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Abstract: This paper compares the performance of the Howard (1960) policy iteration algorithm for infinite-horizon
continuous-state Markovian decision processes (MDP's) using alternative random, quasi-random, and deterministic
discretizations of the state space, or grids. Each grid corresponds to an embedded finite state Markovian decision
processwhose solution is used to approximatethe solution to the original continuous-state Markovian decision process.
Extending a result of Rust (1997), | show that policy iteration using random grids succeeds in breaking the curse of
dimensionality involved in approximating the solution to a class of continuous-state discrete-action MDP's known as
discrete decision processes (DDP's). | compare this “random policy iteration algorithm” (RPI) with policy iteration
algorithms using deterministically chosen grids including uniform grids and “quadrature grids’ both of which are
subject to the “ curse of dimensionality”. | also compare the RPI agorithm to deterministic policy iteration algorithms
based on quasi-random or “low discrepancy grids’ such asthe Sobol’ and Tezuka sequences. While an analysis of the
“worst case” computational complexity of the DDP problem shows that any deterministic solution method is subject
to an inherent curse of dimensionality, my numerical comparisons reveal that in the test problems considered, policy
iteration using the deterministic, low discrepancy grids were superior to the RPI algorithm. The RPI agorithm in
turn, outperformed deterministic policy iteration using methods based on uniform and quadrature grids even in one
and two dimensional test problems when the transition density in the MDP problem is sufficiently smooth, but can
be inferior to the latter methods in problems where the transition density has large discontinuities or spikes, violating
regularity conditions needed to establish the uniform convergence of the RPI algorithm. This finding suggests that
policy iteration algorithms that use low discrepancy grids may succeed in breaking the curse of dimensionality in
“average case” settings, since in multivariate problems the rate of convergence of these methods exceeds the rate of
convergenceof methods based on random grids and other deterministically chosen grids, and thus tendsto outperform
these methods in problems where there are no large spikes or discontinuities in the transition density of the MDP
problem.!

' | am grateful to Anargyros Papageorgiou and Joseph Traub for providing the FINDER software that generated the Sobol and Tezuka sequences used
in this paper.



1. Introduction

This paper reportsthe results of anumerical comparison of the speed and accuracy of alternative policy iteration
algorithms for solving a class of infinite horizon continuous state dynamic programming (DP) problems associated
with optimal control of Markovian decision processes (MDPs). > The (infinite horizon) MDP problemis to find an

optimal decision rule o and avalue function V" that solve the optimization problem

oo
V(s)= max E, {Zﬂtu(st,atﬂso = 5} , (1.1)

=0
where s € S denotesthe state of the MDP, S is the state space, 5 € (0, 1) isthe discount factor, and E,, denotesthe
conditional expectation operator for the controlled stochastic process { s, a; } induced by the decision rule . Except
in rare and highly specialized cases, it is impossible to derive closed-form solutions to MDPs so we must generally
make due with numerically computed approximate solutionsto (1.1). Thisis especially truein MDPswith continuous
state spaces (e.g. where S is a subset of a Euclidean space with non-empty interior), since for these problems V" and

« are functions defined on a domain with a continuum of elements and can therefore generally only be approximated.

This paper presents results of a numerical comparison of several aternative discrete approximation methods
for the continuous state MDP problem. Following the literature in computer science literature, | consider algorithms
that require only a finite amount of information about the underlying continuous MDP problem. All of the methods |
compare in this paper involve computing an approximate value function and decision rule (Vy;, arpy ) to an embedded
N-state MDP defined on a finite subset of points {s1,... ,sx} of S which | will henceforth refer to asagrid. The
solution (Vy, ) to this finite-state MDP — a pair of vectorsin RN — can be computed exactly using the method
of policy iteration introduced by Howard (1960). Once (Viy,« ) is computed, | show how to use a variety of
interpolation or approximation methods to extend (V, oy ) to points s € .S which are not on the grid. Any particular
interpolation or approximation method yields a unique extension of the“data’ (Vy, ) to the entire continuous state

space S, so one can think of (Vj;, ey ) either asapair of vectorsin RN or asapair of functions mapping S to R.

All of the methods for choosing grids and an associated embedded finite-state MDP considered in this paper
have the property that the continuous extension of the solution (Viy, o v ) to thefinite-state problem provides auniform
approximation to the true solution (V,«). Therefore | measure the accuracy of a solution by the magnitude of the

approximation errors ||ay — af| and ||Vy — V||, where

, (1.2)

IViv = VI = sup [V (s) = V(s)
seS

n

There is alarge theoretical literature on the general properties of and existence of solutions to MDPs. Bertsekas (1995) and Puterman (1994) are
excellent introductions to this theory. Because MDPs offer a very general framework for modeling optimal decision-making over time and under
uncertainty there have been numerous applications in engineering, computer science, economic theory and econometrics. See Stokey and Lucas,
1994 for arecent survey of applications of MDPs in economic theory and Rust, 1994 for arecent survey applications of MDPs in econometrics.
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and ||y — «f| is defined similarly. There are two components to these approximation errors: 1) the error involved
in finding an approximate solution to (V, o,y ) for the embedded N-state MDP, and 2) the approximation error
involved in extending (V, o ) to afunction defined at points s € S that are not on the grid. In this paper | evaluate
these approximation errors using two “test problems” that have analytic solutions for (V, «): a machine replacement
problem and a job search problem. Both of these problems are examples of “discrete decision problems” where the
decision-maker has only afinite number of possible actionsto choose from. For these problems, the method of policy
iteration can be used to cal culate exact solutionsto the embedded /V-state MDP problem.? Furthermore, the amount of
cpu time necessary to solve the embedded M DP problem depends on the number of grid points /V but is approximately
the same regardless of the particular grid or embedded MDP problem considered for any fixed value of N. Thus, we
can compare the relative efficiencies of various methods for choosing grids and embedded MDPs by calculating the
error functions ||y — «f| and ||Vy — V||: the method that yields the smallest error will constitute the most efficient

method for the two test problems considered in this paper.

| compare the performance of five aternative grids for various values of V:

1. uniform grids
2. quadrature grids
3. Sobol’ grids

4, Tezukagrids

5. random grids.

Each of these grids can be viewed as providing different ways of solving the integration subproblem involved in
approximating the solution to an MDP: the details of how these grids are generated will be describedin section 2. The
integration subproblem is particularly hard in continuous-state MDP problems since the true solution V' requires the

calculation of potentially infinitely many integrals, onefor each s € S.

In section 2 | show how error boundsfor ||V — Vv || depend on a bound on the maximum absolute error over
aparticular class of multidimensional integrals known as the discrepancy. For each of the grids considered | am able
to derive upper bounds on the discrepancy, so the discrepancy bounds determine the rate at which ||V — Viy || tends

to0 as N — oo.* Thisanalysisyields the following bounds on the approximation errors ||V — Vi || for solving a

3 The solution are “exact” modulo the rounding errorsinherent in finite precision arithmetic on digital computers.

+ A dightly different argument is used to derive errors for methods based on quadrature grids and for uniform gridsin problems where we have exact
integration, i.e. problems where we can exactly integrate any spline approximation vy of V. In this case, the approximation error then derives
solely from the maximum error in approximating v by functions v that are piece-wise polynomials or splines and where the grid now determines
the “knot points’ used to form the spline approximation.



particular MDP problemusing the various grids:

1
0 ( T ) for uniform grid
N1
1
0 <?) for quadrature grid
N d
IV —Vnll= 1 (1.3)
O - .
( ﬁ) for random grids
log(N)¢ , . , .
@) ~ for Sobol’, Tezuka, and other “low discrepancy” grids

One can show that the lower bounds on the rates of convergence for uniform and quadrature grids differ from the
upper bounds only by a factor of proportionality, so that approaches based on uniform and quadrature grids are
subject to an inherent curse of dimensionality: their rate of convergenceis inversely proportional to the dimension
d. However methods based on random and low discrepancy grids are not subject to the curse of dimensionality.
It is important to note that the convergence rates quoted above are for a fixed MDP problem and therefore do not
contradict the complexity bounds of Chow and Tsitsiklis (1989) which imply that any deterministic method for solving
the MDP prablem (including methods based on deterministic low discrepancy sequences) is subject to the curse of
dimensionality. The reason isthat the Chow and Tsitsiklis complexity bounds are based on aworst case anaysisfor a
class of MDP problems satisfying certain Lipschitz conditions. This classis sufficiently large that one can alwaysfind
aproblemin the classthat will perform poorly for any given deterministically chosen set of grid points. In this study
| compare rates of convergence for fixed MDP problems and therefore the rates of convergencel observe empirically
are generally much faster than the worst caselower bounds derived for abroad class of MDP problems. However | do
make some attempt to study what happensin “worst case scenarios’ by choosing test problems that violate standard
Lipschitz regularity conditions used to establish convergence and complexity boundsin other contexts. While | show
that ||V — Viy|| still converges to 0 despite the existence of discontinuities in the test problems, but the curse of
dimensionality appears for all of the methods when there is a sufficient level of discontinuity or “irregularity” in the

problem.

For more*“regular” problemsthe results of numerical comparisonsreported in sections3 and 4 basically confirm
the theoretically predicted convergencerates quoted above. In the test problems considered, policy iteration using the
deterministic, low discrepancy grids uniformly outperformed policy iteration using random grids, which | henceforth
refer to asrandompolicy iteration (RPI). The RPI algorithm in turn, outperformed deterministic policy iteration using
uniform or quadrature grids in one and two dimensional test problems provided the transition density of the MDP
problem is sufficiently smooth. However RPI can beinferior to deterministic policy iteration algorithms using uniform
or quadrature grids in problems where the transition density has large discontinuities or spikes, violating regularity

conditions needed to establish the uniform convergence of the RPI algorithm and policy iteration algorithms based
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on low discrepancy grids. These results suggests that deterministic policy iteration using low discrepancy grids may

succeed in breaking the curse of dimensionality in “average case” settings, since in multivariate problems the rate of
convergence of these methods exceeds the rate of convergence of methods based on random discretizations and other
deterministic discretization procedures, and thus tends to outperform these methods in problems where there are no

large spikes or discontinuitiesin the transition density of the MDP problem.

Section 2 reviews some key results from the theory of MDPs, Bellman and Markov operators, describes the
policy iteration algorithm, and presents the key inequalities used to derive the errors bounds presented above for the
various choicesof grid points. Section 3 introducesthetest problems used in the numerical comparisons and describes
an ideadue to Kenn Judd that | used to generate a family of multidimensional test problems from unidimensional test
problems with closed-form solutions. Section 4 presents results of a numerical comparison of methodsin several one
dimensional test problems. Section 5 presentsresults of anumerical comparison of methodsin several onedimensional

test problems. Section 6 presents some concluding remarksincluding conjectures and suggestionsfor further research.



2. Background on MDPs, Palicy Iteration, and Approximation Error Bounds

This section reviews some basic facts about Markovian decision processes (MDP's), introduces a subclass of
MDP’s with continuous state variables and discrete decision variables known as Discrete decision processes (DDP's)
that form the test problemsin this study. Sections 2.2 and 2.3 review some key results on Bellman operators, Markov
operators, and the policy iteration algorithm. Section 2.4 discusses how to approximate the solution to a continuous-
state MDP problem by solving an embedded finite-state MDP problem defined over a finite grid of pointsin S. |
derive bounds for ||V — Viy|| in terms of the error between the true Bellman operator T" and a discretized Bellman
operator I' y. Next | derive bounds on the error ||T'(V)) — I' 5 (V') || via bounds on the error between the true Markov
operators £, and a discretized Markov operator £, . Finaly | derive error boundsfor || E. (V) — E, (V)| using
error bounds for a class of multivariate integrals known as the discrepancy, D'y, so the rate of convergence of Dy,

provides on upper bound on the rate of convergenceof ||V — Viy||.

