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Abstract

In P�otscher (1991) the asymptotic distribution of a post-model-selection

estimator, both unconditional and conditional on selecting a correct model,

has been derived. Limitations of these results are (i) that they do not provide

information on the distribution of the post-model-selection estimator condi-

tional on selecting an incorrect model, and (ii) that the quality of this asymp-

totic approximation to the �nite-sample distribution is not uniform w.r.t. the

underlying parameters. In the present paper we �rst obtain the unconditional

as well as the conditional �nite-sample distribution of the post-model-selection

estimator which turns out to be complicated and diÆcult to interpret. Second,

we obtain approximations to the �nite-sample distributions that are as simple

and easy to interpret as the asymptotic distributions obtained in P�otscher

(1991), but at the same time are close to the �nite-sample distributions uni-

formly w.r.t. the underlying parameters. As a by-product, we also obtain the

asymptotic distribution conditional on selecting an incorrect model.

2000 Mathematics Subject Classification: 62E15, 62F10, 62F12, 62J05

JEL-Classification: C20

1 Introduction

The traditional theory of parametric statistical inference is primarily concerned with

statistical properties of estimators and inference procedures, like tests or con�dence

sets, under the central assumption of an a priori given model. That is, it is assumed

that the model is known to the researcher prior to the statistical analysis, except

for the value of the true parameter vector. In practice, however, the speci�cation of

the model (choice of functional form, choice of regressors, number of lags, etc.) is

often also determined only after the data have been observed, violating the central

assumption of an a priori given parametric model. As a consequence, the actual

statistical properties of estimators or inference procedures following such a data-

driven model selection step are not described by the traditional theory assuming

an a priori given model; in fact, they may di�er substantially from the properties

predicted by the traditional theory, cf. P�otscher (1991, Section 3.3). Ignoring the

additional uncertainty originating from the data-based model selection step and

(inappropriately) applying traditional theory can hence result in very misleading

conclusions.
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Sen (1979) obtained the unconditional asymptotic distribution of a post-model-

selection estimator in an iid maximum likelihood framework when there are two

competing models. In P�otscher (1991) the asymptotic properties of a class of post-

model-selection estimators (based on a sequence of tests) were studied in a rather

general setting covering non-linear models, dependent processes, and more than two

competing models.1 In particular, the asymptotic distribution of the post-model-

selection estimator both unconditional as well as conditional on having chosen a

correct model (minimal or not) was derived. While constituting an important step

towards understanding the distributional properties of post-model-selection estima-

tors, those results appear to be limited in at least two ways:

� They do not provide information on the distribution of the post-model-

selection estimator conditional on selecting an incorrect model. (Although

asymptotically such models are never selected by any reasonable model se-

lection procedure, including the one considered in P�otscher (1991), the �nite-

sample probability of selecting an incorrect model can be substantial, see, e.g.,

P�otscher and Novak (1998, Table II).)

� The approximation to the �nite-sample distribution provided by the asymp-

totic distribution obtained in P�otscher (1991), while of reasonably good qual-

ity in many cases, can be very poor in others, cf. the Monte Carlo results

in P�otscher and Novak (1998). As argued in P�otscher (1991) and P�otscher

and Novak (1998), this is related to certain aspects of non-uniformity in the

convergence of the �nite-sample distributions.

In the present paper we take a closer look at the distribution of post-model-

selection estimators within the more restricted framework of a linear regression

model Y = X� + �. We obtain inter alia the �nite-sample density fn;�;�(� j p) of
the post-model-selection estimator ~� conditional on selecting the �rst p regressors.

It turns out that this density is quite complicated and hence diÆcult to interpret,

cf. (23)-(24). The density of the corresponding asymptotic conditional distribution

can be obtained from P�otscher (1991) in case the selected model is correct (i.e.,

all relevant regressors have been selected for inclusion), cf. (28)-(29). It is much

simpler, but at the expense of not providing an approximation that is uniformly

close to the �nite-sample distribution when the regression parameter varies. In

particular, it sometimes misses essential features of the �nite-sample distribution. It

turns out that a quite simple and easy to interpret uniform approximation capturing

all the essential features of the conditional �nite-sample distribution can be found,

see Theorem 4.2. Because of its simplicity and the uniformity, this approximation

allows one to easily get insight into the behaviour of the complicated �nite-sample

distribution of the post-model-selection estimator. It furthermore turns out that

this approximating density comes in the form of the �nite-sample density f�
n;�;�

(� j p)
of an idealized version of the post-model-selection estimator ~�.

While the asymptotic distribution of the post-model-selection estimator condi-

tional on selecting a correct model is relatively easy to obtain (even in more general

frameworks, cf. Sen (1979) and P�otscher (1991)), the asymptotic distribution condi-

tional on selecting an incorrect model (i.e., conditional on not selecting all relevant

regressors for inclusion) is much harder to derive, due to the fact that the condition-

ing event has limiting probability zero.2 The uniform approximation result given in

1For further results in this direction see Kabaila (1995), P�otscher (1995), and P�otscher and

Novak (1998).
2Sen (1979) studies the unconditional asymptotic distribution also when the true parameter is

local to the smaller of the two competing models. From his derivation the asymptotic distribution
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Theorem 4.2, however, allows one to obtain the asymptotic conditional distribution

also in this case, thus completing the analysis in Sen (1979) and P�otscher (1991)

(at least in the linear regression framework).

The plan of the paper is as follows: After introducing the model and the post-

model-selection estimator in Section 2, we obtain the conditional as well as the

unconditional �nite-sample distribution of the post-model-selection estimator (and

of its idealized version) in Section 3. The results in this section provide, in particu-

lar, a substantial extension of the results in Giles and Srivastava (1993) who consider

a model with a constant and only one regressor; cf. Remark 6.5(ii). Section 4 stud-

ies the uniform approximation to the conditional �nite-sample distribution of the

post-model-selection estimator ~� mentioned above (Theorem 4.2). In Corollary 4.5

the asymptotic conditional distribution is obtained, including the case where one

conditions on selecting an incorrect model. Furthermore, regions over which con-

vergence to the asymptotic distribution is uniform/non-uniform are also identi�ed

(Corollary 4.6 and its discussion). Analogous results for the unconditional distri-

bution and the selection probabilities are given in Section 5. Section 6 contains

technical remarks and extensions. Conclusions are drawn in Section 7. Proofs are

relegated to the appendices.

2 The Model and Estimators

Consider the linear regression model

Y = X� + � (1)

where X is a non-stochastic n� P matrix with rank(X) = P and � � N(0; �2In),

�2 > 0. Here n denotes the sample size and we assume n > P � 1. For

the asymptotic results in Sections 4 and 5 we shall in addition assume that

Q = limn!1X 0X=n exists and is non-singular; cf. Remark 6.4(ii). Similar as

in P�otscher (1991), we consider model selection from a collection of nested models

M0 �M1 � � � � �MP which are given by

Mp =
n
(�1; : : : ; �P )

0 2 RP : �p+1 = � � � = �P = 0
o

(0 � p � P ):

Hence, model Mp corresponds to the situation where only the �rst p regressors

in (1) are included. Note that M0 = f0g and MP = RP . We callMp the regression

model of order p.

The following notation will prove useful. For matrices A and B of the same

row-dimension, the column-wise concatenation is denoted by (A : B). If C is an

n � P matrix, let C[p] denote the n � p matrix consisting of the �rst p columns

of C. Similarly, let C[:p] denote the n � (P � p) matrix consisting of the last

P � p columns of C. If x is a P � 1 vector, we write in abuse of notation x[p] and

x[:p] for (x0[p])0 and (x0[:p])0, respectively. (We shall use these de�nitions also in

the \boundary" cases p = 0 and p = P . It will always be clear from the context

how expressions containing the symbols C[0], C[:P ], x[0], and x[:P ] are to be

interpreted.) As usual, if x is a vector, the j-th component of x will be denoted by

xj . Using the above notation, the restricted least-squares estimator using only the

�rst p regressors is given by

�̂(p) = (X [p]0X [p])
�1
X [p]0Y (2)

conditional on selecting the smaller model could be easily obtained. However, in this local alter-

natives framework the limiting probabilities of selecting either one of the two competing models

are positive.
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for p � 1, and by �̂(p) = 0 for p = 0.

Given a parameter value �, its order is de�ned as

p0(�) = min fp : 0 � p � P; � 2Mpg :

Hence, if � is the true parameter value, only models Mp with p � p0(�) are correct

models. We stress that p0(�) is a property of a single parameter value, and hence

needs to be distinguished from the notion of the order of the model Mp introduced

earlier, which is a property of the set Mp.

A model selection procedure in general is now nothing else than a data-driven

(measurable) rule p̂ that selects a value from f0; : : : ; Pg and thus selects a model

from the list of candidate models M0; : : : ;MP . In this paper, we shall consider a

model selection procedure based on a sequence of hypothesis tests, which is given as

follows: The sequence of hypothesesH
p

0 : � 2Mp�1, is tested against the alternative
H
p

1 : � 2 Mp nMp�1 in decreasing order starting at p = P until the �rst rejection

occurs. If Hp

0 is the �rst hypothesis in this process that is rejected, we set p̂ = p. If

no hypothesis is rejected we set p̂ = 0. (The case where a subvector of � is assumed

to be common to any submodel and hence is not subject to test is discussed in

Remark 6.5(i).) Each hypothesis in this sequence is tested by a kind of t-test where

the error variance estimator is always taken from the overall model. More formally,

we have

p̂ = max fp : jTpj � cp; 0 � p � Pg

where the test-statistics are given by

Tp =
n1=2�̂p(p)

�̂�n;p
(1 � p � P ) (3)

with

�n;p =

�h
(X [p]0X [p]=n)

�1
i
p;p

� 1
2

(1 � p � P )

being the square root of the p-th diagonal element of the matrix indicated and with

�̂2 = (n� P )�1(Y �X�̂(P ))0(Y �X�̂(P )): (4)

The critical values cp are independent of sample size n (cf., however, Remark 6.4(i)),

and satisfy 0 < cp < 1 for 1 � p � P . We also set T0 = c0 = 0 in order to ensure

a well-de�ned p̂. Note that under the hypothesis H
p

0 the statistic Tp for 1 � p � P

is t-distributed with n� P degrees of freedom.

The post-model-selection estimator ~� is now de�ned as follows: The �rst p̂ co-

ordinates of ~� are given by the restricted least-squares formula based on the �rst p̂

regressors and the remaining P � p̂ coordinates are set equal to zero. I.e., ~� is the

P � 1 vector given by

~� = (0; : : : ; 0)0 1fp̂ = 0g +

PX
p=1

(�̂(p)0 : 0)0 1fp̂ = pg:

For theoretical reasons we shall also be interested in the idealized model selection

procedure which assumes knowledge of �2 and hence uses T �
p
instead of Tp, where

T �p =
n1=2�̂p(p)

��n;p
(1 � p � P ) (5)
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and T �0 = 0. The corresponding model selector is denoted by p̂� and the resulting

idealized post-model-selection estimator by ~��.

We conclude this section by introducing some further notation. For p � 1, the

expected value of the restricted least-squares estimator �̂(p) given by (2) will be

denoted by �n(p) and is given by

�n(p) = �[p] + (X [p]0X [p])�1X [p]0X [:p]�[:p]: (6)

In case p = P , (6) is to be interpreted as �n(P ) = �[P ] = �. As usual, the j-th

component of �n(p) will be denoted by �n;j(p). We note that �n(p) depends on

�, although this dependence is not shown explicitly in the notation. The distribu-

tion of n1=2(�̂(p)��n(p)) is normal with mean zero and variance-covariance matrix

�2(X [p]0X [p]=n)�1. The cdf and pdf of this distribution, respectively, will be de-

noted by �n;p and �n;p. Their corresponding large sample limits, i.e., the cdf and

pdf of a normal distribution with mean zero and variance-covariance matrix equal

to �2 limn(X [p]0X [p]=n)�1, will be denoted by �1;p and �1;p, respectively. As

usual, the cdf and pdf of the standard normal distribution on the real line will be

denoted by � and �, respectively. We shall also use �(a; b) with a 2 R[f�1;1g
and b 2 R as shorthand notation for �(a+ b)��(a� b) with the usual convention

that �(1) = 1 and �(�1) = 0.

3 Finite-Sample Distributions

In a more general framework allowing for nonlinear models as well as dependent

data, P�otscher (1991) obtained the asymptotic distribution of the corresponding

post-model-selection estimator conditional on the event of choosing a correct model

Mp (i.e., p � p0(�)) as well as the unconditional asymptotic distribution3. In

this section we obtain, within the more restrictive normal linear model framework,

�nite-sample results allowing also for the case where one conditions on the event of

choosing an incorrect model, Mp (i.e., p < p0(�)). A key ingredient in the devel-

opment leading to the asymptotic distribution in P�otscher (1991) is an asymptotic

independence result, cf. Lemma 3 in that paper. A �nite-sample version of this

result, but which also allows for p < p0(�), will play a similarly important role in

the present context.

Proposition 3.1 For every p, 0 � p � P , the random quantities �̂(p), �̂p+1(p +

1); : : : ; �̂P (P ) and �̂
2
are mutually independent. In particular, �̂(p) is independent

of fTp+1; : : : ; TPg as well as of fT �p+1; : : : ; T �P g. Furthermore, T �1 ; T
�
2 ; : : : ; T

�
P

are

mutually independent.

Inspection of the proof in Appendix A shows that in fact for every p, 0 � p � P ,

the collection f�̂(r) : 0 � r � pg is independent of f�̂j(r) : p+1 � r � P; j � p+1g,
and that the collection f�̂(r) : 0 � r � Pg is independent of �̂2.

3.1 The Known-Variance Case

In this subsection we assume that �2 is known and we are interested in the �nite-

sample distribution of the idealized version ~�� of the post-model-selection estimator.

