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Relaxation Algorithms in finding Nash Equilibria

1. INTRODUCTION

Game theory problems are renown for being difficult to solve, especially many player, non-zero sum and
dynamic games. Computation of Nash equilibria using the Nikaido-Isoda function [4] and the relaxation
algorithm [2], [8] seems to be an attractive possibility in that the most advanced technique required is
minimisation of a multivariate function; a well studied topic. The aim of this paper is to use the relaxation
algorithm to find Nash equilibria in games of varying complexity.

The motivating paper [8] sets the foundation for the usage of the relaxation algorithm to find Nash
normalised equilibria, and promises its success for a certain class of games. The contribution of the present
paper is in applyinging this idea to some specific game theory problems and reporting on equilibrium
computation experiments. The experiments below were conducted using customarily developed software
in the Matlab programming environment.

In the latter stages of the paper, we are able to solve coupled constraints games, which force players to
obey constraints based on their collective actions. Obeying such constraints relies on cooperation, however
taxes can be enforced to ensure that players meet these constraints (see [3].) We solve a coupled constraints
game in a static and then a dynamic setting using the open loop information pattern. As analytical solutions
to such games hardly ever exist, the strength of this paper is in studying eomeputational-economics
method suitable for finding equilibria in intertemporal (“open-loop”) conflict situations.

The organisation of the paper is as follows. Sections 2 and 3 have a tutorial character and provide an
introduction to some elementary concepts. In Section 4, we consider some simple examples which provide
an insight into how the algorithm works. Section 5 applies the relaxation algorithm to a dynamic game.
Concluding remarks and an Appendix, which describes the software we developed, are at the end of the
paper.

All definitions, theorems and such are numbered communally and consecutively in each section.

2. DEFINITIONS AND CONCEPTS

2.1. Conventions.

Convention 2.1. In this paper we will be considering two different levels of vector; each player in a game
will have anaction, and all players together will have @llective action. To avoid notational confusion
between the two and offer the reader some comfort, we will adopt the convention that a player’s action
will be in normal type and have a subscrigt.§. x, € R™), and the collective action will be in boldface
(e.g.x € R™ x --- x R™). In this notationx = (Xq,... ,X).

Convention 2.2. Political correctness is a theme of this decade, and singular pronouns are often required
to denote a non gender specific person. We adopt the convention that the words “he” and “she” have the
common meaning “he or she” where appropriate.



2.2. Nash equilibrium and the Nikaido-Isoda function. This paper concerns game theory, we therefore
present some basic definitions in this area.

Definition 2.3. A game in normal form is a three-tuple{N , (X)icn , (@)ien } WhereN is the set of
players,N = {1,2,... ,n}, X is the action space of player i ang is the payoff function of player i,
@ X xXox...xXp— R.

Notation 2.4. LetX = (xg,... %)) andy = (yi,...,yn) be elements of the collective action spagexX
... x Xn. Denote the elemerky,... ,Xi—1,¥i,Xi+1,--- , %) BY (Yi|X).

Definition 2.5. Let XC R™ x ... x R™ = R™ be the collective action space, and the functipnX — R
be the payoff function for player iid N. Then the poink* = (Xj,...,X;) is called theNash equilibrium
point if, for each i,
@ @(x*) = max@(x|x*).

(<) = max (5 /x)
We will use the notation

x* = argequil g { (X%)ien » (@)ien }

to denote the equilibrium point of the game where player i has action space and payoff fungtamts X
@ respectively.

We now introduce the Nikaido-Isoda function [8]. This function is not so elementary in the realms of
game theory, and bears some thinking about.

Definition 2.6. Let@ be the payoff function for player i. Then tNékaido-Isoda function W: (Xg x --- X
Xn) X (X1 x -+ x Xn) — R is defined as

=}

@ Pxy) = Y [@ix) —aXx)].

Result 2.7. [8]
) W(x,x) =0 X € X.

Let us take a brief look at the significance of this function. Each summand can be thought of as the
improvement in payoff a player will receive by changing his action feerto y; while all other players
continue to play according to. The function thus represents the sum of these improvements in payoff.
Note that themaximumvalue this function can take, for a givenis always nonnegative, owing to Result
2.7 above. Also the function is everywhere nonpositive when ektary is a Nash equilibrium point,
since in an equilibrium situation no player can make a unilateral improvement to their payoff, and so each
summand in this case can be at most zero.

From here, we reach the conclusion that when the Nikaido-lsoda function cannot be made (signifi-
cantly) positive for a givery, we have (approximately) reached the Nash equilibrium point. We use this
observation in constructing a termination condition for our algorithm; that is, we chocssuah that,

when may_gr W(x3,y) < €, we have achieved the equilibrium to a sufficient degree of precision.
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Definition 2.8. An elemenk* € X is referred to as &ash normalised equilibrium point if

(4) maxW¥(x*,y) = 0.
yeX

Notice that Rosen [6] also introduces the notion of a normalised equilibrium when examining equilib-
rium point unigueness in concave n-person games. However, he defines it in a different context which
is one of a game with coupled constraints. His definition will be presented when we deal with coupled
constraints games in Section 4.2.

The two following lemmas are presented in [1]:

Lemma 2.9. A Nash normalised equilibrium point is also a Nash equilibrium point.

Lemma 2.10. A Nash equilibrium point is a Nash normalised equilibrium point if the collective action
space X satisfies

(5) X=Xy X...x X X C R™.