2.1 Definitions of MDPs and DDPs

Definition 2.1: A (stationary infinite-horizon) Markovian Decision Process (MDP) consists of the following objects:
o A state space S,
e An action space A,
o A family of constraint setss — A(s) C A,
o A utility function u(s, a),
¢ A Markov transition density p(s'|s, a),
e A discount factor 3 € (0,1).

Definition 2.2: A Discrete Decision Process (DDP) is an MDP with an action space A that contains a finite number

of elements.

In order to derive error bounds, additional regularity conditions need to be placed on (u,p): typicaly S is
assumed to be a compact subset of R (with non-empty interior), p will be adensity with respect to L ebesgue measure
on S and u(s,a) and p(s’|s, a) are assumed to be a Lipschitz continuous functions of their first arguments for each
s € S and eacha € A(s). However in the test problems we consider in this paper the transition density p is
discontinuous, and indeed in the search problem atransition density does not even exist. Despite the failure of these
regularity conditions, | show that the discrete approximation methods can still be applied and still convergeto the true

solution.



2.2 Bellman’s Equation and Bellman Oper ator s

Equation (1.1) presented the optimization problem that we aretrying to solve and noted that the solution consists
of two objects, the optimal value function V' and the optimal decision rule «. Asiswell known (see e.g. Bellman,
1957, Blackwell, 1965 or Denardo, 1967), the optimal decision rule « (which may not be uniquely defined) can be
recovered from the value function V', which is the unique solution to Bellman’s equation V' = I'(V'), where I" is a
contraction mapping known as the Bellman operator:

F(V) (s) = maz [u(s,a) + ,8/V(s’)p(s’|5,a)ds’]. (2.1)

acA(s)

A standard procedure for solving infinite horizon MDPs is via backward induction which is equivalent to finding a
fixed point of Bellman’s equation by the method of successive approximations. However in some cases, especially
when the discount factor 3 is closeto 1, it can be more efficient to solve the MDP by the method of policy iteration

which | describe in the next section.

In continuous state MDPs, T is a contraction mapping on the infinite-dimensional Banach space B of bounded
measurablefunctionsfrom Sto R, anditsfixed point V isalso amember of B. Inthispaper | usediscrete approximation
to find a computable, finite-dimensional approximation to the generally non-computable infinite-dimensional fixed
point problem. Consider the problem of finding afixed point Viy = Iy (Viy) to a discretized Bellman operator Ty
defined by:

N
Ty (V) (s) = max l?t(s,a) + ,BZ V(si)pn(sils,a)|, (2.2)
=1

a€A(s)

where p is a discrete probability distribution over afinite grid {s1,... ,sy} in S. It is easy to see that when the
state variable s in (2.2) isrestricted to the grid the fixed point equation Viy = T'n(Viy) is simply Bellman’s equation
for an embedded finite state MDP problem. Since the state space for this problem has NV elementsit is clear that T
is a contraction mapping on R™, and its fixed point Vi will also be a vector in R™N. However in order to construct
an approximationto V' € B we need to extend the vector Vy; to afunction defined over all s € S. One obvious way
to do thisisviainterpolation: if s € S can be expressed as a convex combination of grid points {s1,... , sy}, then
Vv (s) can be expressed as the corresponding convex combination of the components of Vi

N N N
Vn(s) = Zuﬂ/i\r(si) where s = Zu;si and Z,ui =1, u; >0, (2.3)

i=1 i=1 i=1
where Vy (s;) denotes the ith component of the vector V. Although | include interpolation as one of the methods
evaluated in this paper, | note severa of its shortcomings here: 1) the interpolated solution may not be uniquely
defined: uniquenessis typically imposed by requiring s to be a convex combination of its “adjacent” or “nearest

neighbor” grid points, but for arbitrary grids it may not be easy to find the nearest neighbors of an arbitrary s € S,
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2) some s € S may be “outside the grid” and are therefore not expressable as a convex combination of grid points,
so auxiliary extrapolation methods must be used to determine V) (s) for such points. One could also use a variety
of other “smoothing” or approximation methods, treating the vector (Vy (s1),... ,Vy(sy)) a N “datapoints’ and
using parametric or nonparametric regression methods to find a function v, defined over al of S that best fits the
data. Unfortunately any approach which requires us to solve an auxiliary interpolation/approximation problem wil be
subject to an inherent curse of dimensionality, at least on aworst casebasis. Furthermore, it has been proven that use of
randomization cannot break the curse of dimensionality of this approximation problem (see, e.g. Traub, Wasilkowski
and Wozniakowski, 1988, or Novak 1988).

A better approach to extending V5 to afunction defined over al s € S isto use amethod that avoids the need
to solvean auxiliary interpolation/approximation problem. A standard approach is Nystrom's method, atechnique well
known in the literature on numerical solution of Fredholm integral equations (see, e.g. Press, et. al. 1992). Inthe
present context Nystrom’s method amounts to the observation that if «(s,a) and py (s;|s, @) are uniformly bounded
and measurable functions defined for al s € S, then I" 5, givenin (2.2) hasadual interpretation: it can beviewed asa
contraction mapping on RN when the state spaceis restricted to the grid {s1, ... , sy }, but it can also be viewed asa
contraction mapping on the infinite-dimensional Banach space B whenT (1) isregarded as afunction defined for all
s € S. It then follows that the unique fixed point ¥ to I' 5 also has a dual interpretation as an element of R (when
we restrict attention to its valueson the grid {s;,... , sy }) or asan element of B (when we consider V' as a function
defined for al s € S). Undert the latter interpretation we can use the triangle inequality, the contraction-mapping
property, and the fact that " and I ; have common modulus 3, to derive the following error bound for ||V — Vi ||:

ID(V) = Dy(V)]
-5

| <

V-V (2.4)

Thus, the problem of uniform approximation of V" is reduced to the problem of uniform approximation of the Bellman
operator. Rust (1997) described the property that I (V') and Vv have a dual interpretation as elements of RN or
elements of B as the property of self-approximation. Self-approximation implies that it is not necessary to employ
auxiliary function approximation or smoothing algorithms to extend the solution to the embedded finite state MDP,
(1{,\; (s1)y... Vi (sN)) ,toafunction V)y defined over al of S. He showed that the self-approximation property isthe
key to a proof that randomization succeedsin breaking the curse of dimensionality of the DDP problem. The strategy
of his proof is to show that approximation error bounds for the nonlinear operator I" can be further decomposed into
error boundsfor afinite number of linear operators E, known as Markov operators. The approximation error bounds
for these infinite-dimensional operators can the be reduced to well-known error bounds for the maximum error in a
particular class of multivariate integrals known as the discrepancy. Rust (1997) used empirical process methods and
maximal inequalities to bound the expected value of the discrepancy. However this approach is not applicable in

cases where the grid {s1,... , sy} is deterministically rather than randomly chosen. Indeed one might question the



relevance of Rust’s results on the grounds that it is not possible to generate truly random sequences on any digital

computer. Rust (1997) argued that this objection is of more ph ilisophical than practical relevance sinceit deterministic
random number generatorsfaithfully mimic the key properties of truly random sequences, the most important of which
isthe property that the sequencesare uniformly distributed.> In this paper | address the objection head-on by deriving
error boundsfor ||V — Viy || that explicitly account for the fact that we are using deterministic rather than random grids.
| do this by employing a deterministic error bound known as the Koksma-Hlawka inequality rather than a maximal

inequality.

2.3 Markov Operatorsand Palicy Iteration

As | noted in the introduction, there are three subproblems that must be confronted in order to solve infinite
horizon, continuous state MDP problems: 1) a fixed point subproblem, 2) a maximization subproblem, and 3) an
integration subproblem. Sincethis paper focuseson DDPs, | can solve maximization subproblemexactly. Furthermore,
in this section | show that by using policy iteration | can solve the fixed point problem exactly, computing the exact
fixed point Viy = T'5 (V) of the discretized Bellman equation (a vector in R™). Thus, the only subproblem the
remains to be solved is the integration subproblem, i.e. the problem of approximating the conditional expectations
operator (integral) entering the Bellman operator I'. In equation (1.1) the integration subproblem is represented by
E., which denotes the conditional expectation operator for the controlled stochastic process {s;, a; } induced by the
stationary decision rule a; = a(s;) and thetransition density p(s;+1|s:,a;). However in the remainder of this paper |

will use F, to denote the one-step-ahead or Markov operator, i.e. the linear operator defined by

EaV(5) = [ V(s p(sls.(5)d. 29

When the state space S containsinfinitely many elements, E,, is an operator on the infinite-dimensional Banach space
B of bounded, measurable functions from S into R. It follows that evaluation of E,V involves computation of
infinitely many integrals, one for each s € S. We can write Bellman’s equation using this Markov operator notation
as.

V(s) = maz [u(s,a) + BE.V (s)] = u(s,a(s)) + BEV(s), (2.6)
a€A(s)

where a(s) isthe optimal decisionin state s. Thevaluefunction V' can be recovered from « viapolicy evaluation, i.e.

V =g+ BEV = (I — BEy) L ua, (2.7)

where u,, is the function defined by uq(s) = u(s,a(s)), i.e. the reward or utility function implied by the optimal

decisionrule «. Equation (2.7) showsthat V' isthe unique solution to an infinite-dimensional linear operator equation,

® See also Traub and Wozniakowski (1992) who provide sufficient conditions for sequences from deterministic linear congruential generators to
behave equivalently to truly random sequences.
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a Fredholmintegral equation of the second kind. Existence and uniqueness of a solution follow from the Fredholm
theory and the fact that £, isaMarkov operator and 3 € (0, 1): it is straigthforward to show that the inverse operator

(I — BE,)~ ! exists and hasthe following infinite series or Neumann representation:
o0
(I-BEq) "= [BEa]". (2.8)
=0

It follows that the methodsin this paper are al so applicable to approximating solutionsto Fredholm integral equations,
since each policy evaluation step of the policy iteration algorithm described below involves solution of a Fredholm

integral equation of the second kind.®

Theduality between V' and o isthe basisfor the policy iteration algorithmwhich consists of iterations consisting
of alternating policy evaluation and policy improvement steps. Supposethat at iteration k of this algorithm we have a
candidatedecisionrule ;.. Thenwe perfrom apolicy evaluation step, solving equation (2.7) to find the value function

Va, corresponding to policy, ay,. Then at iteration % 4 1 we form anew policy oy viaa policy improvement step:

apt1(s) = argmazfu(s,a) + BEVy, (s)]. (2.9)
acA(s)

Itiseasytoseethat if apy = ay, thenVy,, ., = Vo, =V, where V is the unique solution to Bellman’s equation
(2.6). It follows that if policy iteration converges, it convergesto the solution of the MDP problem. One can show
(see, e.g. Puterman and Brumelle, 1979) that policy iteration is equivalent to Newton’s method for finding V' asa zero
of Bellman'sequation, 0 = V' — I'(V'). Furthermore, policy iteration yields a monotonic sequence of candidate value

functions, i.e. V,, < Vogg K=0,1,.... In finite state DDPs there are only afinite number of possible policies, the

monotonicity property guaranteesthat policy iteration convergesto the optimal solution in afinite number of iterations.