3See also Appendix A of P�otscher and Novak (1998) for a relaxation of an unnecessarily re-

strictive assumption in P�otscher (1991).
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The conditional distribution function of ~�� conditional on selecting model order p,

i.e., conditional on p̂� = p, is considered �rst and satis�es

Pn;�;�

�
~�� � (t1; : : : ; tP )

0
��� p̂� = p

�
=

Pn;�;�

�
�̂(p) � (t1; : : : ; tp)

0
��� p̂� = p

�
1
R
P�p
+

(tp+1; : : : ; tP )
(7)

for 1 � p � P , and is equal to point-mass at zero if p = 0. Here Pn;�;� denotes the

probability measure under the true parameters � and �. Furthermore, R+ is the set

of non-negative real numbers and we use the convention that the indicator function

in (7) is identically equal to one if p = P . It suÆces now to concentrate only on the

case p � 1, and in this case we will consider a centered and scaled version of (7),

namely

Pn;�;�

�p
n(~�� � (�n(p)

0 : 0)0) � (t1; : : : ; tP )
0
��� p̂� = p

�
=

Pn;�;�

�p
n(�̂(p)� �n(p)) � (t1; : : : ; tp)

0
��� p̂� = p

�
1
R
P�p
+

(tp+1; : : : ; tP )

(8)

where �n(p) is given by (6). We recall that �n(p) is the unconditional mean of the

restricted least-squares estimator �̂(p) and satis�es �n(p) = �[p] whenever p � p0(�).

The centering and scaling applied in (8) is of course only of trivial consequence for

the �nite-sample results, but will prove useful for the asymptotic analysis (cf. also

Remark 6.1 on centering constants). For the sake of simplicity we shall henceforth

concentrate on

F �
n;�;�

(t j p) = Pn;�;�

�p
n(�̂(p)� �n(p)) � t

��� p̂� = p
�

(1 � p � P ) (9)

with t 2 Rp. For convenience, we shall refer also to (9) as the conditional distribu-

tion of the post-model-selection estimator ~��. Now, in light of Proposition 3.1,

F �
n;�;�

(t j p)

=
Pn;�;�

�p
n(�̂(p)� �n(p)) � t; jT �p j � cp; jT �p+1j < cp+1; : : : ; jT �P j < cP

�
Pn;�;�

�
jT �
p
j � cp; jT �p+1j < cp+1; : : : ; jT �P j < cP

�

=
Pn;�;�

�p
n(�̂(p)� �n(p)) � t; jT �p j � cp

�
Pn;�;�

�
jT �
p
j � cp

� : (10)

As a point of interest we note that (10), and hence (12) below, are not a�ected by the

tests based on Tp+1; : : : ; TP at all. Recalling that � denotes the cdf of a standard

normal random variable and �(a; b) = �(a + b) � �(a � b), the denominator on

the r.h.s. of (10) is easily seen to be 1 � �(�n1=2�n;p(p)��1��1n;p; cp), since T �p is

normally distributed with mean n1=2�n;p(p)�
�1��1n;p and variance 1. The numerator

can be written as Z t1

�1
� � �
Z tp�1

�1

Z tp

�1
�n;p(r)1U(p;cp)(rp)dr (11)

where

U(p; cp) = R n (�n1=2�n;p(p)� ��n;pcp;�n1=2�n;p(p) + ��n;pcp)

and �n;p is the normal density de�ned at the end of Section 2. From (10) and (11)

the density f�
n;�;�

(t j p) of F �
n;�;�

(t j p) is now easily obtained as

f�n;�;�(t j p) = �n;p(t)
1U(p;cp)(tp)

1��(�n1=2�n;p(p)��1��1n;p; cp)
: (12)
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The conditional density of ~�� is thus seen to be an excised normal distribution,

the denominator in (12) just being a normalizing constant. The excision interval

is centered at �n1=2�n;p(p). In case �n;p(p) = 0, which is in particular the case if

p > p0(�), the conditional density in (12) simpli�es to

f�
n;�;�

(t j p) = �n;p(t)
1Rn(���n;pcp;��n;pcp)(tp)

1��(0; cp)
(13)

which is symmetric about t = 0. It should also be noted that (13) depends on sample

size only through the matrix (X [p]0X [p]=n)�1 and through the square root of its

last diagonal element �n;p, both of which stabilize at their limits as the sample

size increases (given X 0X=n ! Q). However, in case �n;p(p) does not vanish,

which is typical for the case p � p0(�), (12) shows a further and more important

sample-size-dependence of f�
n;�;�

(� j p) in that the center of the excision interval,

i.e., �n1=2�n;p(p), will typically diverge to �1. Furthermore, note that (13) is

independent of �, while in general (12) depends on � through �n;p(p). See Section 4

below for more discussion.

Not too surprisingly, (13) coincides with the asymptotic distribution of the post-

model-selection estimator obtained in P�otscher (1991, eq. (2)) in case p > p0(�), ex-

cept that the matrix �2(X [p]0X [p]=n)�1 replaces the asymptotic variance-covariance

matrix of the restricted estimator in the latter reference. As a consequence, all fur-

ther derivations in P�otscher (1991) based only on this distribution apply also to

the conditional �nite-sample distribution of the post-model-selection estimator ~��

as long as p > p0(�). In particular, the numerical results in Section 3.3 of P�otscher

(1991) demonstrating the considerable discrepancy between the asymptotic distribu-

tion of the post-model-selection estimator conditional on p̂ = p and the distribution

of the restricted estimator treating p as given, directly apply here to the comparison

of the conditional �nite-sample distribution of ~�� with the �nite-sample distribution

of the restricted least-squares estimator �̂(p).

The unconditional �nite-sample distribution of ~�� can now easily be expressed

in terms of the conditional distributions F �
n;�;�

(�jp) and the selection probabilities

��
n;�;�

(p) = Pn;�;�(p̂
� = p). Let

F �n;�;�(u) = Pn;�;�

�p
n(~�� � �) � u

�
with u 2 RP denote the unconditional cdf. (Again, centering and scaling is of no

consequence for the �nite-sample results but will prove useful in later sections; cf.

also Remark 6.2(ii).) Using (7) and (9) we obtain

F �n;�;�(u) =

PX
p=0

F �n;�;�(u[p] +
p
n(�[p]� �n(p))jp)1RP�p

+
(u[:p] +

p
n�[:p])��n;�;�(p)

(14)

where we use the convention that F �
n;�;�

(�j0) � 1. Observe that the expressions

�[p]� �n(p) and �[:p] in (14) vanish for p � p0(�). In view of Proposition 3.1, the

selection probabilities ��
n;�;�

(p) can be expressed as

��n;�;�(p) = Pn;�;�(jT �p j � cp)

PY
j=p+1

Pn;�;�(jT �j j < cj) (15)

with

Pn;�;�(jT �j j < cj) = �(�n1=2�n;j(j)��1��1n;j ; cj) (1 � j � P ) (16)
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and Pn;�;�(jT �0 j � c0) = 1. Note that for j > p0(�) the probability in (16) simpli�es

to �(0; cj), which is nothing else than 1 minus the signi�cance level of the test

based on T �
j
. Plugging (10), (15) and (16) into (14) gives the alternative expression

F �n;�;�(u) = 1RP
+
(u+

p
n�)

Q
P

j=1�(�n1=2�n;j(j)��1��1n;j ; cj)+P
P

p=1 Pn;�;�(
p
n(�̂(p)� �[p]) � u[p]; jT �p j � cp) �

1
R
P�p
+

(u[:p] +
p
n�[:p])

Q
P

j=p+1�(�n1=2�n;j(j)��1��1n;j ; cj)

=
PP

p=0

R u1
�1� � �

R up
�1 �n;p(r)1U(p;cp)(rp)dr �

1
R
P�p

+
(u[:p] +

p
n�[:p])

Q
P

j=p+1�(�n1=2�n;j(j)��1��1n;j ; cj);

(17)

with the convention that the integral in (17) is to be interpreted as 1 when p = 0.

3.2 The Unknown-Variance Case

In this subsection we consider the �nite-sample distribution of the post-model-

selection estimator ~�. Again

Pn;�;�

�
~� � (t1; : : : ; tP )

0
��� p̂ = p

�
= Pn;�;�

�
�̂(p) � (t1; : : : ; tp)

0
��� p̂ = p

�
1
R
P�p
+

(tp+1; : : : ; tP )
(18)

for 1 � p � P holds, and the distribution of ~� conditional on p̂ = 0 is point mass at

zero. Similarly as before, in case p � 1 we may instead consider

Pn;�;�

�p
n(~� � (�n(p)

0 : 0)0) � (t1; : : : ; tP )
0
��� p̂ = p

�
= Pn;�;�

�p
n(�̂(p)� �n(p)) � (t1; : : : ; tp)

0
��� p̂ = p

�
1
R
P�p
+

(tp+1; : : : ; tP )

(19)

and may concentrate only on the �rst factor

Fn;�;�(t j p) = Pn;�;�

�p
n(�̂(p)� �n(p)) � t

��� p̂ = p
�

(1 � p � P ) (20)

where t 2 Rp. For convenience we shall again refer also to (20) as the conditional

distribution of ~�. Now

Fn;�;�(t j p)

=
Pn;�;�(

p
n(�̂(p)��n(p))�t;jTpj�cp;jTp+1j<cp+1;:::;jTP j<cP )
Pn;�;�(jTpj�cp;jTp+1j<cp+1;:::;jTP j<cP )

=
R
1

0
Pn;�;�(

p
n(�̂(p)��n(p))�t;jTpj�cp;jTp+1j<cp+1;:::;jTP j<cP j �̂=�=s)h(s) dsR

1

0
Pn;�;�( jTpj�cp;jTp+1j<cp+1;:::;jTP j<cP j �̂=�=s)h(s) ds

(21)

where h denotes the density of �̂=�, i.e., h is the density of (n � P )�1=2 times

the square-root of a chi-square distributed random variable with n � P degrees of

freedom. In view of Proposition 3.1 and Theorem 5.3.22 in Gaenssler and Stute

(1977), we may evaluate the conditional probabilities in (21) by �xing �̂=� at the

value s and then by computing the unconditional probabilities. This gives

Fn;�;�(t j p)

=

R
1

0
Pn;�;�(

p
n(�̂(p)��n(p))�t;jT�p j�scp;jT

�

p+1j<scp+1;:::;jT
�

P j<scP )h(s) dsR
1

0
Pn;�;�(jT�p j�scp;jT�p+1j<scp+1;:::;jT�P j<scP )h(s) ds

=

R
1

0
Pn;�;�(

p
n(�̂(p)��n(p))�t;jT�p j�scp)

QP
j=p+1 Pn;�;�(jT

�

j j<scj)h(s) dsR
1

0
Pn;�;�(jT�p j�scp)

Q
P
j=p+1 Pn;�;�(jT�j j<scj)h(s) ds

(22)
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where we have made use of independence of �̂(p) from (T �
p+1; : : : ; T

�
P
) as well as of

independence of T �
j
, cf. Proposition 3.1. Observe that the �rst factor of the inte-

grand in the numerator is identical to the numerator in the expression for F �
n;�;�

(t j p)
given in (10), except for the fact that the critical value cp has been replaced by scp.

Replacing this factor in (22) by the equivalent expression given in (11) with scp
taking now the place of cp, using Fubini's theorem and making use of (16) one can

immediately read o� the density of Fn;�;�(t j p):

fn;�;�(t j p) = �n;p(t)mn;p;�;�(tp) (23)

where

mn;p;�;�(tp)

=
hR1

0
1U(p;scp)(tp)

Q
P

j=p+1�(�n1=2�n;j(j)��1��1n;j ; scj)h(s)ds
i
=�R1

0
(1��(�n1=2�n;p(p)��1��1n;p; scp))Q
P

j=p+1�(�n1=2�n;j(j)��1��1n;j ; scj)h(s)ds
i

=
hR jtp+n1=2�n;p(p)j=(��n;pcp)

0

QP

j=p+1�(�n1=2�n;j(j)��1��1n;j ; scj)h(s)ds
i
=�R1

0
(1��(�n1=2�n;p(p)��1��1n;p; scp))QP

j=p+1�(�n1=2�n;j(j)��1��1n;j ; scj)h(s)ds
i
:

(24)

Formula (23) shows that fn;�;�(tjp) is the multivariate normal density �n;p(t) times

a \modi�cation factor" mn;p;�;� that is only a function of tp. While the corre-

sponding modi�cation factor for f�
n;�;�

(tjp) was seen in (12) to be an indicator

function (divided by a normalizing constant) leading to an excised normal distri-

bution, the modi�cation factor (24) is of a more complicated nature; in particular,

the indicator function (and thus the excision interval) are \smoothed" through in-

tegration w.r.t. the distribution of �̂=�. The modi�cation factor mn;p;�;�(tp) is zero

at tp = �n1=2�n;p(p), is symmetric about that point and strictly increases to unity

as the argument tp moves away from �n1=2�n;p(p). Also note that fn;�;�(�jp) is
symmetric about zero if �n;p(p) = 0, which arises, e.g., if p > p0(�). Furthermore,

if �n;j(j) = 0 for p � j � P , which is the case if p > p0(�) holds, the conditional

density fn;�;�(�jp) is independent of �.

As a point of interest we note that, contrary to the known-variance case, (22)

and (23)-(24) show a dependence on the tests based on Tp+1; : : : ; TP . However, this

dependence will be seen to fade out with increasing sample size, cf. Remark 6.3(ii).

The unconditional �nite-sample distribution of the post-model-selection estima-

tor ~� can now easily be expressed in terms of the conditional distributions Fn;�;�(�jp)
and the selection probabilities �n;�;�(p) = Pn;�;�(p̂ = p). Let

Fn;�;�(u) = Pn;�;�(
p
n(~� � �) � u) (25)

with u 2 RP denote the unconditional cdf. Using (18) and (20) we obtain

Fn;�;�(u) =

PX
p=0

Fn;�;�(u[p] +
p
n(�[p]� �n(p))jp)1RP�p

+
(u[:p] +

p
n�[:p])�n;�;�(p)

(26)

where we use the convention that Fn;�;�(�j0) � 1. Note that the selection probabil-

ities �n;�;�(p) for p � 1 are precisely given by the denominator in (24) (or (22)); for
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p = 0 this formula also gives �n;�;�(0) if we use the convention that the �rst factor

in these integrals is set equal to 1. Consequently, (26) can be written as

Fn;�;�(u) = 1RP
+
(u+

p
n�)

R1
0

Q
P

j=1�(�n1=2�n;j(j)��1��1n;j ; scj)h(s)ds+P
P

p=1 1RP�p
+

(u[:p] +
p
n�[:p])�R1

0
Pn;�;�(

p
n(�̂(p)� �[p]) � u[p]; jT �p j � scp)�QP

j=p+1�(�n1=2�n;j(j)��1��1n;j ; scj)h(s)ds

=
PP

p=0 1RP�p
+

(u[:p] +
p
n�[:p]) �R1

0

R
u1

�1� � �
R
up

�1 �n;p(r)1U(p;scp)(rp)dr �QP

j=p+1�(�n1=2�n;j(j)��1��1n;jscj)h(s)ds;
(27)

with the convention that the integral w.r.t. r in (27) is to be interpreted as 1 when

p = 0.

