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Abstract

We counsider the problem of computing approximations to fixed points of quasilinear
contraction mappings T' defined on the space of continuous functions of d variables.
Our main emphasis is on large d. Examples of such mappings include the Bellman
operator from the theory of dynamic programming. This paper proves that there exist
deterministic algorithms for computing approximations to fixed points for some classes
of quasilinear contraction mappings which are strongly tractable, i.e., in the worst case
the number of function evaluations n(e, d) needed to compute an e-approximation to
the solution of V' = T'(V) at any finite number of points in its domain is bounded
by Ce P where both C' and p are independent of d. This is done by using relations
between the quasilinear contraction problem and the conditional expectation and ap-
proximation problems. The conditional expectation problem is equivalent to weighted
multivariate integration. This allows us to apply recent proof technique and results
on the strong tractability of weighted multivariate integration and approximation to
establish strong tractability for the quasilinear fixed point problem. In particular, this
holds when the fixed points belong to a Sobolev space for a specific weighted norm.

*This research was supported in part by the Alfred Sloan Foundation.



1 Introduction

This paper considers the problem of computing approximations to fixed points for a class of
quasilinear contraction mappings. The contraction mappings are defined as certain opera-
tors of linear conditional expectations. Fixed point problems in this class arise frequently in
engineering and economic applications including dynamic programming ([3], [4], [7], [24]).
econometrics ([23]), and asset pricing ([13], [22]). The goal is to compute an approximation
to the unique fixed point V' = T'(V') of the quasilinear contraction mapping I', where V'
is an element of the space By of continuous functions of d variables defined on a compact
set Sq C IR’ We stress that the values of d considered in this paper can be arbitrarily
large, and our focus is on finding sufficient conditions for which the worst case complexity of
computing an e-approximation to V' is either independent of d, or is at most polynomial in d.

At least as far back as Bellman 1957, it has been thought that fixed point problems of
the type we are considering are subject to an unavoidable “curse of dimensionality” in the
worst case deterministic setting. That is, the cost of computing an e-approximation to V/,
cost(z,d), increases exponentially fast in d in the worst case. In computer science, prob-
lems that are subject to the curse of dimensionality are called intractable whereas problems
where cost(e, d) can be bounded by a polynomial in e=! and d are said to be tractable. When
cost(z,d) can be bounded by a polynomial in 7" independently of d then they are called
strongly tractable and the minimal exponent of 7! is called the strong exponent, see [35] for
a precise definition.

Previous analyses of the complexity of the contraction fixed point problem (e.g. [27])
considered contraction mappings on finite-dimensional spaces (e.g. IR™) or assumed that
(W) could be exactly computed at unit cost. In this paper we study the contraction fixed
point problem on infinite-dimensional spaces for which T'(1W) can only be approximately
computed. We consider the cost of approximating I'(W) as part of the overall cost of the
fixed point algorithm. We consider a class of contraction mappings for which I' is defined
as a particular nonlinear functional of a finite number of (linear) conditional expectation
operators, Fy, k = 1,...,m — hence the name “quasilinear”. To evaluate I'(WW)(s) for an
arbitrary W € By and s € S; we need to compute the functions Ey(W) which ostensibly
involve computing a continuum of weighted multivariate integrals of d variables. Since d
is assumed to be large, even the problem of approximating a single weighted multivariate
integral can be challenging.



We study successive approximation algorithms for approximating V' of the form V;; =
f7(\7) where I'; is an approximate contraction mapping constructed from approximate con-
ditional expectation operators EA7 using quadrature rules that approximate Ej (W) by
weighted sums of W evaluated at a finite number of points n; in Sy, where n; may depend
on the current iteration i. Let n(e,d) denote the total number of points used in the process
of computing an e-approximation to V' =I'(V'). We prove that there exist algorithms where
n(e, d) is independent of d, so in this sense the quasilinear contraction problem is strongly
tractable. However even though n(e, d) is independent of d, the total cost of successive ap-
proximations in terms of cpu time is generally not independent of d since the cpu time needed
to evaluate an arbitrary function W(s) for s € Sy generally increases in d. If this latter cost
increases polynomially in d, then strong tractability of the quasilinear contraction problem
measured in terms of function evaluations, n(e, d), implies tractability when complexity is
measured in terms of total cpu time, cost(e, d).

Chow and Tsitsiklis, [5] were the first to prove that the problem of computing contraction
fixed points of the type we consider is intractable. They actually considered the problem of
computing approximations to the value functions V' for infinite horizon Markovian decision
problems (MDPs). Since the solutions to these problems are mathematically equivalent to
computing the fixed point of Bellman operators, their results imply that the quasilinear con-
traction problem (which nests the Bellman problem as a special case), must be intractable
as well. The results in [5] do not contradict our results because their worst case analysis was
over a compact subset F, of Lipschitz continuous functions whereas our worst case analysis
is derived for a smaller set of functions, namely. the compact subset of functions F4, of a
Sobolev space equipped with a particular weighted norm, || f||a.-

As discussed in [31], there are at least two basic strategies to try to “break” the curse of
dimensionality:

(a) we can consider random algorithms that offer a weaker assurance on the errors,

(b) we can restrict our worst case analysis to a subset of problem instances that has
some sort of “special structure” which can be exploited in order to make the problem
tractable.

Both of these strategies allow us to break the curse of dimensionality of the quasilinear
fixed point problem. Strategy (a) was used in [24] by Rust who showed that a randomized
algorithm succeeds in breaking the curse of dimensionality for a subclass of DP problems



known as discrete decision processes (i.e., DP problems with finite action spaces). Rust’s al-
gorithm was motivated by previous work by Tauchen and Hussey [28] on numerical methods
for solving nonlinear asset pricing problems, and their work in turn was motivated by the
classical Nystrom method for solving Fredholm integral equations (see, e.g., Section 18.1 of
[21]). Rust’s algorithm is a modified version of the Tauchen/Hussey /Nystrom algorithm by
using the classical Monte Carlo algorithm for generating sample points for integration. It has
long been known that multivariate integration is tractable in the randomized setting where
we allow randomized algorithms, such as Monte Carlo, and we weaken the error assurance
by requiring that the expected error is less than e, see, e.g. [30, 31]. Rust’s result can be
viewed as showing that the classical Monte Carlo integration algorithm breaks the curse
of dimensionality for contraction fixed point problems which have embedded multivariate
integration problems that are the source of the underlying curse of dimensionality when only
deterministic algorithms are allowed.

Our paper is about strategy (b). Our approach is motivated by recent work on com-
putational complexity of multivariate integration and approximation, see [26, 33, 35, 36].
We briefly indicate the background of this work. It has long been known that multivariate
integration is intractable in the worst case deterministic setting for classes of functions with
a fixed degree of smoothness. However, recent computational experiments have shown that
certain deterministic integration algorithms can significantly outperform the classical Monte
Carlo algorithm even for very high dimensional integration, where d is as high as 360, see
[20], [18], [19]. These deterministic algorithms are referred to as quasi-Monte Carlo algo-
rithms since the only difference between them and the classical Monte Carlo algorithm is
to replace the random sample points by deterministic “low discrepancy” points. Example
include Sobol or generalized Faure points, see, e.g., [15], and [29]. The success of these
experiments suggests that there may be subclasses of integrands that are “well behaved” or
display some sort of “special structure” even for huge d that deterministic algorithms might
be exploiting. If we believe that economic or engineering problems have such structure, we
can hope to use such deterministic algorithms without fear of encountering the curse of di-
mensionality even in the worst case setting.