2.4 Discrete Markov Oper atorsand Embedded M DPs

As noted above, al of the discrete approximation methods analyzed in this paper, including iterative methods
based on discretization of the Bellman operator, can be viewed in a unified framework as arising from solutionsto an
embedded finite state MDP determined by the grid {s1,... , sy } in S. Given any policy «, for the embedded N-state

MDP, there is a corresponding discrete Markov operator F,, y given by:

N
E, NV (s)= Z V(s)pn(sils, a(s)) (2.10)
=1

Strictly speaking, the methods are applicable only to asubset of Fredhom integral equations where the Fredholm operator K has the representation
K = g where £ isaMarkov operator and 3 isa constant between 0 and 1. In a subsequent paper | will address the issue of whether the methods
in this paper can be extended to awider class of Fredholm integral equations.
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where {s1,... , sy} issome predetermined grid in S and p y is adiscrete probability density over points on this grid.
If o and p are defined for all points s € S which may not necessarily lie on the grid, then £, y also has a dual
interpretation as a Markov operator on either the infinite-dimensional space B or on the finite-dimensional Euclidean

space R™. Inthelatter case E,, N canberepresented by an N x [V transition probability matrix given by:

Ea,l\r[iaj] = [pi\’v(s'i|sjﬂa(sj)):| . (211)

Just asin the continuous state case, the discretized Bellman operator T" 5, can be represented as the maximum of afinite

number of Markov operators:

Tn(V) = mg(;r) [u(s,a) + BE, N V(s)] . (2.12)
acA(s

The solution (Vv ) to the embedded finite state MDP can be computed from the fixed point to the discretized
Bellman equation, Vi = I' 5 (Vay), and this fixed point can be computed exactly in afinite number of iterations by the

policy iteration algorithm. In direct analogy to the infinite dimensional casethe policy evaluation step is given by:
. . , . —1 .
Vor = tlay, + BEg NV = (I = BEy, N) ™ oy, (2.13)

where V,,, isan N x 1 vector whose ith dement is Va, (si), the expected discounted utility of policy ay, in state s;,
and uq, is N x 1 vector whose ith element is given by uq(s;) = u(s;, a(s;)), the utility received in state s; under
policy «y,. Alsoin direct analogy to the infinite-dimensional case, the policy improvement step is given by:

apy1(s;) = argmaz [u(s;,a) + BBV, (si)]. i=1,... ,N. (2.14)
a€A(s;)

As noted above, the policy iteration algorithm is guaranteed to converge to the optimal policy in a finite number of
iterations. The dominant work in policy iteration arethe O( N3) operations necessary to carry out the policy evaluation
step, (2.13). Asaresult, policy iteration tendsto becomeimpractical when NV exceeds several thousand unless one has

accessto supercomputers.”

7 Supercomputers can solve dense systems of N = 10000 equations in amatter of seconds. However larger systems can be solved using approximate
methods, such the “GMRES’" method described in Rust, 1996.
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2.5 Deriving Error Boundsfor MDPsfrom Error Boundsfor Markov Operators

Using Lemma3.1 of Rust (1997) we can derivean error boundfor ||V — Vi || intermsof theerrors|| E, — E, v |:

maTaeA ”Ea(v) - Ea,N(V)H
(1-75)

V-Vl < (2.15)

So to complete our analysis, we need to derive bounds on || E, (V) — E, x(V)||. To do this, we need to be more
specific about how £, y is formed by specifying the discrete Markov transition probability py. One strategy for

forming py isto makeit equal to anormalized ratio of the underlying transition density p(s'|s, a):

p(sz|s, a
o (sils, @) = # (2.16)
assuming the denominator in (2.16) is not equal to 0. A sufficient condition for thisisthat p(s'|s,«) has full support
S foreacha € A ands € S. Notice that this normalization ensuresthat p 5 is adiscrete probability density, and if it
isdefinedfor al s € {s1,... ,sy}, then {u,py, 3} isawell-defined N-state MDP. | used (2.16) to construct p and

E,_y for therandom, Sobol’, and Tezukagrids.

A slightly different construction was used for quadrature grids following the approach of Tauchen and Hussey
(1981). Their approach is based on Gauss-L egendre quadrature which is used to approximate an integral of afunction

on the unit interval as:
N

-1
/0 F(s)ds = S wif (s:). (2.17)

i=1
where the {w;} are the quadrature weights and the {s;} are quadrature abscissae. These 2NV unknowns are chosen
so that the approximate integral of the right hand side of (2.17) is exact for all polynomials of degree 2N — 1 or less,
and there are standard routines for calculating the (w;, s;) recursively (see e.g. Press, et. al. 1992). Given the NV
guadrature weights and /N quadrature abscissa, we can define a discrete transition probability p by the formula
wp(sils,a)
S wiplsils.a)’

p(sils,a) = (2.18)

Sincethe quadrature weightsare required to integrate constant functions exactly, they must sumto 1: onecan also show
that they must also be nonnegative. It follows that (2.18) also defines a valid probability density, and if py (si|s, @)
is defined for all @ € A and s in the N quadrature abscissa then {u,py, 3} is also a well-defined N-state MDP. In
multidimensional problems a product rule can be employed: the quadrature grid is formed as a cartesian product of
unidimensional quadrature grids and the weightsfor each of these grid pointsare simply aproduct of the corresponding
weights for the unidimensional grids. Otherwise the corresponding discrete Markov transition probability p » hasthe
same form as equation (2.18). It is easy to see that multidimensional quadrature by product rules are subject to the
curse of dimensionality: if there are N points used in each of d dimensions, the quadrature grid for .S consists of N¢

points.
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| consider onefinal approach to constructing p , exact integration, which can be used in cases where the grid
defines a triangulation of the state space S (i.e. line segments connecting the grid points define a partition of S into

a finite number of non-intersecting polyhedra). For example in the case where S = [0, 1] a uniform discretization

with IV points divides S into [V equal intervals of length 1/V with midpoints s; = ﬁ + (i;}) ,i=1,... ,N. The
corresponding p 5 is given by:

pn(sils,a) = /“TT” p(s']s,a)ds’ s € ((Z;—Tl), ;—T], i=1,...,N. (2.19)
Note that in many problems that it is not possible to compute exact integrals asin equation (2.19), but in the two test
problems studied in this paper p(s'|s, ) is an exponential and gaussian distribution, respectively, so it is possible to
perform virtually “exact” integrations asin (2.19). In fact, using integration by partsit is possible to find closed-form
expressionsfor E,V (s) provided that V" isany piecewise polynomial function with fixed coefficientsfor each partition
element. Any spline approximationto V" with knot points at the NV grid pointsis an example of a piecewise polynomial
function. Although the corresponding F, n operator no longer has the simple representation as in (2.10) and we
lose the interpretation of the discretized MDP as an embedded finite state MDP (so the direct application of finite
V-V

approximations to compute an approximate fixed point Viy = I' ;(Viv): see Santos and Vigo (1996) for examples of

state policy iteration is no longer applicable), we can still derive error bounds for and use successive

this approach. In this paper | restrict attention to discretizations that yield V-state MDPs and whose discrete Markov
operators have the representation in (2.10) so | can use policy iteration. However in section 2.6 | discuss error bounds
for exact integration approaches using “higher order” spline approximations such as considered in Santos and Vigo
(1996).

2.6 Stochastic Error BoundsVia Maximal Inequalities

Now that | have explicitly defined the E, n operators, | can derive bounds on the approximation error
|Ea — Eq x|, yielding error boundsfor the object of interest, |V — V||, viainequality (2.15). Consider first discrete
Markov operators E,,  derived from py of theform givenin (2.18). For simplicity, | will assumeinwhat follows that
S =1[0,1]¢,i.e. S isthe d-dimensional hypercube. Aslong as S is compact it will be contained in some cube and via
a change of variables we can map this cube back to the case S = [0, 1]“. Thus, the only thing that will changein the
error boundswill bethat the proportionality constantswill be increased accordingly. If thegrid {s1,... , sy }is“truly
random” (i.e. 11D draws from lambda(s), the Lebesgue or uniform measure on [0, 1]¢), the analysis of Rust (1997)
applies. Using a maximal inequality for empirical processes due to Pollard (1989), Rust’s Theorem 3.3 provides the

following bound on the expected error in the random variable || E, (V') — EQ’NH that holdsfor esch N > 1:

- 7 [1+ dyTCIK ||V
E{'lE(I("')_Ea.AT||}S\/;[ N} oI (2.20)
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where K, isaLipschitz bound on p(s'|s, ), and C' is an absolute constant independent of V, V, and p. Note that this
bound, together with error bound (2.15) implies that the expected approximation error in the random policy iteration
algorithm, E{||V — Vy||}, converges to zero at rate 1//N independent of the dimension d of the state space. This
immediately implies that randomization breaks the curse of dimensionality of the DDP problem.

As noted in the introduction, the relevance of this result has been questioned on the grounds that real digital
computers are incapable of generating “truly random” sequences: instead computers generate deterministic or “ pseudo
random” sequencesthat are intended to mimic many key aspects of randomness. In order to deal with this casel now
derive deterministic error boundsfor ||V — Vyy || and verify that for fixed MDP problemsthat pseudo random sequences
also succeed in breaking the curse of dimensionality. Thisis true even though lower bounds on the minimax or worst
case error for any reasonably broad class of functions (e.g. al uniformly bounded Lipschitz continuous functions
(u, p)) will necessarily suffer from the curse of dimensionality (see Chow and Tsitsiklis, 1989 and Novak, 1988). The
intuitive explanation for the seemingly paradoxical result is the same as for multivariate integration: given any finite
grid and any sufficiently broad class of integrands (e.g. al Lipschitz continuous functions) if the grid contains fewer
than V< points we can show that there are ‘worst case” integrands for which the approximation error is greater than
1/N. In section 3 we will see that this sort of “worst case” scenario also appears for fixed MDP problems when the

transition probablity density of the MDP has discontinuities.

2.7 Deterministic Error Bounds Viathe Koksma-Hlawka I nequality

The key result for deriving bounds for || E, (V') — E, V|| in the deterministic case is the Koksma-Hlawka

inequality:
17\7

1
~ 2 f(si) = [ F(s)A(ds)
1-\’ ; /

where ) is Lebesgue measure on [0, 1]¢, V(f) is the variation of f (see p. 67 of Bouleau and Lépingle 1994 for a

VDR (1 258). (2.21)

definition), and D7, isthe discrepancy:

N(s1, ..., sy) = sup [AN(B) — A(B)|, (2.22)
BeB

where 3 isthe classof (open) suborthantsof [0, 1]¢, (8 = {[0, ) c [0, 1]|s € [0,1]9}) and A isthe empirical CDF
corresponding to the sample points (sy,... ,sx). Any sequence {sy } that satisfies D3 ({sy}) = 0 as N — o
is said to be uniformly distributed. The Koksma-Hlawka inequality implies that if the sequence {sx} is uniformly
distributed, the A iy = ), i.e. the empirical CDF for {s, } convergesin distribution to L ebesgue measure on [0, 1]¢.

# Note that the deterministic worst case complexity of integration with discontinuous integrands is infinity: i.e. there is no method guaranteed to find
an c-approximation to an abitrary function if that function is allowed to be discontinuous. See TWW (1988).



14

It follows immediately that if f isany bounded function which is continuous except on a set of Lebesgue measure 0

in [0, 1]¢ we have:
hm —Zf )—/f (2.23)

For smoother functions, say if f : [0, 1] — Risin C? (i.e. is d-times continuously differentiable), then one can

=1

While formulas such as (2.24) are conceptually useful, in practice it is quite difficult to evaluate V(f) for use in

derive amore explicit formula for the variation of f:

adf(ﬂ,... d)

dsy---dsg. 2.24
dsq -~ °1 5d ( )

V(f) =

851

determining how large to set V' to guarantee that a given error tolerance is attained.
Using the Koksma-Hlawkainequality it is now straightforward to derivethefollow boundfor || £,V — E, n V]:

Lemma2.l: Let S = [0, l]d and let E, be the Markov operator defined in equation (2.5) and £, y be the discrete
Markov operator defined in equation (2.10), where the density p  in (2.10) isgiven in equation (2.18). Then we have:

|EaV — Eq n|| < (K1(V,p,a) + Ka(p,a)||V]]) NGO R (2.25)
where:
K| (V,p,a) = sup V(V()p(-s,a)), (2.26)
s€[0,1]¢
and
Ky(p,a)y= sup V(p(:|s,a)). (2.27)
s€[0,1]4
Proof: Definealinear operator Ea, ~ by
. 1 N
Eun (V) (s) = ¥ z:l V(si)p(sils, a). (2.28)
1=
Then it follows that
1 N N
Ea,N (‘r) (5) - Ea,N (‘/’) (‘5) =7 [ Z[} Il‘5 a) ] l N Z 1 ‘57|‘5 a : (229)
TN sl
Applying the Koksma-Hlwakainequality we have:
1 N 1 N
1-— N ;p(slh a)| = ./p(s’|s., a)ds’ — N ;p(sihm) <V (p(-|s,a)) DN(s1,... .sN)- (2.30)




Using equation (2.29) and inequality (2.30) and taking supremaover s € [0, l]d we have:

1Ea,n (V) = Eon (V) || < K2(p.a)[VIDR (515 s 5n)- (2.31)
A similar argument yields
1Ea (V) = Eax (V)| € K1 (Vip,a) D (51, L), (2.32)
Finally, applying the triangle inequality we have:
1Ea(V) = Ea |l = 1Ea(V) = Ean + Ean = Ea NIl S 1Ea(V) = Ean |+ |1 Eay = Eanll- (2:33)

Substituting inequalities (2.31) and (2.32) into the triangle inequality (2.33) yields the resullt.