4 Asymptotic Results for Conditional Distribu-

tions

In the previous section the �nite-sample distributions of the post-model-selection

estimator ~� and of its idealized version ~�� conditional on selecting a model of or-

der p have been obtained. In the known-variance case the resulting formulas are

quite simple and easy to interpret, but this is not so in the unknown-variance case;

compare (12) with (23)-(24). In the latter case one could thus think of achieving

simpli�cation by passing to the large-sample limit. Assuming that X 0X=n converges
to a positive de�nite matrix Q, the results in P�otscher (1991) imply that in case

p � p0(�) and p > 0 the conditional �nite-sample distribution of ~� (and also of
~��) de�ned in (20) (and (9)) converges to a limiting distribution F1;�;�(� j p) with
a density f1;�;�(� j p) given by

f1;�;�(t j p) = �1;p(t)
1Rn(���

1;pcp;��1;pcp)(tp)

1��(0; cp)
(28)

if p > p0(�), i.e., if � 2Mp�1, and by

f1;�;�(t j p) = �1;p(t) (29)

if p = p0(�), i.e., if � 2 Mp nMp�1. Here �1;p is the limit of �n;p as n ! 1. The

asymptotic distribution given by f1;�;�(� j p) in (28)-(29) is certainly simpler than

the conditional �nite-sample distribution of ~� given by fn;�;�(� j p) in (23)-(24). To

gain insight into the accuracy of f1;�;�(� j p) as an approximation to fn;�;�(� j p), we
�rst compare f1;�;�(� j p) with the conditional �nite-sample density f�

n;�;�
(� j p) of

the idealized version ~��: As discussed after (13), in case p > p0(�), i.e., � 2 Mp�1,
the asymptotic distribution (28) is identical to its �nite-sample counterpart given

by (13), except that X [p]0X [p]=n and �n;p have been replaced by their respective

limits; furthermore, (13) is independent of �. As a consequence, the accuracy of

(28) as an approximation to (13) is only governed by the speed of convergence of

X 0X=n to its limit Q and, in particular, is uniform over all � 2 Mp�1. In case

p = p0(�), i.e., � 2 Mp nMp�1, the asymptotic expression in (29) is somewhat

simpler than (12), but at the expense of missing an essential feature of the �nite-

sample distribution, namely the interval of excision in (12). The reason for this

is that in case p = p0(�) the center of the excision interval �
p
n�n;p(p) equals
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�
p
n�p, which diverges to �1 (regardless of how small �p is) while the interval's

width stays bounded. Thus the excision interval \disappears" at �1 in the limit.

(Note that in contrast the excision interval is centered at zero in case p > p0(�).)

As a consequence, the asymptotic distribution (29) will poorly approximate the

corresponding conditional �nite-sample distribution of ~�� in case �p is of order

1=
p
n. In particular, convergence of the corresponding cdfs is not uniform for all

� 2 Mp nMp�1, cf. Corollary 4.6. (See also Remark 4(iii) in P�otscher (1991) and

the related discussion in Kabaila (1995) and P�otscher (1995).) Both phenomena

just discussed, namely uniformity over Mp�1 in the convergence to the asymptotic

distribution and non-uniformity overMp nMp�1, can also be expected to occur for
~� instead of ~�� since the conditional �nite-sample distribution of ~� is essentially

a \smoothed" version of the corresponding distribution of ~�� (cf. (23)-(24) and

the attending discussion). This expectation is con�rmed by the theoretical results

obtained below (cf. (34)-(35) and Corollary 4.6). It is also in agreement with the

results of a simulation study reported in P�otscher and Novak (1998), which showed

that the conditional �nite-sample distribution Fn;�;�(� j p) of ~� is reasonably well

approximated by its asymptotic counterpart in case p > p0(�), i.e., � 2Mp�1, while
this approximation can be quite poor if p = p0(�), i.e., if � 2Mp nMp�1.

The just discussed \non-uniformity" defect of the asymptotic distribution as an

approximation to the conditional �nite-sample distribution of ~� may prompt one

to look for alternative (asymptotic) approximations that retain the same level of

simplicity as the asymptotic distribution without su�ering from its defects. It turns

out that such asymptotic approximations can indeed be found if we allow these

approximating distributions to depend { contrary to (28) and (29) { on sample size.

In fact, the distributions given by f�
n;�;�

(� j p) in (12) turn out to be the appropriate

approximations. They are as simple and easy to interpret as f1;�;�(� j p) given in

(28) and (29), but they will be shown in Theorem 4.2 to approximate the �nite-

sample distributions given by fn;�;�(� j p) in (23)-(24) uniformly over (suitable large

subsets of) the parameter space. In particular, the unpleasant restriction p � p0(�),

i.e., � 2 Mp, underlying the asymptotic results in P�otscher (1991) can be removed

entirely in the linear model framework considered in the present paper. As a by-

product, we then also obtain in Corollary 4.5 the limiting conditional distribution

even for the case p < p0(�), i.e., � 62Mp.

4.1 Uniform Asymptotic Closeness of the Conditional Dis-

tributions Fn;�;�(� j p) and F �
n;�;�

(� j p)

We �rst recall a few facts about distances between distribution functions F and G

on Rp. The total variation distance is given by jjF �GjjTV = supA j
R
A
dF �

R
A
dGj

where the sup is taken over all Borel sets A inRp. Certainly, supt2Rp jF (t)�G(t)j �
jjF �GjjTV holds, and hence convergence in total variation distance implies weak

convergence in particular. If � is a dominating (�-�nite) measure for F and G

(which always exists), then jjF � GjjTV = 1
2

R
jf � gjd�, where f and g are the

densities of F and G w.r.t. �. As a consequence, convergence in total variation

distance is equivalent to convergence of the corresponding density functions in the

L1-sense. In the following we shall only be concerned with the case where the

dominating measure � is Lebesgue-measure. The L1-distance between f and g

w.r.t. Lebesgue-measure will be denoted by jjf � gjj1.

The following preliminary result is instrumental in allowing the transfer of results

(like the uniformity/non-uniformity phenomena discussed above) from the known-

variance case to the unknown-variance case.
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Proposition 4.1 For every p, 1 � p � P , we have

sup
�2Mp

sup
�>0

jjfn;�;�(� j p)� f�
n;�;�

(� j p)jj1 �! 0 (30)

for n!1. As a consequence,

sup
�2Mp

sup
�>0

sup
t2Rp

jFn;�;�(t j p)� F �n;�;�(t j p)j �! 0 (31)

for n!1.

As argued in the introduction to this section, the conditional distribution of ~��

is close to its asymptotic counterpart uniformly for � 2Mp�1. In fact, it is easy to

see that

sup
�2Mp�1

sup
�>0

����f�n;�;�(�jp)� f1;�;�(�jp)
����
1
�! 0; (32)

and hence

sup
�2Mp�1

sup
�>0

sup
t2Rp

��F �n;�;�(tjp)� F1;�;�(tjp)
�� �! 0 (33)

for n ! 1.4 Proposition 4.1 now immediately allows one to transfer this result

from the known-variance case to the unknown-variance case, yielding

sup
�2Mp�1

sup
�>0

jjfn;�;�(�jp)� f1;�;�(�jp)jj1 �! 0; (34)

and hence

sup
�2Mp�1

sup
�>0

sup
t2Rp

jFn;�;�(tjp)� F1;�;�(tjp)j �! 0 (35)

for n!1. Similarly, the non-uniformity in the closeness of the conditional distri-

bution of ~�� and its asymptotic counterpart when � varies in Mp nMp�1, outlined
in the introduction to this section, can be transfered to the unknown-variance case

by means of Proposition 4.1. For a precise statement see Corollary 4.6 below.

A further important implication of Proposition 4.1 is that f�
n;�;�

(� j p) provides a
better approximation to fn;�;�(� j p) than the asymptotic distribution given by (28)-

(29) in that (30) holds uniformly for � 2 Mp, whereas (34) holds only uniformly

for � 2 Mp�1. Despite its usefulness, Proposition 4.1 su�ers from the limitation

that � is con�ned to Mp, and hence this result does not tell us anything about

closeness of f�
n;�;�

(�jp) and fn;�;�(�jp) if the true value of � falls outside of Mp, i.e.,

if p0(�) > p. It would therefore be advantageous to have available a similar result

but without any restriction on p0(�) and, in particular, without con�ning � to Mp.

This is indeed possible at the expense of a more diÆcult proof.

Theorem 4.2 For every p, 1 � p � P , any bounded subset C of RP
and any

positive constant �� > 0 we have

sup
�2C

sup
���

�

����fn;�;�(� j p)� f�
n;�;�

(� j p)
����
1
�! 0

for n!1. As a consequence,

sup
�2C

sup
���

�

sup
t2Rp

��Fn;�;�(t j p)� F �
n;�;�

(t j p)
�� �! 0

for n!1.

4Subject to � 2 Mp�1, the densities f�
n;�;�

(�jp) and f
1;�;�(�jp) do in fact not depend on �.

Furthermore, it is easy to see that the L1-distance in (32) is independent of �. Result (32) now

follows from �-a.e. pointwise (in t) convergence and Sche�e's theorem. (Cf. also the proof of

Proposition 4.3.)
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The signi�cance of the above theorem is to establish that the easily interpretable

formula (12) for f�
n;�;�

(�jp) indeed provides a uniform (w.r.t. �, �) approximation

to (23)-(24), the conditional density of the post-model-selection estimator ~�, over

large subsets of the entire parameter space.5 The uniformity over Mp in the ap-

proximation of fn;�;�(�jp) by f�n;�;�(�jp) deduced earlier from Proposition 4.1, which

has led us to conclude that f�
n;�;�

(�jp) is superior to f1;�;�(�jp) as an approxima-

tion, is thus extended by Theorem 4.2 to a range of �'s outside of Mp, a range for

which the asymptotic distributional results of P�otscher (1991) do not even apply.

In fact, as shown in the next subsection, this limitation of the results in P�otscher

(1991) can be lifted in the linear model framework considered here, i.e., the lim-

iting conditional distribution even in case � 62 Mp can be obtained. Theorem 4.2

will also be instrumental in that development, as it will allow one to transfer the

rather easily obtainable results for the known-variance case to the more complicated

unknown-variance case.

4.2 Limiting Conditional Distributions

The limiting conditional distributions of the post-model-selection estimator ~� and

of its idealized version ~�� will be obtained next for all values of p and not only under
the restriction p � p0(�) as in P�otscher (1991). Such a complete description of the

limiting behaviour of the conditional distributions in the linear model framework

also rests on Theorem 4.2. (We repeat, however, that the limiting conditional distri-

butions do not provide a uniform approximation to the �nite-sample distributions

over the complement of Mp�1, cf. Corollary 4.6.) The stepping stone to the results
in this subsection is the following proposition.

Proposition 4.3 Let p satisfy 1 � p � P , and let �(n) 2 RP
be a sequence such

that n1=2�n;p(p) converges to a limit �p 2 R [ f�1;1g, where �n(p) is de�ned

by (6) with �(n) replacing �. Furthermore, let �(n) be a sequence of positive real

numbers with limit � > 0 and recall that �1;p is the large sample limit of �n;p.

Then:

(a) The conditional density f�
n;�(n);�(n)

(t j p) converges to the density

�1;p(t)
1Rn(��p���1;pcp;��p+��1;pcp)(tp)

1��(��p��1��11;p; cp)
(36)

for �-almost all t 2 Rp
, and hence in the L1-sense. (Note that (36) reduces to

the normal density �1;p in (29) in case �p = �1, and to (28) in case �p = 0.)

Consequently, the conditional cdf F �
n;�(n);�(n)

(� j p) converges to the cdf with density

(36) in the total variation distance.

(b) If, additionally, �(n) is bounded, also the conditional density fn;�(n);�(n)(t j p)
converges to (36) in the L1-sense, and hence the conditional cdf Fn;�(n);�(n)(� j p)
converges to the cdf with density (36) in the total variation distance.

We note that (36) is an excised normal density, i.e., (36) is the density of P (U �
t; jUp + �pj � ��1;pcp)=P (jUp + �pj � ��1;pcp) where U is a p� 1 random vector

with cdf �1;p.

5The restriction of � to a bounded set C is of no real signi�cance and in particular implies local

uniformity. Perhaps it could be removed by another method of proof. In this context we note that

the boundedness assumption can indeed be avoided for the corresponding result concerning the

unconditional distributions, cf. Theorem 5.2
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Remark 4.4 (i) If n1=2�n;p(p) does not converge, Proposition 4.3 can be applied

to subsequences of �(n) along which n1=2�n;p(p) converges. Since R[ f�1;1g is
compact, and hence every subsequence contains a convergent subsequence, Propo-

sition 4.3 in fact shows for any sequence �(n) that every accumulation point of the

sequence f�
n;�(n);�(n)

(� j p) w.r.t. the L1-distance necessarily is of the form (36) (i.e.,

any accumulation point of the sequence F �
n;�(n);�(n)

(� j p) w.r.t. the total variation
distance has a density of the form (36)). The same holds for fn;�(n);�(n)(� j p) and
Fn;�(n);�(n)(� j p) provided the sequence �(n) is bounded.

(ii) If �(n) 2Mp for all n, the boundedness assumption in part (b) of Proposition 4.3

can be dropped. The proof remains unchanged, except that Proposition 4.1 instead

of Theorem 4.2 has to be used.