Sloan and Wozniakowski [26] were the first to identify a type of special structure of func-
tions and quantify how much it can help. They showed that there exist quasi-Monte Carlo
algorithms for which the curse of dimensionality is not present in the worst case for a Sobolev
class F,;, of functions equipped with a particular weighted norm, || f||4,. The symbol v refers
to a sequence of weights {7;} where ~; moderates the behavior of the functions with respect
to the ¢th variable. The ~; enters the norm inversely so that if an element of f € F; has
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weighted norm, say, at most 1 then small 7; means that the function f is almost “flat” with
respect to the ith variable. If we reorder the arguments of f(xy,...,x,) to have declining
weights ~;, then this is equivalent to assuming that arguments with successively higher in-
dices have monotonically declining effects on the values of f. If these weights converge to 0
then f effectively depends only on a few of the first variables. For example if v, = 0 if 1 > £k,
then f is only a function of its first & coordinates.

It was shown in [26] that the curse of dimensionality is not present for quasi-Monte Carlo
algorithms iff 3272, 7; < oo. If so, we have strong tractability of integration since the number
n(e,d) of sample points needed to compute an s-approximation to the true integral in the
worst, case setting satisfies

n(e,d) < Ce™? (1)

where both C and p are constants independent of d and p € [1,2]. This result shows that
for problems with this type of special structure, the curse of dimensionality is not present
even in the worst case setting. Previous “conventional wisdom” was that only variants of the
classical Monte Carlo algorithm can be effective for high dimensional integration problems,
see, e.g. [6].

The proof in [26] is nonconstructive, i.e., it is an existence result that doesn’t specify for
which quasi-Monte Carlo algorithm the bound (1) is achieved. The constructive proof under
an additional assumption on the weights ~; is given in [33]. This is achieved by the WTP
algorithm which can be applied not only to multivariate integration but also to multivariate
approximation for weighted tensor product spaces.

Motivated by strong tractability results for multivariate integration and approximation
in the worst case setting, we try to establish similar results for the quasilinear contraction.
We now briefly outline the main results of this paper. Strong tractability of any problem
can hold only for certain (generally compact) subspaces Fy of the space By of functions of
d variables. We show that strong tractability of the conditional expectation problem in the
space Fy implies strong tractability of the quasilinear contraction problem as along as the
successive approximation V; and the solution V* belong to the same space F;. As already
mentioned the conditional expectation problem corresponds to weighted multivariate inte-
gration. To check strong tractability of the conditional expectation problem we consider two
cases depending on Markov transition densities py(t|s).

The first simplified case is when these densities do not depend on the second argument



s. Then it is relatively easy to show sufficient conditions on strong tractability of the condi-
tional expectation problem. If F; is a Hilbert space with reproducing kernel K, then strong
tractability holds for any densities py if, in particular, the values of K;(x,x) are uniformly
bounded in = and d. Furthermore, the strong exponent is at most 2. The latter assumption
is satisfied for weighted Sobolev spaces.

The second case is for general Markov transition densities which may depend on the sec-
ond argument. In this case, we show that strong tractability of approximation in F,; implies
strong tractability of the conditional expectation problem and also strong tractability of the
quasilinear problem as long as the approximation V; and the solution V* belong to the same
space Fy. We check that these assumptions hold in a weighted Sobolev space.

Section 2 introduces the class of quasilinear fixed points and shows how this class nests
a number of important applications in the economics and engineering literatures. Section
3 introduces a class of deterministic algorithms for computing the quasilinear fixed points.
Section 4 provides sufficient conditions for strong tractability of the quasilinear contraction
problem for constant Markov transition densities whereas Section 5 does it for general Markov
transition densities.

2 Quasilinear Contraction Mappings

In this section we define a quasilinear contraction mapping as a nonlinear operator of a fi-
nite number of linear conditional expectations. We use the adjective “quasilinear” since the
nonlinear operator defining the contraction mapping satisfies a restricted form of linearity
given in Definition 1 below.

Definition 1: We say a function f : IR™ — IR is quasilinear if:

1. f is continuous and nondecreasing in each argument,

2. For all § € R we have f(x + 3¢) = f(x)+ § where &=1[1,1,...,1] e R™. a

We present several examples of quasilinear functions f.

1. Linear functions. Let f be given by

(]

fle) = Z Cr, (2)
k=1
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where ¢, > 0, and Y70 ¢ = 1.

2. Maz function. Let f be given by

3. Smoothed Max function. Let f, be given by

fo(x) = o In (Z exp (Ik/()')> (4)
k=1

for a nonnegative . Observe that

0 < fo(x)— max <o lnm, (5)

and therefore lim, o f,(7) = maxj<p<, Tp.

4. “Social Surplus functions”. Let f, be given by

fola) = [ max foe+ 06 gl En)d - dEn, (6)
where ¢(&,...,&y) is a probability density over IR™ which has finite absolute first
moments. This class of functions was introduced in [14]. The adjective “Social Surplus”
reflects the interpretation of f,(z) as the expected utility of a population of agents
indexed by & = (&,...,&y) who face m possible choices, where the utility of choice &
is 1,4+ 0&,. The smoothed max function (4) is a special case of (6) when ¢ is the product
of m appropriately standardized univariate Type III extreme value distributions, i.e.

q(fl: s :fm) - H exp{_(fz + ﬂ))} exp {_ exp{_(fz + A/)}}
=1

where v >~ 577216 ... is Euler’s constant.

As noted in section 1, By denotes the Banach space of continuous functions V' on a compact
set Sg C IRY with nonempty interior equipped with the sup-norm, ||V|| = sup,cq, [V (5)].

Let

u, Sy — IR for k=1,2,...,m (7)

~



be elements of By, and let
Pr i Sq xSy =~ Ry for E=1,2,...,m (8)

be Markov transition densities which are weakly continuous in their second argument. That
is, pr(+|s) is a probability density for each s € S; and has the property that for each V' € By
we have £,V € By, where the conditional expectation operator Ej, is given by

EyV(s) :/ V(t)pr(t]s) dt. (9)

Sq

Definition 2: We say a mapping I' : By — By is quasilinear if [" is given by:

C(V)(s) = flui(s) + BELV(s), ... um(s) + BELV(S)), (10)

where f: R™ — R is a quasilinear function, and the constant (discount factor) § belongs

to (0,1).
We now present several examples of quasilinear mappings.

1. Contractive Fredholm Integral Equations

When m =1 and f(x) = 2 we have
L(V)(s) = u(s) + BEV(s), Vs e Sq. (11)

Thus I' is a linear operator in this case. It is easy to see that the fixed point problem
V = u+ JEV is equivalent to solving a Fredholm equation of the second kind with
kernel k(t,s) = Bp(t|s). Equations of this form arise in rational expectations theories
of asset pricing. See, for example, [13], or [28]. A lot is known about the complexity of
computing approximate solutions to Fredholm integral equations with general kernels,
see [34] and [10] for surveys of deterministic and stochastic complexity bounds for this
problem. In the case of general kernels, the results in [34] show that the problem is
intractable in the the worst case using deterministic algorithms. By exploiting the
special structure of the kernel for the class of contractive Fredholm integral equations
combined with additional special structure on the functions u and p (to be defined
shortly) we will be able to show that the fixed point problem, and the associated
Fredholm problem, is strongly tractable.