Combining inequalities (2.15) and (2.25) we seethat the discrepancy D, (s1,.- .. ,sxn) of thegrid {s1,... ,sn}

V-Vl

provides an upper bound on the approximation error

Theorem 2.1: Under the conditions of Lemma 2.1, it follows that the approximate value function Vy will be a

consistent estimator of V' (i.e. ||V — Vi

— 0as N — ), if the grid {s1,... , sy} is uniformly distributed.
Furthermore we have:
[V =VnIl=0(Dy({sn}))- (2.34)

Theorem 2.1 immediately implies that for given any deterministic, pseudo-random grid we have ||V — Vi

0(1/ VN ) since pseudo-random grids are designed to mimic the key properties of truly random grids (which are just
11D drawsin [0, 1]9), and one of these key propertiesis their rate of convergence, whichiis 0,(1/VN). However there

are other deterministic sequenceswhich are uniformly distributed and known to converge at rates faster than 1/v/N:

Definition 2.3: A LowDiscrepancyGrid {s1,... , sy } isany sequenceof pointsin [0, 1]¢ whosediscrepancy satisfies:
. [ (log N)d _
DN (s1,..-,sn) =0 N ' . (2.35)

A number of different sequenceshavediscrepanciesthat satisfy the boundin (2.35), including the Hammer sley, Halton,
Lapeyre-Pagés, Faure, and Sobol’ sequences. Many of these sequences have deep connectionsto number theory and
it is beyond the scope of this paper to go into details about how these sequences are generated and why they satisfy
the bound (2.35). | refer the reader to Bouleau and L épingle (1994), Niederreiter (1992) and Tezuka (1995) for further
details on this theory. Tezuka's book defines a class of sequences he terms Generalized Neiderreiter sequences and
Generalized Faure sequences. Computer programs for generating a variety of low discrepancy sequences have been

developed by Papageorgiou and Traub (1996), who have been very generous in allowing me to use their FINDER
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software to generate the Sobol’ and Generalized Faure sequences used in this paper. Following their terminology |

refer to the latter sequencesas Tezuka sequencesin honor of Tezuka swork.?

Note that when d = 1 it is easy to show that a uniform grid, s; = % + (Z;,l) ,i=1,...,N, hasthe smallest
possible discrepancy and D (s1.... ,sy) = % in this case. However in higher dimensions, d > 1, uniform grids
do not have the low discrepancy property. Indeed, it is easy to show that the discrepancy of a uniform grid with vV

pointsin d dimensions satisfies:
1

ONT
so uniform grids are obviously subject to a curse of dimensionality.

R’(Sla"' 1‘91’\/) Z (236)

2.8 Deterministic Error Boundsfor Uniform and Quadrature Gridsvia Polynomial Approximations

We need to use aslightly different approach to derive error boundsfor ||V — V|| when using uniform grids or
any grid defining atriangulation of .S and we assumewe can do exact integration over the elements of the triangulation.
Let Vv be a step function adapted to this triangulation: i.e. V) is piecewise constant within each element of the

triangulation of S. Then we can show that the approximate Markov operator E,  can be represented by
Ean(V) = [ (s s.a)is’ (2.37)

where Vy is a step function satisfying Vi (s) = V(s;) whenever s is an element of the it cube of the triangulation

of S induced by the uniform grid. Using equation (2.37) we have

|Ea(V) = Eq N (V) V—Vx

< /||v — Vnlp(s')s,a)ds’ < : (2.38)

so therate of convergenceof E,, y to E, isdetermined by the rate of convergence of astep function approximation (a
0-spline) to V. If V iscontinuously differentiable or Lipschitz continuous, it is easy to show that ||V — Vi || is bounded
by Lipschitz constant for V' times the maximum diameter of the partition elements induced by the triangulation of 5.
For auniform grid we have

< K%_ﬁ. (2.39)

Ni

|V —Vy

It follows that the approximation error ||V — V|| (where Vi isthe step function approximation to V' computed from
policy iteration on the embedded N -state MDP) satisfies the following bound:

© Software for generating Sobol’s sequences can also be found in Presset. al. 1992.
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Theorem 2.2: Let V)5, be a 0-spline or step function approximation to V' computed from an embedded NV -state MDP

defined on a uniformgridin [0, 1], i.e. Vy(s) = Vy(s;) if sisinthe ith partition element of [0, 1] centered at s;.

Then we have:

. 1
WV =Vall=0 ( ) | (2.40)

N4
If V' is continuously differentiable at higher orders, we can increase the rate of convergence by using higher order
splines. For exampleif we use a 1-spline (piece-wise linear approximation) ¥ to V' in (2.39) then by doing a second
order Taylor expansion of V' within each triangulation element we can show that the bound corresponding to (2.39)
becomesthe sup norm of the hessian of V' timesthe sgquare of the maximum diameter of hte partition elementsinduced

by the triangulation of S. In this case we get the following corollary to Theorem 2.2 dueto Santos and Vigo (1996):

Corollary: Let Viy bea1-spline or piecewise linear function approximationto v, the fixed point Viy = 'y (V) to
the contraction operator that performs exact integration of any 1-spline function defined on the uniform triangulation

with knot points located at the uniform grid points of [0, 1]d . Then we have:

] 1
=0 ( > ) . (2.41)
Nid

As| noted in section 2.5, it is not computationally feasible to do policy iteration with exact integrations of m-spline

IV =Vy

approximationsto V- whenm > 0. Thisisdueto the fact the the approximate Markov operators £, x can no longer be
represented by an N x N matrix asin equation (2.11): while the inverse operators (I — 3E, ‘)*l that are key to the
policy evaluation step of policy iteration exist “in theory”, they generally can only be explicitly calculated when E,, v
hasamatrix representation. Thus, one must generally rely on successiveapproximationsto approximatethe fixed point
Vn = T'y(Vy) when using these higher order exact integration approaches. However note that while higher order
methods do increasethe rate of convergence, they do not break the curse of dimensionality. Similarly, it is not difficult
to show that it isimpossibleto avoid the curse of dimensionality by using other non-uniform triangulations of the state
space. Using the concept of covering numbers and metric entropy (see, e.g. Dudley, 1978), any triangulation of S
which has maximum diameter ¢ requires a minimum of N(¢) = o(1/¢%) elements, or equivalently, any triangulation
defined from agrid of N pointswill have amaximum diameter of order O(1 /N%). So one cannot avoid the curse of

dimensionality by exact integration of higher order spline approximationsto V' using special triangulations of S

I now briefly outline how one can derive error bounds for ||V — Viy|| for the case where V) is calculated
using the quadrature grid approach described in section 2.5 and in Tauchen and Hussey (1991). The error bounds
for ||V — V|| in this case are the same as for uniform discretizations: ||V — V|| = O(1 /N%). In the interest of
space | will only briefly outline the key ideas involved in deriving this error bound, referring the reader to Davis and
Rabinowitz (1984) for details. Recall that in unidimensional quadrature one chooses N quadrature abscissa and NV
weights so that the approximate integral on the right hand side of equation (2.17) is exact for all polynomials of degree

2N — 1 or less. Then an error bound for the approximate integral of ageneral function f can be derived using
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Jackson’s Theorem: If f is Lipschitz continuous function on [0, 1] with Lipschitz bound K, then there exists a
polynomial of degree N which is uniformly within 3K/ N of £, so that with NV point Gaussian quadrature we have:

N

/O f(s)ds = wif(si)| < % (2.42)

i=1
If we let K denote the maximum Lipschitz bound of the functions V'(-)p(-|s. a) as s ranges over the [0, 1] interval,
then it follows that || £ (V) — E, v(V)]] < 3K/(2N — 1). We can extend this bound to the d-dimensional case
using a bound for product rule quadrature due to Haber (see section 5.6 of Davis and Rabinowitz). Haber’s bound
for multivariate integration shows that if /N point rule is used in each dimension of a product rule, then the absolute
integration error will be O(1/IV). Thus, if N points are used, N in each of d-dimensions, it follows that the error in

using aquadrature grid to construct £, n will be O(1 /Nzl‘z). | summarize this result as:

Theorem 2.3 Let V5 be an approximate value function computed from a product rule quadrature grid using weights

which are products of the corresponding unidimensional quadrature weights and transition probability p given in

(2.17). Then we have:
=0 ( 11 ) . (2.43)
Nd

IV —Vy

I conclude this section with figure 2.1, which summarizes the 5 grids used in the numerical comparisons in

sections 4 and 5.

Random Grid Sabol Grid Tezuka Grid

10 20 30 40 50 60 70 80 90 100
10 20 30 40 50 60 70 80 90 100
10 20 30 40 50 60 70 80 90 100

0

- o
0 10 20 30 40 50 60 70 80 90 100 O 10 20 30 4D 50 60 70 8O 90 100 O 10 20 3D 40 50 60 70 BG 90 100
Uniform Grid Quadrature Grid

10 20 30 4D 50 60 70 BO 90 100

0

100 0 10 20 30 40 50 60 70 80 90 100

Figure 2.1 Alternative 2500 Point Grids for a Two-Dimensional State Space
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3. Test ProblemsUsed in the Numerical Comparisons

This section presents two test problems with analytic solutions that are used to evaluate the accuracy of the
numerical solutions presentedin sections4 and 5. Thetest problemsare aunidimensional replacement problem (regen-
erative optimal stopping problem) and aunidimensional search problem (non-regenerative optimal stopping problem).
It turns out that both test problems are “irregular” in the sense that the transition densities are discontinuous (indeed,
the transition density doesn’t even exist in the search problem), and the state spaces are unbounded. Neverthelessin
sections4 and 5 | will show that by smoothing the transition density and truncating the state spaceit is possible to apply
the methods described in section 2 to solve theseirregular problems. | concludethis section by describing an approach
due to Ken Judd (private communication) which allows me to construct analytic solutions to multidimensional MDP

problems from solutions to unidimensional problems.

3.1 Optimal Replacement Problem

This problemis described in Rust (1985, 1986, 1996), but for completeness| briefly describe the solution here.
Consider a durable whose state s; € R can be interpreted as a measure of the accumulated utilization (such as the
odometer reading on acar). Thus s; = 0 denotes a brand new durable good. At each time ¢ there are two possible
decisions { keep,replace} corresponding to the binary constraint set A(s) = {0, 1} wherea; = 1 correspondsto selling
the existing durable for scrap price P and replacing it with anew durable at cost P. Supposethe level of utilization of

the asset each period has an exogenous exponential distribution. This corresponds to a transition probability p given

by:
1—exp{—Mdsit1 —st)} ifar=0andsi11 > s

p(dst_|_1|sf, ar) = ¢ 1 —exp{—Xds;+1 —0)} ifa;=1ands;y1 >0 (3.1)
0 otherwise.
Assume the per-period cost of operating the asset in state s is given by a function ¢(s) and that the objective is to

find an optimal replacement policy to minimize the expected discounted costs of owning the durable over an infinite

horizon. Since minimizing afunction is equivalent to maximizing its negative, we can define the utility function by:

- ('(51‘) ifa; =0
ulsg,ar) = { . _ (3.2)
—[P—B]—C(O) if a; = 1.