The limiting conditional distributions of the post-model-selection estimator ~�

and of its idealized version ~�� under �xed parameter as well as local alternatives

asymptotics follow now easily. In the following Q = limn!1X 0X=n is partitioned

as

Q =

�
Q[p : p] Q[p : :p]
Q[:p : p] Q[:p : :p]

�

where Q[p : p] is of dimension p� p.

Corollary 4.5 Let p satisfy 1 � p � P . For � 2 RP
consider the local alternatives

given by �(n) = �+
=
p
n where 
 2 RP

. Let �(n) be a sequence of positive numbers

converging to � > 0.

(a) Suppose � 2 Mp�1 is satis�ed, i.e., p > p0(�) holds. Then fn;�(n);�(n)(� j p) and
f�
n;�(n);�(n)

(� j p) both converge to (36) in the L1-sense, where

�p = 
p +
�
(Q[p : p])�1Q[p : :p]
[:p]

�
p
: (37)

As a consequence, the conditional cdfs Fn;�(n);�(n)(� j p) and F �
n;�(n);�(n)

(� j p) con-
verge to an excised normal distribution, namely to the cdf of (36), in the total

variation distance, and hence uniformly in t 2 Rp
.

(b) Suppose � 2Mp nMp�1 is satis�ed, i.e., p = p0(�) holds. Then fn;�(n);�(n)(� j p)
and f�

n;�(n);�(n)
(� j p) both converge to the normal density �1;p in the L1-sense. As

a consequence, the conditional cdfs Fn;�(n);�(n)(� j p) and F �n;�(n);�(n) (� j p) converge
to the normal cdf �1;p in the total variation distance, and hence uniformly in

t 2 Rp
.

(c) Suppose � 2 RP nMp is satis�ed, i.e., p < p0(�) holds. Suppose

�p +
�
(Q[p : p])�1Q[p : :p]�[:p])

�
p

(38)

is non-zero (which is the case for all � except for the elements of a hyperplane).

Then fn;�(n);�(n)(� j p) and f�
n;�(n);�(n)

(� j p) both converge to the normal density

�1;p in the L1-sense. As a consequence, the conditional cdfs Fn;�(n);�(n)(� j p) and
F �
n;�(n);�(n)

(� j p) converge to the normal cdf �1;p in the total variation distance,

and hence uniformly in t 2 Rp
.

The limiting density function obtained in Corollary 4.5 will be denoted by

f1;�;�;
(� j p) and the corresponding cdf by F1;�;�;
(� j p). In case 
 = 0

we shall write f1;�;�(� j p) and F1;�;�(� j p) as shorthand for f1;�;�;0(� j p) and

14



F1;�;�;0(� j p). Note that Corollary 4.5 only ensures well-de�nedness of f1;�;�;
(� j p)
and F1;�;�;
(� j p) for all � 2 Mp, as well as for those � 2 RP nMp making (38)

non-zero.

Parts (a) and (b) of Corollary 4.5 in case 
 = 0 (i.e., �xed parameter asymp-

totics) reproduce the asymptotic distributions given in (28) and (29) obtained from

the results in P�otscher (1991).6 Part (c) complements these results by considering

the case � 62Mp, a case excluded from the analysis in P�otscher (1991).

Corollary 4.5 (and Proposition 4.3) show that the limiting behaviour of the

distribution of the post-model-selection estimator ~� (and of ~��), conditional on
having selected model order p, is mainly governed by the behaviour of

p
n�n;p(p)

given by (6) with �(n) replacing �. In discussing the implications of the above

corollary, we consider �rst the case � 2 Mp corresponding to parts (a) and (b).

For simplicity of presentation, assume also that 
 2 Mp, i.e., 
[:p] = 0.7 The

crucial quantity
p
n�n;p(p) then reduces to

p
n(�p + 
p=

p
n) and one immediately

sees that it is the p-th component of �(n) = � + 
=
p
n that determines whether

the limiting distribution is a normal (if �p 6= 0) or an excised normal distribution

(if �p = 0). This dichotomy is exactly the same as in the case of �xed parameter

asymptotics, but now in case of an excised normal distribution the center of excision

is not necessarily zero but is given by �
p. As discussed earlier, the shape of

the �nite-sample distribution of ~� (or ~��), conditional on having selected model

order p, will { in case of a true parameter value in Mp close to but outside of

Mp�1 { be badly captured by the shape of the limiting conditional distribution

obtained from �xed parameter asymptotics with �(n) � � 2 Mp nMp�1, regardless
of how close � is to Mp�1. However, if this case is modelled in a local alternatives

framework by taking the true parameter value �(n) to satisfy �(n) 2 Mp nMp�1
but approaching Mp�1 (i.e., �(n) = � + 
=

p
n with � 2 Mp�1, 
p 6= 0), then the

limiting conditional distribution will better capture the essential features of the

�nite-sample distribution by predicting an excised normal distribution rather than

a normal distribution.

We next turn to the case � 62 Mp corresponding to part (c) or Corollary 4.5.

Observe that
p
n�n;p(p) is given by

p
n�n;p(p) =

p
n

0
@�p +

 �
X [p]0X [p]

n

��1
X [p]0X [:p]

n
�[:p]

!
p

1
A

+ 
p +

 �
X [p]0X [p]

n

��1
X [p]0X [:p]

n

[:p]

!
p

:

(39)

If the expression in (38) is non-zero,
p
n�n;p(p) tends to �1 resulting in a limiting

normal distribution. Otherwise (without additional assumptions on the regressors),p
n�n;p(p) can show all kinds of limiting behaviour, including oscillatory behaviour,

in which case no limiting distribution for Fn;�(n);�(n)(� j p) and F �n;�(n);�(n)(� j p) ex-
ists. Of course, along convergent subsequences of

p
n�n;p(p) the limiting distribu-

tion follows from Proposition 4.3, and hence will be an excised normal distribution

or a normal distribution, depending on whether the limit of the subsequence ofp
n�n;p(p) is �nite or �1, cf. Remark 4.4.

6The convergence results for the conditional cdfs Fn;�;�(� j p) in P�otscher (1991) are formulated

in terms of pointwise convergence, i.e., for each �xed t 2 Rp. Since the limiting cdfs are con-

tinuous (when viewed on the appropriate subspace), uniformity w.r.t. t 2 Rp, however, follows

automatically from Polya's theorem, cf. Billingsley and Topsoe (1967, Ex. 6) and Chandra (1989).
7This assumption is rather innocuous, as the general case 
 2 RP is completely similar.
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We conclude this section by a formal statement of the non-uniformity phe-

nomenon in the convergence of the conditional �nite-sample distributions to their

limits. As a starting point, recall that the conditional �nite-sample densities

f�
n;�;�

(� j p) as well as fn;�;�(� j p) converge to their limit f1;�;�(� j p) in the L1-sense

uniformly in � and � as long as � varies in Mp�1 only and � > 0, cf. (32){(35).

However, in contrast to the result given in Theorem 4.2, uniformity in the conver-

gence to the limiting density f1;�;�(� j p) (or to the cdf F1;�;�(� j p)) does not hold
when � varies in (bounded subsets of) the entire parameter space (or even only in

Mp). In fact, uniformity already breaks down locally near Mp�1.

Corollary 4.6 Let p satisfy 1 � p � P . For every t 2 Rp
and every � > 0 there

exists a positive � 2 R such that for every � 2Mp�1

lim inf
n!1

sup
�2Bp(�;�=

p
n)

jF
n;�;�

(t j p)� F1;�;�
(t j p)j > 0; (40)

where Bp(�; �=
p
n) denotes the ball f� 2 Mp : ((� � �)0(� � �))1=2 < �=

p
ng.

Consequently,

lim inf
n!1

sup
�2Bp(�;�=

p
n)

jjf
n;�;�

(� j p)� f1;�;�
(� j p)jj1 > 0:

The same is also true if F
n;�;�

(� j p) and f
n;�;�

(� j p) are replaced by F �
n;�;�

(� j p) and
f�
n;�;�

(� j p), respectively.

Corollary 4.6 shows in particular that convergence to the limiting distribution

is not uniform over tubes in Mp that surround Mp�1. It is easy to show that

uniformity in fact holds in the complement (relative to Mp) of any such tube (of

�xed positive radius). Hence, within Mp the non-uniformity arises precisely near

Mp�1.
8

5 Asymptotic Results for the Unconditional Dis-

tribution and for the Selection Probabilities

In this section we study the asymptotic properties of the unconditional distribution

functions of the post-model-selection estimator ~� and of its idealized version ~��, and
obtain results paralleling those in Section 4. In particular, we �nd again that the

limiting distribution does not provide a uniform approximation to the unconditional

�nite-sample distributions Fn;�;�(u) and F
�
n;�;�

(u); cf. Corollary 5.5. Also, uniform

closeness of Fn;�;�(u) and F �
n;�;�

(u) can again be established; see Theorem 5.2.

Analogous results for the selection probabilities �n;�;�(p) and �
�
n;�;�

(p) de�ned in

Section 3 are also obtained.

Since the cdfs Fn;�;� and F �
n;�;�

, respectively, can be linearly expressed in terms

of Fn;�;�(tjp)�n;�;�(p) and F �n;�;�(tjp)��n;�;�(p), cf. (26) and (14), a key step for the

results in this section is the following lemma.

8It is easy to see that the non-uniformity near Mp�1 typically also arises when approaching

Mp�1 from within RP n Mp. Furthermore, outside of Mp additional non-uniformity can arise

near the hyperplane mentioned in Corollary 4.5(c). Again, outside a tube of �xed positive radius

surrounding this hyperplane convergence is uniform.

16



Lemma 5.1 For every p, 1 � p � P , we have

sup
�2RP

sup
�>0

����fn;�;�(�jp)�n;�;�(p) � f�
n;�;�

(�jp)��
n;�;�

(p)
����
1
�! 0 (41)

for n!1. As a consequence,

sup
�2RP

sup
�>0

sup
t2Rp

��Fn;�;�(tjp)�n;�;�(p) � F �n;�;�(tjp)��n;�;�(p)
�� �! 0

for n!1.

The following results parallel Theorem 4.2.

Theorem 5.2 (a) For the unconditional distribution functions we have

sup
�2RP

sup
�>0

����Fn;�;� � F �
n;�;�

����
TV

�! 0 (42)

and hence

sup
�2RP

sup
�>0

sup
u2RP

��Fn;�;�(u) � F �
n;�;�

(u)
�� �! 0

for n!1.

(b) Let p satisfy 0 � p � P . The selection probabilities satisfy

sup
�2RP

sup
�>0

���n;�;�(p)� ��
n;�;�

(p)
�� �! 0

for n!1.

In contrast to Theorem 4.2, we do not need to restrict � to a bounded set

or to require � to satisfy � � �� > 0. These restrictions arose in the proof of

Theorem 4.2 from the need to control the behaviour of ratios of probabilities which

vanish asymptotically. In the unconditional case considered in Theorem 5.2 this

diÆculty does not arise, allowing us to avoid these restrictions. We also note that

the cdfs Fn;�;� and F �
n;�;�

do not have densities w.r.t. Lebesgue measure on RP ,

since both distributions put positive mass on every subspace M0; : : : ;MP . For this

reason, (42) is given in terms of total variation distance rather than in terms of the

L1-distance between density functions.9

We next consider the limit of the unconditional distributions of the post-model-

selection estimator ~� and of its idealized version ~��. The following proposition

contains the main technical step.

Proposition 5.3 Let p satisfy 0 � p � P , and let �(n) 2 RP
be a sequence such

that n1=2�n;j(j) converges to a limit �j 2 R [ f�1;1g for j = max(1; p); : : : ; P ,

where �n(j) is de�ned by (6) with �(n) replacing �. Furthermore, let �(n) be a

sequence of positive real numbers with limit � > 0. Then:

(a) If p � 1, the quantity f�
n;�(n);�(n)

(tjp)��
n;�(n);�(n)

(p) converges to

�1;p(t)1Rn(��p���1;pcp;��p+��1;pcp)(tp)

PY
j=p+1

�(��j��1��11;j
; cj) (43)

9This certainly could be done upon an appropriate choice of dominating measure, which, of

course, now cannot be Lebesgue measure.
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for �-almost all t 2 Rp
, and hence in the L1-sense. Furthermore,

fn;�(n);�(n)(tjp)�n;�(n);�(n)(p) also converges to (43) in the L1-sense. (In case

�p = �1 the indicator function in (43) is to interpreted as the constant 1.) As

a consequence, F �
n;�(n);�(n)

(�jp)��
n;�(n);�(n)

(p) and Fn;�(n);�(n)(�jp)�n;�(n);�(n)(p) con-
verge to the distribution with density (43) in the total variation distance, and hence

uniformly in t 2 Rp
.
10

(b) The selection probabilities ��
n;�(n);�(n)

(p) and �n;�(n);�(n)(p) converge to

(1��(��p��1��11;p; cp))

PY
j=p+1

�(��j��1��11;j
; cj) (44)

where we use the convention that in case p = 0 the �rst factor in (44) is set equal

to one. (Note that (43) and (44) are zero, whenever j�j j =1 for some j satisfying

p+ 1 � j � P .)

(c) If j�j j =1 for some p � j � P , then ��
n;�(n);�(n)

(r) and �n;�(n);�(n)(r) converge

to zero for 0 � r < p.

We note that Remark 4.4 following Proposition 4.3 applies to Proposition 5.3

as well. With the help of Proposition 5.3 we can now obtain the unconditional

asymptotic distribution under �xed as well as local alternatives asymptotics.

Corollary 5.4 For � 2 RP
consider the local alternatives given by �(n) = �+
=

p
n

where 
 2 RP
, and let �(n) be a sequence of positive numbers with limit � > 0.

(a) For 0 � p � P , the selection probabilities �n;�(n);�(n) (p) and ��
n;�(n);�(n)

(p)

converge to �1;�;�;
(p) which is given by

�1;�;�;
(p)

=

8><
>:

0 if p < p0(�),QP

j=p+1�(��j��1��11;j
; cj) if p = p0(�),

(1��(��p��1��11;p; cp))
Q
P

j=p+1�(��j��1��11;j
; cj) if p > p0(�)

(45)

with

�j = 
j +
�
(Q[j : j])�1Q[j : :j]
[:j]

�
j
: (46)

(b) The unconditional �nite-sample distributions Fn;�(n);�(n) and F �
n;�(n);�(n)

con-

verge to F1;�;�;
 in the total variation distance (and hence uniformly in u 2 RP
).