2. Bellman operators.

We take f(x) = maxj<p<p, 5 and obtain

L(V)(s) = ,ax [ur(s) + BELV (s)].

The associated fixed point equation, V' = T'(V) is known as Bellman’s equation, the
fundamental equation underlying infinite horizon Markovian decision problems (see,
e.g. [4] and [7]). Bellman operators pose difficulties for our analysis since our results
depend on the ability to exploit smoothness properties of the function I'(V'). However
even if the functions u;, and p, are very smooth with respect to s, the function I'(V') will
generally only be a Lipschitz continuous function of s due to the presence of “kinks”
induced by the max operator.

3. Smoothed Bellman Operators.
We take f,(x) = oln(3}, exp(xx/0)) and obtain

m

I',(V)(s) =0cln lz_: exp [é[uk(s) + jEﬂ(q)]H , (12)

The function I'(V') is as smooth as uy and p. From (5) we conclude
0 <T,V)(s)=T(V)(s) < olnm, Vs e Sy,

and therefore the Bellman operator is a uniform limit of smoothed Bellman operators:
[' = lim,_,o [',. This justifies the name of I',, as the smoothed Bellman operator. Fixed
points problems with smoothed Bellman operators arise in econometric applications.
see e.g., [23].

4. Smoothed Bellman Operators via Social Surplus Functions.

A wider class of smoothed Bellman operators can be defined for the class of social
surplus functions f, given in equation (6).

L, (V)(s) = / max [ug(s) + BEV(s) + 0&lq(&ry ..o Em)dEL -+ - dE,,. (13)

JIRm k=1,...,m

It is obvious from (13) that I' = lim,_, I',. While our analysis of the complexity of the
quasilinear fixed point problem explicitly considers the numerical integration problem
underlying the evaluation of the conditional expectation operators, {E}}, it abstracts
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from the integration problem defining the quasilinear function in (13). Thus, we will
assume that the function f in equation (10) can be evaluated exactly, such as in the case
(12) (abstracting from potential errors in approximating exp{x} and log{x} which we

presume are of second order relative to errors in multivariate integration). Otherwise

the analysis becomes even more complicated since we need to control approximation
error in the quasilinear function f in addition to the approximation error in {E}}.

Theorem 1 Let ' be a quasilinear contraction mapping given in Definition 2. Then I' is a
contraction mapping.

Proof: . We have:

L(V)(s) = T(W +V = W)(s) <T(W + [V = W]||&)(s) = T(W)(s) + 5][V — W]

y

using the properties 1 and 2 in Definition 1 above. Repeating the same argument, but
interchanging V" and W we get

IT(V)(s) =T (W)(s)| < B|IV =W, VseS,,
i.e., [' is a contraction mapping. O

While Definition 2 encompasses a fairly broad class of problems of interest (including dy-
namic programming, asset pricing and econometric problems), there are problems of interest
that do not fall within this framework. An example is provided by problems encountered in
recursive utility theory. This theory (see [8] for an introduction), provides recursive represen-
tations for preferences that may be non time-separable or may not satisfy the expected utility
hypothesis. Similar objective functions emerge from the engineering literature on robust or
risk-sensitive control theory. In a recent paper, Anderson, Hansen and Sargent [1] showed
that the following functional equation could be derived from either of these frameworks:

1
Vis) = u(s) + =log [Eexp{aV}(s)]. (14)

o
This functional equation does not fall within Definition 2 since the operator is defined in
terms of conditional expectations of nonlinear functions of V' instead of V' directly. Despite

this nonlinearity, it is easy to show that the operator I'; (W) defined by

Lo (W)(s) = %1(){; [Eexp{aV}(s)], (15)
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is also a contraction mapping. We believe the results in this paper can be extended to these
more general types of quasilinear contraction mappings, but to simplify our arguments and
avoid technical complications we will focus on the restricted class of quasilinear contractions
given in Definition 1.

Quasilinear mappings simplify if all Markov transition densities are the same, p, = p.
Then the second property of the quasilinear function f yields

T(V)(s) = w(s) + 8 [ V(t)p(tls)dt, with n(s) = f(u(s),...,un(s)). (16)

Sa
If we further assume that the Markov transition density does not depend on s, p(t|s) = p(t),
then
T(V)(s) = @(s) + 8 [ V(t)p(t) dt. (17)
Sq
In the later case, the fixed point V' = T'(V) differs from 7 only by a constant, i.e.

. o4
Vi(s) = n(s) + -5 /s, 7(t)p(t)dt. (18)

Hence, computation of V' reduces to the computation of a single multivariate integral in this
case.

The quasilinear contraction problem is defined as the problem of computing an approxi-
mation of V*(s) to within € € (0,1). Here s is a given point from Sy and V* is the unique
solution to the contraction fixed point problem

vV =T(V), (19)

and I' is a quasilinear contraction mapping satisfying Definition 2. The existence and unique-
ness of V'* follows from the Banach fixed theorem.

More precisely, we want to compute an s-approximation V(s) such that

Vo (s) = V()] < £ mas (V7L IV (20)
Here ||| ||| is a norm which maybe be different than the usual sup norm || || on the space B,.
As we shall see later, the choice of the norm ||| - ||| is very important and our results on the

strong tractability of the quasilinear contraction problem do depend on this norm. The only
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restriction on the norm ||| - ||| is that |[|V77]|| is well defined. Note that if we choose |||- ||| such
that |||[V*||| is much larger than ||[V*|| then the problem of computing an s-approximation is
easier.

We comment on our assumption that we want to approximate the contraction fixed point
only at a one point. Obviously, if we want to compute such approximations at a number of
points s1, So, ..., Sk, it is enough to apply our results & times. As long as k is relatively small
it can be done without an essential increase of the total cost. If, however, &k is large this
approach is questionable and in many cases it will be better to approximate the contraction
fixed point V* as a function and then use such an approximation at all points s;. The latter
problem is not considered in this paper.

3 Algorithms

In this section we consider various algorithms for solving the quasilinear contraction problem.
We begin by assuming for a moment that we can exactly evaluate T'(W)(s) for a given
function W. Then we can solve (19) by the simple iteration

Vi(s) = T(Viz1)(s), 1=1,2.... (21)

where V|, is the initial approximation of the solution V. For simplicity we take V[, = 0.
Clearly,

Vi = V= < g vell, Vi
- AV LIV
max LV
g1 = € |‘/7*| —. (22)

We compute an s-approximation A(s) = V,,(s) if 5" < £; which holds for

I 1/e
"= Ln 1/,8-‘ ' (23)

Observe that the formula for the number of steps n is formally not constructive since it
depends on the norms of the unknown solution V*. However, we have 1 > ¢ and we may
bound n by replacing ¢1 by ¢, n < [In(1/¢)/1n(1/5)]. The latter bound is constructive.

If 3 is not too close to 1, the number n of steps is quite reasonable. In this paper we
assume that this is indeed the case. A number of estimates presented in this paper have
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unspecified factors which depend on 3. These factors are of order 1 if 5 is not too close
to 1. The case of 3 close to 1 is also of interest although it is not studied in this paper.
For (3 close to 1, the iteration (21) as well as all its modifications studied in this paper can
be significantly improved for moderate values of d and =~!, and the number of steps can be
proportional to In 1/(1 — ) as shown in [12, 27].