Bellman’s equation takes the form:

oo
V(Qs’)A exp{=\(s' — 5)}([5’1

S

—[P=P]—c(0)+3 ./000 V(s A exp{—)\(sl)}dsl} .
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Rust (1986) differentiated Bellman's equation to derive a differential equation for V. The differential equation is a

free boundary value problem since the boundary condition:

i — i o —c(y
V() = [P B]4+V(0) = ~(2) + 3V(7) = 721, (3.4)
is determined endogenously. Rust showed this differential equation has the following closed-form solution:
S —c(v) —<(v) /7 W 1y A1=B) =9, -
V(s)= ma,,r[ 313 —1—. T /3[1 Be |dy|, (3.5)
where ~ isthe unique solution to:
— T .
[P—Bhi/fiﬂﬂ—ﬁfﬂkmﬂw. (3.6)
o 1—0
It follows that the optimal decisionruleis given by:
0 ifsel0,7]
afs) = (3.7)
1 ifs>n.

Notice that the transition density p(s’|s, ) hasadiscontinuity at s = s when s > 0: this discontinuity arisesfrom an
“irreversibility” condition that except for replacement (which constitutes complete regeneration) the durable can only

deteriorate with age.

3.2 Optimal Search Problem

Consider an unemployed worker who receives one job offer each period while searching, arandom draw from
adensity f(w). If the worker accepts awage offer w, the search problem terminates and the worker is assumed to be
employed forever after at wage w. If the worker reject awage offer w the worker receives an unemployment benefit
of w and continuous searching in the next period. Bellman’s equation for this problemis give by:

w o]
V(w) =maz | ——,u —1—[3/ V(w") f(w)dw'| . 3.8
() = mar [ s s [TV ) (35
Asiswell known, the optimal search strategy involves accepting any offer greater than the reservation wage w given
by:
(1=08) [u+ 8 o f(u)du']

W = T—F(@) (3.9)
Givenw, the value functionis given by
w TR
V(w) = -8 e (3.10)
w . o
ﬁ if w<w.

Notice that the transition probability density p(s'|s, a) for the search problem does not exist when the decision is made
to stop searching: inthiscasep(s'|s, a) isaunit probability mass (also known asadirac deltafunction) on the accepted

wage offer w.



3.3 Generating M ultidimensional Test Problems

Itisrarethat we can find closed-form solutionsto one-dimensional MDPsand rarer still that we can find closed-
form solutions to multi-dimensional MDP problems. However Ken Judd suggested a way to generate closed-form
solutionsto amultii-dimensional family of problemsfrom aclosed-form solution to aone dimensional problem. Judd’s

ideaisimplictin Lemma3.1 below. Consider a multidimensional MDP problem with the following additive-separable

structure: v
u(s,a) = Zu,-(si,ai) (3.11)

=1

N
p(sis a) = Hp,(e”s“m) (3.12)

=1
A(S) = 441(81) X 442(32) S AN(SN) (3.13)

Note that each s; represents the state of “task” i. Equation (3.12) states that task states evolve independently. For
example, the task of “driving to work by automobile” may be separable from task of “debugging a computer program
at work”, and the task of “deciding where to go for lunch”, and so forth. The value function for this MDP problem is
given by:

V(s) = Eilélfll(LS) [u(s, a)+ 8 /S’ V(s )p(ds]s, a)] . (3.14)

Lemma 3.1: If u(s, a) has the additive structure given in equation (3.11) and p(s'|s, a) satisfies the independence
decomposition in (3.12), and the action sets A(s) have the product structure given in (3.13), then the value function

V (s) has an additive decomposition given by:

N
V()= Vi(si). (3.15)
i=1
where each V; is given by:
Vi(s;) = ma ) [ui(s,‘qag) +,,3/ lt(§;)[)L(clbg|5,ct,)] . (3.16)
a; €A; (55 5

Using Lemma 3.1 we can construct closed-form solutions to multidimensional MDPs by simiply adding closed-form
expressions for the value functions for one-dimensional problems. Although the multidimensional problems formed
this way are in some sense no more difficult to solve than the original one-dimensional problem (such as the test
problems given in sections 3.1 and 3.2), the algorithms that we use to solve multidimensional problems formed in
this way do not “know” that the problem has this simple structure. Thus, none of the methods we evaluate for the
multidimensional test problems in section 5 exploit the fact that the value function can be written as a simple sum of

unidimensional value functions.
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4. Numerical Comparisonsof Methodsin One-Dimensional Test Problems

This section presents results of the numerical comparison of five different discrete approximation methods in
the two one-dimensional test problems described in section 3. The approximation methods compared are 1) uniform
grids with exact integration of 0-spline approximations to the value function, 2) quadrature grids, 3) Sobol’ grids, 4)
Tezuka grids, and 5) “random” grids. In this study | used the Uniform random number in the Gauss programming
language (a linear congruential uniform random number generator), and | used algorithms in the FINDER software
package of Papageorgiou and Traub (1996) to generate Sobol’ and Tezuka grids. Quadrature grids (and associated
weights) were generated by the Gauss-L egendre algorithm from Numerical Recipes (Press, et. al. 1992).

Figure 4.1 illustrates the convergence of the value function Vi to V' for the replacement problem with
S =[0,100], A = .8, P— P = 100000, and c(s) = 150s for N' = {50, 100, 150, 500}."° For conveniencel solvedthe
replacement problem as a cost-minimization problem rather than a utility maximization problem so the value functions
would be increasing and positive. The true value function V' appears as the uppermost curve in all four panels of
figure4.1. Notice that in al casesthe Vi approach V' monotonically from below as /N increases. Thiswas also true
for al of the other methods. Thisis an important finding, suggesting that there is a common downward biasto all of
the methods. | have been unable to present a formal proof of the fact that all of the methods lead to downward biased
estimates of V/, but | suspect it has something to do with Jensen’sinequality. The intuitive explanation of the finding
goes as follows: since Vyy isthe minimum of two functions vy + BE; xVy and us + 3E> vViy (corresponding to
the decisions to keep and replace, respectively), even if the latter functions were approximately “unbiased” estimates
of their limiting values u; + SE;V, i = 1,2, the fact that we are taking the minimum of the two functions means
that Vy tends to be a downward biased estimate of V: by Jensen’s inequality the expectation of the minimum is less
than the minimum of the the expectations. As N — oo the approximation error convergesto 0 and the Vi increase
monotonically towards V' just as we would expect from Jensen’sinequality as the variance of the random variablesin

the inegquality convergesto 0.

The fact that the bias is fairly uniform in s and monotonically decreasing in N suggests that there may be
a simple “bias correction” that would allow us to accelerate the convergence of Vi to V. Note, however, that the
presence of a truly uniform bias would not affect the implied decision rule ««. We can see from figure 4.1 that the
bias is not exactly uniform and that the implied optimal stopping threshold ~ (the smallest value of s after which
the value function Vy becomes flat) tends to increase monotonically in /N from about v5 = 40 when N = 50 to

its limiting value of v = 54.386. The fact that the {«y} are a sequence of non-optimal policies would ordinarily

Y Thefigure plots v at 5,000 uniformly spaced pointsin [0, 100] and the Gauss plotting program automatically interpolates these points in producing
the plots.
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imply the Vi, > V/, since anon-optimal policy should have a higher cost than the optimal policy «. Thus, the “Jensen

inequality bias’ more than offsets the upward biasin {Vy } caused by the fact that the {«,y } are non-optimal.
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Figure 4.1 Convergence of Value Functionsfor 1-Dimensional Replacement Problem

(Panels plot Viy for N equal to {50, 100,150, 500}. True V" is uppermost curve in each panel)

The other thing to notice from figure 4.1 is the discontinuity of the calculated value functions V.'t It is easy
to see from section 3.1 that the true V' is a C'*° function for almost all s € [0,100]: the only discontinuity occursin
the derivative of V' at the optimal stopping threshold ~. However the calculated V; for the quadrature and Sobol’
grids display notable discontinuities for small values of V. Thisis due to the fact that Vyy is a convex combination
of the p(s'|s, a) functions, and each of these functions is discontinuous at s' = s as noted in section 3.1. However
as N — oo the discontinuities become smaller and smaller and Vyy does indeed appear to converge uniformly to its
limiting value. Although when sufficiently magnified any Vx- will have afinite number of discontinuities, it is evident

from figure 4.1 that by the time N = 500 that the discontinuities are negligible and Vy can essentially be treated

11 The lower right panel of figure4.1 plots averagesof 50 “random” realizations of the { vy } generated by the RPI algorithm. The averaging obviously
smooths the realized value functions: individual realizations of v from the RPI algorithm are just as discontinuous as the Vi, generated by
quadrature and Sobol’ grids.
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as a continuously differentiable function. Note that for V,y’s calculated for uniform grids with exact integration, |
used a 1-spline to interpolate the V), as a piecewise linear function and this is why the V,’s are smooth for all V.
By doing this | have given a somewhat unfair advantage to the uniform grid approach since the V5, were actually
calculated using a 0-spline (step function) approximation as noted in section 2.5. If | would have plotted the actual
0-spline approximation, then it too would have exhibited discontinuities similar to those for V) calculated using the
quadrature and Sobol’ grids. The point of doing thisisto show that despite the strong advantages of the uniform grid
in this case (i.e. the fact that the uniform grid uses exact integration, that the uniform grid has minimal discrepancy
in the 1-dimensional case, and the fact that | used linear interpolation to make the calculated Vy's appear as smooth
as possible), the plots show that the V5qo's calculated by each of these the methods are virtually identical. Obviously,
any of the Vy can be “smoothed” by some auxiliary interpolation or approximation procedure, however we see that
when NN issufficiently large (such as N > 500 in this case), the solutionswill be uniformly close to a smooth solution
V" and will therefore be smooth themselves. In particular for NV > 500, individual realizations of V), from the RPI

algorithm are just about as smooth as the V), calculated by any of the other methods.

Note that the discontinuity in p(s’|s, ) violates the Lipschitz continuity conditions in Rust (1997) necessary
to prove uniform convergence of the RPI algorithm. However as well known, the expected error in monte carlo
integration convergesto 0 at rate 1/ v/N despite the presence of discontinuitiesin the integrand. Thisis also true for
methods based on deterministic grids provided the grids are uniformly distributed as defined in section 2.5. However
while discontinuities to not affect pointwise convergencefor fixed integrands, it can affect uniform convergenceover a
classof integrands. This can be easily seenin the replacement problem for points s > max[sy, ... , sy]. Inthat case,
the transition probability p given in equation (2.16) is undefined since the denominator of (2.16) is 0 due to the fact
that p(s'|s,a) = 0 for s’ < s whena = 1 (do not replace). For such points we need an auxiliary definition to be able
to construct Viy (s) for s > max[sy,... ,sy]. Inthe present case, due to the monotonicity of the value function, a
natural extensionisto assumethat Viy (s) = max;—1, . n[Vn(s;)] for s > maz;—;  n sy. Notethat the fact that
all of the grids we are considering are uniformly distributed implies that the set of s satisfying s > maz[sy,... ,sy]
is“negligible” in the sensethat the L ebesgue measure of this set convergesto zero at rate 1/N as N — oo. In practice
we simply ignore the approximation error on this negligible part of the state space in the absence of some special
reason for computing V)5 there. In many casesit is sufficient that V)5, be a good approximation to V' over the same

grid of points {s1,... , sy} that we used to calculate V.

