-component mode! leads to alog Bayes factor of 56 (Bayes factor is 2.1 - 1(7*), and the introduction
of separate risk premia gives a further improvement of 32 in log margina likelihood (a Bayes factor of
7.9-10'3). Overall, thisleads to amassive Bayes factor of exp(226) = 1.4-10? infavour of our retained
model with respect to the basic one-component modei*.

A Details of the Sampling Algorithm

Green (1995) introduces a method for Metropolis-Hastings sampling in problems with a variable di-
mension state space. The method relies on defining moves between state spaces of different dimension.
Think of modelling an observable y given a parameter 6 that can vary in dimension. To move between
spaces of dimension m and m, we introduce random variables v and «/ of dimensions ¢ and ¢’ so that
m+t = m’ +t' and define aone-to-one transformation (0, ) = (¢, ). If we propose a move from di-
mension m to m’ with probability j(m, m’), the acceptance rate for the transition from (m, 6) to (n?,0")

- {1 pI0)p(0') j(m',mp(a) ’aw',u')
" oplo)p(0) F(m,m)p(u) | (6, u)
where, in practice, moves are usually set up such that either ¢ or £ is zero.

is

} , (33)

13Given these large differences between models, Bayesian model averaging, as described in Section 5 would not lead to

predictive results that are noticeably different from those on the basis of the best model.
14This has to be seen in relation to sample size, and implies an average Bayes factor for each observation conditionally upon

the past of exp(226/T") = 1.12.
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A.1 Acceptanceratefor updating the process

The acceptance rate for the sampler of the process given the parameters described in Subsection 3.3 can
be calculated as follows. Consider proposing a new realisation of the Poisson process for observation i,
!, with anew number of jumps n through

j(ni,ng) = q(ni,ng), j(ng,ng) = q(ni,n;),

p(u) = p(¥i0, \,n,) and p(u') = p(¥;]0, A\, n;).

Since the new process isindependent of the old process, the Jacobian is 1, and the acceptance probability
in (33) reducesto

p(y‘\Il/(Z) ) N(lz)> A 9)p(n;‘)\v Q)Q(n;> nz)
min < 1, ,

where \If’( ) and N(’i) are defined as in the main text.

)

A.2 Detailsof independent proposals

The independence Metropolis-Hastings sampler in Subsection 3.3 uses a number of conditional expec-
tations. Using that

E(i|X. 0,0%((i = DA),ni) = < @ImRAIT S ep ALY ) ,

a n;

a ty(1 —exp{—
0 1A, 0, (1)) = ( B ) ,

and that we have defined
of = A7 (mi2 — i+ [L = exp{=AA}]o?((i — 1)A))
we obtain
E(o?|N,0,0%((i — 1)A),n;) =

A (a1 (1 = (AA) ML — exp{—AA}]) + (1 — exp{—AA})c?((i — 1)A)) ,

E(o?|\, 0,0%((i — 1)A)) =
A WA — a7 [l — exp{=AA} + (1 — exp{—AA})?((i — 1)A) .

A.3 Acceptanceratefor Dependent Thinning

The idea of dependent thinning for sampling the parameters is described in Subsection 3.4. Con-
sider proposing a new value X' > ), the current value of . The set of original Poisson processes
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iSU = {Uy,...,¥p} with N = (nq,...,nr) jumps and the proposed Poisson processes are V' =
{¥),..., ¥} with N’ = (nq,...,nr) jumps. The acceptance rate is

min{l PV, N/, N 0)p(', N'IN, 0)p(N[6)  j((N', V), (V. )))
Cp(lYL N A O)p(W, NIX, O)p(A18)  G((N, A), (N, X))p(u)

a(¥)
(¥, u)

Wlth]((N> )\)7 (N/> Al)) = Q()\, )\/)7 ]((N/a )\/>a (N> )\» = CI()\/, )\)7
andp(“) = p({qﬂl - ‘1/1}7 s 7{\IIIT - ‘I/THN,’ )\,7 )\a 9)
Since {¥’ — ¥} isindependent of ¥ we have that
p(U', N'|N,0) = p({¥" — W}N' N, X\ 0)p(¥, N|\, 0)

and the Jacobian is 1. As a consequence, the acceptance rateis

win {1, BV X Op(10) g0
T op(y|®, NN 0)p(A|0) g\ N) S

A moveto N < X will induce aloss in dimension, which will be implemented through a deterministic
change to the process, ensuring a reversible step. To see that this sampler is reversible consider first
moving from current state X' to A which involves a potential increase in dimension at every observation.
If the reverse move A to X' follows then those new points, and only those points, will be deleted.

A.4 Simulated Data

The sampler was tested on a data set of T = 2000 values generated using the model in (3) with a
zero mean function and a one-component stochastic volatility process. Thus, we focus only on the
part which is really chalenging for the sampler. The true values for the parameters were chosen to be
“typical” values for stock price data, namely A = 0.01, » = 1 and = 1. The results of running
the MCMC sampler are presented in Figure 19 using a burnin of 15,000 iterations and retaining every
tenth value for inference. The posterior distribution for al the parameters cover the true values. The
parameters of the gamma marginal distribution place relatively little posterior mass around the true
values. However, the posterior medians for the mean and the variance of the margina distribution are
1.07 and 1.01 respectively, close to the unitary values implied by the true model. The fact that all
posteriors have atendency to favour values larger than the true values is in line with the prior, which has
mean 1 for A and 1000 for » and «. The autocorrelation function for A dies away after less than 300 lags
but the mixing properties for v are less impressive. However, given the complexity of the model, the
behaviour is quite satisfactory, in our view.
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Figure 19: MCMC output for simulated data showing from left to right: the trace, the autocorrelation function and a
histogram of drawn values; rows correspond to the parameters A, v and a.
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