An algorithm which uses the Nikaido-lIsoda function to find the Nash normalised equilibrium will be
developed in the next section. Here we note that at each point of the algorithm we wish to move towards
a point which is an “improvement” on the one that we are at. To this end, let us put forward the following
definition.

Definition 2.11. Theoptimum response function at pointx is
(6) Z(x) = argmax¥(x,y).
yeX

In brief terms, this function returns the set of players’ actions whereby they all attempt to unilaterally
maximise their payoffs.

It is interesting to note that we can consider the algorithm as either performing a static optimisation
or as calculating successive actions in a convergence to equilibrium in a real time process. We have
been considering the case where all payoffs are known to us, in which case we can directly find the Nash
equilibrium using the relaxation algorithm. However, if we only had access to one player’s payoff function
and all players’ past actions, then at each stage in the real time process we choose the optimum response
for that player, assuming that the other players will play as they had in the previous period. In this way,
convergence to the Nash normalised equilibrium will occur-asco.

We now introduce some more technical definitions to be used in the main theorem.

Definition 2.12. A function of one argument(X) is weakly convex if, Vx,y € X
() af(x)+(1-a)f(y) = flax+ (1-a)y) +a(l—a)r(xy)

r(x,y)
X =yl

0<a<1, and — 0 as|x—y|| -0 vxeX

5



Definition 2.13. A function of one argument(X) is weakly concave if, VX,y € X

(8) af (x) + (1-0)f(y) < fax+(1-a)y) +a(l—a)ux,y)
0<a<1, and HL;()E);)H — 0 as|x—y|| -0 vxeX

Definition 2.14. A function of two vector arguments(xfy) is referred to asveakly convex-concave [8]
if it satisfies weak convexity with respect to its first argument and weak concavity with respect to its second.
That is, for fixedz € X,

(9) af(x,2) +(1-a)f(y,2) = flax+ (1-a)y,2) +a(l-a)r(xy;2)
X,yeX, 0<a<l, and%—m as|x—y|| =0 vxeX
and
(10) af(2X)+(1—a)f(zY) < f(z,0x+ (1—a)y) +a(1— a)u(x,Y;2)
H(X,y;2)

X, yeX, 0<a<1, and —0 as|x—y| =0 VvxeX

x =l

r(x,y;z) and (x,y; z) are referred to as the residual terms.

The notions of weak convexity and concavity are weakenings of strict convexity and concavity. The
residual terms, to be chosen at will, ensure that there are many concave functions which are weakly convex
and many convex functions which are weakly concave.

In fact, the family of weakly convex-concave functions includes the family of smooth funét[8hs
and so this condition is a minimal restriction for practical purposes.

We now present an elementary example to illustrate the above ideas.

Example A convex function which is weakly concave
Consider the functiorf : R — R defined by

f(x) = %2

This function is convex in all senses. To show that it is weakly concave, we must fir{e, ghsuch that,
for all x,y € R anda € [0, 1],

af(x)+ (L—a)f(y) < f(ax+ (1—a)y)+a(l—a)r(x,y)
That is if and only if

ax%+ (1—a)y? < (ax+ (1—a)y)? +a(1—a)r(x,y)

& ax® 4 (L—a)y? < 0B + (1— a)?y? 4+ 2a(1— a)xy+a(l—a)r(xy)
& a(l—o)x+a(l—a)y?’—2a(l—a)xy<a(l—a)r(xy)
& (Xx=y)? <r(xy)

1Recall that a function is smooth iff its derivatives of all orders are continuous.
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So it is sufficient to seleat(x,y) = (x—y)?. Also

rxy) _ (x=y)?
Ix=yll [x=Y]

So we conclude that(x) = x? is weakly concave. (However, as this is a one variable function, it cannot

=|x—y|— O as|x—y| — 0.

be weakly convex-concaver)

The functionr (X, y; z) was introduced with the concept of weak convex-concavity. In the ca8éxof)
being a twice continuously differentiable function with respect to both argumens>oK, the residual
terms satisfy

(1) F(%Y3Y) = 5 (A X) (X ), X —Y) + 0u(x —yIP)
and
(12 Y, X:%) = 5 (B0 X) (X —Y), X —Y) + 0al X~ yI?)

whereA(x,x) = Wy(X,Y)|y=x is the Hessian of the Nikaido Isoda function with respect to the first argu-
ment andB(x,x) = Wyy(X,Y)]y—x is the Hessian of the Nikaido-Isoda function with respect to the second
argument, both evaluatedyat= x.

To prove the inequality of Condition (5) of the following Theorem 3.1 under the assumptio# thkat)
is twice continuously differentiable, it suffices to show tgk, x) = A(x,x) — B(X,X) is strictly positive.

Definition 2.15. The set X is convex if, for every two poirtandy in X, the point
ox+ (l—a)yisalsoin X forO<a < 1.

Definition 2.16. The set X is compact if every Cauchy sequence has a limit in X. In a finite dimensional
space this is equivalent to X being closed and bounded.

3. THE RELAXATION ALGORITHM

3.1. Statement of the algorithm. Suppose we wish to find the Nash equilibrium for some game and we
have some initial estimate of it, say. The relaxation algorithm we use is

(13) xSt = (1— ag)x® + asZ(x) O<os<1
s=0,1,2,...

The iterate at step+ 1 is constructed by a weighted average of the improvement @gxt) and the
current pointx®. This averaging ensures convergence of the algorithm under certain conditions, as stated
in the following Theorem 3.1.