Of course in any problem where p(s'|s, a) is a continuous or differentiable function of s for each s’ € S and
a € A, then Vi will be a correspondingly continuous or differentiable function of s (for dmost al s € ) sinceitis
the maximum of a finite number of convex combinations of the p(s'|s, ) functions. It is possible to guarantee that
individual realizations of Vy; are smooth by solving a“ smoothed” MDP problem that eliminates the discontinuitiesin

p(s'|s,a). There are a variety of ways to smooth the density in different problems: in the replacement problem one
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convenient way is to smooth p(s'|s, a) by replacing it with p,(s|s,a), an asymmetric truncated double exponential
distribution where 1/ denotes the parameter of a “reflected” exponential distribution, where the reflection occurs at
the point of discontinuity s’ = s in the original unsmoothed exponential transition density given in equation (3.1). It
is easy to seethat as o — 0 we have p, — p both pointwise and uniformly. The right panel of figure 4.2 illustrates
the use of the double exponential approximation to smooth the discontinuity in the original exponential transition

probability p(s'|s, a).
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Figure 4.2 Smoothing the Transition Density

Using inequality (2.4) it is easy to show that if V;, if the value function for an MDP problem with a smoothed
transition density p, then if p, convergesuniformly top ase — 0, then ||V, — V|| — 0 aso — 0. While the use of
smoothing to eliminate discontinuitiesin p and V,;, might seem like agood ides, it creates an additional complication
because now there are two sources of approximation error: 1) the integration error, and 2) the “smoothing error”. If
V5, v denotes the approximate solution to the smoothed problem, then to evaluate ||V, v — V|| we can invoke the
triangle inequality and show that this error isbounded by ||Viy 5 — V5 || + ||V, — V|| Therewill generally bea“biasvs.
variance” tradeoff in the use of smoothing: larger values of ¢ tend to smooth the problem reducing the proportionality
constants in the error boundsto that V,,  is abetter approximation to V,; for any value of IV (the “variance reduction
effect”), yet at the same time the larger the value of o the greater the distortion in V,, from V (the “bias effect”).
In general, it is difficult to determine the optimal tradeoff between the bias and variance effects, and | leave it to a
future study to investigate this issue in more detail. | simply conclude this discussion with figure 4.3 which shows
10 realizations of V) from the RPI algorithms with smoothing parameter equal to ¢ = 0 (i.e. no smoothing) and
o = 1 when N = 50. The figure clearly illustrates the “bias vs. variance tradeoff”: not only are the realizations
of the V5 functions much smoother, but there is far less variation about their mean. Indeed, the sample average of

|Vor.50 — V|| for these 10 redlizations is 17, 000, far less than the average maximum error of 50,000 when o = 0.
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On the other hand there is far more bias: without smoothing the V5 functions underestimate V" by approximately
50000 whereas with smoothing the V/; 5 functions underestimate V' by about 61200. The bias is partly due to the
fact that V,, underestimates V' by about 40000 as you can see from figure 4.4. 12 It appears, therefore, that in this
case smoothing has not achieved a significant increase in accuracy: the increased bias due to smoothing outweighsthe
“variance reduction effect”. | investigated the effects of smoothing for deterministic grids such as Sobol’ and Tezuka
grids and for arange of smoothing parameters and cometo asimilar conclusion: smoothing does not appear to help a

great deal in the replacement problem.
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Figure 4.3 Effect of Smoothing on Realizations of the RPI Algorithm

In the absence of simple “bias corrections” it is not evident from figure 4.3 and other numerical experiments
(not shown) that the reduction in variance due to smoothing would be sufficiently great to justify use of smoothing
techniques. In the remainder of thispaper | will not use smoothing, except for abrief discussion of the use of smoothing
in the search problem below. | think the most striking aspect of figure 4.3 isthat every realization of Vi issignificantly
below V. Thisunderscoresthe* Jenseninequality bias’ phenomenon noted earlier, but the bias does not seem to occur
on average (as would be expected from Jensen’sinequality), but every realization of V) appearsto be below V" using
any of the random or deterministic discretization methods. This suggests that there might be something more than
Jensen’sinequality going on here. It also suggests that there could be large payoffs to finding simple bias correction
formulasin order to adjust for the “smoothing bias’ V' — V,; and the “ Jensen inequality bias’ V,, — V;, y that seemsto
lead to systematic downward biases for when the grid size IV isrelatively small.

12 v, was computed using auniform grid with N = 1000 points.
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Figure 4.4 Effect of Smoothing on the Value Function

The next set of figures illustrate the convergence of Vy to V' in the one-dimensional search problem, with
u = —.2 (implying that the unemployment benefit net of search costsis negative), 5 = .95, and a exponential wage
offer distribution with parameter A = .02 (implying an expected offered wage of E{w} = 50). The reservation wage
for this problem (see equation (3.9)) isw = 93.6, so the value of searchis@/(1 — 3) = 1872. | solved the search
problem on a truncated state space S = [0, 200]. Given that the probability of a wage offer greater than 200 is less
than 2%, the truncation of the state space has negligible effect on the solution of the problem.

The numerical results indicate that the search problem is considerably “easier” than the replacement problem
in the sense that | was able to obtain very accurate approximations V) for relatively small values of V. Figure 4.5
plots Vv computed using uniform grids and random grids when NV = 30. The V3 function computed from a uniform
grid on S isvirtualy indistinguishable fromthetrue V': indeedin figure 4.5V and V3 are virtually the sameline (V3
isthelong-dashed curve, but it is virtually impossible to see the long dasheswhen they are directly superimposed over
the solid curve that represents the true V). Approximation error in the random V3 functions from the RPI algorithm
are more evident, although the small dotted line that plots the average of 50 such realizationsis very closeto the true
V. One reason the job search problem may be “easier” than the replacement problem is the assumption that continued
searchyields|ID drawsfrom afixed wage offer distribution f (w). Thismeansthat thereisessentially only oneintegral
to be approximated: the expected value of continuing search. The fact that the search problem involves essentially
only one integral may be part of the reason why there appears to be much less of a “Jensen’s inequality bias’ in the
search problem: aswe can see from figure 4.5 thereis no evidence of upward biasin the V's that we would expect if

Jensen’sinequality was operative.
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Figure 4.5 True and Approximate Value Functionsin the 1-Dimensional Search Problem

Unlike the replacement problem, some form of smoothing is essential in order to compute “ sensible” solutions
Vi in the search problem. Thereason isthat, as noted in section 3.2, the transition density is not defined in the search
problemwhena = 1 (accept ajob offer). Thetransition probability isaunit masson the accepted wage, corresponding
to a“Dirac” density function with infinite height on the accepted wage w. It is not difficult to modify the algorithms
presented in section 2 to account for this: we simply set py(s;|s;j,a) = 1if s; = s; and py(s;|s;,a) = 0 when
s; # sj and a = 1. Using this (identity) transition probability, it is straightforward to calculate a corresponding Vv
by policy iteration. However the difficult comes when we want to evaluate V) at points off of the grid. In this case
pn(sils,a) =0foral s & {s1,...,sy}, sothat py in (2.16) is undefined for points off of the grid whena = 1. In
this case we need to specify some auxiliary interpolation/extrapolation algorithm so that V) is defined for all V. A
simple approach isto use linear interpolation as described in equation (2.3). However an alternative approach isto use
smoothing, using ps(s'|s, a) = N(s, ) (anormal density with mean s and standard deviation o) as an approximation
to aDirac deltafunction when a = 1. It is easy to see that the smoothed RPI algorithm automatically interpolates and
extrapolates V,, n (s) at points s off the grid. For exampleif s lies between two grid points s; and s;, the smoothed
value function V;; () will approximately equal a weighted average of V;; n(s;) and V;; n(s;) where the ration of
these weights equals the ratio of normal densities N(s, ) evaluatedat s = s; and s = s;. Aso — 0 the calculated
Vx becomeincreasingly jagged, falling to O when s ¢ {si,... , sy} anda = 1. For this reason smoothing was used

in the search problem, and in figure 4.5 | used & = 1 asthe value for the smoothing parameter.

There are two main conclusions that can be drawn from figure 4.5: 1) al of the approximation algorithms

seem to have “discovered” the fact that the search problem is significantly easier than the replacement problem: the
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percentage approximation errors are far smaller for any given value of NV than in the replacement problem, 2) there
is no evidence that any of the approximation methods considered suffers from “ Jensen inequality bias’ in the search
problem. This second finding suggeststhe need for agreat deal of caution when searching for general “bias correction”
formulae: in particular if Jensen’sinequality is really the key to understanding this bias, we need to understand why

the biasis so strong in the replacement problem but is virtually non-existent in the search problem.

The remainder of this section investigates convergence rates of the algorithms. The first question is whether
the observed convergence rates satisfy the theoretical upper bounds derived in section 2. The answer is “yes’ as
illustrated in figure 4.6 which plots theoretical and predicted convergencerates for the expected error E{||V — Vi ||}
of the RPI algorithm in the job search problem. Recall that Rust’s (1997) bound predicts that the expected error in
|V — Vi || should decrease at rate 1/\/N. Figure 4.6 shows that the empirical convergencerate of E{||V — Vy||}
closely conforms to this theoretically predicted upper bound: in fact the empirical convergencerate (determined from
alinear regression fit to the observed rate of convergence) is virtually identical to £/ VN predicted by Rust’s bound
in equation (2.20), and the empirically observed bounding constant X' = exp{7.269} = 1435.1146 is only 10%
lower than the theoretically predicted bounding constant from (2.20) for the corresponding smoothed MDP and value

function V, inthecase o = 1.
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Figure 4.6 Predicted vs. Actual Convergence Rates of E{||V — Vy||} in the 1-Dimensional Search Problem
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Figure 4.7 comparestheoretical vs. predicted convergencerates of ||V — V|| in the replacement problem with

A =.1, P — P = 50000 and c(s) = 200s. The four panels plot the observed convergence rates for uniform grids,
quadrature grids, Tezuka grids and random grids. The observed convergence rate for uniform grids, N =99, is very
closeto the theoretically predicted value of 1/V givenin Theorem 2.2. Thisis also the convergencerate predicted for
|V — Viv|| using quadrature grids, but we see the that actual rate of convergenceis slightly slower, N =931, Theorem
2.1 predicts that the convergence rate for low discrepancy grids should be between the lower bound of 1/2NV in the
unidimensional case and the upper bound of log(N)?/N. Thus, if | regressthe observed errors ||V — Viy || lesslog( V)
on a constant term and slope term equal to log(log(V)), Theorem 2.1 predicts that the coefficient b on the slope term
should bein theinterval (0, 1] for V5, computed from any low discrepancy grid. We see from the lower left panel of
figure 4.7 that the observed b = .71 doesindeed satisfy thisrestriction. Finally the lower right panel of figure 4.7 plots
the expected errors from the RPI algorithm. In this case we see that the observed rate of convergence N ~-%12 isfaster

than the theoretically predicted upper bound of 1/v/N.
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I conclude this section with figure 4.8 summarizes the relative efficiencies of the various algorithms in two
different cases, A = .1 and A = .8, with P — P and ¢(s) set equal to the values described previously when A = .1
and P — P = 100000 and ¢(s) = 150s when \ = .8.*s Since the transition density is discontinuous at p(s|s, 1) = A,
thereisasubstantially larger discontinuity in the transition density when A = .8 than when A = .1 asyou can seefrom
the left hand panel of figure 4.2. We see that all of the methods performed comparably in the “high discontinuity”
case A = .8, however in the “low discontinuity” case A = .1 policy iteration using Sobol’ and Tezukagrids generated
smaller errors than the other methods. Thereasonis clear from figure 4.7: although the convergencerate of ||V — V||
is dlightly lower for low discrepancy sequences, the bounding constant is lower for low discrepancy grids than for
methods based on uniform or quadrature grids (exp(12) vs. exp(13)). However all of the deterministic methods
significantly outperformed the RPI algorithm in this case, just as we would have predicted from the analysis of
their relative convergence rates in section 2. However it is somewhat surprising that policy iteration using exact
integration and uniform grids did not do better than the other methods. A priori | would have expected this method
to significantly outperform the other methods for several reasons: 1) the uniform grid has the smallest discrepancy in
one-dimension, 2) the use of exact integration eliminates most of the error in the “integration subproblem”, and 3) due
to the discontinuity of the transition density p(s’|s, @) when a = 1, the use of linear interpolation as a procedure for
extending the discretized solution to the entire state space yields a much smoother, well behaved function V5, than for
the other methods that adopt the self-approximating or Nystrom approach to constructing p . Thefact that theselatter
methods performed much better than expected suggeststhat they will also be superior in higher dimensional problems
since the former methods are not subject to the curse of dimensionality while the convergence rates of uniform and

quadrature grids ought to decrease at rate 1/d as predicted by Theorems 2.2 and 2.3 of section 2.
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3 | made these adjustments so the optimal replacement threshold ~ was roughly the same in the two cases. v = 65.698 when A = .1 and v = 54.386
when A = 8.