The limit F1;�;�;
 satis�es

F1;�;�;
(u) =

PX
p=p0(�)

F1;�;�;
(u[p]� (Q[p : p])�1Q[p : :p]
[:p]jp) �

�1;�;�;
(p)1RP�p
+

(u[:p] + 
[:p]);
(47)

where F1;�;�;
(�jp) was introduced after Corollary 4.5 for p � 1 and is set equal to

1 for p = 0.

10The total variation distance for distribution functions with �nite mass (not necessarily equal

to one) is de�ned exactly as in the case where total mass is one. In this more general context the

inequality sup
t
jF (t)�G(t)j � jjF �GjjTV �

R
jf � gjd� still holds, where f and g, respectively,

denote densities of F and G w.r.t. a dominating (�-�nite) measure �.
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The limiting distribution (47) is a convex combination of excised and non-excised

normal distributions concentrated on subspaces of di�erent dimensions. In contrast

to the unconditional �nite-sample distribution, cf. (17) and (27), however, only

terms with p � p0(�) enter into the limiting distribution due to the fact that the

selection probabilities for models with p < p0(�) converge to zero.11

In case 
 = 0 (i.e., �xed parameter asymptotics), the limiting distribution in

Corollary 5.4 reduces to the limiting distribution one obtains by applying the results

in P�otscher (1991) to the linear model considered here. We shall write F1;�;� and

�1;�;�(p), respectively, for F1;�;�;0 and �1;�;�;0(p). In case 
 = 0 the limiting

distribution in Corollary 5.4 reduces to

F1;�;�(u) =

PX
p=p0(�)

F1;�;�(u[p] j p)�1;�;�(p)1RP�p
+

(u[:p])

=
R u1
�1� � �

R up0(�)
�1 �1;p0(�)(r) dr

Q
P

j=p0(�)+1
�(0; cj)1

R
P�p0(�)

+

(u[:p0(�)]) +PP

p=p0(�)+1

R u1
�1� � �

R up
�1 �1;p(r)1Rn(���

1;pcp;��1;pcp)(rp) dr �Q
P

j=p+1�(0; cj) 1RP�p

+
(u[:p])

(48)

with the convention that the �rst integral on the r.h.s of (48) is set equal to 1

if p0(�) = 0. The asymptotic selection probabilities also simplify to �1;�;�(p) =Q
P

j=p+1�(0; cj) if p = p0(�) and to �1;�;�(p) = (1 � �(0; cp))
Q
P

j=p+1�(0; cj)

if p > p0(�). Note that the (excised) normal distributions in (48) are now all

symmetric about zero and that the asymptotic selection probabilities depend only

on the critical values cj ; cf. Lemma 4 in P�otscher (1991).

As in the conditional case discussed in Section 4, the convergence of the uncon-

ditional �nite-sample distribution to its limit is not uniform w.r.t. �. Heuristically

speaking, there are two sources for this non-uniformity. First, the non-uniformity

in the convergence of the conditional distributions (Corollary 4.6), which spills over

into the unconditional distribution. Second, the non-uniformity in the convergence

of the selection probabilities (established below in Corollary 5.6) taken together with

the fact that the limiting distribution (48) does not contain terms with p < p0(�).

Corollary 5.5 For every u 2 RP
and every � > 0 there exists a positive � 2 R

such that for every � 2MP�1

lim inf
n!1

sup
�2BP (�;�=

p
n)

���F
n;�;�

(u)� F1;�;�
(u)
��� > 0; (49)

where BP (�; �=
p
n) denotes the ball f� 2 RP : ((� � �)0(� � �))1=2 < �=

p
ng. The

same is also true if F
n;�;�

is replaced by F �
n;�;�

.

Corollary 5.5 shows in particular that convergence to the limiting distribution

is not uniform over tubes surrounding MP�1. It is easy to show that uniformity

in fact holds in the complement of any such tube (of �xed positive radius). Hence,

the non-uniformity arises precisely near MP�1. Recall from Corollary 4.6 that the

non-uniformity in the convergence of the conditional �nite-sample cdf Fn;�;�(�jp)
arises near Mp�1. Since the unconditional �nite-sample distribution is a convex

11For this reason the limit F
1;�;�;
 is well-de�ned for all � 2 RP , since F

1;�;�;
(�jp) is well-
de�ned on a set containing all � satisfying p � p0(�).
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combination of the conditional distributions, it should not come as a surprise that

now non-uniformity arises near the union of all setsMp�1 which is preciselyMP�1.
12

We �nally turn to a discussion of uniformity and non-uniformity in the conver-

gence of the selection probabilities to their limits. If � 2 Mp�1, 1 � p � P , we

have �n;j(j) = 0 for j � p and hence ��
n;�;�

(p) given by (15){(16) coincides with

�1;�;�(p) given by (45) with 
 = 0. Consequently,

sup
�2Mp�1

sup
�>0

����n;�;�(p)� �1;�;�(p)
�� = 0

holds for 1 � p � P , and an application of Theorem 5.2 gives

sup
�2Mp�1

sup
�>0

j�n;�;�(p)� �1;�;�(p)j �! 0

as n !1 for 1 � p � P . In the next result we describe regions of non-uniformity

in the convergence of the selection probabilities to their limits.

Corollary 5.6 (a) Let p satisfy 1 � p � P . Then for any positive � 2 R, any

� > 0, and any � 2Mp�1

lim inf
n!1

sup
�2Bp(�;�=

p
n)

����
n;�;�

(p) � �1;�;�
(p)
��� > 0

where Bp(�; �=
p
n) was de�ned in Corollary 4.6.

(b) Let p satisfy 0 � p < P . Then for any positive � 2 R, any � > 0, and any

� 2Mp we have

lim inf
n!1

sup
�2Bp+1(�;�=

p
n)

����
n;�;�

(p) � �1;�;�
(p)
��� > 0:

Parts (a) and (b) also hold with �
n;�;�

(p) replaced by ��
n;�;�

(p).

Corollary 5.6(a) shows, in particular, that convergence of the selection proba-

bilities �n;�;�(p) and �
�
n;�;�

(p) to their limiting value is not uniform over tubes in

Mp that surround Mp�1. It is easy to show that over the complement (w.r.t. Mp)

of any such tube of �xed positive radius the convergence is in fact uniform. These

results parallel the results for the conditional distributions given in Corollary 4.6

and in the attending discussion. In contrast to the results for the conditional dis-

tributions, however, Corollary 5.6(b) furthermore shows that non-uniformity in the

convergence of �n;�;�(p) and �
�
n;�;�

(p) also arises in tubes (in RP ) surroundingMp.

Again, outside any such tube of �xed radius convergence is uniform.

12One could furthermore ask if results similar to (32)-(35) hold, i.e., if Fn;�;� converges to F
1;�;�

(either in total variation distance or for every u 2 RP ) uniformly overMP�1 (or over a smaller set

Mr, r > 0). Since Fn;�;� is a convex combination of all the conditional distributions Fn;�;�(�jp),
it should again not come as a surprise that the answer is no. By an argument similar to the proof

of Corollary 5.5, the following more general result can be established: Let q(u) = minfi : 0 � i �
P;ui+1 > 0; : : : ; uP > 0g and set q(u) = P if the set over which the minimum is taken is empty.

Then (49) holds with BP (�; �=
p
n) replaced by any of the smaller sets BP (�; �=

p
n)\(Mr nMr�1)

for any r satisfying maxfp0(�) + 1; q(u)g � r � P .
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6 Remarks and Extensions

Remark 6.1 (i) In de�ning the conditional �nite-sample distributions F �
n;�;�

(� j p)
and Fn;�;�(� j p), cf. (9) and (20), the estimator has been centered at �n(p), the

expected value of the restricted least-squares estimator given in (6). For the �nite-

sample results in Section 3 a di�erent choice of centering constants of course only

amounts to a translation of the conditional distributions and is hence inconsequen-

tial. Furthermore, in case p � p0(�) we have �n(p) = �[p] as remarked earlier and

thus centering at �n(p) coincides with centering at the true value in this case,

which is also the centering used in P�otscher (1991).

(ii) Proposition 4.1 and Theorem 4.2 are in fact totally independent of the partic-

ular centering that is being used, since the L1-distance (w.r.t. Lebesgue-measure)

between fn;�;�(� j p) and f�
n;�;�

(� j p) is not a�ected by any shift in the argument

t. Similarly, the sup-norm of the di�erence Fn;�;�(� j p)� F �
n;�;�

(� j p) is una�ected
by any shift in the argument t. Hence, Proposition 4.1 and Theorem 4.2 hold, in

particular, without any centering of the estimator.

(iii) We are next concerned with the question to which extent the limiting results

in Section 4.2 are a�ected by the choice of the centering constants. Let p satisfy

1 � p � P and let dn;� denote a p� 1 vector. Then centering at dn;� leads to

Pn;�;�

�p
n(�̂(p)� dn;�) � t

��� p̂ = p
�

= Fn;�;�
�
t+

p
n(dn;� � �n(p))

�� p� : (50)

As shown in Proposition 4.3 and Remark 4.4, every subsequence of Fn;�;�(� j p)
contains a subsequence that converges in total variation distance. If

p
n(dn;� �

�n(p)) is bounded, it follows from Lemma D.1 that every accumulation point

of (50) w.r.t. total variation distance is a shifted version of a cdf with density

(36), the shift being given by the limit of
p
n(dn;� � �n(p)) along the appropriate

subsequence. If
p
n(dn;� � �n(p)) is unbounded, then every subsequence of (50)

contains a subsequence that converges to a shifted version of the cdf with density

(36) for every t, where the shift is again given by the limit of
p
n(dn;� � �n(p))

along the appropriate subsequence. Note that now some of the components of this

shift may be �1, implying that the limiting cdf will be degenerate in the sense

that at least for one marginal distribution mass will have escaped to 1 or �1.

The above shows that choosing centering constants other that �n(p) either leads

to essentially the same limiting distributions (if
p
n(dn;� � �n(p)) is bounded) or

to loss of information about the distribution (if
p
n(dn;� � �n(p)) is unbounded).

Identical remarks apply to ~��. (A similar discussion applies mutatis mutandis also

to the case of asymptotics under a sequence of parameters �(n) and, in particular,

to asymptotics under local alternatives.)

Remark 6.2 (i) The results concerning the conditional distributions in Sections 3

and 4 are given in terms of Fn;�;�(� j p) and F �
n;�;�

(� j p), which are actually only

the conditional distributions of the �rst p components of the (scaled and centered)

post-model-selection estimator and its idealized version, compare (8) with (9) and

(19) with (20). Since (8) and (9) as well as (19) and (20) only di�er by a multiplica-

tive factor independent of sample size and �, all the results obtained for Fn;�;�(� j p)
and F �

n;�;�
(� j p), respectively, can be trivially translated into results for (19) and

(8). We next discuss to which extent this is true if we use centering constants

di�erent from the ones used in (8) and (19). Since such a di�erent centering has

only a trivial e�ect on the �nite-sample results, we concentrate on the asymptotic
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results in Section 4. Let dn;� now be a P � 1 vector. Then

Pn;�;�(
p
n(~� � dn;�) � u j p̂ = p) =

Fn;�;�(u[p] +
p
n(dn;�[p]� �n(p)) j p)1RP�p

+
(u[:p] +

p
ndn;�[:p])

(51)

and

Pn;�;�(
p
n(~�� � dn;�) � u j p̂� = p) =

F �n;�;�(u[p] +
p
n(dn;�[p]� �n(p)) j p)1RP�p

+
(u[:p] +

p
ndn;�[:p]):

(52)

Note that the indicator function in (51) and (52) may now depend on n and �. From

Remark 6.1(iii) and from the fact that the indicator functions in (51) and (52) are

identical, it immediately follows that Proposition 4.1 and Theorem 4.2 continue to

hold upon replacing the L1-distance between the densities by the total variation

distance between (51) and (52). We next turn to the limiting behaviour of (51) (or

(52)): The limiting behaviour of the �rst factor of (51) (or (52)) has been discussed

in Remark 6.1(iii), where all accumulation points have been characterized. It

now follows immediately that any subsequence of (51) (or (52)) has a further

subsequence (along which we may assume that
p
ndn;�[:p] converges to a vector

Æ(�) 2 (R[f�1;1g)P�p) that converges to the limit of the �rst factor described

in Remark 6.1(iii) times the indicator function 1
R
P�p
+

(u[:p]+Æ(�)) for all u 2 RP ,

except possibly for those where u[:p] + Æ(�) belongs to the boundary of R
P�p
+ .

Note that this convergence will in general not hold in the total variation distance,

except if
p
ndn;�[:p] does not depend on n. (A similar discussion applies mutatis

mutandis also to the case of asymptotics under a sequence of parameters �(n) and,

in particular, to asymptotics under local alternatives.)

(ii) Remarks similar to Remark 6.1 and (i) above also apply to the unconditional

distributions of ~� and ~��. In particular, a complete characterization of all accu-

mulation points of Fn;�(n);�(n)(u) and F �
n;�(n);�(n)

(u) w.r.t. weak convergence for

arbitrary sequences �(n), �(n) is possible, but will not be included here for the sake

of brevity.

Remark 6.3 (i) Let F Æ
n;�;�

(t j p) = Pn;�;�(
p
n(�̂(p) � �n(p)) � t; jTpj �

cp)=Pn;�;�(jTpj � cp) and let fÆ
n;�;�

(� j p) denote the corresponding density. Then it

is not diÆcult to show that Proposition 4.1 and Theorem 4.2 continue to hold with

F Æ
n;�;�

(� j p) and fÆ
n;�;�

(� j p) replacing F �
n;�;�

(� j p) and f�
n;�;�

(� j p) (or Fn;�;�(�jp) and
fn;�;�(�jp)), respectively. Analogues to the remaining results in Section 4 can then

be easily obtained.