By taking sufficiently many iterations of the algorithm, it is our aim to determine the Nash equilibrium
x* with arbitrary precision. Indeed Theorem 3.1 in the following subsection provides conditions for the
convergence of this relaxation algorithm.



3.2. Conditions for existence of a Nash equilibrium and convergence of relaxation algorithmThe
following theorem states the conditions of convergence for the relaxation algorithm. The conditions may
look rather restrictive, but in fact a large class of games satisfy them.

Theorem 3.1. [8] There exists a unique Nash equilibrium point to which the algorithm converges if :

1. X is a convex compact subsetR¥,|

2. the Nikaido-Isoda functiod : X x X — R is a weakly convex-concave function &#,x) =0 x €
X,

3. the optimum response functiori is single valued and continuous on X,

4. the residual term (X, y; z) is uniformly continuous on X wg,

5. the residual terms satisfy

(14) rx,y;y) —uy,x;x) > B(Ix=yll) x,yeX

wheref is a strictly increasing function,
6. the relaxation parametersg satisfy

(a) as>0,

(b) Y& o0s=ro,

(c) as— 0 as s— .

3.3. Step size optimisation. In order for the algorithm to converge, we may choose any sequenge
satisfying the final condition of Theorem 3.1. However, it is of computational importance to attempt to
optimise the convergence rate.

Suitable step-sizes may be obtained by trial and error, and we have found that using a constant step
of as = 0,5 leads to a quick convergence in most of our experiments. In this case, we can think of the

Os as being constant until our convergence conditions are reached, and thereafter decaying with factors
111

E, é’ Z, e
We suggest here a method for step-size optimisation.
Definition 3.2. Suppose that we reactt at iteration s. Theruy is one-step optimal if it minimises the
optimum response function &tt!. That is, if
15 ai =arg min { max¥(x*1(a .
(15) s —arg, min {max¥e+(a.y) |

(Recall thatxs*1 depends omr.)

This method is intuitively appealing. Indeed, we are trying to force the maximum of the Nikaido-Isoda
function that is an equilibrium condition.

Of course, we could also use two-step optimisation, or incees@p. However any number greater than
one would be computationally expensive. We have found that one-step optimising the step sizes leads to
fewer iterations, but that each step takes longer to complete than when using constant step sizes.

When we refer to optimal step sizes throughout the paper, we generally mean one-step optimal, however

in some cases where optmisation is very simple, other more elementary methods have been used.
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4. SOME SIMPLE EXAMPLES WITH STATIC GAMES

In this section we will consider some simple games in order to gain an appreciation for how the algo-
rithm works in conjunction with the Nikaido-Isoda function.

4.1. Simple two player games.

4.1.1. A two player game with identical payoff functionSonsider a two player game where both players
are maximisers, the action space for each playd® snd the payoff functions of players 1 and 2 are
identical. Consider the following simple payoff function on the regios {(x1,%2) : —10<x3,% < 10}.

(16) ax)=-—x-x3 i=12
In this case the Nikaido Isoda function is:
(17) WX,Y) =35+ — Y5 — 3.

Notice in this case that assumptions 1-5 of Theorem 3.1 are satisfied.

The Nash equilibrium for this game is clearly the maximum of the common payoff function, that is
x = (0,0).

The optimum response functiaf(x) = arg )r/T&)HJ(x,y) is determined by simple calculus to ©@ 0)
for any x. Hence if we were to choos®, to bee where 0< € <« 1, it doesn’t matter what values we
assign toay,a»,... since we can choosesuch thatx! satisfies our termination conditions, namely that
the Nikaido-Isoda function

xt = apX° + (1—00)Z(x°) = ex® + (1—¢)(0,0) = ex° ~ (0,0).
The convergence in the action space is displayed in Figure 1 for starting (0S5

4.1.2. A slightly less trivial exampleConsider the situation of Section 4.1.1, but let the common payoff
function now be

(xa+X)? (1 —X)?

(18) qx) = - B

The Nikaido-lIsoda function in this case is

(19) wixy) = 2f P s Xz)z}

— { _.I_ } .

As in Section 4.1.1, the Nash equilibrium for this game is (0, 0).
9



Player 1

FIGURE 1. Convergence of the example in Section 4.1.1 with starting guess (10,5)

The optimum response function is calculated tZipe) = —1—3(x2,x1). In this case it is also relatively
simple to see how to optimise tlg; since both players have the same payoff function, the optirni
the one which optimises the payoff function

(20) A =@ (aeS+(1—0ag)Z(x%) O0<as< 1l

Our Matlab program (see Appendix) gives the results of Table I, with starting gueg4.0,5), and
using optimised step sizes.

The equilibrium point is stillx = (0,0), but the algorithm does not converge directly to it. It rather
comes in line with the equilibrium first, as seen in Figure 2. We can now make a comparison between
the optimised and nonoptimisex,. The first graph, with the optimisation performed, shows a much
quicker convergence. In contrast the second one, whiclufas0.5 shows a smoother but much slower
convergence. The third shows step sizesioE 1 (that is, a non-relaxed algorithm.) We would clearly
prefer to use optimised step sizes if this could be achieved easily.

Note that Theorem 3.1 gives no guarantee that the algorithm will converge at all in the second or third
cases, despite our success.