Thus, as long as I'(V,,)(s) can be computed exactly, the quasilinear contraction prob-
lem can be solved quite efficiently. However, the assumption on the exact computation of
['(V,)(s) is not realistic. Indeed, the computation of I'(V,)(s) requires in particular the
computation of the d-dimensional integrals with the weights pi(+|s). This can be done, in
general, only approximately.

Assume then that instead of (21) we can compute the perturbed sequence

Vi(s) = f(Vi—l) = [(Vici)(s) 4 di=1(s), with |0,—1(s)] < 0i—1]|Viea ], (24)

for some nonnegative d,_;. We will see later that d;_; corresponds to the quadrature error
and can be made sufficiently small by taking sufficiently many sample points in the quadra-
ture formula.

It is natural to ask how small §; | should be to preserve the global convergence property
of the sequence (21). In what follows, we assume that
’,6—{—(51‘,1 < f/fj) <17 \V’ZILZ7 . (25)
We have

Vi =V a

—
/
IS

Vig =V 40 a|[Vica]] < (B4 0)||Vier = V7| 4+ ][V
Viet = VIl 4 b [V

This yields
i1
r 7k ol 7% Hi—l-j¢ Tk
Vi= VAl < 5o Vel + (E:ﬁ ' j) V-
i=0

If we set

—n _ In 2/e
g < e/2 which holds for n = 117/_1 ,
In1/p3

and

1=0,1....,n—1,
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then A(s) =V, (s) is an s-approximation since

| VD

Observe that the number n of steps is still reasonable if we choose 3 close to 3, and 3 is
not too close to 1. The perturbation parameters §; can be defined as

‘/Tn‘ _ Vf* r*

| < & max(]|V

giln 1/75 1 =it
T In2/si+Iln1/3 T 23"

(26)

Hence, §; may mildly depend on ¢y, and should decrease geometrically with ¢. This means
that we need more accuracy as we go along, and this is quite natural.

Knowing how much we can perturb the original simple iteration (21) we are ready to re-
place multivariate integrals in I'(V') by quadrature formulas. We approximate the conditional
expectation Ej given by (9) by quadrature formulas

Ek] '— Z(lz ]l\ Vi (t; 7k) (27)

which use the j function values V. Here, a;;,(s) are 1‘eal numbers and ¢, are sample
points from S;. For instance, we can take a;;i(s) = pr(si|s)/j and t;;r = s, for some
sample points s;. For Sy = [0,1]? we can take s; as independent random points which are
uniformly distributed over [0, 1]d [n this case, EAJ corresponds to the classical Monte Carlo
algorithm. We may also take s; as low (115(,1(/1)(]11(,} deterministic sample points. In this case,
EAJ corresponds to a quasi-Monte Carlo algorithm.

The quality of the quadrature formula Ek7 will be measured by its error. We assume
that =;(V') is an upper bound on the quadrature error,

[BL(V)(s) = By (V)(s)| < (1), Vs€Sy, k=12 m, (28)
We are ready to modify the algorithm (21) by replacing the weighted integrals Ej(V;)(s)
by the quadratures Ej ;,(V;)(s). Here, the not yet specified sequence {j;} tells us how many

sample points are used in the quadrature formulas. The choice of {j;} will depend on the
errors =;(V).
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The modified sequence (21) is now formally given by

Vils) = f (ua(s) + BBy, (Vie)(8). -t (5) + BB (Vi) (5)) . Vi=1,2,...

(29)
We are ready to prove.
Theorem 2 Assume that the quadrature errors satisfy
, 148\ 2
[1=7 —==) In —=
£, (Vi) < min () i Vi (30)

i (ln % +In ]i—g)

fori=1,2,... andn = [(In2/2)/(In 2/(1 4+ 3))]. Then A(s) = V,(s) given by (29) is an

s-approximation to V*(s).
Proof: It is easy to check that (29) is of the form (24) with

i (Vicy)
(57:_] — d Ji 17
Vil

Let 5 = (1 + )/2. From (30) we conclude that (25) as well as (26) hold and therefore A(s)
is an e-approximation. O

We now discuss the cost of the algorithm A(s) = V,(s) given by (29) and Theorem 2

with 2/
n?2 &1
"= {ln 2/(1 —1—/3)-‘ ' (31)

We assume that we can compute the values of the functions u, and f at any point as well
as we can perform arithmetic operations. Let the cost of one evaluation of the functions
ug, be c(u) and let the cost of one evaluation of the function f be ¢(f). Observe that wuy
is a function of d variables and therefore the cost ¢(u) may depend on d. Similarly, f is a
function of m variables and therefore the cost ¢(f) may depend on m. We assume that the
cost of one arithmetic operation is taken as unity. We also assume that the sample points
tijik as well Ba,j, i (s) are “precomputed”. Usually, these precomputed numbers depend on
the Markov transition densities py(-|s) and may require a number of evaluations of py(-|s).
Since this should be done once for a given = we do not include the cost of generating of these
precomputed numbers as is typically assumed in the complexity analysis, see [30] and [17]
where this point is fully discussed.
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We now explain in detail how A(s) can be computed. For ¢ = 1,2,...,n we use

Ji1 Ji1

‘:(5) = ]L ('u1<5) + Z /Bapsjftful(5)‘/’2—1(%,]’;71,1>v s 7’11,,71(5‘) + Z /‘ga‘p,jiqﬂn(3)"/;—161),)}:71 ,m)>'
p=1 p=1

(32)

Observe that for « = 1 we have 1, = 0 and the sample points ¢, j, » are not needed. This
corresponds formally to j, = 0. Let

T.q = {t]%ji—lwk cie2n],pell.jiml, ke [l,m]} (33)

denote all integration sample points used in (32), and let |7 4| denote the cardinality of the
set 7. 4. Clearly,
|T5,d| S m (Jl + jQ +- 4+ jnfl) . (34)

Furthermore, if we use nested integration sample points, {t,;._, r} C {t, . x} then
|’T»‘3,d| S m jnfl-

If the points {t,x} are the same for all k =1...., m, then

|T5,d| S jnfl-

In order to compute A(s) =V, (s) we need to compute V,,_; at the sample points t,,;, , &.
This can be achieved if we know V,,_» at the sample points £, ; ,  and so on. Therefore we
compute successively Vi, Vo, ..., V, | at all the sample points of the set 7. 4, and then we

can compute the value V,,(s).