(ii) In a more general setting, P�otscher (1991) obtained the limiting conditional dis-

tribution F1;�;�(� j p) of the post-model-selection estimator in case p � p0(�). The

proof in that paper proceeds by �rst showing that the analogues of (
p
n(�̂(p) �

�n(p)); Tp) and (Tp+1; : : : ; TP ) are asymptotically independent, i.e., by showing

that the tests based on Tp+1; : : : ; TP have no e�ect asymptotically. Second, the

limiting conditional distribution is obtained by computing the corresponding con-

ditional distribution from the limiting distribution. This method of proof relies on

interchanging the operations of taking limits and of conditioning. It is precisely

the assumption p � p0(�) that implies that the conditioning event has a positive

probability in the limit and thus allows for conditioning in the limiting distribution

without diÆculty. The results in the present paper allow for the case p < p0(�)

and thus seem to require a di�erent { and more complex { method of proof. We

note that the tests based on (Tp+1; : : : ; TP ) again have only a vanishing e�ect on

the conditional distribution Fn;�;�(� j p) of the post-model-selection estimator as

shown by Theorem 4.2 and Remark 6.3(i) above.
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Remark 6.4 (i) The model selection procedures considered in this paper are based

on a sequence of tests which use critical values that do not depend on sample size

and satisfy 0 < cj <1. If the critical values are allowed to depend on sample size,

the �nite-sample results trivially remain valid without any change. The asymptotic

results all remain valid if the sample-size-dependent critical values cn;j satisfy

cn;j ! c1;j for n!1 with 0 < c1;j <1 (and if c1;j replaces cj in the formulas

for the limiting pdfs, cdfs, and selection probabilities). In fact, the asymptotic

results not involving the limiting cdf or pdf like Proposition 4.1, Theorem 4.2,

Lemma 5.1, and Theorem 5.2 even hold as long as 0 < lim inf cn;j � lim sup cn;j <

1 is satis�ed.

(ii) The assumption that X 0X=n ! Q > 0, used for the asymptotic re-

sults in Sections 4 and 5, can be weakened to 0 < lim inf �min(X
0X=n) �

lim sup�max(X
0X=n) <1 for all asymptotic results that do not involve the limit-

ing cdf or pdf. (The results involving the limiting distribution of course also hold

under this weaker condition along subsequences for which X 0X=n converges.) Fur-

thermore, Proposition 4.1, Lemma 5.1, and Theorem 5.2 in fact even hold without

any condition on the asymptotic behaviour of X 0X=n.

Remark 6.5 (i) The results of this paper readily adapt to situations where a sub-

vector of � is assumed to be common to all candidate models, i.e., where there is a

p� > 0 such that only models from the list Mp
�

; : : : ;MP should be selected. First

observe that setting cp
�

= 0 forces the model selectors p̂ and p̂� to do precisely

this, i.e., makes them satisfy p� � p̂ � P and p� � p̂� � P . Second, rede�ning

p0(�) now as p0(�) = minfp : p� � p � P; � 2 Mpg, one immediately sees that

the conditional �nite-sample distributions of p > p� are the same as in the case

p� = 0 discussed in Section 3, and that now f�
n;�;�

(� j p�) = fn;�;�(� j p�) = �n;p
�

(�),
a density that does not depend on � at all. As a consequence, all results con-

cerning conditional distributions continue to hold without change for p > p� and

become trivial in case p = p�. The results for the unconditional distributions and
the selection probabilities also continue to hold with obvious, mainly notational,

changes.

(ii) The �nite-sample results in Section 3 adapted to the situation discussed in

(i) substantially generalize the results in Giles and Srivastava (1993), who con-

sidered a regression model yt = � + �xt + �t with only one regressor. Giles

and Srivastava (1993) obtained the unconditional �nite-sample distribution of the

post-model-selection estimator for �, when model selection is based on a t-test

for the hypothesis � = 0. Elsinger (1994) generalized their result to the model

yt = x01;t�+x
0
2;t�+ �t and obtained the unconditional �nite-sample distribution of

the post-model-selection estimator for the vector � when model selection is based

on an F-test for the hypothesis that the vector � satis�es � = 0.

Remark 6.6 (i) For the construction of the test-statistics Tp the estimator �̂2

obtained from �tting the overall modelMP has been used rather than an estimator

that is obtained from �tting modelMp. Such a choice is reasonable from a practical

point of view, since it avoids overestimation of the error variance when model Mp

is not true, which obviously has adverse e�ects on the test.

(ii) The �nite-sample results in Section 3 are obviously tied very strongly to the

assumptions of the paper (linear model, normality, choice of �̂2). Also some of the

asymptotic results like, e.g., Theorem 4.2, rely heavily on these assumptions and it

is not obvious to which extent they can be generalized, whereas other asymptotic

results should be more amenable to generalization. These and related questions

are currently under investigation
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7 Conclusion

The �nite-sample distributions of the post-model-selection estimator ~� derived in

Section 3 are quite complicated and diÆcult to interpret. Insight into the behaviour

of these distributions can, however, be gained through a simple and easy to inter-

pret uniform approximation that is provided in the paper. This approximation is

superior to the asymptotic distribution, which is known to provide an inadequate

approximation to the �nite-sample distribution under certain circumstances. As

a by-product, the uniform approximation result also allows the completion of the

analysis in P�otscher (1991), in that the asymptotic distribution of the post-model-

selection estimator ~� conditional on selecting an incorrect model can be obtained.

We note that the uniform approximation as well as the asymptotic distribution both

depend on the unknown parameter value �, and hence cannot be used directly for

purposes of inference. Consistent estimators for the �nite-sample distribution of the

post-model-selection estimator ~� can be obtained based on the results of the present

paper. Such estimators and their features are beyond the scope of this paper and

will be discussed elsewhere.

A Proof of Proposition 3.1

The proof of Proposition 3.1 rests on the following lemma which establishes uncor-

relatedness of certain random variables of key interest. The result is hardly new and

variants of it are folklore. Note that we do not assume a true regression relationship

to hold in this lemma.

Lemma A.1 Let Z be an n� 1 random vector whose components are uncorrelated

and have constant variance. Let W be a non-stochastic n� k matrix of full column

rank and let �̂ be the ordinary least-squares estimator obtained from regressing Z on

W . Let W = [W1 : W2] and let �̂ = [�̂01 : �̂
0
2]
0
be partitioned conformably, with W1

being of dimension n�k1, 0 < k1 < k. Let �� be the ordinary least-squares estimator

obtained from regressing Z on W1 only. Then �̂ as well as �� are uncorrelated with

Z �W�̂. Furthermore, �� and �̂2 are uncorrelated.

Proof: The �rst claim is simply veri�ed by calculating the appropriate covariances.

To proof the second claim, let P?
W1

= (In �W1(W
0
1W1)

�1W 0
1) be the projection on

the orthogonal complement of the column space of W1 and de�ne W Æ = [W1 :

V ], where V = P?
W1
W2. Let �̂Æ = [�̂Æ

0

1 : �̂Æ
0

2 ]
0 denote the ordinary least-squares

estimator obtained from regressing Z on W Æ. Clearly, �̂Æ1 = (W 0
1W1)

�1W 0
1Z and

�̂Æ2 = (V 0V )�1V 0Z and hence �̂Æ1 and �̂Æ2 are uncorrelated. Note that

W1�̂1 +W2�̂2 = W�̂ = W Æ�̂Æ = W1�̂
Æ
1 + V �̂Æ2 :

Multiplying this identity by P?
W1

from the left yields

V �̂2 = V �̂Æ2 :

Since V has full column rank, we obtain �̂Æ2 = �̂2. Observing that �̂
Æ
1 = �� completes

the proof. 2

Proof of Proposition 3.1: Repeated application of Lemma A.1 implies

uncorrelatedness of �̂(p); �̂p+1(p + 1); : : : ; �̂P (P ) and Y � X�̂(P ). (In case p = 0,

observe that �̂(p) = 0.) In view of the Gaussianity assumption the above list

of random variables is in fact independent. By de�nitions (3), (4) and (5), the

proposition is then a simple consequence of this independence result. 2
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B Auxiliary Lemmata

Lemma B.1 Let rm, m � 1, and sm, m � 1, be sequences of non-negative real

numbers such that rm � sm and rmsm converge to 1. Then

(2�)1=2�(rm; sm) (rm � sm)e
1
2
(rm�sm)2 �! 1

for m!1.

Proof: Without loss of generality we may assume that rm � sm is positive for

each m. De�ne  (x) = �(x)=x, where � is the standard normal density. Then we

may write

�(rm;sm)

 (rm�sm)
� 1 =

�
1��(rm�sm)

 (rm�sm)
� 1
�
�  (rm+sm)

 (rm�sm)

�
1��(rm+sm)

 (rm+sm)
� 1
�
�  (rm+sm)

 (rm�sm)
:

From Gradstejn and Ryzik (1985, equation (8.254), p.931), we obtain for x > 0 that

1��(x) =  (x)(1�R(x)) where jR(x)j � x�2. This implies����1��(rm + sm)

 (rm + sm)
� 1

���� � (rm + sm)
�2 ! 0 and����1��(rm � sm)

 (rm � sm)
� 1

���� � (rm � sm)
�2 ! 0:

Furthermore,

0 �  (rm + sm)

 (rm � sm)
=

rm � sm

rm + sm
e�

1
2
(rm+sm)2+ 1

2
(rm�sm)2 � e�2rmsm ! 0;

which completes the proof. 2

Lemma B.2 Let Wm be a non-negative random variable such that mW 2
m

is chi-

square distributed with m degrees of freedom, m � 1, and let � � 0. Then

P (Wm � 1 + �) < e�m�
2
=2:

Proof: The case � = 0 is trivial, hence assume � > 0. Using the moment generating

function of the chi-square distribution and Markov's inequality we obtain for any

t < 1=2

P (Wm � 1 + �) = P
�
etmW

2
m � etm(1+�)2

�
� e�tm(1+�)2 � (1� 2t)�m=2

= exp

�
�m

�
t(1 + �)2 +

1

2
log(1� 2t)

��
= exp(�mh(t; �)):

Setting t(�) = 1
2
(2�+ �2)=(1+ �)2 we see that t(�) < 1=2 and h(t(�); �) = (�(2+ �)�

2 log(1+ �))=2. Since log(1+ �) < �, we have h(t(�); �) > (�(2+ �)�2�)=2 = �2=2. 2

Lemma B.3 Let Wm, m � 1, be as in the previous lemma and let �i;m, m � 1, be

a sequence of non-negative real numbers for i = 1; : : : ; l. Assume that the sequence

�i;m converges to some �i 2 R [ f1g for m ! 1 and that �i;m = O(m1=2) for

each i = 1; : : : ; l. Assume that �i = 1 for i = 1; : : : ; k where 1 � k � l and that

�i 2 R for i = k + 1; : : : ; l. De�ne ��;m = minf�1;m; : : : ; �k;mg. Let di, i = 1; : : : ; l,
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be positive real numbers and 0 < � < 1. Then there exists a real number K such

that for every � satisfying 0 < � < minf1=d1; : : : ; 1=dkg

0 � E(
Q

l
i=1

�(�i;m;diWm)�1f1+��Wm<���;mg)
E(
Q

l
i=1

�(�i;m;diWm)�1f1���Wm<1+�g)
= O

�
exp

�
�m

�
�2=2�K�

���
(53)

holds. The constant K depends only on k, di, i = 1; : : : ; k, and the sequences �i;m,

i = 1; : : : ; k, while the constant implicit in the O(�) notation may depend on all

sequences �i;m, all di, � and even on �.

Proof: Since �(a; b) is strictly increasing in b, and since �(a; b) � 1, the l.h.s. of

(53) is bounded from above by�Q
k

i=1

�(�i;m;di���;m)

�(�i;m;di(1��))

�
P (1+��Wm<���;m)

E(
Q

l
i=k+1�(�i;m;diWm)�1f1���Wm<1+�g)

: (54)

Observe that the expectation in the denominator of (54) converges toQ
l

i=k+1�(�i; di) > 0 by dominated convergence since Wm ! 1 in probability.

Hence, we can �nd a constant K(1) such that (54) is bounded from above by

K(1) � P (Wm � 1 + �) �
kY
i=1

�(�i;m; di���;m)

�(�i;m; di(1� �))
: (55)

Observe that �i;m�di���;m !1 for i = 1; : : : ; k, since di� < 1. Hence, Lemma B.1

implies that there exists a positive constant K(2) such that (55) is bounded from

above by

K(2)P (Wm � 1 + �)

kY
i=1

 (�i;m � di���;m)

 (�i;m � di(1� �))
(56)

= K(2)P (Wm � 1 + �)

kY
i=1

�i;m � di(1� �)

�i;m � di���;m
e�

1
2
(�i;m�di���;m)2+ 1

2
(�i;m�di(1��))2

� K(3)P (Wm � 1 + �)

kY
i=1

1� di(1� �)=�i;m

1� di���;m=�i;m
edi��i;m��;m

where K(3) = K(2) exp((
Pk

i=1 d
2
i
)(1��)2=2) and  is as in the proof of Lemma B.1.

Observe that 1� di(1� �)=�i;m ! 1 and that j1� di���;m=�i;mj � 1� di� > 0 for

i = 1; : : : ; k. Hence we can �nd a positive constant K(4) such that (56) is bounded

from above by

K(4)P (Wm � 1 + �)

kY
i=1

e�di�i;m��;m : (57)

Since �i;m = O(m1=2) by assumption, we can �nd a positive constant L depending

only on the di's and the sequences �i;m, i = 1; : : : ; k, such that 0 � di�i;m��;m=m �
L holds. Setting K = kL, (57) is seen to be bounded by

K(4)P (Wm � 1 + �)em�K :

Application of Lemma B.2 completes the proof. 2
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For the remainder of this appendix let Z be a standard normally distributed

random variable which is independent of Wm for every m � 1, where Wm is as in

Lemma B.2. De�ne

f�
m

=
1fjZ � �0;mj � d0g
1��(�0;m; d0)

and

fm =
E
�
1fjZ � �0;mj �Wmd0g

Q
l

i=1�(�i;m;Wmdi)
��� Z�

E
�
(1��(�0;m;Wmd0))

Q
l

i=1�(�i;m;Wmdi)
� (58)

where �i;m, i = 0; : : : ; l, l � 0, are real numbers and 0 < di <1, i = 0; : : : ; l holds.