4.1.3. The quantity setting duopolyn this model, the players’ payoff functions are not necessarily the

same. Consider a situation where two firms sell an identical product on the same market [5]. Each firm
10



Iteration (s) Xs Os

0 (10,5) 0.7309
(1.2849,-1.4668) 1.000
(0.5639,-0.4942) 1.000
(0.1901,-0.2169) 1.000
(0.0834,-0.0731) 1.000
(0.0281,-0.0321) 1.000
(0.0123,-0.0108) 0.500

7 (0.0082,-0.0078)
TABLE |. Convergence of the example in Section 4.1.2

o O~ WDN P
O O O O O

wwwwwww

FIGURE 2. Convergence of the example in Section 4.1.2 with starting guess (10,5) using
(i) optimisedas, (i) a = 0.5 and (iii) a = 1. The isolines are those of the identical payoff
function

will want to choose its production rates in such a way as to maximise its respective profits bedhe
production of firmi and leta, A andp be constants. The market price is:

(21) P(X) = o —p(x1+X2)
and the profit made by firm is:
ax) = pXx)x—Ax
(22) = [a—A—p(X+x)]X.
The Nikaido-Isoda function in this case is
(23) Wxy) = [0—=A=py1+X)ly1— [0 —A—p(x1+X2)x1

H[o = A —p(Xg+Y2)]y2 — [0 = A — p(X1 + X2) [ X2
11



leading to an optimum response function of

(24) 200 = %52 (1D =5 ().

Itis a classical result that the Nash equilibrium in this game'is- % with corresponding payoff

(0 —N)?

@ () = % (see for example [5]). To show the convergence of the algorithm in this case let us
assign values to the parameters. ttet 20, A = 4 andp = 1, thenxN = %3, %3 .

The convergence of the algorithm for the quantity setting duopoly is displayed in Figure 3. Note that
os = 0.5 here.

. . . . . . .
2 25 3 35 4 4.5 5 5.5 6
Player 1

FIGURE 3. Convergence of the example in Section 4.1.3

4.2. A static game with coupled constraints. We will now use our method to find the equilibrium of a
game with coupled constraints. This means that the players’ action set is now a general cokvexet
rather than as previously where we were confined te X; x --- x X, C R™ x --- x R™, each separate
X being convex.

4.2.1. Existence of the solution to a coupled constraints gaiftee theorems and definitions to follow
are presented and proved in Rosen [6], and lead to the existence and uniqueness of an equilibrium in the

game we introduce in Section 4.2.2.
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Consider the solution to a game where thalayers have payoff functionsp)i—1..n,

(25) argequilcx {@1(X),... ,n(X)}

such thatX is a convex subset dRT. This shall be called a Rosen’s coupled constraints game. In the
special case whepg = X; x --- x X, the game is said to have uncoupled constraints.

Theorem 4.1. An equilibrium point exists for every concave n-person game.

So we know that if each player has a payoff function which is concave with respect to his own action
while other players’ actions remain fixed, then the game must have at least one Nash equilibrium.

The conditions for uniqueness in the case of uncoupled constraints rely on the concept of diagonal strict
concavity. Put loosely, a game with this property is one in which each player has more control over his
payoff than the other players have over it.

Definition 4.2. The function x,r) = SiL;ri@(x) is called diagonally strictly concave for x € X and
fixed re R} if for everyx®,x! € X we have

(26) (x" =x°)'g(x%r) + (x° =xH'g(x},r) > 0

where dx,r) is the pseudogradient of f

ri01@u(x)
(27) g(x,r) = :
MOn@h(X)

Theorem 4.3. In a game with uncoupled constraints, if the joint payoff functidr, f) = S, ri@(x) is
diagonally strictly concave for somex 0, then there exists a unique Nash equilibrium.

When the constraints are coupled, there are no such guarantees, and we must define a special type of
equilibrium.

We introduce the functioh : R™ — R" to describe the constraint S8t wherem is the dimension of
the collective action space ands the number of players. Each componenhdf a concave function of
X, and is defined such that

(28) R= {x:h(x) > 0}.

Denote the Lagrange multiplier vector for playday u’, thenx® € Ris an equilibrium point if and only if
it satisfies the Kuhn-Tucker conditions:

(29) hx% > 0
(30) (W)Thx®) = o
(31) alx®) = @i + () Th(y[x°).

13



Definition 4.4. The equilibrium poink? is aRosen normalised equilibrium point if, for some vector > 0
and constant %> 0,

(32) u;
for each i.

Theorem 4.5. There exists a normalised equilibrium point to a concave n-person game for exeby r

Theorem 4.6. Let Q be a convex subset Bf | If f(x,r) is diagonally strictly concave for everya Q,
then for each = Q there is a unique normalised equilibrium point.

This tells us that, if we can show that our game is diagonally strictly concave, then we can find a unique
normalised equilibrium.

We will not prove the applicability of Theorem 3.1 to the coupled constraints game. We suggest this
could be done if the components of the Nikaido-Isoda function were the players’ Lagrangians rather than
their payoffsg. Our numerical experiments do seem to indicate that the diagonal strict concavity, which
guarantees a unigue solution to this class of games, is a sufficient condition for the relaxation algorithm to
find an equilibrium here.

4.2.2. Formulation of a coupled constraints game. River Basin Pollutj8h, In this game, we consider
three player§ = 1,2,3 located along a river. Each agent is engaged in an economic activity at a chosen
level x;, but the players must meet environmental conditions set by a local authority.