More specifically, we first ug(z) for all @ € T. ;U {s} and k € [1,m] at cost m(1l +
|T. 4|) c(u). To compute V;(z) for all x € T. 4, we perform 2j; ym arithmetic operations and
one evaluation of the function f at cost (2j;—ym + ¢(f))|T-4|. Finally we compute V,(s) at
cost 2j,—1m + ¢(f). Then cost(A) of computing A(s) is

cost(A) = m(L+ |Tia|) c(u) + (L+n|TLa))c(f) + 2m|Tea] > jimt + 2jnam
i=1

This means that the cost of the algorithm A crucially depends on the cardinality of 7. ; and
on the values of j; which, in turn, depend on the efficiency of quadrature formulas (27). More
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precisely, the cost of A depends for which indices j we can guarantee that the integration
error £;(V') satisfies (30). Note that (30) holds if we set

1+ 5\ |V
i) = oo (7)) I (35)
! 2 In et
for some C depending only on /3. Let
N(e,d) = ji+ja+ -+ jna (36)

denote the total number of integration steps needed to computed A(s). Then the cost of the
algorithm A can be rewritten as

cost(4) = O (;\""(67({) (m c(u) + (In s_l)c(f)) + N%(e,d) m) (37)

with the big O-factor depending only on 3.
The essence of (37) is that the cost of the algorithm A depends polynomially on N(e,d).
In fact, the dependence is roughly linear in N(g,d) in terms of the cost of ¢(u) and ¢(f)
and quadratic in N(g,d) in terms of the cost of arithmetic operations. In many cases, the
cost c(u) or ¢(f) is much larger than unity and therefore the total cost can be proportional

AT

to N(e,d). Hence, as long as N (=, d) is not too large the cost of the algorithm A is reasonable.

The quantity N(z,d) measures the difficulty of approximating the conditional expecta-
tions Fj . From the perspective of computing high-dimensional fixed points where d is large,
the best possible case is where N (g, d) can be bounded by a polynomial in ! independently!

of d.

At this point we need to recall the concept of strong tractability of computational prob-
lems, see [35]. Suppose we want to compute an e-approximation of E(V)(s) for all s € Sy
and for all functions V' from a normed space Fy which is a subset of B,. Let [|[|[V]|]| = ||Vl #,
be the norm of the space Fy. Let n = n(s,d) be the smallest integer for which there exists
EA.’,,L of the form (27) such that

[Ec(V)(5) = Ea(V)(s)] < ¢

‘/T”Fd,V VS 6 Sd'\ ‘/’ E Fd: k E [1777]

ITt is also reasonable to study the case of tractability in which we also permit a polynomial dependence
on d. For simplicity the focus of our attention in this paper is on strong tractability.
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We say that the conditional expectation problem is strongly tractable in F; if there exist
nonnegative C' and p such that

n(e,d) < Ce®,  Yee(0,1),d=1,2,.... (38)

The smallest (or infimum of ) exponent p in the latter bound is called the the strong ezponent
of the conditional expectation problem.

[t seems natural to extend this definition to the quasilinear contraction problem. We
say that the quasilinear contraction problem is strongly tractable iff there exist nonnegative
numbers C', p and p; such that the cost of computing an s-approximation can be bounded
by

C ([e(w) + c(f)] = + &™),

Hence, p is the exponent of =~! which tells us how many evaluations of v and f are needed,
and p; is the exponent of ==! which tells how many arithmetic operations are needed to
solve the quasilinear contraction problem. The smallest (or infima of) exponents p and p;
are called the strong exponent of information and the strong exponent of arithmetic opera-
tions of the quasilinear contraction problem.

[t is easy to check that strong tractability of the conditional expectation problem in
Fy implies strong tractability of the quasilinear contraction problem as long as V; and the
solution V* of the quasilinear contraction problem belong to the space Fy. Indeed, define

] -P
| Vil (1+5\ 1
= C | Cp = - 39
J ( il 2 ) et (39)

with C' and p given by (38), and Cjy by (35). Then there exists Ek,ji of the form (27) such
that

i N 1+ 8\ |IVi
B 6) ~ By ()60 < 5 (122
2 In ]
Hence (35) is satisfied. We now estimate N(e,d) for j; given by (39). Then

| “Z i )p (gfl In gll)p> :

N(e,d) = O <C’ (max

i€[1,n] |

Using the definition of 1, see (22), we have

Villes VN iy
N(e.d) = O (C (max | 1 e 'Ine
\ BN 1) )
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with the big O-factor depending only on 3. Note that ||V; — V*|| < #7||V*|| implies that
Vil = (1= B9)V* = (1= B)|[V*|l. Hence ||[V*||/IIVill < 1/(1 = 3) and we can drop this
ratio from the last maximum at the expense of enlarging the factor in the big O notation.

We summarize this as well as the previous analysis in the following theorem.

Theorem 3 The algorithm A given by (29) and (31) computes an e-approximation to the
solution of the quasilinear contraction problem at cost

cost(A) = O ((:(u,) mN(e.d) + ¢(fyN(e,d) Inz"" + m NQ(S,d))
where N(e,d) is given by (36). Suppose that

’ Villr, d
: 40
V *l ty ( )

M = sup

di=12,... |

is finite. Then strong tractability of the conditional expectation problem in Fy with (38)
implies strong tractability of the quasilinear contraction problem and the cost of the algorithm
A satisfies

cost(A) = O ((:(u) m C MP =P InP e 4 o(f) C MP =P InPT el on CF MPP 272 I 5_1)
with the big O-factor depending only on 3.

Hence, the strong exponent of the quasilinear contraction problem is at most equal to
the strong exponent of the conditional expectation problem whereas the strong exponent of
arithmetic operations of the quasilinear contraction problem s at most twice as the strong
exponent of the conditional expectation problem.

Theorem 3 relates strong tractability of the conditional expectation problem and the quasi-
linear contraction problem as long as we know that V; and V' are in the space Fy; and the
bound M of (40) is finite. So far we only know that V; and V* belong to the Banach space
B, of continuous functions. Let us then take Fy = B;. Mere continuity of functions in By is
not only enough to guarantee tractability of the conditional expectation problem but is not
even enough to guarantee solvability of the conditional expectation problem. The reason is
that integration errors do not go to zero for the class of continuous functions, see e.g. [30].
If we want to have the space By, one possible solution is to switch to the randomized setting
in which the bound (28) is understood as the expected error with respect to randomized
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sample points. This approach is used in [24]. In this paper we stay with the worst case set-
ting and deterministic algorithms. Therefore to obtain strong tractability we must explore
additional properties of the quasilinear contraction problem so that the approximations V;
and the solution V* belong to spaces Fy for which the conditional expectation problem is
strongly tractable.

4 The IID Case

It is easiest to explain our results by beginning with the special case of Markov transition
densities py(t|s) = pg(t) which are independent of the second argument s. This implies that
the realizations from these densities, {s;x}, i = 1,2,... are independent and identically dis-
tributed (IID) sequences. The general Markov case, where transition densities are allowed
to depend on s, is considered in the next section. For the 11D case it is ecasier to specify the
spaces Fy for which the conditional expectation problem as well as the quasilinear contrac-
tion problem are strongly tractable.

For the densities p; independent of s, the assumption on the quality of the quadrature
rules (28) simplifies. We may, of course, assume now that a; ;(s) = a, ;1 is also independent
of s, and we have

‘ /(,' ‘r(t)p]‘@) dt — Z Cl,j"jﬁga,‘/”r(ti’j’]f) S Ej (‘r) k= ]_7 2, eI, (41)
2d =1
As in the previous section we take ||| - ||| = || - ||, for some normed space F,;. We assume

that F,; is a Hilbert space with reproducing kernel Ky, : Sy x .Sy — R. For the basic theory of
such spaces the reader is referred to [2, 32]. The inner product and norm in Fy are denoted
by (-.-) and ||| - |l = || - lle, = <-7->1/2. For V € F; we have V(t) = (V, K4(-,t)). For
k=1,2,...,m, define

he(z) = /é Kq(x, t)pe(t) dt, r €Sy (42)

Assuming that hy € F; we have from (9) and (27)

R J
E, (‘v) = <‘/Y, hk> s Ek,]' (‘/r) = <‘/: Z a‘,-ﬁj’de(\-, ti7j7]f)> .
=1
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It is easy to check that

2 ] 2 b T (e , P

Eell* = ey, = w(w)pr(x) de = | a, ) pr()p It dx.

| Exl |17 || / I () pr () da / I, ) pr () pr(t) dt da
S,] AS(]XS,I

i From this we see that (41) holds with

J
hie =Y ai a1 )
i=1

&i(V) = [V, ma:
(V) = AVie, max .