(If l = 0, the product in (58) is to be interpreted as unity.)

Lemma B.4 Assume that �i;m ! �i 2 R[f�1;1g for m!1, i = 0; : : : ; l, and

that �i;m = O(m1=2) for each i = 1; : : : ; l. Then

lim
m!1

E
�
(fm � f�m)

+
1fjZ � �0;mj � d0g

�
= 0:

Proof: Without loss of generality we may assume that all elements �i;m are non-

negative. Introduce the random variables Am =
Q
l

i=1�(�i;m;Wmdi) and Bm =

(1 ��(�0;m;Wmd0))Am with the convention that Am = 1 in case l = 0. We then

observe that

fm � EAm

EBm
:

Since f�
m
= (1��(�0;m; d0))

�1 on the event fjZ��0;mj � d0g and since �0;m ! �0 2
R [ f1g implies �(�0;m; d0) ! �(�0; d0), the lemma is proven if we can establish

that

lim sup
m!1

EAm

EBm
� 1

1��(�0; d0)
: (59)

Since �(�; �) is continuous on (R [ f�1;1g) �R, convergence in probability

of �(�i;m;Wmdi) to �(�i; di) follows from Wm ! 1 in probability. Since �(�; �) is
bounded, it follows that EAm converges to

Ql

i=1�(�i; di) while EBm converges to

(1 ��(�0; d0))
Ql

i=1�(�i; di). In case �1; : : : ; �l are all �nite or l = 0, it is easy to

see that the limit of EBm is positive, and hence (59) immediately follows in this

case.

In case at least one �i, i = 1; : : : ; l, is in�nite, the limits of both EAm and EBm
are zero and a more delicate argument is needed to establish (59): Without loss of

generality we may assume that �i = 1 for i = 1; : : : ; k, 1 � k � l, and that �i is

�nite for i = k + 1; : : : ; l. Set ��;m = minf�1;m; : : : ; �k;mg. For arbitrary but �xed

0 < � < 1, write Am =
P4

i=1A
(i)
m where

A(1)
m = Am 1fWm < 1� �g

A(2)
m

= Am 1f1� � �Wm < 1 + �g
A(3)
m = Am 1f1 + � �Wm < ���;mg

A(4)
m

= Am 1fmax(1 + �; ���;m) �Wmg
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where � satis�es 0 < � < minf1=d1; : : : ; 1=dkg. We �rst show that EA
(1)
m =EBm !

0:

0 � EA
(1)
m

EBm
� EA

(1)
m

E(Bm 1f1���Wm<1+�g)

� (
Q

l
i=1

�(�i;m;(1��)di))P (Wm<1��)
(1��(�0;m;(1+�)d0))(

Q
l
i=1�(�i;m;(1��)di))P (1���Wm<1+�)

=
P (Wm<1��)

(1��(�0;m;(1+�)d0))P (1���Wm<1+�)
! 0

since Wm ! 1 in probability and �(�0; (1 + �)d0) < 1. Second, observe that

0 � EA
(2)
m

EBm
� EA

(2)
m

E(Bm 1f1���Wm<1+�g)

� EA
(2)
m

(1��(�0;m;(1+�)d0))EA
(2)
m

! 1
1��(�0;(1+�)d0)

<1: (60)

Next we show that EA
(i)
m =EBm ! 0 for i = 3; 4. Since EA

(2)
m =EBm is bounded as

shown in (60), it suÆces to establish EA
(i)
m =EA

(2)
m ! 0, i = 3; 4. Lemma B.3 implies

that EA
(3)
m =EA

(2)
m = O(exp(�m(�2=2�K�)), where K is a constant independent

of �. Choosing � suÆciently small establishes convergence to zero of EA
(3)
m =EA

(2)
m .

Turning to EA
(4)
m =EA

(2)
m observe that

0 � EA
(4)
m

EA
(2)
m

� P (Wm����;m)

EA
(2)
m

�
�Ql

i=1�(�i;m; (1� �)di)
��1

P (Wm����;m)

P (1���Wm<1+�)
; (61)

where we have �rst made use of �(a; b) � 1 and then of monotonicity of �(�; �)
in its second argument. Since �i is �nite for i = k + 1; : : : ; l, the limit ofQ
l

i=k+1�(�i;m; (1� �)di) is positive. To prove convergence to zero of EA(4)
m =EA

(2)
m

it hence suÆces to establish that 
kY
i=1

�(�i;m; (1� �)di)

!�1
P (Wm � ���;m) (62)

converges to zero for m ! 1. By Lemmata B.1 and B.2 the expression in (62) is

bounded by a constant times

kY
i=1

�
(�i;m � (1� �)di) exp

�
1

2
(�i;m � (1� �)di)

2

��
exp

�
�m
2
(���;m � 1)2

�
:

(63)

Since �i;m = O(m1=2) and since ��;m ! 1 by construction, it follows that the

expression in (63), and hence the one in (61), converges to zero.

Taken together we have now established that

lim sup
m!1

EAm

EBm
� 1

1��(�0; (1 + �)d0)
: (64)

Since the r.h.s. of (64) converges to the r.h.s. of (59) for � ! 0, the proof is

complete. 2

Lemma B.5 Assume that �i;m ! �i 2 R[f�1;1g for m!1, i = 0; : : : ; l, and

that �i;m = O(m1=2) for i = 1; : : : ; l. Then

lim
m!1

E
�
(fm � f�

m
)+ 1fjZ � �0;mj < d0g

�
= 0:
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Proof: Without loss of generality we may assume that all elements �i;m are

non-negative. Since f�m is identically zero on the event fjZ � �0;mj < d0g and since

fm � 0, it suÆces to show that E(fm1fjZ��0;mj < d0g) converges to zero. Observe
that

0 � E(fm 1fjZ � �0;mj < d0g) = E(Am 1fd0Wm � jZ � �0;mj < d0g)=EBm
(65)

where Am and Bm have been de�ned in the proof of Lemma B.4.

Consider �rst the case where all �1; : : : ; �l are �nite or l = 0. Then 1fd0Wm �
jZ� �0;mj < d0g converges to zero in probability since using independence of Z and

Wm we have that

P (d0Wm � jZ � �0;mj < d0)

= P (d0Wm + �0;m � Z < d0 + �0;m; Wm < 1) +

P (�0;m � d0 < Z � �0;m � d0Wm; Wm < 1)

= E ((�(�0;m; d0)��(�0;m; d0Wm))1fWm < 1g)
� E ((�(�0;m; d0)��(�0;m; d0Wm))) (66)

and the upper bound in (66) converges to zero since Wm ! 1 in probability and

�(�; �) is bounded. Furthermore, as shown in the proof of Lemma B.4, the random

variables Am and Bm converge to non-zero constants in the case under considera-

tion. Since Am and Bm are bounded, it follows that (65) converges to zero.

Next consider the case when at least one �i is in�nite. Without loss of generality

assume that the �rst k of the �i are in�nite while the remaining l � k are �nite.

Using arguments identical to the ones leading to (66) we may write the numerator

of (65) as

E((�(�0;m; d0)��(�0;m; d0Wm))Am 1fWm < 1g)
� E(Am 1fWm < 1� �g) +

E ((�(�0;m; d0)��(�0;m; d0Wm))Am 1f1� � �Wm < 1g)
� E(A(1)

m ) + (�(�0;m; d0)��(�0;m; (1� �)d0))E(A
(2)
m );

where A
(1)
m and A

(2)
m have been de�ned in the proof of Lemma B.4. In that proof, it

was also shown that EA
(1)
m =EBm ! 0 and EA

(2)
m =EBm ! (1��(�0; (1 + �)d0))

�1

for m!1. It follows that the lim sup of (65) is bounded by

�(�0; d0)��(�0; (1� �)d0)

1��(�0; (1 + �)d0)

for every 0 < � < 1. Letting �! 0 completes the proof. 2

C Proofs for Section 4

Consider a sequence �(n) 2 RP and a sequence �(n) of positive real numbers. For p

satisfying 1 � p � P we will need to express������fn;�(n);�(n)(� j p) � f�
n;�(n);�(n)

(� j p)
������
1

(67)

in a di�erent form. De�ne � j;n = �n1=2�n;j(j)�(n)
�1

��1
n;j

for j = p; : : : ; P , where

�n(j) is given by (6) with � replaced by �(n). Observe that f�
n;�(n);�(n)

(� j p) and
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fn;�(n);�(n)(� j p) both are a product of �n;p(�) times a function that depends on tp but

not on t1; : : : ; tp�1. Decomposing �n;p(t) into the product of the marginal density

of the last component and the conditional density of the �rst p � 1 coordinates

given the last one, the p-fold integral representing the L1-norm in (67) can easily

be reduced toZ 1

�1

�����
R1
0
1U(p;scp)(tp)

QP

j=p+1�(� j;n; scj)h(s) dsR1
0
(1��(�p;n; scp))

QP

j=p+1�(� j;n; scj)h(s) ds
�

1U(p;cp)(tp)

1��(�p;n; cp)

�����(tp; (�(n))2�2n;p) dtp;
where we have used the representations of f�

n;�(n);�(n)
(� j p) and fn;�(n);�(n)(� j p) given

in (12) and (23)-(24), respectively and where �(�; (�(n))2�2
n;p

) denotes the density

of a normally distributed random variable with mean zero and variance (�(n))2�2
n;p

.

Performing the substitution r = �(n)
�1

��1
n;p
tp this can be rewritten as

Z 1

�1

�����
R1
0
1fjr � �p;nj � scpg

QP

j=p+1�(� j;n; scj)h(s) dsR1
0
(1��(�p;n; scp))

QP

j=p+1�(� j;n; scj)h(s) ds
�

1fjr � �p;nj � cpg
1��(� p;n; cp)

�����(r) dr:
(68)

The following probabilistic reinterpretation of (68) will prove useful. Let Z be a

standard normally distributed random variable and let Wn for n > P be a non-

negative random variable, such that (n�P )W 2

n
is chi-square distributed with n�P

degrees of freedom. Furthermore Z andWn are assumed to be independent for every

n > P . De�ne random variables fn and f
�
n by

f
�
n
=

1fjZ � �p;nj � cpg
1��(�p;n; cp)

and

fn =
E
�
1fjZ � �p;nj �Wncpg

QP

j=p+1�(� j;n;Wncj)
��� Z�

E
�
(1��(�p;n;Wncp))

Q
P

j=p+1�(� j;n;Wncj)
�

where E(�) denotes the expectation operator w.r.t. the joint distribution of Z and

fWn : n > Pg. It is now easy to see that (68), and hence (67), is equal to

E
���fn � f

�
n

��� :
Observe that Efn = Ef

�
n = 1 holds in view of the de�nition of �(�; �) and indepen-

dence of Z and Wn. Consequently,

0 = E
�
fn � f

�
n

�
= E

�
fn � f

�
n

�+
� E

�
fn � f

�
n

��
and therefore

E
���fn � f

�
n

��� = 2E
�
fn � f

�
n

�+
: (69)

Proof of Proposition 4.1: It suÆces to show for every given p, 1 � p � P ,

that (67), and hence (69), converges to zero for n!1 for any sequence �(n) 2Mp

30



and �(n) > 0. Since �(n) 2 Mp, it follows that �n;j(j) = 0 for j = p+ 1; : : : ; P and

hence � j;n = 0 for j = p+1; : : : ; P . To verify convergence of (69) to zero, it suÆces

to show that every subsequence (ni) contains a further subsequence (ni(k)) such

that the convergence occurs along this subsequence (ni(k)). Since R [ f�1;1g
is compact, every subsequence contains a further subsequence along which �p;n
converges to some �p 2 R [ f�1;1g. Hence, for verifying convergence of (69) we
may assume without loss of generality that �p;n converges to �p. Set � j = 0 for

j = p+ 1; : : : ; P . Decompose the expectation on the r.h.s of (69) as follows:

E(fn � f
�
n)

+ = E
�
(fn � f

�
n)

+ 1fjZ � �p;nj � cpg
�
+

E
�
(f
n
� f

�
n
)+ 1fjZ � �p;nj < cpg

�
:

Upon making the identi�cation m = n� P , l = P � p, �i;m = � i+p;m+P , �i = � i+p,

Wm =Wm+P , f
�
m = f

�
m+P , fm = fm+P , di = ci+p for i = 0; : : : ; l, and noting that

�i;m = 0 for i = 1; : : : ; l, an application of Lemmata B.4 and B.5 establishes that

(69) converges to zero. 2

Proof of Theorem 4.2: Again it suÆces to show for every given p, 1 � p � P ,

that (69) converges to zero for n ! 1, where now �(n) is any sequence in C and

�(n) 2 R satisfying �(n) � �� > 0. By a reasoning similar to the one in the proof

of Proposition 4.1, we may assume without loss of generality that � j;n converges

to some � j 2 R [ f�1;1g for every j = p; : : : ; P . Since �(n) 2 C, a bounded

set, boundedness of �n;j(j) follows from X 0X=n ! Q > 0. Since �n;j converges

to a positive constant and since �(n) � �� > 0, the relation � j;n = O(n1=2) for

j = p; : : : ; P follows. Decomposing (69) as in the proof of Proposition 4.1, we may

again apply Lemmata B.4 and B.5 to conclude convergence to zero of (69). 2

As a point of interest we note the following: The proof of Proposition 4.1 makes

use of Lemmata B.4 and B.5. However, as shown in the proof, �i;m = 0 for i =

1; : : : ; l holds due to the assumption �(n) 2 Mp, and thus this corresponds to the

trivial case discussed in the proofs of Lemmata B.4 and B.5. As a consequence, the

proof of Proposition 4.1 does not rely on Lemmata B.1 { B.3 at all. However, these

lemmata as well as the full complexity of the proofs of Lemmata B.4 and B.5 are

required for the proof of Theorem 4.2, due to the fact that �(n) 62Mp (implying the

presence of unbounded �i;m) is possible in the framework of this theorem.