Pollutants may be expelled into the river, where they disperse. Two monitoring statiods? are
located along the river, at which the local authority has set maximum pollutant concentration levels.

The revenue for playeyis

(33) Rj(X) = [dp — do(X1 + X2+ X3)]X;
with expenditure
(34) Fj(x) = (c1j + C2X);.
Thus the net profit for playeyis
¢(x) = Rj(x)—Fj(x)
(35) = [d1 —da(Xy + X2 +X3) — C1j — Cj Xj]X;.

The constraint imposed by the local authority at locatios

3
(36) Qe(x) = Z ajex; <100 £=1,2.
j=1

The economic constants andd, determine the inverse demand law and are set to 3.0 and 0.01 respec-
tively. The values for constants; andc,; are given values in Table II.
The aj, are the decay-transportation coefficients from playéo locationl, ande; is the emission

coefficient of playetj, also given in Table II.
14



Playerj | cij ©C; € Qji  0j
1 0.10 0.01 0.50 6.5 4.583
2 0.12 0.05 0.25 5.0 6.250

3 0.15 0.01 0.75 55 3.750
TaBLE Il. Constants for the River Basin Pollution game

lteration (s)| X§ X3 X3 | Os
0 0 0 0 |05
1 9.68 8.59 1.90/0.5
2 1485 12.62 2.65%0.5
3 17.65 14.49 2.9130.5
4 19.18 15.35 2.9610.5
5 20.03 15.73 2.9340.5
10 21.07 16.03 2.7620.5

20 21.14 16.03 2.7280.5
TaBLE Ill. Convergence in the river basin pollution game

In this case, we can check conditions (26) to show that problem (25) is a diagonally strictly concave
one, and so a unique equilibrium point exists. We can thus compute it for a given set of weigimtg our
relaxation algorithm, where the optimum response functipr?) is restricted to lie within the feasibility
setR. Notice also that the region defined by Equation (36) is convex.

4.2.3. Solution to the River Basin Pollution gamelere, we build the Nikaido-Isoda function. According
to Section 4.2.1, its components should be the players’ corresponding Lagrangian payoffs. However, we
will formulate the Nikaido-Isoda function from the unconstrained game, letting the constraints be handled
within the Matlab procedure.

To this end, the Nikaido-Isoda function is

3

wix(y) = ;(wj(yilx)—wj(x))

Jf

= [dy —dx(y1+ X2+ X3) — C11— CoaYa |1
+[d1 — (X1 + Y2 + X3) — C12 — CoYolYo
+[d1 — da(Xy 4 X2 + Y3) — C13 — C23Y3]Ya.

We used a starting guess»#f= (0,0,0) anda = 0.5 in our Matlab program. The convergence is shown

in Table IlI.
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The convergence is displayed as a line in the 3D action space in Figure 4. This game was also solved
in [3] using Rosen’s algorithm, and was found to have equilibriuea (21149 16.028 2.722), giving
net profitsz = (48.42,26.92,6.60). The first constraint is active,e. g (x) = 100; the second constraint
is inactive (p(x) = 8117). Our solution ofx = (21.14,16.03,2.728) is within +0.01 of the solution
achieved in [3].

25

Player 3
-
oo~

!

0.5

20
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-
o

10 10
15 5
20
25 0 Player 2
Player 1

FIGURE 4. Convergence in Section 4.2.2 with starting guess (0,8,80.5
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FIGURE 5. Progression of payoffs of Figure 4
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4.2.4. Applying the Pigouvian taxedNow that the Nash normalised equilibrium has been found, we can
force the players to obey it by applying Pigouvian taxes. In this way we create a new, unconstrained game
whose equilibrium is the same as that of the original.

For each active constraint, we place a tax on each player of the amount

(37) To(X) = max(0,A,ge(x))

whereA, is the Lagrange multiplier for constraif&t the equilibriumx = x*.

For our game, recall thay, = g, is the constraint at locatio, £ = 1,2, and that the only the first
constraint is active.

Thus, in the river basin pollution game with the parameters given, the payoff function for glayer
becomes

%(x) = Rj(X)—F (X)—ZTe(X)
3
(38) = [dl —dg(Xl—i—Xz—l—Xg) —Cyj —Cszj]Xj —)\1maX<O, ZngEij — 100> .
J:

The coputations of Section 4.2.3 gave us the Lagrange multiplier value for the active congiyaint
0.5774. Thus, applying the taxes as above leads to the set of payoff fungfiatescribed by Equation
(38), which has the unconstrained Nash equilibrixith= argequil.gm(@1, @2, @3,01,02) = X*. That is,
the new (unconstrained) Nash equilibrium is equal to the old (constrained) Nash normalised equilibrium.
We report that checking numerically the validity of the above is difficult (using the Matalstr
routine, see Appendix) due to the derivative discontinuities introduced by the max function. However,
cross-sectional graphs of the payoff functions strongly vindicate the results (see Figure 6).

nnnnnn

FIGURE 6. Payoff functions for players 1,2,3 with Pigouvian taxes applied
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5. FINDING EQUILIBRIA IN DYNAMIC GAMES

5.1. Application to dynamic games. The relaxation algorithm allows us to find solutions to a large
number of dynamic games with coupled constraints, so long as those games can be decomposed to a game
where the present value of the payoff for each player is a function of the future collective actions and the
initial conditions of the game. This is the case for deterministic games with the open-loop information
pattern.