We now take a; ;1 (s) = 1/j. We have

2

. ) J 1 J i
= ||h]|? = = S hiltije) + = > Kaltijrtije).
, /z

Iy i=1 il=1

1 J : ;
hk — ; Z IX/d(‘-, ti7j7k,)
=1

Consider the sample points #; ; , which are #d draws from the measure with the density p;.
Integrating over such sample points we get

2 o Pd.k

Fq J

d

Pdj = / Ky(a, 2)pe(x) de — / Ka(x, t)pr () pe(t) da dt. (43)
52

1
h,k — jzlxd(‘vfi,j,k)
=1

where

Dd
JFrom the mean value theorem we conclude that there exist sample points #; ;, such that
the quadrature formula Ej. ; of the form (27) satisfies

. - . . v/ Pd.k
| B(V) = By (V)] < V], Y50 (44)

We stress that the proof of (44) is non-constructive since we use the mean value theorem.
This implies that the algorithm A with FEj ; is also non-constructive.

The estimate (44) proves that (38) holds with p = 2 and

C = sup (14 pas) (45)
ke[l,m], d=1,2,...

as long as (' is finite. We thus have the following theorem.
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Theorem 4 Suppose that C' given by (45) is finite. Then the conditional expectation problem
is strongly tractable with strong exponent at most 2 Suppose additionally that M given by
(40) is finite. Then the quasilinear contraction problem is strongly tractable with strong
exponent of information at most 2 and strong exponent of arithmetic operations at most
4. Furthermore, the algorithm A defined by (29) with (non-constructive) Ek,j computes an
e-approrimation at cost

cost(A) = O (c(u) mCM?* =2 In?e" 4 o(f)C M?* 2 " + mC?* M=~ In* 5_])

with the big O-factor depending only on 3.

For many kernels it is easy to check strong tractability of the conditional expectation problem
independently of the transition densities. Indeed, define

K = sup sup Ky(z,z). (46)
d=12,... z€5,

Then since py is the density of the measure we have

0 < par < K/ pr(z)de = K.
, .,

Hence, C < 14 K. We summarize this in the corollary.

Corollary 1 For uniformly bounded kernels , K < oo, the conditional expectation problem
for any Markov transition densities py is strongly tractable with strong exponent at most 2.

Theorem 4 presents conditions on strong tractability of the conditional expectation and
quasilinear contraction problems. Still, it is not entirely satisfactory due to the lack of con-
structive quadrature formulas. Also, it is not clear whether the strong exponent is really 2

The problem of how to construct good quadrature formulas with an optimal exponent
of 71 has been addressed in [33]. We briefly recall the property of this construction in a
simplified case. We assume that the space Fy is the weighted tensor product of spaces of
functions of one variable. That is, the domain Sy is now equal to D? with D being a subset
of IR. A typical example is D = [0, 1] which leads to the d-dimensional unit cube S; = [0, 1]°.
The reproducing kernel of Fy is now of the product form

d
[Xd x, f H 1—|—’)([le T, f;)) (47)
k=1
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where K is a reproducing kernel of the space of univariate functions. We assume that
K(-,0) = 0. This assumption implies that the constant functions belong to F.

The weights v, are nonnegative and moderate the behavior of functions for all variables.
A small weight 74, means that the functions depend only slightly on the kth variable. The
sum-exponent p, of the sequence v = {74} is defined in [33]. Roughly speaking it is the
largest positive number for which

d
sup > v < oo (48)
k=1

We assume that p, exists and p, < 1.

We also need to assume that integration is of the tensor product form, see (7) of [33].
This means that the transition densities are of the form

d

pie(t) = Tl an(t)) (49)

j=1

for some one dimensional density ¢ : D — IR from the space Ly(D), and k = 1,2,...,m.
The essence of (49) is that the d-dimensional density py is generated by the product of the
one dimensional density g taken for the successive components of the vector ¢.

The weighted tensor product algorithm, shortly the WTP algorithm, is defined in [33] as
approximation of general linear tensor product operators in the normalized sense. For the
conditional expectation problem, the WTP algorithm is a quadrature formula of the form
(27) which approximates Ey (V') /|| Ex||.

Observe that we now have

d

|E]? = 10e]l® = T] <1 + Va4 /D2 K (v, 1) qre () qr(t) dit (]s> .

j=1

Observe that sup, 32| Yax; < oo implies that all || || are of order 1. Hence, the normalized
sense studied in [33] is equivalent to approximation of Ej (V") which is needed for our purpose.

The WTP algorithm depends on a number of parameters. We may choose them in such
a way that the WTP algorithm integrates the constant functions exactly. The error formula
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of the WTP algorithm has the following property. For any positive ¢ there exists a positive
Cs and there is the WTP algorithm which is a quadrature formula of the form (27) for which
the error bound (28) is

(V) = Coj 7 min [V = elg,,  with p’*=max(p+m b ) (50)

1 —p,

Here, p is the exponent of e~! for the one dimensional case, d = 1. We stress that both Cj
and p* do not depend on d. In particular, if

P
n, < —— 51
PSS (51)
then
Pt = p+0.

In this case we can achieve the exponent p* which is arbitrarily close to the one dimensional
exponent p. Hence, we obtain the construction of quadrature formulas with the best possible
exponent of =, This with Theorems 3 and 4 yield the following corollary.

Corollary 2 Consider the spaces F; with the reproducing kernel (47) and the weights ~q,
satisfying (51). Then the conditional expectation problem is strongly tractable with strong
exponent p which is the exponent of =1 for the univariate case.

Suppose that

minee g “U - C’ Fq

C = sup .
di=1.2,... 1V=lr,

is finite. Then the quasilinear contraction problem is strongly tractable. The algorithm A
defined by (29) with the WTP algorithm as E.; computes an =-approzimation and its cost
satisfies

cost(A) = O (c(w)ma=""" 10" =7 + ¢(f)as? " el 4 ma?e% ¥ =71,
t(A) =0 " n!t 1 PP ol 2 =2 12 1

. * % . . L
with o« = CMP where p™ can be arbitrarily close to the strong exponent of the conditional

expectation problem, and the big O-factor depends only on 3

We now specify the results on strong tractability for the weighted Sobolev space F; =
Whh-1(0,1]9), see also [26, 33]. For this space we have S, = [0,1]¢ and

d
Ka(x,t) = T] (1 + va; min(a, 1)) .
i=1
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The inner product of Fy is

o o

V) = Vol / V(1. 00— W (x,.0)du,. 52
< ) > uc{gd} Idu 0,171 817,, (T, )01’“ (‘1 ) ) L (‘))

Here, |u| is the cardinality of u. For the vector x € [0,1]%, we denote x, as the vector from
[0, 1]'“" containing the components of x whose indices are in u, and dv, = [[;¢, dv;. By
(24,0) we mean the vector x from [0,1]¢, with all components whose indices are not in u
replaced by 0.