Proof of Proposition 4.3: (a) Pointwise convergence of �n;p to �1;p is

obvious since the variance-covariance matrix �(n)
2

(X [p]0X [p]=n)�1 corresponding

to the former density converges to the variance-covariance matrix corresponding

to the latter density. The arguments of the �(�; �)-function in (12) converge to

the arguments of the �(�; �)-function in (36). By continuity of �(�; �) on (R [
f�1;1g) � R, the norming constant in (12) converges to the norming constant

in (36). The endpoints of the excision interval in (12) converge to the endpoints of

the excision interval of (36) under the assumptions of the proposition. Hence the

indicator function in (12) converges to the one in (36) at least for all tp not equal

to the endpoints of the excision interval in (36). Since the set of all t 2 Rp such

that the last coordinate is equal to a given value is obviously a Lebesgue null set

the �-almost sure convergence of (12) to (36) follows. Convergence in the L1-norm

then follows from Sche�e's theorem.

(b) Follows immediately from part (a) and Theorem 4.2. 2

Proof of Corollary 4.5: In light of Proposition 4.3 it only remains to show

that the limit �p of
p
n�n;p(p) satis�es (37) under the assumptions of part (a)

and equals �1 under the assumptions of parts (b) and (c). Note that
p
n�n;p(p),

de�ned by (6) with �(n) replacing �, is given by (39). Under the assumptions of
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part (a) we have �[:p] = 0 and �p = 0, which shows that �p is indeed given by (37).

For part (b) note that �p 6= 0 while �[:p] = 0. This implies divergence of
p
n�n;p(p)

to �p = 1 or �p = �1 in this case. Part (c) follows since condition (38) again

implies divergence of
p
n�n;p(p). 2

Proof of Corollary 4.6: We �rst prove (40) with F
n;�;�

(t j p) replaced by

F �
n;�;�

(t j p). For given t 2 Rp and � > 0 choose � 6= 0 smaller than �tp � ��1;pcp

and let � be a real number larger than j�j. For any given � 2Mp�1, de�ne �
(n) = �+

(�=
p
n)e(p) where e(p) is the p-th standard basis vector in RP . By Corollary 4.5(a)

the cdf F �
n;�(n);�

(� j p) converges to the cdf of an excised normal distribution with

density (36), where �p = �. By de�nition of � we have tp < �� � ��1;pcp,

the lower endpoint of the excision interval in (36). Consequently, F �
n;�(n);�

(t j p)
converges to �1;p(t) (1��(����1��11;p

; cp))
�1. Since �(n) 2Mp nMp�1, it follows

from Corollary 4.5(b) that F1;�(n);�(t j p) = �1;p(t). This implies���F �
n;�(n);�

(t j p) � F1;�(n);�(t j p)
��� ! �1;p(t)

����1� 1

1��(����1��11;p; cp)

���� (70)

as n!1. Since ���1��11;p is �nite and cp is positive, we see that the limit in (70)

is positive. Observing that �(n) 2 Bp(�; �=
p
n) since j�j < �, the result (40) with

F �
n;�(n);�

(� j p) replacing Fn;�(n);�(� j p) follows. Proposition 4.1 then immediately

delivers (40). 2

D Proofs for Section 5

Proof of Lemma 5.1: To prove the lemma it suÆces to show for every 1 � p � P

that ������fn;�(n);�(n) (�jp)�n;�(n);�(n)(p)� f�
n;�(n);�(n)

(�jp)��
n;�(n);�(n)

(p)
������
1
�! 0 (71)

for n ! 1 for any sequence �(n) 2 RP and any sequence of positive real numbers

�(n). Arguing similarly as at the beginning of Appendix C, it is easy to see that

the L1-norm in (71) can be written as

Z
1

�1

�����
Z
1

0

1fjr � �p;nj � scpg
PY

j=p+1

�(� j;n; scj)h(s)ds �

1fjr � �p;nj � cpg
PY

j=p+1

�(� j;n; cj)

������(r)dr
(72)

where � j;n has been de�ned in Appendix C. With random variables Z and Wn as

in Appendix C, the expression in (72) can be rewritten as

E

�����E
 
1fjZ � �p;nj �Wncpg

PY
j=p+1

�(� j;n;Wncj)

�����Z
!

�

1fjZ � �p;nj � cpg
PY

j=p+1

�(� j;n; cj)

����� :
(73)

The expression in (73) is bounded from above by

E

�����1fjZ � �p;nj �Wncpg
PY

j=p+1

�(� j;n;Wncj) � 1fjZ � �p;nj � cpg
PY

j=p+1

�(� j;n; cj)

����� :
(74)
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Using a similar subsequence argument as in the proof of Theorem 4.2, we may

assume without loss of generality that � j;n converges to a limit � j 2 R[f�1;1g for
all j. Recalling that Wn ! 1 in probability and that Z andWn are independent, it

is easy to see that both indicator functions in (74) converge to the same limit 1fjZ�
�pj � cpg in probability, where the latter indicator function is to be interpreted as

the constant 1 in case �p = �1. Since �(�; �) is continuous on (R [ f�1;1g)�
R, convergence of the expression inside the expectation operator in (74) follows.

Convergence of (74) to zero now follows from the dominated convergence theorem,

since the integrand in (74) is bounded by 2. 2

Proof of Theorem 5.2: We prove part (b) �rst. It suÆces to show for every

0 � p � P that �����
n;�(n);�(n)

(p) � �n;�(n);�(n)(p)
��� �! 0 (75)

for n ! 1 for any sequence �(n) 2 RP and any sequence of positive real numbers

�(n). Arguing as in the proof of Lemma 5.1 we may assume that � j;n converges to

a limit � j 2 R[ f�1;1g for all j. It is easy to see that the absolute value in (75)

can be rewritten as�����(1��(�p;n; cp))

PY
j=p+1

�(� j;n; cj)�
Z
1

�1

(1��(�p;n; scp))

PY
j=p+1

�(� j;n; scj)h(s)ds

�����
=

�����(1��(�p;n; cp))

PY
j=p+1

�(� j;n; cj)�E

 
(1��(�p;n;Wncp))

PY
j=p+1

�(� j;n;Wncj)

!�����
(76)

in case p � 1 and as

�����
PY
j=1

�(� j;n; cj)�
Z
1

�1

PY
j=1

�(� j;n; cj)h(s)ds

�����
=

�����
PY
j=1

�(� j;n; cj)�E

 
PY
j=1

�(� j;n;Wncj)

!�����
(77)

in case p = 0. Since Wn ! 1 in probability, since �(�; �) is continuous on (R [
f�1;1g) � R and bounded, convergence of (76) and (77) to zero for n ! 1
follows immediately. This completes the proof of part (b).

To prove part (a) observe that, using (14), (26) and the triangle inequality, the

total variation distance between Fn;�;� and F �
n;�;�

can be bounded from above by

the sum over p = 0; : : : ; P of����
����1RP�p

+

(u[:p] +p
n�[:p])

�
Fn;�;�(u[p] +

p
n(�[p] � �n(p))jp)�n;�;�(p)�

F
�

n;�;�(u[p] +
p
n(�[p]� �n(p))jp)��n;�;�(p)

�����
����
TV

:

(78)

By our conventions, this reduces to j�n;�;�(0)� ��n;�;�(0)j in case p = 0, which goes

to zero uniformly in �, � as already shown. For p � 1 observe that a translation

of the argument of the distribution function does not a�ect the total variation

distance and that the cdfs in (76) are both concentrated on the same subspace. It

is then easy to see that (78) is bounded from above by the L1-distance between

fn;�;�(�jp)�n;�;�(p) and f�
n;�;�

(�jp)��
n;�;�

(p) w.r.t. the Lebesgue measure on that

subspace. An application of Lemma 5.1 then completes the proof. 2

33



Proof of Proposition 5.3: We prove part (b) �rst. Since �(�; �) is con-

tinuous on (R [ f�1;1g) � R, convergence of �(�n1=2�n;j(j)��1��1n;j ; cj) to

�(��j��1��11;j
; cj) for j = max(1; p); : : : ; P follows immediately. Parts (b) and (c)

for ��
n;�(n);�(n)

(p) now follow from (15) and (16) observing for part (c) that one

factor in (15) converges to zero and the others are bounded by one. Applying

Theorem 5.2(b) delivers parts (b) and (c) also for �n;�(n);�(n) (p). Part (a) for

f�
n;�(n);�(n)

(�jp)��
n;�(n);�(n)

(p) now follows from part (b) and Proposition 4.3(a). An

application of Lemma 5.1 then completes the proof of the proposition. 2

Lemma D.1 Let Hn be a sequence of distribution functions of �nite mass (not

necessarily equal to one) on Rk
, which converges to H in total variation distance.

Let an 2 Rk
be a sequence with limit a 2 Rk

. Assume that Hn and H are absolutely

continuous w.r.t Lebesgue measure and that the density h of H is continuous almost

everywhere. Then Hn(�+ an) converges to H(�+ a) in the total variation distance.

Proof: Observe that

jjHn(�+ an)�H(�+ a)jjTV
� jjHn(�+ an)�H(�+ an)jjTV + jjH(�+ an)�H(�+ a)jjTV
= jjHn(�)�H(�)jjTV + jjH(�+ an)�H(�+ a)jjTV :

It hence suÆces to show that H(�+ an) converges to H(�+ a) in the total variation

distance. Since the density h is continuous almost everywhere, the density h(�+an)
of H(� + an) converges almost everywhere to the density h(� + a) of H(� + a).

Convergence of h(� + an) to h(� + a) in the L1-sense now follows from Sche�e's

theorem. The proof is completed by observing that jjH(� + an) �H(� + a)jjTV �
jjh(�+ an)� h(�+ a)jj1. 2

Proof of Corollary 5.4: For �(n) as in the corollary and 1 � j � P recall

that
p
n�n;j(j) is given by (39) with j replacing p. Since �j and �[:j] are zero

for j > p0(�), one immediately sees that
p
n�n;j(j) converges to �j given in (46)

for j > p0(�). If p0(�) > 0, then for j = p0(�) one also sees that
p
n�n;j(j)

converges to �j = �1, since �j 6= 0 and �[:j] = 0. Hence the assumptions of

Proposition 5.3 are satis�ed for any p � p0(�). Part (a) of the corollary is now an

immediate consequence of Proposition 5.3(b). To prove part (b), expand F �
n;�(n);�(n)

as in (14) and observe that the terms for p < p0(�) converge to zero in total

variation distance since the probabilities ��
n;�(n);�(n)

(p) vanish in the limit as shown

in part (a) and since the conditional cdfs have total mass one. For p � p0(�)

observe that
p
n(�(n)[p] � �n(p)) converges to �(Q[p : p])�1Q[p : :p]
[:p] and

that
p
n�[:p] = 
[:p]. Part (b) for F �

n;�(n);�(n)
then follows from an application of

Proposition 5.3 together with Lemma D.1. The analogous result for Fn;�(n);�(n) now

follows from Theorem 5.2(a). 2

Proof of Corollary 5.5: We �rst prove (49) with F �
n;�;�

replacing F
n;�;�

. For

given u 2 RP and � > 0 choose � 6= 0 such that

���1;P cP < uP + � < 0 (79)

holds. Let � be a real number larger that j�j and set �(n) = � + (�=
p
n)e(P ) where

e(P ) is the P -th standard basis vector in RP . Note that �(n) 2 BP (�; �=
p
n). Since

� 2MP�1 and � 6= 0, it follows that p0(�
(n)) = P . Hence,

F1;�(n);�(u) = F1;�(n);�(ujP ) = �1;P (u) (80)
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in view of Corollaries 4.5 and 5.4. On the other hand, F �
n;�(n);�

(u) converges to

F1;�;�;�e(P )(u) given by (47) with 
 = �e(P ). Since uP + � < 0, the indicator

functions in (47) are zero for p < P and hence F1;�;�;�e(P )(u) reduces to

F1;�;�;�e(P )(ujP )�1;�;�;�e(P )(P ) =Z u1

�1
� � �
Z uP

�1
�1;P (r)1(�����

1;P cP ;��+��1;P cP )(rP )dr
(81)

in view of Corollary 4.5(a). Because of (79), the upper integration limit uP in (81)

is larger than the left endpoint of the excision interval. Hence the expressions in

(80) and (81) di�er, showing that the limits of F1;�(n);�(u) and F �
n;�(n);�

(u) are

di�erent. This proves the result for F �
n;�;�

. The result for Fn;�;� now follows from

Theorem 5.2(a). 2

Proof of Corollary 5.6: (a) Let p satisfy 1 � p � P , let � > 0 and � > 0

be arbitrary and choose an arbitrary � 2 Mp�1. De�ne �(n) = � + 1p
n
�e(p) with

0 < j�j < � and where e(p) denotes the p-th standard basis vector in RP . Observe

that �(n) 2MpnMp�1 and that �
(n) 2 Bp(�; �=

p
n). Now, (45) (with 
 = 0) implies

�1;�(n);�(p) =

PY
j=p+1

�(0; cj)

since p0(�
(n)) = p. Corollary 5.4 (with 
 = �p

n
e(p)) implies

��
n;�(n);�

(p) �! (1��(����1��11;p; cp))

PY
j=p+1

�(0; cj)

for n ! 1. Since � 6= 0, it follows that j��
n;�(n);�

(p) � �1;�(n);�(p)j converges to a

positive constant.

(b) For p satisfying 0 � p < P and arbitrary � > 0, � > 0 and � 2 Mp de�ne

�(n) = �+ 1p
n
�e(p+1), where 0 < j�j < �. Observe that �(n) 2Mp+1 nMp and that

�(n) 2 Bp+1(�; �=
p
n). Applying (45) (with 
 = 0) implies

�1;�(n);�(p) = 0

since p0(�
(n)) = p+ 1 > p. Corollary 5.4 (with 
 = �p

n
e(p+1)) implies

��
n;�(n);�

(p) �! �(����1��11;p+1; cp+1)

PY
j=p+2

�(0; cj)

since �p+1 = � and �j = 0 for j > p+1. It follows that j��
n;�(n);�

(p)� �1;�(n);�(p)j
converges to a positive constant.

The above proves the corollary for ��
n;�;�

(p). The result for �n;�;�(p) now follows

from an application of Theorem 5.2(b). 2
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