In particular, any finite horizon game where the coupled constraints and payoffs atdapend only
on the players’ states at that time, and the states can be chosen by players through their actions, is solvable
by this method.

Let us illustrate this with an example where the game of Section 4.2.2 is played over a finite number of
periods.

5.2. Formulation of the game. The River Basin Pollution game played over T peridasppose that the
agents of Section 4.2.2 now repeat the River Pollution gameDwiscrete time periods. They have an
option to invest in their products and capacities, which can depreciate.
The values for all constants will remain the same as in Section 4.2.2 over the period of the game.
State equations. Let xim denote the fully utilised production capacity that playdras at timet,
governed by the state equation

(39) X = (1 )X 4y

whereui(t) is the investment that playemakes at timé, andy; is the depreciation that applies to player
andxi(o) is fixed,i =1,2,3,t=0,...,T.
Denote the collective action and state respectively by

(40) u = (ug,uzUs) and
(41) X = (X1,X2,X3)
whereu; = (ui(l),... ,ui(T)) is the vector of all actions of playémandx; = (xi(l),... ,xi(T)) is the collective-

time state vector of player Denote the collective action and state at tintog
(42) u® = (u(lt), ug),ug)> and

t t t
(43) x© = (x(l),x(z)7x§)>

respectively.

Information structure. Suppose that the game is open-loop. That is, the players cannot observe the
state or capacity of another player other thah-at0. This implies that the game can have an open-loop
Nash equilibriur.

2We consider this solution concept valid for “short” horizon dynamic games, where the players are in the process of learning
each others’ behaviour. In that case, the exprequcbng(T) in Equation (44) can represent the payoff in a game which is played

from T onwards, under a different information pattern.
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Payoff function. The present value payoff for playeis
T-1 T
(44) ) =3 ¢ (@) = ca(u)?) +pTkx ™ =123
t=

whereq (xV)) is defined through Equation (35c)3i(ui(t))2 is the investment cost at tinteand kaixi(T)
represents the scrap value and tilméor playeri, k; > 0, being the scrap value constant for plaiver

Constraints. The constraints of Equation (36) fér= 1,2 are to be satisfied by thé!) for all t €
{0,1,...,T}. The current production capacix;()) must be nonnegative, but tlulé) may be negative, in
which case a withdrawal of capital would be indicated.

5.3. Solution to the game. We want to find the normalised Nash equilibrium

(45) argequil,cy {P1, Do, P3}

subject to the state equations and constraints given above.

To do this using the relaxation algorithm, it is necessary to reformulate the payoff functions and con-
straints so that they contain only constants and the actions. That is, they need to be free of the states for
us to start.

The reformulation for the payoff functions is

T-1 (1— )X + 340 (1 p) s
d) = 3 e @] | @owpd) i) | | —calw)?
(1= b + 54 (1 )t

)
(46) +p {(1— )X + > (1= ui)t‘sui(s)} i=1,2,3

where the sums ovexrare interpreted as zerotibr T are respectively zero. The constraints become
3

(47) w(u?) =3 aje, ((1— X + i(l— u;)”u@) <100
= s=1

=
for¢=1,2 andt € {0,1,...T — 1}, where the sum ovexis again treated as zerotit= 0.

In the rest of this section, we will be concerned with the players’ first period actixmaflo). The
second period action depends on the parameters as follows:

k

(48) uY = %3{
We now solve the above game for some different parameter combinations.

Two periods with no depreciation or scrap valueetT =2,p € (0,1], s =0,k =0, cg = 1 and let the
initial state vector be the Nash solution of the game over one period, nafflely(21.149 16.030,2.722).

Given this information, and a starting guessief ((0,0), (0,0), (0,0)), which is the expected outcome,
the program output is the starting guess.

This is intuitively correct since we are just playing an identical game twice, with a penalty but no
reward associated with investment, and thus expect the Nash solution for the single period to be repeated

over both periods. The constraints’ satisfaction in each period is the same as in the static game.
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Two periods with depreciation but no discounting or scrap valuet T =2,p=1,14 =0.1,k =0,
cz = 1 and let the initial state vector be the Nash solution of the game over one period, néfhely
(21149 16.030,2.722).

The solution in this case, with the same starting guess as before, is

u = ((0.9577,0),(0.43050), (1.1782.0)).

That is, the players adjust the statesctt = (19.992 14.858 3.628) (in period 1), and make no further
investment. The payoffs corresponding to the above action§9&@9,52.77,14.02). The fact that the
state does not revert to the initial state is caused by the presence of investment costs. The constraints for
period 1 are inactiveog = —1.49,qp = —20.77.)

Two periods with scrap value and discounting but no depreciatibet T =2,y =1,¢c5 =1, k=1
andx(©) = (21.149 16.030,2.722) as before, but now Igi be less than one.

With starting guess = ((0,0), (0,0),(0,0)), p was varied with the resulting payoff evolution shown in
Figure 7. As in one agent problems, the largdhe higher the payoffs. The payoffs are achieved through

FIGURE 7. How payoff varies wittp for players 1,2,3 respectively

actions shown in Table IV and resulting in the state evolution as in Figure 8. Figure 9 compares the first
period actions of the players€. q(l), i = 1,2, 3) for different discounting factors.

p uz uz us

1

0.99
0.98
0.97

0.0203
0.0199
0.0195
0.0191

0.500
0.495
0.490
0.485

0.2985 0.500
0.2927 0.495
0.2869 0.490C
0.2812 0.485

-0.1064 0.500
-0.1044 0.495
-0.1023 0.490
-0.1002 0.485

TABLE IV. Nash equilibria for varying in Section 5.2

For the static equilibrium of Section 4.2.2 as well as for all dynamic equilibria computed in this section,

the first of the constraints/ (= 1) has been active. An increase in production by players 1 and 2 is
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Player 1 States

217f tho=1.00
°

%  tho=0.99
2160 ¥ tho=098

Period

FIGURE 8. Player 1 states for varying

compensated by the production decrease of player 3 who is the heaviest polluter and the highest cost
producer (see Table I1.)