For u = () we have y49 = 1, and for u # () we have Y = jeu dj 18
zero then all vy, = 0 with j € u. In this case, we assume that the functions do not depend
on the jth variable, and we have 0/0 = 0 in the inner product formula.

Vd.j- If the \V()ight v

Observe that the sum in the inner product has 27 terms. For , = 1 we obtain the inner
product of the classical Sobolev space. It is well known that the exponent p which appears
in Corollary 2 is now 1, see [16].

The norms ||V, and |V]| may be quite different. Indeed, take the function V(x) =
(1—m1)...(1 =x4). Then |V] =1 and

d d
Wik = St =142 T (1+ad)-
u j=1 k=j+1

see formula (40) in [26]. Hence, for 745, = 1 we have ||V, = 2¢.

We first discuss strong tractability of the conditional expectation problem. Observe that

d
Ko(z,x) = T (14 yanaw) -
k=1
The maximum of this function is attained for » = [1,1,...,1] and K given by (46) is

K =TI¢_ (1 + v4x). This is finite iff sup, S 4 va; < 0.
Assume then that sup, 221:1 Ya,; < oo. In this case we have p, < 1. Then the conditional

expectation problem for any Markov densities is strongly tractable and the strong exponent
is at most 2. With the additional assumption (51) that p, < 1/3 we can apply Corollary 2
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and the strong exponent is 1.

We add that it is known that the assumption p, < 1/3 is not sharp for the Markov
transition density py = 1. It is proved in [11] that we can achieve the strong exponent is 1
assuming that p, < 1/2. The proof is, however, not constructive.

We now turn to strong tractability of the quasilinear contraction problem. This holds
under the addition assumption that sup, min.cg ||Vi — ¢||#,/||V*|| 5, < co. We now discuss
when this assumption holds. For simplicity, we consider the case when the transition densities
are the same, pi(t|s) = p(t) for some transition density p. As already mentioned in (17) and
(18) we now have

L(V)(s) = n(s) + 3 / V(1)p(t) dt
Szl
and the solution is

3

Vi(s) = w(s) + — | m(t)p(t)dt, Vs € Sy
]_ - /3 S,]

Observe that the integrals Ej(V ) (9) as well as quadrature formulas Ej,; in (27) do not
now depend on k and s. Hence, EJ, (V)= E]O ). and the iteration (29) takes now the form

Vi(s) = m(s) + B Ej_, (Viy).

The functions V; as well as the solution V'™ differ from the function ¢ only by constants. We
also have V) = 0 and V] = 7, where 7 is defined by (16). Therefore V; € F, for alli iff 7 € F,.

Assume then that 7 € F,;. Then V* also belongs to F,; and
min [[V; — cll, = min|[Vi — el 5, < [Vl
This proves that Corollary 2 holds with M = 1.
We end this case of the transition densities by a simple remark that the algorithm A may

be even further simplified by the use of the explicit form of the solution V*. That is, we may
take
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with an appropriate quadrature E. Then we do not need to iterate and the bound of Corol-
lary 2 holds without the logarithms of In .

It is interesting to ask when the function 7 belongs to Fy;. For simplicity assume that

m = 1, take the quasilinear function f(x) = = and the function 7 = u; as the Cobb-Douglas
function,

d
m(x) = [ (2r + ax),
k=1
where @ = [z, 29, ..., 14) with nonnegative a; and oy such that Z‘Z:l ap = 1.

Suppose we set vy = . It is shown in [33] that 7 € F; iff @ := min; a; > 0. If so then

b? .
Izllr, < 0*+ —exp(1/a®), V.
a

where b = max; a;. In particular, for a; = 1 we have ||7||r, <14 exp(1).

5 General Markov transition densities

In this section we consider Markov transition densities pg(t|s) which may depend on the sec-
ond argument s. We relate strong tractability of the conditional expectation and quasilinear
contraction problems to the approzimation problem. By the approximation problem in a
space Fy we mean approximation of elements V' from F,; by using a finitely many function
values of V. That is, V(s) is approximating by the linear algorithm?

for some sample points ¢; ; € S, and some functions b; ; from the space Ly(Sy). Let

j
V=2 b ()Vtiy)
=1

1;) = |

L2(Sq

2Tt is known that more general algorithm such as nonlinear algorithms using adaptive choice of sample
points are not better than linear algorithms considered in this section, see [30, 31].



be the error of the linear algorithm Xj’} for V. As for the problems studied in the previous
sections, let n,(z,d) be the smallest integer n for which there exits V}, such that

e(V,) < ¢

Vg, VvV e Fy.

We say that the approximation problem is strongly tractable in Fy iff there exist nonnegative
C and p such that

na(e,d) < Ce™®,  Vee(0,1),d=1,2,.... (54)

The smallest (or infimum of) such p is called the strong exponent of approximation.

There are a number of papers where strong tractability of approximation in various classes
of function is considered, see e.g., [35, 33|, and a survey can be found in [31]. In particular,
for some cases we know necessary and sufficient conditions under which strong tractability
of approximation holds. This is sometimes achieved by assuming more general evaluations
of V' than function values but we do not pursue this point here.

We now relate strong tractability of approximation to strong tractability of the condi-
tional expectation and quasilinear contraction problems.

Assume that (54) hold with C' = C, and p = p,. This means that for every d and j there

exist sample points #; ; and functions b; ; such that the corresponding V; satisfies

e(fj) < Ci/pa‘jfl/pﬂ

V'HF[“ VvV e Fd.

Knowing Vj we define the quadrature formula Ekd’ as
R R J
B (V)(s) = /q Vi(t) pe(t]s)ydt =Y (/q bi,j(f)pk(ﬂs)df) Vi(tij). (55)
Sdq

S i=1

Hence, Ey; is of the form (27) with
aijr(s) = /q bi;(t) pi(t|s)dt and t;;, = t;;.
Dd

In this case the sample points do not depend on k. The coefficients a; ;(s) can be precom-
puted for s € T. ;U {s} with the set T, ; given by (33) with ¢,;, , » =1t,;,_,. Clearly,

FeV)(s) = B (V)(s) = [ (Vi) =T5(0) paltls)
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and therefore

E(V)(s) = Ens(V)(s)] < e(V3) lpnlCls)]

La(Sa)+
Let
P = sup AlpeCls)llLacsn- (56)
ke[l,m], s€S,
If P is finite then the upper bound £;(V) of the quadrature error given by (28) is now given
by

93(‘) — Ci/m‘jfl/m P | Vv

Frl ‘
Hence, ¢;(V') < ||V, if
J = CyPPe P,
This proves that the conditional expectation problem in Fj is strongly tractable with at most

the same strong exponent as for approximation. This and Theorem 3 yield the following
theorem.

Theorem 5 If P given by (56) is finite then strong tractability of approzimation in Fy im-
plies strong tractability of the conditional expectation problem in Fy with at most the same

strong exponent.

If additionally M given by (40) is finite then the quasilinear contraction problem in Fy is
strongly tractable with at most the same strong exponent of information and with the strong
exponent of arithmetic operations at most twice as the strong exponent of approximation.

Furthermore, the algorithm A defined by (29) with EAM given by (55) computes an e-
approximation at cost

cost(4) = O ((’(u) mas™P InP* =7 4 oe(f)aet InP et pom a? 27 I 5_1>

with o = C,(MP)P* and the big O-factor depending only on 3.