5. Numerical Comparisonsof Methodsin Two-Dimensional Test Problems

In this section | compare the performance of the five different approachesto discretization using artificial two-
dimensional test problems created from the “ convolution” of the one-dimensional search and replacement problems as
described in Lemma 3.1. Thislemmaimpliesthat an approximate solution to the multidimensional value function can
be constructed by simply summing a one-dimensional approximation to the value function with itself. If | did this, the
two dimensional problem would be essentially no more difficult than the one-dimensional problem: the only extrawork
involved would be simply adding the one-dimensional value functions together. None of the algorithms that | have
evaluated in this section have exploited this special structure: instead, all algorithms treated the problem as a generic
two-dimensional MDP prablem. All of the solution methods that | evaluate in this section directly approximate the
multidimensional value function using a value function for an embedded finite state MDP. Since the embedded MDP
has the same general structure regardless of the dimension or structure of the original DDP problem, there doesn’t
appear to be any way for any of the methods to “discover” and exploit the special additive structure of the MDP
problem. For thisreason | believethe resultsin this section will be representative of the performance we can expectin
more general two-dimensional DDP problems. Indeed, | will show that the test problemsin this section are probably
much harder for the algorithms than other problems that might be encountered in practice due to the fact that the
transition density for the two-dimensional problem is product of univariate transition densitiesfor the one-dimensional
problem, and | will show that this can create a curse of dimensionality even when randomization isused. The problem
is exacerbated by discontinuities in the univariate transition density: the discontinuities in the implied multivariate
transition density becomes increasingly problematic the higher the dimension of the problem. However despite the
irregular nature of the test problems, | show that the random and low-discrepancy policy iteration algorithms perform
remarkably well, and systematically outperform policy iteration based on uniform or quadrature grids provided the

discontinuity in the transition density is not “too large.”

| begin by presenting plots of the true and approximate value functions for the two-dimensional job search
problem. The state space for this problemis .S' = [0, 200] x [0, 200], and the other parameters of the search problem
are the same as for the one-dimensional search problem discussed in section 4. Recall that in the job search problem
the transition density corresponding to a decision to accept a wage offer is a dirac delta function, so some form of
smoothing is necessary to compute estimates of the value function off of the grid for reasons already discussed in
section 4. Just asin section 4 | smoothed the dirac function by assuming that there is slight amount of uncertainty in an
accepted wage offer: that is, if the decision maker accepts awage offer, instead of receiving a certain wage of w, they
receive an uncertain draw from a N (w, o) distribution. | assumed a smoothing parameter of o = 2 for this case, twice
as large asin the one-dimensional case analyzed in section 4. In atwo-dimensional problem, ¢ = 2 does not imply a
great deal of smoothing as we can see from the plot of the smoothed transition density in figure 5.1. The smoothed

transition density is still very close to a “spike” and attempting to compute the integral of this “spike” function by
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taking a sample average of pointsis an obviously error-prone procedure unlessthe grid in the state spaceis quite fine:
if there are no grid points underneath the spike, the approximate integral will greatly underestimate the true integral.
Henceforth | will refer to this as the needle in the haystack problem.

Figure 5.1 Smoothed Transition Density for the Two-Dimensional Job Search Problem (stop-searching)

Figure 5.2 plotsthe true V' followed by Vs for each of the five different grids (uniform, quadrature, random,
Sobol’ and Tezuka grids) using N = 1600 points. Remarkably, al of the methods produced quite accurate approxi-
mationsto V' in spite of the needle in the haystack problem. Thisis visually apparent in figure 5.1, which shows that
all of the V;’s are about equally close to the true solution V. Of course, a solution based on a uniform grid with exact
integration completely avoids the needle in the haystack problem, since the spike must fall in some element of the
partition induced by the grid, the discretized transition probability px will capturethis spikesinceit is calculated from
the exact integral of the underlying continuous transition density p(s’|s, ) over each square in the partition. Thus,
the assumption that we can do exact integration of the transition density gives the uniform grid approach a substantial
advantage. As expected, the V5, calculated using the uniform grid is visually the “smoothest” and most like the true
solution V. However part of thisis due to the fact that | have given the uniform grid an additional “unfair” advantage
by using multilinear interpolation of the original solution, which is a step function on the 1600 squaresin the partition
of S induced by the uniform grid. If | had chosen to plot the original original solution (a 0-spline), it would have
appeared substantially more jagged than the other V5,’s in figure 5.1. Amazingly, despite the substantial advantages
given to the uniform grid, it did not produce the most accurate estimate V; of V': the maximum difference ||V — V||

was 300 for the Viyr calculated using the uniform grid, followed by 245 for the quadrature grid, 212 for the random
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grid, 163 for the Tezukagrid and 152 for the Sobol’ grid. The V,'s were approximately unbiased estimates of V' just
asin the one-dimensional search problem. Indeed the average errorsin V' — V), (computed over auniform grid, with
equal weighting at each grid point) were quite close to zero for all of the problems. Most of the approximation error
was probably introduced by the smoothing: when | set ¢ = 0 and computed V; using a uniform grid the maximum
error wasonly ||V — Vi || = 50. Thus, whilethe V5 ’s cal culated using the low discrepancy grids had lower error than
Vy's calculated from uniform or quadrature grids when o = 2, the uniform grid is superior in the job search problem

since we can calculate Vi, with no smoothing, o = 0, and get alower maximum error.
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Figure 5.2 Value Functions for 2-Dimensional Search Problem
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Figure 5.3 plots the implied decision rules « ; for the job search problem. The true decision rule « is defined
by a partition of the state spaceinto 4 regions: 1) aregion where both “agents’ continue to search, 2) a region where
one agent stops searching since w; > w and the other agent continues to search since w2 < w, 3) aregion where
agent 1 continuesto search (w; < w) and agent 2 accepts a wage offer (wo > @), and 4) aregion where both agents
stop searching and accept the wage offer pair (w1, w2). Infigure 5.3 we see that the « ;s computed from the uniform
and quadrature grids appear to be significantly more accurate than the «5,’s calculated from the random and low
discrepancy grids. The inaccuraciesin the latter methods are concentrated mostly near the boundaries of the regions
defining the different values of the decision rule. Along these boundaries the agent is indifferent between accepting
an offer or continuing to search, so it is natural that most errors would occur here since slight errors in the expected
values for each alternative can lead to nonoptimal actions being taken. To see this, note that the expected value for
action a in state s is denoted by Vy (s, ) and given by:

N

Vn(s,a) = u(s,a) + /‘32 Vn(si)pn(sils,a). (5.1)
=1

The needle in the haystack problem can lead Vi (s, @) to be a poor estimate of the true expected value function
V(s,a) = u(s,a)+ 3 [ V(s)p(s'|s,a)ds’ a points s which are not on the grid. Since EV (s,a) = EV(s,d) for at
least two actionsa = a(s) # o' along these boundaries, it is not surprising that misclassifications are most likely to
occur here. Further away from the boundary there is a strict gap between the expected utility of the best and second
best alternatives, so it takeslarger errorsin the £V functionsto lead to misclassifications away from the boundaries.
Since the agent is close to being indifferent between various actions near these boundaries, the loss in discounted
utility from these errors is not of great consequence. Indeed, since we are calculating the exact value functions via
policy iteration, we can see that there is little consequence to these misclassifications from the fact that the value
functions for each of the methods are approximately equal over all parts of the state space. Further analysis reveals
that most of the misclassifications shown in figure 5.3 occur “off the grid”, i.e. they occur when trying to predict the
values of the EViy (s, a) at points s which arenot inthe grid {s1, ... , sy } using to calculate Viy. The percentage of
misclassificationsat the grid points {s1, ... , sx } 150.0% for o calculated from the uniform grid with no smoothing
(¢ = 0), 6.55% for opy calculated from the uniform grid with o = 2, 3.3% for the quadrature grid, 4.6% for the
Tezukagrid, 4.3% for the Sobol’ grid, and 11.2% for the random grid. Thus, except for the random grid, the decision
rules calculated from the low discrepancy grids are nearly as accurate as the decision rule calculated for the uniform
and quadrature grids, despite the visual impression created in figure 5.3. However | do note that the decision rules

calculated from the quadrature and uniform grids are remarkably accurate approximations of the true decision rule «.
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be defined for these points. However | verified that the steep drop in the value function also occurs for points s that
are on the grid near the outer boundary. The asymmetric nature of the errorsin this caseis rather puzzling, i.e. the fact
that value function falls precipitously only along one boundary of the state space and not the other. In any event | am
confident that thisis not a result of a computer programming error since the same code was used to generate the other
two value functions and no such asymmetric decline on the boundaries are observed for random grids or Tezukagrids,

and the drop off problem disappears for the Sobol case when smoothing is introduced.
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Figure 5.4 Value Functionsfor 2-Dimensional Replacement Problem with A

Figure 5.5 plots the corresponding decision rules. Similar to the search problem the true into 4 regions. 1) a
region where both durables are kept, 2) aregion where adurable 1 in state s; > ~ is replaced and durable 2 in state
s9 < ~viskept, 3) aregion wheredurable 1 in state s; < - is kept and durable 2 in state sy > ~ isreplaced, and 4) a
region where both durables states exceed the replacement threshold ~ and are replaced. Just asin the search problem,
the calculated decision rule «y is most inaccurate for the random grid. The «y’s for the low discrepancy grids are
virtually identical to the oy 's calculated for the quadrature and uniform grids except for slight “noise” around the

boundaries of the different regions defining the decision rule. Thereis some additional errors at the back boundary of
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Figure 5.6 Value Functionsfor 2-Dimensional Replacement Problem with A = .8

Figure 5.7 plots the corresponding decision rules for each of the value functions plotted in figure 5.6. The true
decision rule is plotted in the upper left hand corner of figure 5.7. We see that the decision rules for the uniform and
quadrature grids are remarkably similar in this case: in both casesthe durable is replaced too soon so that the “ keep”
region of the state spaceis too small and the “replace” regionistoo large. The three bottom panels of figure 5.7 show
that the decision rules computed from the random grids and low discrepancy grids are moreirregular. Inthe case of the
decision rules for the low discrepancy grids there are rough areas at the boundary between the different regions of the
state space: these rough areas result from misclassification of the optimal decision rule dueto errorsin calculating the
alternative specific value functions, Viy (s, a) defined above. The fact that the random and low discrepancy grids lead
to more jagged boundariesis another indication of thefact that thereis more jaggednessin the alternative specific value
functions for these methods. While each of the 4 alternative specific value functions is approximated with more error

for random and low discrepancy grids than for uniform or quadrature grids, the overall value function — the minimum

of the 4 alternative specific value function — is approximately the samefor all 5 methods, although noticeably more

bumpy for the RPI algorithm.
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with the dimension of the problem shows that there is a curse of dimensionality for this problem despite the fact
that randomization is being used. The curse of dimensionality arises from a failure of a key regularity condition
in Rust (1997): that the transition density p(s’|s.a) is Lipschitz continuous with a Lipschitz bound k&, that does
not grow with the dimension of the problem. In this case the transition density is discontinuous, and the Lipschitz
bound &, = co. We have seen that the fact that the Lipschitz bound for p(s'|s,«) is infinite does not prevent us
from being able to approximate V' and « using random grids. However the curse of dimensionality arises from the
discontinuity in the transition density combined with the fact that the multidimensional transition density is a product
of one-dimensional transition densities: this implies that even if smoothing is used to guarantee that &, isfinite, &,

will increase exponentially fast in the problem dimension d for this artificial test problem.
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Figure 5.9 presents a summary of the convergence rates for |V — Viy|| and ||a — a || (where the latter is
actually measured as a percentage deviation from « over agrid of pointsin .S) for the replacement problem with low
discontinuities (A = .1) and high discontinuity (A = .8). The upper two panels of figure 5.9 show the results for the
low discontinuity case. Here we see that the fact that all of all the methods have similar bounding constants but that
methods based on low discrepancy grids have a faster rate of convergence implies that when N sufficiently large the
Vy'sand a s computed from the low discrepancy gridswill be more accurate than those cal culated from the random,
uniform or quadrature grids. Indeed, we see from the top left panel of figure 5.9 that for N > 300 the Tezuka grid
yields the most accurate estimates of V' and «. S The V,y’s calculated from uniform grids were the least accurate,
underestimating V' by more than 20, 000 more than the V), calculated using Tezuka grids. It is quite surprising that
the ability to do exact integration conferred so little advantageto the uniform grid. However the increased smoothness

resulting from exact integration did allow it to outperform the accuracy of decision rules calculated from random grids

aswe can seein the top right hand panel of figure 5.9.
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The two bottom panels of figure 5.9 serve as a warning that these results can break down when the level of

discontinuity in p(s'|s, ) issufficiently great. These panelsplot the rate of convergenceof ||V — Viy || and ||a — oy ||

in the high discontinuity case when A = .8. We seethat in this case, the error bounds derived in section 2 no longer

appear to correctly predict therates of convergenceof ||V — V|| and ||ac — avy||. Theactual rates of convergenceare

much slower when A = .8, even for the uniform and quadrature grids, where the error in ||V — V}y || is going to zero
at approximately 1/N-! instead of the predicted rate of 1/N+> given in Theorem 2.2.