Player 1 Player 2 Player 3

1
09 091 092 093 094 095 096 097 098 099 1 09 091 092 093 094 095 096 097 098 099 1 09 091 092 093 094 095 095 097 098 099 1
tho tho tho

FIGURE9. Player 1, 2 and 3 actions= 0) for varyingp

Two periods with barely active constraint§Ve look here at how the Nash equilibrium behaves when a
constraint is non-active in the first periad 0). In this way we can observe the behaviour of the players
when constraints become active.

Redefine the constraints as

(49) aqu(u®) = iauej ((1— wx” + i(l— M)t‘sui(s)> <424

(50) p(u) =

t
0 j26; ((1— )X + Z(l— Ua)“sui(s)> <304
S=

22
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then the constraints are nonactive when the game is played for a single period. However, when we play
for two periods and varp, the constraints become active.

Firstly, settingy; to zero forj = 1,2,3, and lettingp vary from 0.90 to 1.00 give the payoffs and actions
of Figures 10 and 12 respectively.

Player 1 Player 2 Player 3

7!
09 0901 092 093 094 095 095 097 098 099 1 09 0901 092 093 094 095 095 097 098 099 1 09 091 092 093 094 095 096 087 098 099 1
tho tho tho

FIGURE 10. How payoff varies wittp for players 1,2,3 respectively for the new constraints

09 091 092 093 094 095 096 097 098 099 1
tho

FIGURE 11. How constraint values vary withfor the new constraints

Again, the payoffs are high when the discount factor is large. Regarding the players’ actions shown in
Figure 12, they are such that for a certain valu@ ¢here,p = .95 see Figure 11) the second constraint
becomes binding. From this value pfonwards” the least economic agent’s actions.( Player 3's; see
his parameteres in Table Il) start diminishing.

The evolution of the state is shown for Player 1 in Figure 13. We note that his capacities in period
1 surpass those of the “static” equilibrium, and grow in the discount factor. An apparently big jump in
capacities in period 2 is mainly due to the relatively large weight of the scrap value in the agent’s objective

function.
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Player 1 Player 2 Player 3

09 091 092 093 094 095 096 097 098 099 1 09 091 092 093 094 095 096 097 098 099 1 09 091 092 093 094 095 095 097 098 099 1
tho tho tho

FIGURE 12. Player 1, 2 and 3 actions= 0) for varyingp with the new constraints

Player 1 States

tho=1.00
tho=0.95
s6.2[ rh0=0.90

°
~

Period

FIGURE 13. Player 1 states for varyirgwith the new constraints

Secondly varying i; from being 0 to 0.10 (for all players simultaneously) and keeping0.96, we
get the results displayed in Figures 14, 15 and 16.

The highest payoffs are (obviously) for no depreciatipr-(0). The impact of contraints on the equilib-
rium actions is noticeable in this case too. For the depreciation parameter values close to zero, a contraint
becomes binding and the players have to diminish their actions.
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Player 1 Player 2 Player 3

w
5 5396 5
167 304 158
166 392 157]
165 39 156
o 001 002 003 004 005 006 007 008 009 01 * o 001 002 003 004 005 006 007 008 009 01 0 001 002 003 004 005 006 007 008 009 01
FIGURE 14. Player 1, 2 and 3 payoffs for varyipg with the new constraints
—
.
3
s
FIGURE 15. How constraint values vary with for the new constraints
054 0.51
0.52 05
;
&0 %uu gma
v
o o 001 002 003 004 005 006 007 008 009 01 o o 001 002 003 004 005 006 007 008 009 01 o 0 001 002 003 004 005 006 007 008 009 01

FIGURE 16. Player 1, 2 and 3 actions for varyipgwith the new constraints
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6. CONCLUSIONS

The Nikaido-Isoda function was introduced as a means of making the problem of finding a Nash equi-
librium one of maximising a multivariate function.

This together with the relaxation methodology allows us to find the Nash equilibrium of many non-
zero sum multiplayer games in a much simpler fashion than has previously been possible. Software was
developed to implement these ideas and has been used successfully to solve some nontrivial examples.

The games we solved included several elementary static games and some less elementary games includ-
ing the dynamic river basin pollution game based on [3]. The latter was originally solved using Rosen’s
Algorithm.

The developed software enabled us to find the Nash normalised equilibrium of a two period dynamic
game played under the open loop information pattern. In particular, we observed how varying the discount
factor and capital depreciation influence the equilibrium.

We noted that if a one period game has a (static) Rosen normalised equilibrium that makes a constraint
active, this constraint usually remains active in the dynamic game. The players’ investment behaviour
is such that the heaviest polluter should decrease production for the game to have an equilibrium. All
players’ payoffs decrease with a diminishing discount factor.