We illustrate Theorem 5 for the space F; which was already considered in Section 4. This
is the Hilbert weighted tensor product space of functions defined on S; = D? with the
reproducing kernel K, given by (47). We assume that

/ Kz t)dtdx < .
D?
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Then the operator H(V)(s) = [, K(x,s)V (x)dx is compact and nonnegative definite. Con-
sider its eigenpairs (\;,7;), Hn; = \;n;, with orthonormal 7, and ordered eigenvalues

Al > X > > 0.

Let py be the sum-exponent of the sequence {\;} of eigenvalues defined by (48). As in Sec-
tion 4, p, is the sum-exponent of the sequence {74} of weights. It is proven in [33] that the
necessary condition on strong tractability of approximation in Fy is that both py and p, are
finite, and then the strong exponent of approximation is at least 2max(py.p,).

Assume then that py and p, are finite. In this case, the WTP algorithm is also effective
for approximation, see [33]. Its construction is based on algorithms for the univariate case,
d = 1. Let us assume that for d = 1 we know algorithms that use n function values with error
proportional to n='/Pt for some positive p. It is known that p; > 2p, and for some spaces
we can achieve p; = 2p,. These univariate algorithms are used as building blocks for the
WTP algorithm for arbitrary d. The WTP algorithm is of the form (53) with the functions
b;; which are the product of functions of one variable. That is, b; ;(s) = H%Zl biji(sy) for
some functions b; ;5 from the space Ly(D) and s is the kth component of the vector s. If

we assume that p
P1

<
' 2+2p1

then the WTP algorithm computes an e-approximation at cost CseP'+°. Here, § is positive

p (57)

and can be made arbitrarily small and Cy is independent of d and may only depend on 4.
This means that approximation is strongly tractable in F; with strong exponent at most py.
If py = 2p, then the strong exponent of approximation is exactly equal to 2p,. This and
Theorem 5 yields the following corollary.

Corollary 3 Consider the spaces Fy with the reproducing kernel (47) and the weights gy,
satisfying (57). Then approximation in Fy is strongly tractable with strong exponent at most
p1. where py is the exponent of ==1 for the univariate case.

If P given by (56) is finite then the conditional expectation problem in Fy is strongly
tractable with strong exponent at most py.

If additionally M given by (40) is finite then the quasilinear contraction problem in Fy

15 strongly tractable with strong exponent of information at most p; and strong exponent of
arithmetic operations at most 2p;.
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Furthermore, the algorithm A defined by (29) with the WTP algorithm to obtain Ek’j by
(55) computes an e-approzimation and its cost satisfies

cost(A) = O ((:(u,) maz"" I =7 4o e(f) s W e 4o a7 I 5_1> ,

with a = C5(MP)P" where p* = p1 + 8, and the big O-factor depends only on (3.

As in the previous section, we now specify the results for the weighted Sobolev space
Fy=wWht-1([0,1]9). We now have p; = 1 and (57) means that p, < 1/4.

Consider the case when the transition densities are the same py(t|s) = p(t|s). Due to
(16), the quasilinear contraction problem takes now the form

V(s) = m(s)+ 3/ 1p(t]s) dt. (58)

The WTP algorithm generates the quadrature formulas Ey, ; = E; which are now independent
on k such that

Z ai;(s)V(ti;) withgquada; j(s) = /[0 » bij(t)p(t]s) dt

The condition p, < 1/4 guarantees that for any ¢ € (0, 1) there exists a positive C' such that
we can choose the sample points ¢; ; and the functions b; ; for which

ej(V) < min (C.flw-/l—ﬁ) IV 20179 (59)
see Theorem 5 of [33] applied to the problem of approximating functions V' from Fy.
We want to check when V; and V* belong to F,;. Assume that p(t]-) belongs to Fy for all

t €10,1], and @ € F,;. Then a,;, E(L) as well as V; belong to F,; for all «. The solution V'*
also belongs to Fy since p(t|-) € F, for all ¢ € [0,1]¢ and

Vi(s) = + 0 / () plt)s) dt

implies that all partial derivatives 9!“1V* /8, belong to Ly([0, 1]1]).
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We now estimate the ratios ||Vi||r,/||[V*|| F,. For any v € {1,2,...,d} by V* we mean V'
if u =0 and 0!“V//9z, otherwise. Similarly p* denotes 0'“/p(t|-)/dx,. We have

Vi(s) = u( k)+3EAW (Vi 1)(’9)7
(V)(s) = +5/ t)p"(t]s) dt

Recall that E(V)(s) = [g130 V(¢)p(t[s) dt is the integral of V' with the weight p. Observe

that the quadrature EAJ“ is the usual quadrature applied to the integration problem E“(V').

Clearly, A
1E“(V) = EY (V) aqoge < e;(V) 11"l 1, q0.120) -

Hence, A
IEWV) = E;(V)lle, < (V) 1Pl e rago,e-
where
1/2
IPlsseaor ( i ar)
Since V; = V* = 3(E;, ,(Vis)) — E(V7)) = B(E;. ,(Visy) — B(Vi_y) + E(Vi_; — V™)) we have
IV = V) oy <0 ( Vi) + Vi = Vol o ) 19Nl 2. 0,170 (60)

.From (59) we have e;(V') < (1 — 8)([[V = V¥, 0119 + IV l£,0,170))- For u = @ we have

[k | 150,172 = 1 and therefore

Vi =Vl < 8= AIVies =V laqoary + A1V oo
This yields ;
- 7k 1- ’8 + ’82 4
Vi = V7llr,qome < 1-p3(2-5) IVl 2. 00,10 -

Using (60) for all subsets u of {1,2,..., ,d} we obtain

Vi = V7lr, < 58 (eji_1<vzfl>+|n = Vo) 12l s o

and
Vi = Volle, < CollV7 oo 1Pl e o o0
with Cs = (1 + (2 —3)(1 — 3%))/(1 — 8(2 — 3)). This proves that

v V=172 0,17
sup (Ville Ve < (0 Co) ol o =g
IVIlr,
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It is known, see [33], that for any V" € F; we have

d

Vo < T0(1+ Se) 1VI
k=1
Hence as long as p, < 1 then the ratio ||V, o114/ ||V ]|, is of order 1, and ||V;|| 7, /||V" || r,

is of order ||p|

FL[XLZ([Ovl]d)'
We summarize the results of this section. For the weighted Sobolev space F; consider

the set of transition densities

Py = {p : S[llp]d 1ok CI9) ooy < L and ||pll gy« o170y < L}
s€[0,1

with a constant L > 1, as well as the set of functions
U= {(urusoooue) o flun()ua(),. o ue(r) € Fat.
Then Theorem 2 and the results of this section yield the following theorem.

Theorem 6 If p, < 1/4 then the conditional expectation and quasilinear contraction prob-
lems with data from P and U are strongly tractable with the strong exponent 1. For any
positive &, the algorithm A defined by (29) with an appropriately chosen WTP algorithm
computes an s-approrimation with

cost(4) = O (c(u) m L2+ om0 i =1 c(f)ym L2048 o=1=0 1y 240 1

+ m [A0+9) ~—2(144) 1p2(1+9) €—1>

with the big O-factor depending only on 3 and 9.
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