I conclude this section with figure 5.10 which gives some insight into the reasons behind the “breakdown” in
convergence rates observed in the lower two panels of figure 5.9. Figure 5.10 shows that the transition density in the
high discontinuity caseis very close to a spike, which leads to the “needle in the haystack” problem described earlier.
In particular, if the grid is not sufficiently dense, it will always be possible fo find a spike centered at s whichisin a
“gap in the grid”. Since most of the probability massin p(s'|s, a) is located under this spike, an approximate value
function at such a point will be very poorly estimated. We will therefore have very large errorsin V) until the grid
gets sufficiently dense that it is impossible to find an s € S where a spike located at s will not cover at least a few
pointsin the grid. Oncethis*density threshold” or critical value of IV is attained, the rates of convergencewill start to
conform to those predicted in section 2. Figures 5.6 and 5.7 show that the random and low discrepancy methods are
comparablewith the uniform and quadrature gridswhen N = 2500, so that for V> 2500, the rates of convergence of

these methods should conform to the bounds derived in section 2, although | have not verified this experimentally yet.

0.25 0.30

0.20

Figure5.10 Transition Densities Associated with (a1 = 1, a2 = 1) (keep both assets) for A = .1 and A = .8
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Figure 5.10 showsthat the transition density can be well approximated by a continuoustransition density in the
low discontinuity case, A = .1, so it is not surprising that the convergence boundsin section 2 apply when A = .1 but
not in the high discontinuity casewhen A = .8. Note that the resultsin figure 5.9 were computed using no smoothing,
o = 0. | have verified that when | use sufficient smoothing, the convergence rates conform to the bound presented in
section 2, although | do not present these results here to keep this aready long paper within bounds. However while
increasing the amount of smoothing “ solves’ the convergence problem, as noted in section 4 smoothing also creates a
bias problem. At this point | have no good advice to offer asto how to set the level of smoothing in an MDP problem

where there are discontinuities in the transition density.

It may seem a bit ironic that computation becomes so difficult when A — 0, since in the limit where A = 0
we have a problem where the durable good never ages and always remainsin its current condition s. In that caseit is

trivial to verify that V' is given by

C(é) ifs < ~
, §<7
V(s) = (_1_"3) (0) | (5.2)
P—£+(1_B) ifs > v
where ~ isthe solution to
) _5 5. cl0) 5
- L Lta=s (5:3)

As A — 0 the MDP problem is converging to a deterministic problem which should be “easier” to solve than the
stochastic problem. Indded, in this case the limiting deterministic problem isin fact trivial to solve. Further thought
needs to be devoted to resolving this paradox.



6. Conclusion

This paper has compared policy iteration algorithms for solving continuous-state, infinite-horizon MDP prob-
lems using alternative discretizations of the state space. Specifically, | compared the performance of 4 different
strategies for constructing an embedded finite state MDP that approximates the original continuous state MDP prob-
lem. Thefour strategiesdiffer primarily in theway they discretize the state space, yielding four different typesof grids:
1) uniform grids, 2) quadrature grids, 3) random grids, and 4) low discrepancy grids. | evaluated these methods using
two test problems with a finite number of actionsin order eliminate the “optimization error” that would be associated
with continuous action MDP problem. | used policy iteration to eliminate the “fixed point error” associated with
solving the Bellman equation for the embedded finite state MDP problem. This allowed me to focus on the magnitude
of the approximation error due to “integration error” and show how it decreases as a function of the number of grid
points N. | found that integration error can be substantial, so that in practical work | would not recommend use of
policy iteration since cpu time for this method increases at rate O( N3) which makes this method impractical when N
is greater than several thousand. Instead | recommend use of multigrid methods described in Rust (1996) since their

cpu time increases at rate O(N?), and so will be practical with NV is aslarge as several hundred thousand.

In section 2 | derived bounds on the rate of convergence of each of these methods for a fixed MDP problem. |
showed that for uniform grids and quadrature gridstheapproximation error ||V —Vy || (where V isthetruevaluefunction
and Vi is an approximate value function computed from a grid containing N points) is bounded by K, (d) /Nl/ d,
The numerical results show that actual rates of convergence are well described by this bound, so methods based on
uniform and quadrature grids are subject to an inherent curse of dimensionality. | showed that random grids have rates
of convergencethat decrease at rate K,-(d)/ V/N, and low discrepancy grids have rates of convergence that decrease
at rate K;(d) log(N)?/N, where K ,.(d) and K;(d) are bounding constants that may depend on the dimension of the
problem. It follows that random and low discrepancy grids break the curse of dimensionality for fixed MDP problems
provided the bounding constants i, (d) and K;(d) do not increase exponentially fast in d. Unfortunately, it is difficult
to evaluate the bounding constants i, and K; in practice, and K is especialy difficult to evaluate sinceit is based on
the concept of variation of afunction, V(f), and it is typically difficult to derive analytical expressionsor even tight
upper bounds for this quantity. Fortunately, in the cases considered in this paper the bounding constants £ and K,
were close to the bounding constant K, for the random policy iteration algorithm which isrelatively easy to evaluate

(seeinequality (2.20) in section 2.6).

In sections 4 and 5 | compared the actual performance of the four algorithms listed abovein two test problems
that have analytic solutions: ajob search problem and a replacement problem. | found that the methods based on low
discrepancy grids substantially outperformed the random policy iteration (RPI) algorithm using “random grids’. The
RPI algorithm in turned outperformed the deterministic policy iteration methodsbased on uniform and quadraturegrids
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in even the one-dimensional test problems provided the transition density for the problem was sufficiently “smooth”.
However the RPI algorithm can be inferior to the latter methods in problems where the transition density has large

discontinuities or “spikes’ due to the “needle in the haystack problem” that | described in section 5.

Overdl, | found it remarkable that the methods performed as well as they did given that both of the test
problems are “irregular” in the sense that the transition density for the job search problem does not exist, and the
transition density in the replacement problem is discontinuous. | was quite surprised that the uniform grid did not yield
substantially better results than the other methods given that it had a substantial advantage in exploiting the special
features of the test problems to exactly integrate each of the partition elements induced by the uniform grid. The
results for the uniform grid were quite close to the results for the quadrature grid which did not exploit the (unrealistic)
special advantage of exact integration. The overall performance of the quadrature grid approach was quite impressive:
it yielded very smooth and well-behaved approximate value functions V; and decision rules «v ;. However the curse
of dimensionality implies that low discrepancy grids will generally outperform quadrature grids in problems where
d > 2. This conclusion is supported by the numerical results in the test problems provided the discontinuities in the
transition density were not too large. However when p(s'|s,a) has large spikes, quadrature grids outperformed the
low discrepancy grids for sufficiently small values of V, but eventually once IV was sufficiently large to guarantee a
“critical density” of pointsin the grid to avoid the needlein the haystack problem, the low discrepancy grids seemed

to outperform quadrature grids since they have afaster rate of convergencewhen d > 2.

My results demonstrate the irregularities in the transition density are not “fatal” in the sense that that we can
still use the algorithms in this paper to solve irregular problems by introducing a small amount of smoothing to make
the problems regular. However any amount of smoothing distorts the true solution to the problem, creating an analog
of the “bias vs. variance” tradeoff in nonparametric statistics. Unfortunately at this point | cannot offer any general
guidance on how to choosethe appropriatelevel of smoothing to optimally balancethe bias and variance. | have shown
that smoothing is essential in the job search problem where the transition density is a Dirac delta function. However
smoothing did not appear to help a great deal in the replacement problem: the increased bias due to the smoothing
appeared to outweigh the reduction in variance. However | admit that so far | have considered relatively naiveforms of
smoothing that didn’t attempt to adjust for distortions in the smoothed law of motion: there could be substantial gains
to using more sophisticated forms of smoothing that preserve the “first order properties’ of the law of motion (e.g.
the conditional expectation for the smoothed law of motion could be restricted to equal the conditional expectation of
the original law of motion, p(s’|s,a)). There are aso likely to be big gains to finding tractable expressions for a bias
correction term, not only to correct for bias introduced by smoothing, but also to correct the “ Jensen inequality bias’
that seemsto be responsible for the fact that all of the methods systematically underestimated the true value function

in the replacement problem. However one must approach this latter area with some caution: my numerical results
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show there was no similar “ Jensen’sinequality bias’ in the job search problem, so before one tries to derive general

bias correction formulas we need to understand why the biasis present in one problem but not the other.

The computational resultsin section 5 do suggest that lack of smoothnessin the transition density can be amuch
more serious problem in higher dimensional problems, where it can cause the curse of dimensionality to reappear for
all of the methods considered in this paper. Thiswaswell illustrated in my artificial sequence of multidimensional test
problemswhich were created viathe convolution procedure suggested by Ken Judd. Thefact that the multidimensional
transition density is a product of unidimensional densitiesis the underlying cause of the curse of dimensionality: this
product structure implies that the bounding constants K, (d), K, (d), and K;(d) al appear to increase exponentially
fast in d. However the bounding constants for all the methods were very close in magnitude for the test problems |
considered. This implies that even though there is an inherent curse of dimensionality for this artificial suite of test
problems, the low discrepancy methodsstill have an advantage over the other methods since their rates of convergence
exceed the rates of convergenceof the other problemsin problemswhered > 2. My results show that low discrepancy
methods can even be superior in one dimensional problems, despite the fact that uniform grids are theoretically optimal

in this case with afaster rate of convergenceof 1/N.

| concludethat the numerical resultsin this paper suggest that solving continuous MDPs using low discrepancy
discretizations suggested by Rust (1996) are indeed an effective and promising method, even in relatively low
dimensional problems and for some highly irregular test problems where | would not have expected these methods
to work especially well a priori. However the results in section 5 do suggest the need for caution in applying these
methods in multidimensional MDP problems where there may be irregularities in the transition density particularly in
the form of discontinuities or “ spikes’. Theresultsin this paper show that the “needle in the haystack” problem may
necessitate a relatively high density discretization, i.e. one may need a relatively large number N of grid points to
guarantee acceptable accuracy. However it is relatively reassuring that even in the highly irregular problems studied
in this paper, results of acceptable accuracy could be obtained using thousands rather than hundreds of thousands or

even millions of grid points.
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