However, if a static game has an unconstrained static equilibrium, the dynamic equilibrium generally
implies an increased production by all players and that (usually one of) the constraints becomes active.
Also, the more important the future becomes.( approaches 1) the “greedier” the players become and
the more likely is an equilibrium with active constraints. In real life this may mean that players should
be more strictly monitored for larger values @f We summarise that in dynamic games with coupled
constraints and final payoff function, the equilibrium (45), with— 1, movesaway from the static, or
“repeated”, equilibrium of Section 4.2.3.

Notice that all dynamic equilibria are Rosen normalised. In order to force the players to invest according
to these equilibria, Pigouvian taxes can be imposed [3].

The relaxation methodology increases the ability of game theory to solve ever more complex problems,
and does so using simple ideas.
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APPENDIXA. NOTES ON CUSTOMARILY DESIGNEDMATLAB SOFTWARE FOR SOLUTIONS OF
GAMES

This section contains a brief description of the MATLAB program we designed to implement the relax-
ation algorithm.

A.1. Program design. The flow diagram is displayed in Figure 17.

Program interface
interfac. m
[ ‘ 1
Input procedures Relaxation algorithm
getparns. m rel ax. m
scriptfile |
[ 1
Maximum response function Step size optimisation
z_const. m op_al pha. m

op_al ph2. m

Nikaido-1soda function

nik_iso.m

FIGURE 17. Program flow diagram

A.2. Description of the procedures.

A.2.1. User interfaceinterfac.m. This reads in required parameters which describe the game to be
solved, and feeds them to the algorithm. It then outputs the results to screen.

A.2.2. Parameter inpuigetparms.m, scriptfile. The input to the program can be either through a
series of prompted questions or through use of a MATLAB m-file script which takes no arguments and
returns all required parameters to the program.

The required parameters at the time of writing are the names of the payoff function and constraint
function, a description of the game, a vector giving the dimension of each player’s action space, the lower
and upper bounds on the players’ actions, the number of equality constraints, the precision required, the
step-size optimisation method and a starting guess.

A.2.3. The payoff function.This takes the collective action and the player number and returns the corre-
sponding payoff.

A.2.4. The constraint functionThis takes the collective action vector and returns a vector of numbers
which must be nonpositive to satisfy the constraints. Some may be required to be equal to zero if the

number of equality constraints is positive.
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A.2.5. The relaxation algorithnrelax.m. The main procedure containing the control loop for the algo-
rithm. This function takes the required parameters, and iterates the algorithm until the termination condi-
tions have been reached. It returns the normalised Nash equilibrium together with the points traversed in
achieving the solution, the individual payoffs at each step, the step sizes used and the time taken.

A.2.6. Next iteratenextx .m. This simple function takes thé, Z(x%) anda and returnsc+,

A.2.7. Nikaido-Isoda functiomik_iso.m. Returns the value of the Nikaido-Isoda function at the point
(y,Xx). The order of the arguments is the reverse of that in the paper for technical reasons.

A.2.8. Optimum response functiaficonst .m. This returns they which maximises the Nikaido-lsoda
function at the poink.

A.2.9. Step-size optimisation primitive methe@_alpha.m. This simple step-size optimisation only
works when the players have identical payoff functions. It simply determines tiveich maximises
the common payoff.

A.2.10. Step-size optimisation general methgdalph2.m. This step-size optimisation works by trying
to minimise the maximum of the Nikaido-lIsoda function at the next step.

A.2.11. Vector to string functiorvect2str.m. Takes a collective action and the dimensions of the play-

ers’ action spaces, and returns a string output of a nested vector which can be output to screen. For
example, in the dynamic river pollution game, where each player had two actions, the solution was
[[0,0][0,0][0,0]] for p=1.

28



REFERENCES

[1] J.P. AuBIN, 1979, “Mathematical Methods of Game and Economic Theguyisterdam, North Hol-
land.

[2] T. BASAR 1987, “Relaxation techniques and asynchronous algorithms for online computation of non-
cooperative equilibria”Journal of Economic Dynamics and Contrebl. 11, pp. 531-549.

[3] ALAIN HAURIE & JACEK B. KRAWCZYK, 1997, “Optimal charges on river effluent from lumped
and distributed sourcesEnvironmental Modelling and Assessmemt. 2, no.3, pp 93-106.

[4] NIKAIDO HUKUHANE AND ISODA KAZzUO, 1955, “Note on noncooperative convex gaméxcific
Journal of Mathematigsvol. 5, Supp. 1, pp 807-815.

[5] JACEK B. KRAWCZYK, 1995, “ECON 407 - Economic Dynamics B, Introduction to Dynamic Games
with Application - Course NotesRrinting Unit, Works and Services, Victoria University of Welling-
ton 1774/95/5.

[6] J. B. ROSEN 1965, “Existence and uniqueness of equilibrium points for concave n-person games”,
EconometricaVol. 33, No. 3, pp 520-534.

[7] S. P. lRYAS'EV, 1990, -“A nantusabie Asnropurmbl Ctoxactuueckojl) OnruMmusamum

u Teopuu HWrp " (“Adaptive Algorithms for Stochastic Optimisation and Game Theory,”)
MockBa «Hayxka».

[8] STANISLAV URYAS'EV & REUVEN Y. RUBINSTEIN, 1994, “On Relaxation Algorithms in Compu-
tation of Noncooperative EquilibrialEEE Transactions on Automatic Contrdlol. 39, No. 6. pp.

1263-1267.

29



